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Coherent Population Trapping with High Common-Mode Noise Rejection Using
Differential Detection of Simultaneous Dark and Bright Resonances
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Coherent manipulation of atomic states is highly desirable in numerous applications spanning from
fundamental physics to metrology. In this study, we propose and demonstrate, theoretically and experi-
mentally, the simultaneous observation in a vapor cell of dark and bright resonances that provide, through
a differential-detection stage, an output coherent-population-trapping atomic resonance that benefits from a
doubled amplitude and high common-mode noise rejection. This advanced spectroscopic scheme might be
of interest for the development of high-performance vapor-cell atomic clocks, sensors, or high-resolution
spectroscopy experiments.
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I. INTRODUCTION

The driving of two atomic transitions that share a com-
mon excited level with a coherent bichromatic light field in
a � scheme yields, through electromagnetically induced
transparency (EIT) [1], the detection of a narrow atomic
resonance line at the output of the atomic medium. This
spectroscopic feature, explained by coherent population
trapping (CPT) [2–4] of atoms into a quantum dark state
[5], can exhibit a line width several orders of magni-
tude lower than the natural line width of the optical
transitions. CPT has been implemented in a plethora of
applications, including the demonstration of compact [6–
9] and miniaturized cell-based atomic clocks [10], optical
frequency references [11–13], magnetometers [14], atom-
laser cooling [15,16], quantum information science [17],
and slow-light experiments [18].

The counterpart effect to EIT is electromagnetically
induced absorption (EIA). This phenomenon, reported in
Ref. [19] and initially explained in Ref. [20], can be also
observed in three-level � systems by using two counter-
propagating bichromatic light fields with properly chosen
polarizations and mutual phase delay, such that a dark
state created by one dual-frequency light field is a bright
state for the other [21]. The detection of two-photon EIA
resonances has recently been applied for the demonstra-
tion of a vapor-cell atomic clock [22] or combined with
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pulsed interrogation for the observation of subkilohertz
Ramsey-narrowed EIA resonances [23].

CPT and EIA-based vapor-cell atomic clocks have
demonstrated short-term fractional frequency stability lev-
els, at 1 s integration time, in the low-10−13 range [6,8,9]
and at 4 × 10−12, respectively [22]. Although remarkable,
this performance remains about one order of magnitude
worse than the ultimate photon shot-noise limit [24], i.e.,
at the level of a few 10−14 τ−1/2 (where τ is the inte-
gration time). Thus it is of crucial importance to propose
innovative CPT pumping schemes that might tackle this
remaining obstacle. In CPT spectroscopy, numerous opti-
mized double-� schemes have been proposed to increase
the CPT signal [25–33]. In addition, several differential-
detection schemes have been proposed to mitigate the laser
noise that usually pollutes the resonance signal [34–36].

In this work, we propose and demonstrate a method for
the detection of coherent superposition-state resonances
with an enhanced signal-to-noise ratio (SNR) through
the simultaneous detection of EIT and EIA resonances
and a subsequent differential-detection stage. Initially pre-
pared into a CPT state that can employ various interaction
schemes [25–27,30,32], atoms are then interrogated with a
finely phase-delayed linearly polarized bichromatic probe
beam, such that the initial CPT state is a dark state or
bright state for respective orthogonal circularly polarized
components of the probe field. Explained by the fact that
one of the four electric dipole moments involved in the
double-� system of the alkali-atom D1 line is of oppo-
site sign to the other three, EIT and EIA resonances are
then simultaneously generated. These two orthogonally
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FIG. 1. The principle of the double-� four-level system, cou-
pled successively with the pump and probe light. Note the sign
difference of one σ+ polarization component between the pump
and the probe light.

polarized signals are then optically separated at the cell
output and subtracted from each other, yielding an output
signal with an enhanced amplitude and suppressed com-
mon noise. The experimental results are explained well by
a dedicated model and may be a promising step toward
the demonstration of a high-performance vapor-cell CPT
clock.

II. BASIC THEORY

The principle of our approach is depicted in Fig. 1. The
interaction Hamiltonian of the simplified four-level atomic
scheme is [32]

V1 = V1+ + V1−

= −�

2
(�

′
1|3〉〈1| +�

′
2|3〉〈2| + H.C.)

