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Square-root topology offers a distinctive scheme towards topological phases with unconventional spec-
tral properties. In many cases, the formation of square-root topology is governed by the inherent lattice
symmetry, with honeycomb lattices being prominent examples. Here, we report on the experimental dis-
covery of square-root higher-order topological insulator phases in an acoustic metamaterial with decorated
rectangular lattice. Through acoustic pump-probe techniques, we explore the boundary-dependent topo-
logical edge and corner states in both the parent and square-root acoustic metamaterials. We further
validate their higher-order topologies as well as their spectral connections via various simulations. Our
work not only substantiates the square-root higher-order topology in rectangular-lattice systems from the
experimental aspect, but also serves as a step towards versatile higher-order topological phenomena in
photonic, acoustic, and mechanical metamaterials.
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I. INTRODUCTION

Since the discovery of the quantum Hall effect [1], the
study of topological states of matter has greatly expanded
the scope of phases of matter and their phase transi-
tions [2,3]. The recently discovered higher-order topo-
logical phases further enrich the physics of topological
materials, extending the celebrated bulk-edge correspon-
dence to the multidimensional bulk-edge-corner, bulk-
surface-hinge, and bulk-surface-hinge-corner correspon-
dences [4–30]. Since their naissance, higher-order topo-
logical insulators have not only been studied extensively
in solid-state systems [13–16], but also been explored in
metamaterials for photonic [19,25,29], acoustic [18,20,22],
mechanical [17], and other classical waves. The macro-
scopic nature of these metamaterials enables feasible con-
trol and extraordinary abilities to detect the spectral and
eigenstates’ properties with excellent frequency and spatial
resolutions. Furthermore, the study of topological phenom-
ena in metamaterials could enable or improve cutting-edge
applications and technologies.

Recently, an unusual approach, termed the square-root
topology, was developed as another route toward uncon-
ventional topological states of matter [31–45]. In square-
root topological insulators (SRTIs) and semimetals, the
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square-root lattices are often generated by inserting addi-
tional sites into their parent lattices. Through a geometrical
relation between the parent lattice and the SRTI, their spec-
tra are also intimately connected: the spectrum of the SRTI
is the doubled form of the spectrum of the parent lattice.
As a consequence, the topological edge and corner states
around zero energy are doubly copied and transferred to
the bulk band gaps above and below zero energy.

The intriguing spectral connection between the SRTI
and the parent lattice has stimulated experimental
research on SRTIs based on honeycomb-lattice systems
[33,34,39,41]. However, to date, SRTIs based on rectan-
gular lattices have not yet been explored in experiments.
A recent theoretical study unveiled the interesting prop-
erties of SRTIs in rectangular-lattice systems with further
generalization even to quarter-root topological phases [38],
indicating that SRTIs in rectangular lattices hold promise
for rich topological phases and phenomena.

Here, we report on the experimental observation of
SRTIs in two-dimensional (2D) rectangular-lattice acous-
tic metamaterials. We achieve the experimental realization
of the parent and descendant models of the SRTIs using
designer acoustic metamaterials [46–49] based on coupled
acoustic cavities. In our scheme, a complete acoustic band
gap with a band-gap-to-mid-gap ratio of approximately
10% in the parent acoustic metamaterial, and two com-
plete acoustic band gaps with band-gap-to-mid-gap ratio
of around 8% in the square-root acoustic metamaterial are
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realized. These large complete acoustic band gaps give
access to the observation of the square-root topological
phenomena in our systems. Furthermore, the square-root
topological states in rectangular lattices give rise to rich
topological edge and corner states. For the systems studied
here, the edge states emerging in different band gaps are
localized at different edge boundaries, either the horizon-
tal or the vertical edge boundaries. As a consequence, the
doubling of the spectrum of the parent model in the square-
root topological system is even richer. These phenomena
were not observed in the square-root topological systems
investigated in previous experimental works [32,33]. Here,
we demonstrate in both experiments and simulations that
higher-order topological features, such as the topological
edge and corner states, emerge in both the SRTI and the
parent lattice. In fact, the spectral features in the SRTI and
its parent lattice are connected via the square-root con-
struction. Such a connection is verified via the spectral
and wave-function properties of the topological edge and
corner states in the SRTI and its parent lattice. Further-
more, the robustness of the topological boundary states
is confirmed by examining the effect of defects in vari-
ous configurations. Here, the observed connection between
the SRTI and its parent lattice, together with the emer-
gent topological edge and corner states in these systems,
as well as their acoustic realizations, unveil the intriguing
interplay between the higher-order band topology and the
square-root construction.

