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While several experiments claim that two-level system (TLS) defects in amorphous surfaces and
interfaces are responsible for energy relaxation in superconducting resonators and qubits, none can pro-
vide quantitative explanation of their data in terms of the conventional noninteracting TLS model. Here
a model that interpolates between the interacting and noninteracting TLS loss tangent is proposed to per-
form numerical analysis of experimental data and extract information about TLS parameters and their
distribution. As a proof of principle, the model is applied to TESLA cavities that contain only a single
lossy material in their interior, the niobium-niobium oxide interface. The best fits show interacting TLSs
with a sharp modulus of electric dipole moment for both thin (5 nm) and thick (100 nm) oxides, indicating
that the TLSs are “atomic” instead of “glassy.” The proposed method can be applied to other devices with
multiple material interfaces and substrates, with the goal of elucidating the nature of TLSs causing energy

loss in resonators and qubits.
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I. INTRODUCTION

Quantum devices based on superconducting resonators
have become one of the most promising architectures for
scalable quantum computing [1,2]. Specifically, the use of
superconducting radiofrequency cavities and qubits have
evolved into various promising devices because of their
ability to achieve high coherence for quantum states. Main-
taining coherence for quantum states is crucial such that
quantum information processing can be achieved. How-
ever, coherence times for superconducting qubits and res-
onators are limited in the low-energy regime by energy
dissipation due to photon loss into two-level systems
(TLSs) [3—7], that are most notably present at surfaces and
interfaces [8]. There is currently widespread activity in
understanding the microscopic structure of TLSs [9] and
how to remove them with surface-passivation techniques
[5,10,11]. In Ref. [12] it was predicted that if surfaces and
interfaces can be made free of TLSs (i.e., if they can be
made purely crystalline or epitaxial), their intrinsic photon-
loss tangent will be reduced by a factor ranging from 10
to 10* depending on the particular material used. As a
result the energy relaxation time of superconducting qubits
may reach over 10* us, putting the architecture above the
error-correction threshold [13].
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Energy losses from TLSs arise from the coupling
between the TLS electric dipole moment and the electric
field produced by the device. The conventional noninter-
acting model predicts steady-state energy loss described by
the loss tangent [14,15]
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where p = |p| is the modulus of the electric dipole
moment of the TLS, which is averaged over all possible
directions leading to the factor of 3 in the denominator, and
€ is the dielectric constant for the material where the TLS
is embedded. The quantity p is an energy-volume den-
sity [dimensions of (energy x volume)~!] for TLSs with
energy splitting equal to /€2y, where €2 is the resonance
frequency of the cavity; E is the electric field at the loca-
tion of the TLS, and E. is the characteristic electric field
for saturation.

Saturation happens when E >> E., the number of excited
TLSs is maximized (equal to 50% of the total) so the
amount of energy flowing from TLS to photons is equal
to the energy flowing from photons to TLS, making the
loss tangent equal to zero. It can be shown that
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where 7 and 7, are TLS energy relaxation and homoge-
neous broadening (coherence) times, respectively, due to
interaction between TLSs and phonons. Phonons act as a
bottleneck for energy dissipation, providing an upper limit
for the power than can leak out of the TLS-photon system.
Therefore, measuring the loss tangent as a function of cav-
ity electric field (or input power) provides information on
TLS properties.

However, experiments show that loss from surfaces and
interfaces have much weaker E-field dependence and can-
not be fit with the noninteracting model, Eq. (1), even
when the geometric dependence of the applied electric
field E is accounted for [4,5,16—19]. This happens in
spite of the fact that measurements of the temperature-
dependent resonance shift A/ €2y in similar resonators
is closely fitted to the corresponding noninteracting-TLS
expression [17,20].

The usual approach to obtain good fits is to replace the
denominator in Eq. (1) by [1 + (E/E‘.)z]ﬁ, and let 8 be
a free fitting parameter [4,16,18,19,21-23]. Historically,
B was introduced to account for the inability of calcu-
lating nonuniform £ fields in devices with nm-um-mm
dimensions [4], but later 8 < 1/2 became a proxy for the
impact of TLS-TLS interaction on loss [18]. Authors report
a wide range of best-fit 8 values. For example, Ref. [22]
shows best fit § = 0.25 — 0.42 for 13 different samples
of niobium, while Ref. [18] obtained 8 = 0.15 at different
temperatures, and Figs. 9(e) and 9(f) of Ref. [19] show a
wide distribution of 0 < 8 < 1/2 for identical Nb samples
as a function of oxide regrowth.