+ −�

2
(�

′
3|4〉〈1| +�

′
4|4〉〈2| + H.C.), (1)

where “H.C.” denotes the Hermitian conjugate, �
′
3(4) =

�eiφ
′
3(4) ,�

′
1 = �eiφ

′
1 , and�

′
2 = −�eiφ

′
2 . We note that� =

dE0/� is the Rabi frequency, in which d is the electric
dipole matrix element of the transition, and E0 the ampli-
tude of the laser electric field. The minus sign in the
last term is due to the opposite sign of its electric dipole
moment, compared to the other three, such that −d23 =
d24 = d13 = d14 = d, and φ

′
i (i=1,. . . ,4) are the phases of

each frequency component.
In the rotating frame and at resonance, the dark and

bright states prepared by one circularly polarized (say, σ+)
bichromatic light beam can be written, respectively, as

|d1+〉 = cos θ+ |1〉 − sin θ+ |2〉 ,

|b1+〉 = sin∗ θ+ |1〉 + cos∗ θ+ |2〉 ,
(2)

where sin θ+ = �
′
1/

√
|�′

1|2 + |�′
2|2, cos θ+ = �

′
2/√

|�′
1|2 + |�′

2|2. Similarly, we can write the dark, |d1−〉,

and bright, |b1−〉, states for the counter-rotating circularly
polarized (σ−) bichromatic light beam. Each dark state is
decoupled from its pump light, i.e., 〈3| V1+ |d1+〉 = 0 and
〈4| V1− |d1−〉 = 0.

In our study, atoms are prepared in a CPT state using
a double-� system obtained with the push-pull opti-
cal pumping (PPOP) scheme [25,26]. In this scheme, a
Michelson system is employed to introduce a phase delay
and compensate the opposite sign of d23, i.e., φ

′
+ = φ

′
− +

(2p1 + 1)π , with φ
′
+(−) = φ

′
1(3) − φ

′
2(4), and pi (i = 1–4) is

an arbitrary integer. The atom-light interaction for pump-
ing the atoms in the CPT state is then denoted σ−σ− −
σ+σ+, as shown in Fig. 1. In this configuration, we arrive,
with an appropriate phase, at |d1+〉 = |d1−〉 ≡ |d1〉, mean-
ing that each dark state built by one circular polarization is
also a dark state for the counter-rotating polarization.

In the second step, shown in Fig. 1, the atomic ensemble
is probed by a linearly polarized bichromatic beam. Since
the σ+ and σ− polarization components of this field are
in phase in this case, i.e., φ

′′
+ = φ

′′
− + 2p2π , with φ

′′
+(−) =

φ
′′
1(3) − φ

′′
2(4), the dark states previously created, |d1〉, will

be coupled to or uncoupled from the probe light, depending
on whether the interaction field is σ+ or σ− polarized. The
interaction of the atomic ensemble with the probe field is
denoted σ−σ− + σ+σ+, as shown in Fig. 1.

The interaction Hamiltonian for the σ+ component of
the probe beam is

V2+ = −�

2
(�

′′
1|3〉〈1| +�

′′
2|3〉〈2| + H.C.). (3)

A proper phase-delay setting between the probe and pump
light, e.g., φ

′
+ − φ

′′
+ = 2p3π , leads to V2+ |d1〉 = 0. In this

case, the previous dark state remains a dark state and EIT
is observed. At the opposite, for the σ− component, the
reverse applies, since φ

′
− − φ

′′
− = (2p4 + 1)π , leading to

V2− |d1〉 �= 0. In this case, the previous dark state becomes
a bright state and EIA occurs.

Based on this four-level model, we also perform numer-
ical calculations using the Liouville equation (see the
Appendix). Figure 2 shows the calculated signals at both
outputs of a polarizing beam splitter (PBS) placed at the
cell output. The figure clearly demonstrates the simultane-
ous presence of EIT and EIA resonances detected at null
Raman detuning. Once obtained, a differential CPT signal
can be obtained by subtracting the EIA from the EIT sig-
nal. We note here that our scheme, in comparison with pre-
viously reported differential-detection schemes [34–36],
offers ideal differential detection with a doubled amplitude
of the signal and rejection of the common-mode noise.