II. SQUARE-ROOT MODEL

Here, we use the tight-binding models of the SRTI and
its parent lattice to illustrate the square-root topological
principle. We first introduce the parent lattice, a gener-
alized 2D rectangular-lattice Su-Schrieffer-Heeger (SSH)
model with anisotropic nearest-neighbor couplings illus-
trated in Fig. 1(a). This model is described by the following
Bloch Hamiltonian after Fourier transformation,

Horiginal =
[

0 h†
original

horiginal 0

]
, (1)

where

horiginal =
[

t1x + t2xeikx t1y + t2yeiky

t1y + t2ye−iky t1x + t2xe−ikx

]
. (2)

kx and ky are the Bloch wave vectors along x and y direc-
tions, respectively. Without loss of generality, the lattice
constant is set as unity. tiμ (i = 1, 2) denotes the intracell
and intercell couplings between the nearest-neighboring
sites, respectively, where μ = x, y represents the hopping
along the x and y directions, respectively. The pale yel-
low squares in Fig. 1(a) indicate the primitive unit cell.
Each unit cell has four sites. The green (pink) lines indicate

the horizontal (vertical) hopping along the x (y) direc-
tion, and the single (double) lines depict the weak (strong)
couplings.

For concreteness, in the tight-binding model, two hop-
ping parameters are chosen as t2x = 1 and t2y = 0.2. The
energy spectra of a system with 4 × 4 unit cells are plot-
ted as a function of the intracell hopping t1x in Fig. 1(b) at
the condition with t1y = t1x. According to Ref. [38], when
t1x = t1y < 0.34, the system is in the topological phase and
various topological boundary states emerge. For instance,
when t1x = t1y = 0.1, there are topological corner states at
zero energy (red curves) as well as horizontal (blue curves)
and vertical edge states (green curves) at finite energies.
Interestingly, here, the vertical edge states are located in
the central bulk band gap, whereas the horizontal edge
states emerge in the two smaller bulk band gaps above
and below, due to the different hoppings along the x and y
directions in this model. These features are quite different
from the topological phenomena in existing higher-order
topological insulators.

The tight-binding model of the descendant SRTI, illus-
trated in Fig. 1(c), is created by adding a site at the
middle of each pair of nearest-neighboring sites in the
parent model and transforming the nearest-neighbor cou-
plings from tiμ to

√
tiμ. The resultant descendant model is

described by the following Hamiltonian:

Hroot =
[

0 h†
root

hroot 0

]
, (3)

where the block matrix h†
root is the Hermitian conjugate of

hroot, which is written as

hroot =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

√
t2y 0 0

√
t2yeiky

0
√

t2yeiky
√

t2y 0√
t1x 0

√
t1x 0√

t2xeikx 0
√

t2x 0√
t1y 0 0

√
t1y

0
√

t1y
√

t1y 0
0

√
t1x 0

√
t1x

0
√

t2x 0
√

t2xeikx

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(4)

Hroot is a 12 × 12 matrix since there are 12 sites in each
primitive unit cell [see the inset of Fig. 1(c)].

The spectral properties of the descendant SRTI model is
studied via numerical calculation for a finite system with
4 × 4 unit cells, as shown in Fig. 1(d), wherein their spec-
tra are plotted as a function of t1x. Comparing the results
in Figs. 1(b) and 1(d), it can be found that the energy spec-
trum in the parent model is duplicated and rearranged in
the descendant model. Meanwhile the topological bound-
ary states are duplicated and rearranged in the descendant
model. In particular, the corner states are shifted to finite
energies and the number of corner states is doubled, as if
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(d)(b)

(c)(a)

FIG. 1. (a),(c) Tight-binding models of the parent and SRTI lattice. The parent lattice is an asymmetric 2D SSH model (a), while
the SRTI is a decorated rectangular lattice model (b). Enlarged images show the structures of the unit cells for (a),(c). Here, the
single (double) lines represent the intracell (intercell) couplings. (b),(d) The energy spectra of the finite systems with 4 × 4 unit cells
as functions of t1x in the parent and the descendant models, respectively. In both cases t2x = 1, t2y = 0.2, and t1y = t1x. Various
topological boundary states (labeled by different colors) emerge in the topological phase of the parent model and the SRTI. Corner,
vertical edge states, and horizontal edge states are characterized by the red, green, and blue colors, separately. The redness of the corner
states is connected to the localization of the wave function at the corner unit cells. Similar color schemes are applied to the vertical
edge states and horizontal edge states.