TLSs interact through long-range dipole-dipole cou-
pling, due to both electrical and phonon-mediated mech-
anisms [24]. This leads to spectral diffusion of the
TLS energy-level splitting, allowing the photon energy
absorbed from one TLS to spread out to other TLSs, cir-
cumventing the phonon bottleneck. While all authors seem
to agree on the relevance of spectral diffusion, there is cur-
rently no consensus on how Eq. (1) gets modified in the
presence of interaction.

Burin and Maksymov [25] predicted 8 = 1, in clear dis-
agreement with experiments, motivating the questioning of
the assumptions of the standard TLS model. In contrast,
Faoro and Ioffe [26] predicted a logarithmic dependence

tan (8iny) =
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with dimensionless “spectral diffusion” parameter

§=Vmava1T2, (4)

describing the ratio between upper- and lower-frequency
cutoffs for spectral diffusion (TLS frequency fluctuat-
ing between Qo — Ymax and g + Ymax). The theory in
Ref. [26] focused on asymptotic behaviors, so that Eq. (3)
holds provided that two conditions are satisfied: £ > 1 and
E. <« E < £EE.. When at least one of these conditions is
not satisfied, the noninteracting result Eq. (1) is shown to
hold [26].

We are aware of only one attempt to fit Eq. (3) to exper-
imental data [5]; but due to the logarithmic singularity
the fit had to be done for a specific value of £ and then
extended to other regimes.

In contrast, there was no attempt to fit statistical distribu-
tions for p and E. (multiple species of TLSs) to the data as
is commonly assumed in theories of amorphous materials.

The large spread in observed values of 8 for similar nio-
bium samples raises the question: can the (non)interacting
TLS model (with 8 = 1/2 or logarithmic dependence) pro-
vide the best description under the additional assumption
that other TLS parameters such as p and E. are statistically
distributed in amorphous materials? Such a distribution
would also slow down saturation, in the same way that
B < 1/2 does.

Answering this question may also shed light on the
microscopic structure of TLSs causing loss. There are
two known types of TLSs [24]: “atomic TLSs” occur
when impurities tunnel between pairs of equivalent sites.
A notable example is Nb:O,H [27], where interstitial O
creates a bistable trap for H. Only two locations for H
are stable for a given interstitial O, leading to octahedral
averaging over the six possible directions for p. Such aver-
age gives the same result as the angular average used to
obtain Egs. (1) and (3). Hence the atomic TLS is charac-
terized by a sharply defined p. The other type is the “glassy
TLS” realized by bistable configurations involving several
atoms in an amorphous lattice [28,29]. The wide variation
in glassy TLS morphology indicates a broad distribution
for p, with implications for dielectric loss [30].

Here the question of whether a broad distribution of
p is required to explain dielectric loss is investigated by
proposing alternative data analysis of experimental data
for TLS saturation. We propose a model that continuously
interpolates between Eqgs. (1) and (3), in order to properly
capture the role of spectral diffusion in actual experimental
data. As a proof of principle the method is applied to fit the
experimental data of Romanenko and Schuster [22], who
measured the quality factor Q in three-dimensional TESLA
cavities made of high-quality niobium (in contrast to the
artificially doped samples of Ref. [27]). TESLA cavities
made of Nb are known to achieve record-high resonance
quality factors Q > 10'', and as a result variations of
accelerating cavities adapted to quantum information pro-
cessing are now under consideration [31]. TESLA cavities
[32] have remarkable structural and materials simplicity
when compared to the two-dimensional superconducting
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devices used in quantum hardware [33]. For example, they
contain only one lossy material, the Nb/oxide interface,
and no substrate.

The Nb/oxide interface was shown to contain a thin
(< 1 nm) amorphous NbO, layer covered by crystalline
niobium pentoxide Nb,Os, depending on the type of sur-
face treatment [19,23,34,35]. It was shown previously that
TLSs are present in both types of oxide [19].

II. PROOF OF PRINCIPLE: NUMERICAL
MODELING OF LOSS IN A TESLA CAVITY

The resonance quality factor Q measured in experiments
is given by 1/Q = ) ;tan(§;) x f;, where tan (§;) is the
loss tangent for a certain region i of the device, and f; is
the corresponding participation ratio [8]. Participation ratio
fi <1 is defined as the fraction of electric energy stored
in the dielectric volume i, normalized by the total electric
energy in the device.