III. EXPERIMENTAL SETUP

Using this concept, the experimental setup depicted in
Fig. 3, based on that described in Ref. [9], is implemented.
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FIG. 2. The transmitted light signals obtained by theoretical
calculation. Ix and Iy are the intensities on the two orthogonal
polarization axes. The parameter values are the Rabi frequency
�/(2π) = 0.06 MHz, the excited-state to ground-state decay
rate 	/(2π) = 0.6 GHz, the ground-state coherence decay rate
γ2/(2π) = 200 Hz, the electric field ratio of probe to pump beam
k0 = 1/

√
2, τ1 = 4.5 ms, td = 4.502 ms, and tw = 30 μs. The

parameters of the time sequence are defined in Fig. 3.

A distributed-Bragg-reflector (DBR) laser is directly mod-
ulated at 3.417 GHz in order to produce a multifrequency
laser field, such that both first-order optical sidebands are
used for CPT interaction. The light beam is then sepa-
rated into three arms. The first arm is used to stabilize
the laser carrier frequency to the midpoint of the two
transitions of the 87Rb D1 line, i.e., |52S1/2, F = 1〉 →
|52P1/2, F ′ = 2〉 and |52S1/2, F = 2〉 → |52P1/2, F ′ = 2〉,
using dual-frequency sub-Doppler spectroscopy [11] in a
vacuum reference cell. The second arm is directed to a
Michelson system in order to produce two phase-delayed
counter-rotating circularly polarized dual-frequency light
fields and then to generate the PPOP scheme used as the
pumping field. The third arm is used to prepare the prob-
ing light field. The latter is properly phase delayed relative
to one arm of the Michelson interferometer, while a half-
wave plate is used to tune its polarization plane. The pump
and probe beams are overlapped with the aid of a nonpo-
larizing beam splitter (BS). Two acousto-optic modulators
(AOMs), both driven at 180 MHz, are used to switch
the pump and probe lights on and off. These AOMs also
compensate for the buffer-gas-induced optical frequency
shift in the clock cell. The pump and probe beams are
expanded to a circular beam with a 1/e2 diameter of about
5 mm before the clock cell. The 87Rb-isotope-enriched
cylindrical vapor cell (diameter 20 mm, length 50 mm)
is filled with a N2-Ar buffer-gas mixture and temperature
stabilized at around 54.6 ◦C. Unless otherwise specified,
a uniform axial static magnetic field, B0 = 14.6 μT, is
applied to increase the Zeeman degeneracy. The ensemble

is surrounded by one layer of mu-metal magnetic shield. At
the cell output, the transmitted light is polarization rotated
by π/4 with respect to the axis of the following polariz-
ing beam splitter (PBS), then separated into two paths by
the PBS, and finally detected by balanced photodetectors
(PDs).

The pump and probe light beams interact with the
atomic ensemble in the sequence shown in Fig. 3(b), where
Tc is the cycle time. Atoms are first prepared in CPT states
during a pumping stage of length τ1, usually of several mil-
liseconds. At the end of this pumping stage, a probing-light
window of length τ2, much smaller than τ1, is opened. The
PD signals are then recorded during a short detection win-
dow of length tw, in the range of 30–100 μs, which, after
a delay time of 2 μs, follows the probe-light activation.
In our system, the detection window time is tuned such
that 0 < tw ≤ τdeph ≤ τ2, where τdeph ≈ 1 ms in our experi-
ment is the time for the two previously prepared dark states
to become common bright states and interact with each
other. Ramsey-CPT interrogation can be also performed by
inserting a free-evolution dark time, of length T, between
the end of the pumping window and the start of the probing
window.

IV. EXPERIMENTAL RESULTS

Figure 4 shows typical simultaneously observed EIT,
EIA, and differential-CPT (diff-CPT) experimental sig-
nals. Narrow-line-width and high-contrast (14.4%) EIT
and EIA signals are obtained. The three peaks correspond
to respective �mF = 0 transitions between sublevels of
the magnetic quantum number mF = −1, 0, +1, respec-
tively, with the central peak being the clock transition.
The amplitude asymmetry of the lateral peaks (mF =
±1) between the EIT and EIA signals can be explained
by a residual elliptic polarization and optical pumping
effects. Indeed, the σ− component of the probe beam, for
which the previously created dark states are now bright
states, pumps atoms toward lower-magnetic-number Zee-
man sublevels, whereas the σ+ component, for which the
previously created dark states remain dark, pumps atoms
toward higher-magnetic-number Zeeman sublevels. Com-
pared to the EIT and EIA signals, the diff-CPT signal is
detected with a dc background level that is almost nulled
and its amplitude is 2 times higher. This configuration is
then favorable for achieving a CPT resonance with high
contrast (usually defined as the ratio between the resonance
amplitude and its dc background level). The line width of
the diff-CPT signal is between those of the EIT and EIA
resonances. More importantly, the common-mode noise
is highly rejected, as better highlighted in the following
section.