the spectrum of the parent model is copied to both the pos-
itive and negative energy sectors in the descendant model.
To understand such a spectral connection, which is a key
feature in the square-root paradigm, one must notice the
following relation between the Hamiltonians of the parent

and the descendant systems,

H 2
root =

[
Hparent 0

0 H ′
residual

]
. (5)
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Here, the diagonal blocks are

Hparent = h†
roothroot = cI4 + Horiginal (6)

and

H ′
residual = Hresidual + onsite potential . (7)

Hresidual is the residual Hamiltonian, I4 is the 4 × 4 identity
matrix, and c = t1x + t1y + t2x + t2y is the constant energy
shift. Note that in the Hamiltonian H ′

residual, the onsite
potentials are written as

H ′
residual(1, 1) = H ′

residual(2, 2) = 2t2y , (8)

H ′
residual(3, 3) = H ′

residual(7, 7) = 2t1x, (9)

H ′
residual(4, 4) = H ′

residual(8, 8) = 2t2x, (10)

H ′
residual(5, 5) = H ′

residual(6, 6) = 2t1y . (11)

The full form of Hresidual is given in the Supplemental
Material [50].

Equations (5)–(7) show that the square of the descendant
Hamiltonian can be written as the direct sum of the parent
Hamiltonian and the residual Hamiltonian (schematically
illustrated in in Fig. 2), which dictates the spectral relation
between the parent system and the SRTI. This relation thus
connects the topological phenomena in the SRTI to those
in the parent model.

We notice from the results in Figs. 1(b) and 1(d) that
the higher-order topological phases featuring clean spectra
of the corner states and edge states (with splitting spectra
for the horizontal and vertical edge states) emerge when
t1x < 0.13.

III. ACOUSTIC METAMATERIAL REALIZATION

We design the acoustic metamaterials as lattices of cou-
pled acoustic cavities to realize the underlying physics of
the SRTI model and its parent model. In such designs,
the cylindrical acoustic cavities play the role of the sites

in the tight-binding models. The couplings between the
sites are realized by the tubes connecting the cylindrical
acoustic cavities [see Fig. 3(a)]. The radii of the connect-
ing tubes are carefully designed according to the hopping
parameters such that the salient features of the above the-
oretical models can be delivered to the acoustic metama-
terials. These acoustic metamaterials are fabricated using
3D-printing technology based on epoxy. The fabricated
epoxy structures, which serve as the hard walls for sound
waves, encapsulate the air region in which the acous-
tic waves propagate. The acoustic wave dynamics in the
air region mimics the tight-binding models according to
our design. Here, the height and the radius of each cav-
ity are set as H = 45 mm and R = 13 mm, respectively.
The distance between the nearest-neighboring cavities is
d = 48.5 mm.

The couplings between the nearest-neighboring cavities
can be tuned by changing the radii of the tubes connect-
ing the cavities, as elaborated in Fig. 3(a). The intercav-
ity coupling is characterized by the frequency splitting
�f between the odd and the even modes in a system
with only two coupled cavities: the intercavity coupling
is precisely given by −�f /2. This is because such an
acoustic system can be mapped into a pair of degenerate
sites with intersite coupling of the amplitude −�f /2. In
Fig. 3(b), the simulated quantitative relation between the
intercavity coupling and the tube radius is fitted by a poly-
nomial function, −�f /2 = 7.025r2 + 47.155r − 74.387,
where the tube radius r is in units of millimeters.

