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Impedance spectroscopy (IS) is a straightforward experimental technique that is commonly used to
obtain information about the physical and chemical characteristics of photovoltaic devices. However, the
nonstandard physical behavior of perovskite solar cells (PSCs), which are heavily influenced by the motion
of mobile ion vacancies, has hindered efforts to obtain a consistent theory of PSC impedance. This work
rectifies this omission by deriving a simple analytic model of the impedance response of a PSC from the
underlying drift-diffusion model of charge-carrier dynamics and ion-vacancy motion, via an intermedi-
ate model that shows extremely good agreement with the drift-diffusion model in the relevant parameter
regimes. Excellent agreement is demonstrated between the analytic impedance model and the much more
complex drift-diffusion model for applied biases (including both open circuit and the maximum power
point at 0.1 and 1 Sun) close to the cell’s built-in voltage Vbi. Both models show good qualitative agree-
ment to experimental IS data in the literature and predict many of the observed anomalous features found
in impedance measurements on PSCs. The analytic model provides a practical and useful tool with which
to interpret PSC impedance data and extract physical parameters from IS experiments. We define a phys-
ical parameter, nel (the electronic ideality factor), that is of particular significance to PSC physics, since,
in contrast to the apparent ideality factor, the value of nel can be used to identify the dominant source of
recombination in the cell independent of its ionic properties.
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I. INTRODUCTION

Over the last decade, metal halide perovskite solar cells
(PSCs) have emerged as a promising photovoltaic tech-
nology. Certified power conversion efficiencies of 25.5%
and 29.5% have been obtained for single junction and
tandem PSC configurations, respectively [1–3]. The high
efficiencies of perovskite solar cells are competitive with
established technologies; however, concerns over their
long-term stability and an incomplete description of their
fundamental physics, present barriers to widespread com-
mercialization [4–6].

Impedance spectroscopy (IS) is a characterization
method that probes the physical and chemical properties
of (photo)electrochemical devices under operation [7,8].
Measurement of impedance involves applying a dc voltage
Vdc with an additional small sinusoidal voltage perturba-
tion, of frequency ω, to the system and measuring the
current response. The applied voltage for an impedance
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measurement takes the form

V(t) = Vdc + Vp cos(ωt). (1)

By design, the amplitude Vp is small enough to ensure that
the current response is linearly dependent on the voltage
input. Although the resulting current response varies sinu-
soidally with the same frequency as the voltage input, its
magnitude and phase lag depend on the frequency ω and
the dc voltage. The relationship between current response
and the input voltage is frequently represented in the form
of a complex impedance Z(ω), such that

Z(ω) = |Z(ω)|e−iθ(ω), (2)

where the magnitude, |Z(ω)| = Vp/Jp(ω) and the phase,
θ(ω) are obtained from the current response, which takes
the form

J (t) = Jdc + Jp(ω) cos(ωt + θ(ω)). (3)

Here, Jdc is the steady-state component and Jp is the ampli-
tude of the sinusoidal component of the current response.
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The impedance is often expressed in terms of its real and
imaginary components

Re(Z(ω)) = R(ω), Im(Z(ω)) = X(ω). (4)

Here R is termed the resistance and X the reactance.
Impedance spectra are determined, at fixed dc voltage Vdc,
by measuring the cell’s response to small voltage pertur-
bations over a range of frequencies ω. Further information
about the cell’s properties can be obtained by collecting
impedance spectra at different dc voltages, illumination
intensities, and temperatures.

Impedance spectroscopy measurements are relatively
simple to perform and require equipment that is commonly
found in labs. With the correct interpretation, IS has the
potential to offer significant insight into the physics and
characteristics of PSCs. In addition to allowing the inter-
rogation of the recombination pathways [9], it allows ionic
properties and interfacial potentials [9,10] to be probed,
both of which have been proposed as factors that strongly
influence chemical reactivity and degradation [11–13].
One of the main advantages of IS over other characteri-
zation techniques is that it can be performed on complete
devices under working conditions. In contrast, many other
characterization techniques are performed on half cells, or
rely on destructive methods [14–16]. The fact that IS is
cheap and convenient has resulted in its widespread use
in the field of PSCs, despite the current absence of a firm
theoretical basis with which to interpret the measurements.
The nondestructive nature of IS has led to it being used
to monitor device stability over time [10,17], which, when
paired with the accurate interpretation techniques for IS
described here, opens the prospect of an inexpensive tool
with which to understand the causes of degradation.