We measure the dependence of the resonance amplitude,
the line width [full width at half maximum (FWHM)],
and the SNR-to-FWHM ratio on the laser pump power,
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FIG. 3. (a) The experimental setup. BS, nonpolarizing beam splitter; PBS, polarizing beam splitter; PD, photodetector; AOM,
acousto-optic modulator; QWP, quarter-wave plate; HWP, half-wave plate; M, mirror; BT, bias tee. (b) The time sequence for CPT
spectroscopy.

for the EIT, EIA, and diff-CPT signals. Here, the SNR
is defined as SNR = ACPT/N , where ACPT is the CPT
amplitude (the difference between the CPT value at reso-
nance and the Doppler-broadened absorption background),
while the noise N is the typical fluctuation at 1 s of the
signal measured at half maximum of the detected CPT
resonance [37]. The results are shown in Fig. 5. The line
width increases with the pump power, while the amplitude
saturates for powers higher than about 350 μW. The SNR-
to-FWHM ratio is maximized for laser powers lower than
50 μW. This ratio is more than 3 times higher in the case

FIG. 4. Experimentally observed EIT, EIA, and diff-CPT sig-
nals. The experimental parameters are as follows: Tc = 3.1 ms,
τ1 = 3 ms, τ2 = 0.1 ms, td = 3.002 ms, tw = 0.03 ms, B0 =
0.87μT, Ppump = 107μW, and Pprobe = 57μW. Offsets of 103.2
and 103.4 mV are subtracted from the EIT and EIA signals,
respectively. The diff-CPT signal is detected with a dc back-
ground level that is almost nulled and exhibits an amplitude that
is 2 times higher than those of the EIA and EIT resonances.
This figure shows the outputs of the photodiodes in working
conditions, with both PD2 and PD3 illuminated by incident light.

of the diff-CPT signal, in the region of interest. We per-
form a comparable test as a function of the laser probe
power. In this case, we find that the line width remains
about constant, while the amplitude increases for all cases.
The SNR-to-FWHM ratio is maximized at a probe power
of 48 μW.

An important feature of the proposed spectroscopic
approach is the expected rejection of the common-mode
noise on the differential CPT signal. This property is
clearly demonstrated in Fig. 6, in the case of a measure-
ment at low laser power (here, 6 μW). In this configura-
tion, the SNR of the diff-CPT signal is improved by a factor
of almost 10, in comparison with those obtained for the
initial EIT and EIA signals. We observe that the noise mit-
igation obtained with the proposed method is better here,

FIG. 5. The signal line width, amplitude, and SNR-to-FWHM
ratio of the EIT, EIA, and diff-CPT amplitudes as a function of
the laser pump power. The experimental parameters are as fol-
lows: Tc = 4.6 ms, τ1 = 4.5 ms, τ2 = 0.1 ms, td = 4.502 ms,
tw = 0.03 ms, and Pprobe = 57 μW. The solid lines are guides
to the eye.
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FIG. 6. The EIT, EIA, and diff-CPT signals obtained for a
low-laser-power record. The experimental parameters are as fol-
lows: Tc = 4.6 ms, τ1 = 4.5 ms, τ2 = 0.1 ms, td = 4.502 ms,
tw = 0.03 ms, Ppump = 6.1 μW, and Pprobe = 5.9 μW. For this
plot, the EIA is down shifted for clarity. The SNR of the diff-
CPT signal is about 10 times higher than for the EIT and EIA
signals.

at low power, than that obtained at a higher power [see
Fig. 5]. This dependence on the laser power of the noise
mitigation factor is not clear to date and will be inves-
tigated in a dedicated future study. We also note that in
Fig. 6, the diff-CPT resonance exhibits a narrow line width
of 97 Hz.