In the following, the nearest-neighboring coupling
amplitudes t2x = 1, t2y = 0.2 , and t1x = t1y = 0.116 are
considered in both the parent and the descendant mod-
els. With these parameters, the nondegenerate vertical and
horizontal edge states, and the topological corner states
emerge simultaneously. To realize such a regime in the
acoustic metamaterials, we design the radii of the tubes
to satisfy the following relations for the intercavity cou-
plings: t2x : t2y : t1x : t1y = 1 : 0.2 : 0.116 : 0.116 in the
parent acoustic metamaterial. In a similar way, the radii
of the tubes in the descendant acoustic metamaterial are

FIG. 2. Schematic illustration of the relation between the SRTI (descendant) model and the original (parent) model. The square of
the SRTI Hamiltonian can be decomposed into the original (parent) Hamiltonian, residual Hamiltonian, and onsite potentials.
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(a)

(b)

(c)

(d)

(e)

(f)

FIG. 3. (a) Resonant modes in a pair of coupled acoustic cavities. Here, the coupling between the two identical cavities leads to the
splitting of the eigenmodes. The hybridized eigenmodes are of even (left) and odd (right) parity, respectively. The frequency difference
�f = feven − fodd between the even and odd eigenmodes characterizes the strength of the intercavity coupling, t = �f /2, which can
be tuned via the radius of the tubes connecting cavities, as shown in (b). The star labels the tube radius r = 2.5 mm for the case in
(a). (c) Unit cell of the acoustic metamaterial for the parent model. (d) Acoustic band structure of the acoustic metamaterial in (c). (e)
Unit-cell structure of the acoustic metamaterial for the SRTI. (f) Acoustic band structure of the metamaterial in (e). Brillouin zones are
shown in the insets of (d),(f). Green regions in (a),(c),(e) are the air regions where the acoustic wave propagates.

designed. Based on the fitted polynomial function between
the intercavity coupling and the radius, the radii of the
tubes are designed as r1x = r1y = 2.5, r2x = 8, and r2y =
3.2 mm in the parent metamaterial, of which the unit-cell
structure is depicted in Fig. 3(c). The lattice constant is
chosen as a1 = 97 mm. In the descendant metamaterial,
apart from the lattice constant being doubled and becoming
a2 = 194 mm, the other geometrical parameters are cho-
sen as r′

1x = r′
1y = 4.2, r′

2x = 8, and r′
2y = 5 mm to fulfill

the square-root paradigm. Numerical finite-element sim-
ulations give the acoustic band structures of the acoustic
metamaterials for both the parent model and the descen-
dant SRTI model, and are presented in Figs. 3(d) and 3(f).
The large complete acoustic band gaps in Figs. 3(d) and
3(f) enable clear experimental observation of the topologi-
cal edge and corner states through their spectral properties
and wave functions in these acoustic metamaterials.

IV. HIGHER-ORDER TOPOLOGICAL
PHENOMENA

We now study the higher-order topological phenomena
in the SRTI and its parent system as well as their relations

from both numerical and experimental approaches [see
Fig. 4(a) for the experimental sample]. We start by investi-
gating the parent metamaterial. For this purpose, we calcu-
late the spectrum of a finite tight-binding system (acoustic
metamaterial) for the parent lattice and present the results
in Fig. 4(b) [4(c)]. In both Figs. 4(b) and 4(c), four corner
states (red dots) emerge in the spectral gap of the ver-
tical edge states within the bulk band gap. Meanwhile,
the horizontal edge states emerge in the two smaller bulk
band gaps: the bulk band gap between the first and second
bands, and the other between the third and fourth bands.
To observe the distribution of the topological edge and
corner modes, we perform acoustic pump-probe detections
[20,23,51,52].

With the experimental sample shown in Fig. 4(a), we
use several pump-probe configurations to detect the spec-
tral properties in the bulk, on the vertical and horizontal
edges, and in the corner regions of the sample. In each
pump-probe setup, the position of the source (detector) is
labeled as S (D) in Fig. 4(a). The colors of these labels
denote different setups. In each setup, we use a tiny speaker
to generate acoustic waves and use a tiny microphone to
detect the acoustic signal. After Fourier transformation
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(a)

(e)

(b)

(f)

(c) (d)

(g) (h)

FIG. 4. Experimental observation of the edge and corner states in the acoustic metamaterial for the parent model. (a) Photograph
of the acoustic metamaterial. The positions of the sources (S) and detectors (D) are labeled with different colors for different pump-
probe detection schemes: black, green, blue, and red denote the bulk, vertical edge, horizontal edge, and corner pump-probe detection,
respectively. (b) Energy spectrum of a finite tight-binding system with 4 × 4 unit cells. The bulk, vertical edge, horizontal edge, and
corner states are labeled with black, orange, blue, and red colors. The numbers in brackets give the numbers of each type of eigenstate.
(c) Acoustic spectrum of a finite acoustic metamaterial with 4 × 4 unit cells. (d) Measured acoustic signals (absolute value of the
acoustic pressure) in various pump-probe detection schemes. Each curve is normalized so that the maximum is 1. (e)–(h) Measured
acoustic wave amplitude (i.e., absolute value of the acoustic pressure p) profiles for the bulk states (e), horizontal edge states (f),
vertical edge states (g), and corner states (h) at various excitation frequencies [these frequencies are also indicated by the colored dots
in (d)]. Blue stars in (e)–(h) label the source positions.