1 1

R | Em)?
Q VVtotal ; “ /.;‘ | (r)|

! <l—l)ln &
In (§;) & ’

Here Wi is the total electric energy inside the cavity,

l 2 3
Wiow = 3 f (") [E®P &, ©)
V

and ¢; models the loss tangent arising from one particular
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FIG. 1. Cross section of the electric field amplitude distribu-
tion for the TESLA cavity’s 1.3-GHz TMy;¢ mode, normalized
to Wiota = 1 T of stored energy. The electric fields are axially
symmetric about the z axis.

For the TLS mechanism the loss tangent depends on
the value of the electric field at a particular point r in the
device. Finite-element software COMSOL is used to predict
the electric field distribution of the 1.3 GHz TMy;o mode
for the TESLA cavity used in Ref. [22]. The results are
shown in Fig. 1, where it becomes evident that the value
of electric field varies by several orders of magnitude at
the internal surface of the cavity, ranging from zero at the
top of the elliptical cell to approximately equal to 2F,.
at its edge. The “accelerating gradient” E,. is defined
as the accelerating voltage divided by the active cavity
length [32].

As a result of this wide variation of electric fields,
it is crucial to express 1/Q as an integral over the
surface S of the cavity; it is also crucial to intro-
duce an expression that interpolates between noninteract-
ing, Eq. (1), and interacting, Eq. (3), models for TLS
saturation:

2
1+ (5k)
BACL? 41 ! Pry—1 (5)
1+ £>2 "i:j | E 2 Qnon—TLS
Eo + <’315q')
[
T, th ,
¢ = Ep] tanh (@_‘)pj, (7)

where p; is its electric dipole moment and p; is its energy-

area density [dimensions of (energy x area)~']. The quan-
tity 1/QOnon-TLs models energy dissipation due to other
mechanisms that do not saturate such as normal-state
resistance due to thermal quasiparticles [36], piezoelectric
effect [12], etc.

The square brackets of Eq. (5) is designed to interpolate
smoothly between the asymptotic predictions of Ref. [26]
for interacting TLSs. For spectral diffusion parameter
& > 1 the square brackets satisfies

() [1— 1whenE < Ej;

,EC.
@ [1- fgyIn (ngj) when £ < £ < §Eq;
B []— E% <« 1 when E > & E,;.

Therefore, Eq. (5) interpolates smoothly between nonin-
teracting and interacting loss tangents, giving a physical
description of the spectral diffusion arising from TLS-TLS
interaction.
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III. FITTING EXPERIMENTAL DATA

Experimental data [22] of Q as a function of Ej, at
T = 1.5 K for two different TESLA cavities is considered:
(1) electropolished cavity, which is treated to remove most
of the oxide layer on top of Nb, leading to a thin 5-nm
oxide expected to have 0.5—1 nm of NbO, on top of Nb
followed by approximately 4 nm of crystalline Nb,Os [23];
(2) anodized cavity, which contained a thick 100-nm oxide
layer, expected to be 0.5—1 nm of NbO, followed by thick
crystalline Nb,Os.

The Q versus E,.. experimental data points are extracted
[37] from Fig. 2 (electropolished) and Fig. 4 (anodized)
of Ref. [22]. Only data points from the lowest E,. up to
Esc =1 MV/m are included in our analysis since with
larger E,.. the Q starts decreasing with increasing E,, sig-
naling that an additional mechanism of loss becomes more
significant.

The values of electric field at the surface of the cav-
ity obtained by comMsoL for different £,.. are then used
in conjunction with our Eq. (5) to obtain best fits as a
function of fitting parameters ¢;, &;, £, and Opon-rs. The
oxide dielectric constant is assumed to be € = 33¢( but this
choice did not affect the fits due to the small volume of the
oxide. The results are shown in Fig. 2(a) (electropolished)
and Fig. 2(b) (anodized).

Various distributions and number of species are fit to
the two experimental data curves using a nonlinear y?
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minimization algorithm. Uncertainty for the experimental
error in measurements of Q are estimated to be lower than
10% in Ref. [22], but in our view this estimate encapsulates
both the statistical and systematic uncertainties. Conse-
quently, this value greatly overestimates the uncertainty
required for the x? calculation.

In order to calculate values of x 2 that properly represent
fit quality and are able to detect overfitting, we obtained
the statistical error oey, in the usual x? formula by tak-
ing the standard deviation of the QO fluctuations in the
low E, plateau region, where Q is found to be indepen-
dent of Eyec. This led to 0ey, = 6.26 x 10% and 3.23 x 108
for the electropolished and anodized samples, respectively.
The 1o errors for fitting parameters were found by manu-
ally adjusting one of the fitting parameters while holding
the others constant until the value of x2/DoF increased
by 1 (DOF is the number of degrees of freedom, equal
to the number of data points minus the number of fitting
parameters).