For further investigation, we also measure the noise
spectrum of the error signal when a local oscillator (LO)
is locked to the atomic resonance [38]. In this evaluation,
we use a standard synchronous modulation-demodulation
technique of the microwave frequency, with a frequency-
modulation (FM) depth of about 85 Hz and a FM period
of TFM = 2 Tc, to generate an error signal that might be
used to stabilize the LO frequency. The noise spectrum
of the error signal is then measured in closed-loop oper-
ation of the atomic clock with a noise analyzer (Stanford
Research Systems, SR785). Noise spectra obtained for the
EIT, EIA, and diff-CPT error signals, as well as the error
signals themselves, are shown in Fig. 7.

In the noise spectra shown in Fig. 7, the noise valleys
at 13.6 Hz and its harmonics are suspected to come from
the feedback rate 1/TFB, with one feedback applied every
eight FM-cycle periods, i.e., TFB = 8 TFM. Most impor-
tantly, the noise level of the diff-CPT error signal is highly
reduced. This result suggests that our method should help
to improve the performance of CPT clocks, including those
based on push-pull optical pumping [39,40], dominated
by laser AM-AM and FM-AM noise sources (where AM
refers to amplitude modulation). Specifically, here, the
noise amplitude of the diff-CPT signal is divided by 4.5
compared to the EIT and EIA cases in the 1 Hz to 1 kHz
offset range. Thus, the frequency stability of the atomic
clock using the diff-CPT signal should be about 4.5 times
better than one based on EIT or EIA signals.
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FIG. 7. The noise of the in-loop error signals, for the EIT, EIA,
and diff-CPT cases. The experimental parameters are as follows:
Tc = 4.61 ms, τ1 = 4.5 ms, τ2 = 0.11 ms, td = 4.502 ms, tw =
0.1 ms, Ppump = 30.7 μW, and Pprobe = 11.8 μW. The noise
floor of the analyzer is also plotted for information. The inset
shows the EIT, EIA, and diff-CPT error signals with the same
conditions.

We also observe the spectral line shape of |F = 1, mF =
±1〉 ↔ |F = 2, mF = ∓1〉 transitions in the present con-
figuration. These �mF = ±2 transitions, shown in Fig. 8,
are well separated from the clock transition at a “high”
magnetic field (here, B0 = 233 μT). Their shape is differ-
ent from those observed in Refs. [26,41]. For �mF = −2,
an EIT signal is observed for the clock-transition EIT
channel, while an EIA signal is obtained in the clock-
transition EIA channel. In the case of �mF = +2, the

FIG. 8. EIT, EIA, and diff-CPT signals with �mF = 0 and
�mF = ±2. The experimental parameters are as follows: Tc =
4.6 ms, τ1 = 4.5 ms, τ2 = 0.1 ms, td = 4.502 ms, tw = 0.03 ms,
Ppump = 107 μW, and Pprobe = 57 μW. The static magnetic field
is B0 = 233 μT. Here, the clock transition is shifted by 3.128
kHz in comparison with previous cases, due to the second-order
Zeeman shift.
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FIG. 9. The Ramsey EIT, EIA, and diff-CPT signals. The
experimental parameters are as follows: Tc = 9.6 ms, τ1 =
4.5 ms, T = 5 ms, τ2 = 0.1 ms, td = 9.502 ms, tw = 0.03 ms,
Ppump = 107 μW, and Pprobe = 57 μW.

reverse applies. Again, here, the differential signal, i.e.,
the EIT channel minus the EIA channel, shows a higher
SNR. This observation shows that our method can also
be applied to the lin‖lin CPT scheme [28]. To apply this
idea, both the pump and probe beams should be linearly
polarized, with the probe-beam polarization axis rotated
by 45◦ relative to the pump-light polarization. If one of
the two polarization components of the probe beam—say,
on the x axis—induces EIT, the orthogonal component
will induce EIA. With a similar polarization separation, we
can then simultaneously observe EIT, EIA, and differential
CPT signals in the lin‖lin scheme.

Finally, we succeed in detecting experimental Ramsey
fringes of EIT, EIA, and diff-CPT by applying a pulsed
interrogation sequence. Similarly to other Ramsey-CPT
clocks [27,40], this regime is obtained by inserting a free-
evolution dark time, of length T, between the end of the
pumping window and the start of the probing window. The
EIT, EIA and diff-CPT Ramsey fringes thus obtained, with
T = 5 ms, are shown in Fig. 9.