of the collected acoustic signals, we obtain the pump-
probe responses in the frequency domain. The speaker and
the microphone are inserted into the cavities labeled in
Fig. 4(a). The detected acoustic signals, which are propor-
tional to the acoustic pressures in the detection cavity, are
retrieved and analyzed by an Agilent network analyzer.

The measured pump-probe responses in Fig. 4(d) show
excellent consistency with the calculated acoustic spec-
trum in Fig. 4(c). In particular, the resonance due to the
corner mode emerges in the spectral gap of the vertical
edge modes inside the bulk gap. To further confirm experi-
mentally the emergence of the topological edge and corner
states, we also use a tiny speaker to excite the acous-
tic waves in the source positions labeled in Fig. 4(a) but
now move the microphone to detect the acoustic signals
in all cavities (one by one) except in the source cavity.
With such a method, we measure the acoustic wave pat-
terns of the bulk, vertical edge, horizontal edge, and the

corner states at their resonant frequencies [i.e., when we
measure, e.g., the vertical edge states, we set the excita-
tion frequency as a resonant frequency in the vertical edge
response curve in Fig. 4(d)]. From the measured acoustic
wave patterns in Figs. 4(e)–4(h), one can directly recog-
nize the wave patterns of the bulk, edge, and corner modes.
These results confirm the coexistence of the bulk, edge,
and corner states, and thus verify that the parent system is
an acoustic higher-order topological insulator with special
spectral properties that are consistent with the calculations.

In the following, we proceed to study the higher-order
topological phenomenon in the SRTI acoustic metama-
terial via both experimental and numerical approaches.
The sample of the SRTI acoustic metamaterial is shown
in Fig. 5(a) where we label the source (S) and detector
(D) positions for the bulk, the vertical edge, the horizon-
tal edge, and the corner pump-probe configurations using
different colors. The measured pump-probe responses are
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(a)

(e)

(b)

(f)

(c) (d)

(g) (h)

FIG. 5. Experimental observation of the edge and corner states in the acoustic metamaterial for the SRTI. (a) Photograph of the SRTI
acoustic metamaterial. The positions of the sources (S) and detectors (D) are labeled with different colors for different pump-probe
detection schemes: black, green, blue, and red denote the bulk, vertical edge, horizontal edge, and corner pump-probe configurations,
respectively. (b) Energy spectrum of a finite tight-binding system with 4 × 4 unit cells. (c) Acoustic spectrum of a finite SRTI acoustic
metamaterial with 4 × 4 unit cells. (d) Measured acoustic signals (proportional to the absolute value of the acoustic pressure) in
various pump-probe configurations. Each curve is normalized so that its maximum is 1. (e)–(h) Measured acoustic wave amplitude
(proportional to the absolute value of the acoustic pressure) profiles for the bulk states (e), horizontal edge states (f), vertical edge
states (g), and corner states (h) at their resonant frequencies [these frequencies are also indicated by the colored dots in (d)]. Blue stars
in (e)–(h) label the source positions.

compared with the acoustic spectrum from numerical sim-
ulations. For this purpose, we first calculate the spectrum
of a finite SRTI lattice with 4 × 4 unit cells in both the
tight-binding model and the acoustic metamaterial. The
calculated spectra are presented in Figs. 5(b) and 5(c).
The acoustic spectrum mimics the tight-binding spectrum
and produces the desired spectral connection between the
SRTI and its parent model. This observation supports our
study of the square-root topological phases using acoustic
metamaterials. Moreover, the emergence of the edge and
corner states in these calculations offers guidance to their
experimental detections.