The best fit for the electropolished cavity (5-nm thin
oxide) is an interacting-one-species-TLS plus non-TLS
offset model. As seen in Table I, this “one-species” fit led
to a x2/DOF = 1.05 quite close to 1, indicating nearly
optimal fit within experimental uncertainty. In contrast, the
noninteracting-TLS models based on one and two species
led to x2/DOF = 2.56 and 1.54, respectively.

We also include the fitting proposed in Ref. [22] that is
based on the expression

(b) x10° Anodized Cavity (100-nm Oxide)
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Quality factor Q as a function of £, for the TMy;9 mode of the TESLA cavity. The TLS model fit used in Ref. [22] [exponent

B, Eq. (8)] is shown as well. (a) Electropolished cavity, with 5-nm thin oxide. Here the interacting-one-species-TLS plus non-TLS offset
model provided the best fit with x2/DOF = 1.05. The noninteracting-TLS plus non-TLS offset model led to x?/DOF = 2.56 and 1.54,
for one species and two species, respectively. (b) Anodized cavity, with 100-nm-thick oxide. Again the interacting-one-species-TLS
plus non-TLS offset model yielded the best fit with x2/DOF = 1.01. The fits for noninteracting TLSs led to x2/DOF = 24.5 and 2.68

for one and two species, respectively.
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TABLE I. Summary of (non)interacting one and two-species best fits with exponent 8 fits shown for comparison.

Model Electropolished cavity (5-nm oxide) Anodized cavity (100-nm oxide)
x2/DOF Fitting parameters x2/DOF Fitting parameters
E. = (1.0240.08) x 10° V/m E. = (5154 0.41) x 10°* V/m
Interacting one species 1.05 Cc = (604 + 016) X 10724 CZ/J 101 c = (116 + 004) X 10_23 CZ/J
plus non-TLS offset ' 1/Onontis = (1.19 4 0.04) x 107! ' 1/Onon-tis = (1.92 £ 0.06) x 10~
£ =213 £ = 205132
E, = (242%)%) x 10* V/m E, = (429 £ 1.65) x 10> V/m
E., = (3.2940.28) x 10° V/m E., = (9.56 & 1.30) x 10* V/m
Two species plus _ +5.45 -25 ~2 _ —24 ~2
nonTLS offset 1.54 ¢ = (6307383 x 1072 C?/J 2.68 c1 = (3.70 £ 0.70) x 1072 C%/J
e = (545+0.26) x 1072 C?/J ey = (7.81 £0.41) x 1072 C?/J
1/Onon-tLs = (1.22 4 0.04) x 107! 1/Onon-tis = (1.98 £ 0.05) x 107!
E.= (2954 0.27) x 10° V/m E.=8.11+£1.2) x 10* V/m
One species plus _ 24 2 _ 23 2
o TLS offset 2.56 c=(5814025) x 1072 C?/J 24.5 c=(1.04+0.04) x 1072 C?/J
1/Onon-tLs = (1.22 £ 0.03) x 107! 1/Onon-trs = (1.84 +0.03) x 107!
E.=(1.90+£0.17) x 10° V/m E, = (2.00 & 0.36) x 10* V/m
Exponent 8 plus 400 Féms = (2.54+0.12) x 107" Lo Féms = (5.254+0.38) x 107!
non-TLS offset ' 1/OnontLs = (1.12 4 0.04) x 107" ' 1/OnontLs = (1.42 £ 0.08) x 107!
B = 0.38 +£0.05 B =025+0.01
1 Fés(T) 1 provides evidence that the TLSs present in niobium oxide

é - |:1 + (EEﬂ_:C>2:|ﬂ i Onon-1LS ®

which lumped the electric field distribution inside the cav-
ity into a single participation ratio F for the oxide layer,
and assumed the phenomenological exponent S to be a
free fitting parameter. For the electropolished cavity this
leads to x2/DOF = 4.00 and 8 = 0.38, indicating a worse
fit than our proposed interacting model.

The best fit for the anodized cavity (100-nm thick oxide)
is also the interacting-one-species-TLS plus non-TLS off-
set, leading to x2/DOF = 1.01. In comparison, the non-
interacting model fits and the § fit leads to considerably
larger x2/DOF, as seen in Table 1.