A narrow fringe line width of 78.2 Hz is observed for
T = 5 ms. Here again, we note that the amplitude of the
central fringe is doubled in the case of the diff-CPT signal.
For information, we measure the CPT coherence relax-
ation time T2 for each channel, by varying the Ramsey
time T. We find T2 coherence times of 4.4 ± 0.04 ms,
5.33 ± 0.25 ms, and 4.88 ± 0.11 ms for the EIT, EIA, and
diff-CPT signals, respectively.

V. CONCLUSIONS

In conclusion, we propose and demonstrate, theoret-
ically and experimentally, a spectroscopic approach for
simultaneous observation of EIT and EIA signals in a
single atomic ensemble. Subsequent extraction of a differ-
ential signal at the cell output allows the detection of a CPT

resonance with a doubled amplitude and high common-
mode noise rejection. This method relies on the use of
double-� schemes for which one of the four involved
dipolar moments is of opposite sign to the others. This
method is then quite universal, because the pumping light
can make use of various optimized CPT pumping schemes
[25–32], including the lin ‖ lin scheme [28], and can be
also applied to other alkali-metal atoms. The proposed
approach might be of great interest in the development
of a high-performance CPT clock, possibly surpassing
the state-of-the-art stability results of current CPT clocks
[6,8,9] and approaching the long-sought-after level of a
few 10−14τ−1/2 predicted by the photon shot-noise limit
[24].
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APPENDIX: THEORETICAL SIMULATION

In this appendix, we show how the EIT and EIA signals
occur simultaneously. This study is extracted from theo-
retical simulations based on the four-level model shown in
Fig. 1, using the Liouville equation and the polarization-
rotation calculation method.

1. The pump and probe light fields

The bichromatic light is described by a classical field
with angular frequency ω±, propagating along the z axis.
The electric field of the pump light can be represented by

Epump = E0fa(t){[cos(ω+t + φ
′
1)+ cos(ω−t + φ

′
2)]ê+

+ [cos(ω+t + φ
′
3)+ cos(ω−t + φ

′
4)]ê−}. (A1)

During the probe stage, the linearly polarized probe beam,
with a polarization angle θ relative to the x axis, can be
written as

Eprobe = k0E0fb(t)[cos(ω+t + φ
′′
3 )+ cos(ω−t + φ

′′
4 )]êθ .

(A2)

Here, k0 is the amplitude ratio between the pump and
probe electric fields, fa(t) = U[t] − U[t − τ ], and fb(t) =
fa(t − τ), where U[t] is a step function. In order to take
the switching times (1 μs) of the pump and probe beams
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into account in our experiments, a sine function is used to
replace the rising and falling edges of the step function.

With the definitions êθ = (cos θ ê+ + sin θ ê−)/
√

2, êx =
−(ê+ − ê−)/

√
2, and êy = i(ê+ + ê−)/

√
2, we can rewrite

as follows:

Eprobe = k0E0fb(t)

{[cos(ω+t + φ
′′
1 )+ cos(ω−t + φ

′′
2 )]e

−iθ ê+

+ [cos(ω+t + φ
′′
3 )+ cos(ω−t + φ

′′
4 )]e

iθ ê−}/
√

2,
(A3)

where φ
′′
1(2) = φ

′′
3(4) + m(n)π , in which m and n are arbi-

trary odd integers.

2. Polarization rotation of the clock-cell transmitted
light

Using the Jones matrix and with ê± = ∓(êx ± iêy)/
√

2,
the electric field [Eq. (A3)] of the probe beam can be
written as

Eprobe = k0E0√
2

ω−∑
ω+

{
e−iθ

[ −1
−i

]

ω+
+ eiθ

[
1
−i

]

ω+

}
.

(A4)

From Refs. [42–44], we know that when the probe beam
is transmitted across the clock cell with length L, it is
changed to

E1 = k0E0√
2

ω−∑
ω+

{
e−iθ+ξ+

ω+
[−1
−i

]

ω+
+ eiθ+ξ−

ω+
[

1
−i

]

ω+

}
,

(A5)

with ξ±
ω± = −iβ±

ω± − α±
ω±L/2 and β±

ω± = 2πLn±
ω±/λ±,

where n±
ω± are the refractive indices of the 87Rb atomic

medium for the components that are left and right circu-
larly polarized and α±

ω± are the corresponding absorption
coefficients.