Using the acoustic pump-probe configurations labeled
in Fig. 5(a), we measure the pump-probe responses in the
bulk, the vertical edge, the horizontal edge, and the corner
regions. The measured responses in Fig. 5(d) show excel-
lent consistency with the simulated acoustic spectrum in
Fig. 5(c), despite the slight frequency blue shifts in the

measurements, which may be due to fabrication imperfec-
tions in the metamaterial. We further use acoustic pump
probes to detect the acoustic wave patterns for the bulk
states, the horizontal edge states, the vertical edge states,
and the corner states. Here, we fix the source, and their
positions are indicated in Fig. 5(a), and move the detector
to probe the acoustic signals in all other cavities when the
excitation frequency is at the resonant frequencies in the
curves in Fig. 5(d) for each kind of eigenstate. For instance,
to detect the wave pattern of the corner states, we set the
excitation frequency as 4186 Hz. The measured wave pat-
terns of the bulk, the horizontal edge, the vertical edge,
and the corner states are shown in Figs. 5(e)–5(h). These
wave patterns indeed show obvious features of the bulk,
the horizontal edge, the vertical edge, and the corner states,
confirming the emergence of the multidimensional topo-
logical states as a key feature of the higher-order topology
in the SRTI metamaterial.
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(a) (b)

(d)(c)

FIG. 6. Robustness of the topological edge and corner states. (a),(b) Acoustic metamaterials of (a) the parent and (b) the SRTI with
defects introduced to the cavities in the bulk region. Lower-left in (a),(b) A close look at the geometry inside a cavity with a defect
(the yellow pillar). (c),(d) Simulated acoustic spectrum for the acoustic metamaterial with defects for (c) parent model and (d) SRTI.

V. ROBUSTNESS OF THE TOPOLOGICAL EDGE
AND CORNER STATES

To demonstrate the robustness of the topological edge
and corner states in the two acoustic metamaterials stud-
ied previously, we deliberately introduce defects and study
their effects on the acoustic states using numerical simu-
lations. As illustrated in Figs. 6(a) and 6(b), the defects
are mimicked by randomly introducing the yellow epoxy
pillars with a radius Rd = 3.25 mm and a height Hd =
9 mm in some cavities. These pillars at the bottom of
these cavities lead to a frequency shift in the cavity modes
and thus serve as the additional random onsite potential
energy for the acoustic modes. Acoustic simulations, how-
ever, indicate that the main features of the spectrum and
the wave functions, i.e., the emergence of the edge and
corner states in the bulk spectral gap, are not modified,
despite introducing these defects. Changing the pillars in
a series of parameter ranges does not change this observa-
tion (see Supplemental Material [50] for more simulation

data). These simulation results indicate the robustness of
the topological edge and corner states.

VI. CONCLUSION AND OUTLOOK

In this work, we demonstrate the emergence of higher-
order topological phenomena in square-root topological
phases based on rectangular-lattice acoustic metamateri-
als. Here, the controllable couplings among the acoustic
cavities via tuning the radii of the tubes connecting them
are favorable for the realization of the square-root scheme.
With consistent experiments and simulations, we verify
that both the parent model and the SRTI are higher-order
topological insulators with coexisting edge and corner
states. Furthermore, we show that the spectral features
of the parent model and the SRTI are connected via the
square-root relations. Both the parent model and the SRTI
have splitting horizontal and vertical edge states with
dispersions unique to the rectangular SRTIs. Our work pro-
vides an unconventional scheme towards SRTIs that can
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be generalized to other systems, such as electrical circuits,
mechanical, and photonic systems, that may inspire future
exploration of square-root topology. The application of
such square root topology in, e.g., photonic systems, may
offer unconventional schemes for robust light guiding and
trapping [32,53]. Such applications are particularly appeal-
ing for the systems studied here and the like, because the
couplings here can be tuned in a large parameter range
and the splitting between the horizontal and vertical edge
states gives more possibilities in the manipulation of wave
dynamics in such systems.

Furthermore, exploiting space-coiled-up cavities [54,
55] in place of the cylindrical cavities would enable
topological manipulation of acoustic waves in the deep-
subwavelength regime [54,55], which is attractive for
applications. Moreover, it is very interesting and worth-
while to ask whether the square-root approach can be
generalized to other lattices with different symmetries [56].
This may be possible because the square-root principle is
based on local structure modifications and can in principle
be generalized to other lattices. Meanwhile, higher-order
topology and topological transitions exist in various lattice
systems [57,58]. It is thus possible to generalize the square
root higher-order phase studied here to other lattices and
systems, which is a topic worth exploring in the future.
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