IV. CONCLUSIONS

In summary, an expression that interpolates between
noninteracting and interacting models for TLS photon loss
is proposed. The interpolation between high- and low-
field regimes enables the modeling of the loss tangent due
to interacting TLSs via the mechanism of spectral diffu-
sion in devices that have electric fields varying by several
orders of magnitude in different regions. When this expres-
sion is applied to experimental data in TESLA cavities,
it shows that the best model fits are given by interacting
TLSs with a sharp distribution of model parameters. This

are “atomiclike” (instead of “glasslike”).

The fits obtained with our proposed expression (5) lead
to x2/DOF quite close to 1, that is 4-10x lower than best
fits using the phenomenological model with exponent j
and filling factor F, Eq. (8). This result suggests the com-
mon method to fit TLS loss [4,16,18,19,21-23] has to be
revised in order to yield information on TLS microscopic
parameters. Table I also shows that the noninteracting-two-
species model for the 5-nm oxide yields x?/DOF=1.54
which is only 50% worse than the best fit interacting-one-
species model with x2/DOF = 1.05. However, the two-
species model uses one fit parameter more and shows large
fit residuals around E,.c = 0.2 MV/m. The data therefore
strongly favors the interacting-one-species model.

It should be remarked that while the Q(F,..) plot has
little structure, its gradual increase over several orders of
magnitude cannot be fit with any power-law model. Note
how the noninteracting and 8 models deviate from experi-
mental data at £, ~ 0.1 MV/m in Figs. 2(a) and 2(b).

To test whether continuous distributions of TLS param-
eters can provide an even better fit for the data, additional
models with Gaussian and exponential distributions of
parameters ¢ and E. are also considered as shown in
Table II. These models did not provide better fits, support-
ing the conclusion that TLSs at the niobium-niobium oxide
interface have a narrow distribution of ¢ and £, indicating
a sharp distribution of p and 7,7, for individual TLSs,
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TABLE II. Summary of additional noninteracting fits that assume a continuous distribution of parameters ¢ and E..
Model Electropolished cavity (5-nm oxide) Anodized cavity (100-nm oxide)
ode
x%/DOF x2/DOF
Gaussian E. plus non-TLS offset 3.24 26.3
Gaussian electric dipole plus non-TLS offset 3.36 29.9
Exponential electric dipole plus non-TLS offset 4.32 293
Exponential £, plus non-TLS offset 4.43 12.3
Exponential 1/f noise plus non-TLS offset 47.5 27.9

and thus small or no variation in microscopic structure,
yielding evidence for atomic TLSs.

The typical value of electric dipole moment for an
atomic TLS is p ~ |e|A ~ 1072 C.m. Using this with
Eq. (2) yields /T T, ~ 1070 s for the 5-nm oxide, and
3x107% s for the 100-nm oxide. Using Eq. (7) and
assuming p’ ~ orrs/ (7w A) where oy is area density and
A/kg ~ 3 K is the spread in TLS asymmetry due to O
strain [24], one gets o7rs ~ 1.4 x 10'! /cm? for the 5-nm
and 2.7 x 10'' /em? for the 100-nm oxide.

The estimates above indicate the best-fit parameters in
Table I are physical, e.g., one out of approximately 10°
atoms act as a TLS for the 5-nm oxide, 10x less for the
100 nm oxide because of its thick crystalline Nb,Os [23].
However, it is not possible to distinguish between two pos-
sible scenarios: (1) that the dominant TLS in the different
oxides are distinct microscopic species, or (2) that they are
the same microscopic species with different area densities
and embedded in a different environment. Just from Q(F)
data alone it is not possible to distinguish between these
two scenarios.

The best fit for the electropolished cavity implies
the E,7 — 0 limit for the loss tangent in the 5-nm
oxide is tan (8y.s) = 4c x 2kp x 1.5 K/(e x 5 nm x h x
1.3 GHz) = 8 x 10~*. This value is 13x smaller than the
estimate that neglected the electric field distribution [22],
and is 4 x smaller than the typical surface and interface loss
tangent measured in quantum computing devices [8,38].
The reduced tan (6t s) for TESLA cavities demonstrates
the high quality of its oxide.

The proposed numerical modeling based on Eq. (5) is
general in that it applies to other materials and devices
with multiple interfaces and substrates. Further experimen-
tal characterization based on, e.g., electron microscopy and
time-of-flight secondary ion mass spectrometry [39,40] in
tandem with dielectric loss measurements is required to
identify the microscopic structure and atomic composition
of the dominant TLSs.
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