Thus, by placing, at the cell output, a half-wave plate
characterized by its Jones matrix

Wλ/2 = −i
[

cos 2ψ sin 2ψ
sin 2ψ − cos 2ψ

]
, (A6)

we can rotate the polarization of the field E1 through an
angle 2ψ = π/4 − θ . Thus, we obtain the output probe
beam with its polarization set to an angle π/4 relative to
the x axis, for the balance of the two PDs. It reads as

follows:

E2 = Wλ/2E1 = −ik0E0√
2

ω−∑
ω+

{
e−iθ+ξ+

ω+
[ −ei2ψ

iei2ψ

]

ω+
+ eiθ+ξ−

ω+
[

e−i2ψ

ie−i2ψ

]

ω+

}
.

(A7)

Thus, for the x-axis polarization detection, with I0 =
ε0(k0E0)

2, we have

Ix = I0

2

ω−∑
ω+

[e−α+
ω+ L + e−α−

ω+ L − 2 sin(4θ + 2βω+)e
−αω+ L].

(A8)

Similarly, for the y-axis polarization detection, we have

Iy = I0

2

ω−∑
ω+

[e−α+
ω+ L + e−α−

ω+ L + 2 sin(4θ + 2βω+)e
−αω+ L],

(A9)

in which βω± = (β+
ω± − β−

ω±)/2, β±
ω± = 2πLn±

ω±/λω± ,

n±
ω± =

√
1 + Re(χ±

ω±), αω± = (α+
ω± + α−

ω±)/2, α±
ω± = 2π

Im(χ±
ω±)/λω± , and χ±

ω± are the susceptibilities of the
atomic medium.

3. Liouville equations

The four-level system shown in Fig. 1 is adopted. The
evolution of the density matrix for atoms at rest is given
by the Liouville equation,

ρ̇ = −i
�

[H , ρ] − Rρ, (A10)

where H = H0 + V, H0 = �
∑4

i=1 ωi |i〉 〈i| is the Hamil-
tonian of the unperturbed atom, and ωi is the angular
frequency for level |i〉. R is the relaxation matrix. The inter-
action Hamiltonian is V = −D · (Epump + Eprobe), with D
the electric dipole operator. It reads

V = V+ + V− = −�

2
(�1|3〉〈1| +�2|3〉〈2| + H.C.)

+ −�

2
(�3|4〉〈1| +�4|4〉〈2| + H.C.),

(A11)

where �1(2) = E0f1(2)(t)�d1(2)3ê+/�, �3(4) = E0f3(4)(t)
�d1(2)4ê−/�, fj (t) = fa(t)e

−iφ
′
j + k0fb(t)e−iϕj , j = 1–4,

ϕ1(2) = φ
′′
1(2) + θ , and ϕ3(4) = φ

′′
3(4) − θ .

For simplicity and without loss of generality, we assume
that φ

′
1 = φ

′
2 = φ

′
3 = 0, φ

′
4 = π , and φ

′′
1 = φ

′′
2 = π , φ

′′
3 =

024012-7



YUN, BOUDOT, and EMERIC DE CLERCQ PHYS. REV. APPLIED 19, 024012 (2023)

φ
′′
4 = 0. This leads to f1(t) = f2(t) = fa(t)− k0fb(t)e−iθ ,

f3(t) = fa(t)+ k0fb(t)eiθ , and f4(t) = −fa(t)+ k0fb(t)eiθ ;
thus, we have �1 = −�2 = �f1(t), �3 = �f3(t), and
�4 = �f4(t).

The density-matrix evolution is given by

ρ̇11 = � Im(ρ̃13f1(t))+� Im(ρ̃14f3(t))+ (ρ33 + ρ44)	/2 − (ρ11 − ρ22)γ1,

ρ̇22 = −� Im(ρ̃23f2(t))+� Im(ρ̃24f4(t))+ (ρ33 + ρ44)	/2 − (ρ22 − ρ11)γ1,

ρ̇33 = −� Im(ρ̃13f1(t))+� Im(ρ̃23f2(t))− ρ33	,

ρ̇44 = −� Im(ρ̃14f3(t))−� Im(ρ̃24f4(t))− ρ44	,

˙̃ρ14 = i[(i	 − 2π�)ρ̃14 + (ρ44 − ρ11)�f ∗
3 (t)− ρ̃12�f ∗

4 (t)+ ρ34�f ∗
1 (t)]/2,

˙̃ρ13 = i[(i	 − 2π�)ρ̃13 + (ρ33 − ρ11)�f ∗
1 (t)+ ρ̃12�f ∗

2 (t)+ ρ∗
34�f ∗

3 (t)]/2,

˙̃ρ24 = i[(i	 + 2π�)ρ̃24 + (ρ44 − ρ22)�f ∗
4 (t)− ρ̃∗

12�f ∗
3 (t)− ρ34�f ∗

2 (t)]/2,

˙̃ρ23 = i[(i	 + 2π�)ρ̃23 − (ρ33 − ρ22)�f ∗
2 (t)− ρ̃∗

12�f ∗
1 (t)+ ρ∗

34�f ∗
4 (t)]/2,

˙̃ρ12 = i[(iγ2 − 4π�)ρ̃12 + ρ̃∗
23�f ∗

1 (t)+ ρ̃13�f2(t)+ ρ̃∗
24�f ∗

3 (t)− ρ̃14�f4(t)]/2,

ρ̇34 = i[2iγ43ρ34 − ρ̃∗
23�f ∗

4 (t)− ρ̃∗
13�f ∗

3 (t)− ρ̃24�f2(t)+ ρ̃14�f1(t)]/2. (A12)

Here, we assume a solution for the off-diagonal
matrix elements of the form ρ13(4) = ρ̃13(4)eiω+t, ρ23(4) =
ρ̃23(4)eiω−t, and ρ12 = ρ̃12eiω+−t, where ω+− = ω+ − ω−,
and apply the secular approximation. γ1 and γ2 are the
decay rates of the ground-state population and the coher-
ence, respectively. Similarly, 	 is the decay rate of the
population from excited state |3〉 (|4〉) to the ground state,
and γ31(γ32) and γ41(γ42) are the decay rates of the coher-
ence from excited states |3〉 and |4〉 to the ground state,
respectively. γ43 is the coherence decay rate between |4〉
and |3〉. In typical experiments, we presume that γ1 = γ2,
γ31 = γ32 = γ41 = γ42 = 	/2, and γ43 = 	/2000.

We use the following notation: νi = ωi/(2π) for i =
1–4, ν+(−) = ω+(−)/(2π), ν+− = ω+−/(2π), νhf = ν2 −
ν1, ν43 = ν4 − ν3, ν31(2) = ν3 − ν1(2), and ν41(2) = ν4 −
ν1(2). The two-photon detuning (Raman detuning) is � =
�1 −�2 = ν+− − νhf and the single-photon detuning are
�1(2) = ν+(−) − ν31(2) and�3(4) = ν+(−) − ν41(2). For ease
of discussion, we assume that |3〉 and |4〉 are degenerate
(ν43 = 0), which means that �3 = �1 and �4 = �2. In
our case, where the bichromatic light is obtained by direct
modulation of a DBR laser diode at half the ground-state
splitting frequency, we have the relation �1 = −�2 =
�/2.

The initial conditions are

ρ11(t = 0) = ρ22(t = 0) = 0.5,

ρ33(t = 0) = ρ44(t = 0) = 0,

ρ̃12(t = 0) = ρ̃13(t = 0) = ρ̃14(t = 0) =

ρ̃23(t = 0) = ρ̃24(t = 0) = ρ34(t = 0) = 0. (A13)

4. Susceptibilities of the atomic medium

For the probe stage, the expressions for the susceptibil-
ities of the atomic medium are χ±

ω+ = ηρ3(4)1 and χ±
ω− =

∓ηρ3(4)2, in which η = 2Nad/ε0Eprobe, where Na is the
atom density. Thus, we have βω+ = πLηRe(ρ13 − ρ14)/

2λω+ , βω− = −πLηRe(ρ23 + ρ24)/2λω− , α±
ω+ = −2πη

Im(ρ13(4))/λω+ , and α±
ω− = ±2πη Im(ρ23(4))/λω− . Sub-

stituting the results obtained from the density matrix
[Eq. (A12)] into Eqs. (A8) and (A9), we then obtain the
results shown in Fig. 2.
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