The spectrum of a PSC typically exhibits two (or more)
time constants that result in semicircular features on a

Nyquist diagram [a plot of −Im(Z(ω)) versus Re(Z(ω))].
A low-frequency (LF) feature is observed at around
10−2–101 Hz and a high-frequency (HF) feature is seen
around 104–106 Hz [18–20]. Less significant intermediate
frequency features, such as loops or “bumps” are some-
times seen that correspond to additional time constants
[18,21–24]. The presence and magnitude of these features
varies significantly between cells of different compositions
and under different experimental conditions. Figure 1(a)
illustrates a typical Nyquist plot for a PSC while Figs. 1(b)
and 1(d) show the corresponding frequency plots. The phe-
nomenological “RC-RC” equivalent circuit, which is com-
monly employed to extract resistances and capacitances
from PSC impedance spectra, is shown in Fig. 1(c).

The main difficulty in extracting useful physical infor-
mation from IS measurements conducted on PSCs is that
the physics of these cells is, to a large extent, deter-
mined by the motion of large numbers of slow-moving ion
vacancies and so is markedly different to that of other pho-
tovoltaic devices. Intuition brought to the perovskite field
by experts in IS, who previously worked on other types of
device, is therefore often useless because it is confounded
by the unusual physics of these perovskite devices. Use-
ful interpretation of IS results should therefore be based
on a PSC model that captures the effects of ion motion. IS
results for PSCs are commonly fitted to equivalent circuit
models in an attempt to extract useful information from the
spectra, but this approach can only yield sensible conclu-
sions if all the elements in the equivalent circuit can be
related to real physical processes occurring in the device.
For instance, the resistances and capacitances extracted
from the ad hoc “RC-RC” equivalent circuit are hard to
interpret, as illustrated by predictions of negative capac-
itances obtained by fitting this circuit to data obtained
from some cells. In this context we note four recent
works that have compared results from IS experiments to
drift-diffusion simulations, which incorporate the effects
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FIG. 1. (a) Nyquist, (b),(d) frequency plots with key impedance parameters labeled for a typical PSC impedance spectra exhibiting
two features. (c) An RC-RC equivalent circuit used to extract resistances and capacitances. The labeled frequencies are related to the
angular frequencies via f = ω/2π . The low-frequency semicircle can lie below the axis on the Nyquist plot, resulting in negative LF
resistance and capacitance values (see, for example, Refs. [25,26]).
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of ion-vacancy motion, namely [9,27–29]. These works
all require that the IS response is simulated computa-
tionally from a drift-diffusion model of the device that
incorporates the motion of both ions and charge carriers.
Such models are based on a large set of device param-
eters that must be specified before the numerical results
can be compared to the experimental ones. This leads to a
costly fitting process in which the device parameters are
repeatedly adjusted, and the simulations rerun, until the
simulated IS results mimic the experimental ones. Never-
theless, drift-diffusion models have the advantage that all
parameters (diffusion coefficients, carrier concentrations,
lifetimes, etc.) have a clear physical meaning. The aim of
this work is to avoid this cumbersome fitting process by
seeking approximate (yet highly accurate) analytic solu-
tions to the drift-diffusion model that can be directly com-
pared to the experimental IS results, and thereby used to
extract device parameters from experimental data without
the need for large numbers of computational simulations.

Moia and coworkers [27] report analytical expressions
that describe the impedance response of the perovskite
solar cell, such as the recombination resistance. How-
ever, in order to do this, they employ an ad hoc approach
in which they compare results from an equivalent cir-
cuit (based on a “bipolar n-p-n” transistor) to numerical
results from a drift-diffusion model. Good agreement is
only obtained after modifying the equivalent circuit model
by defining an ionic resistance and capacitance. In con-
trast, our analytical expressions are directly derived from
the drift-diffusion equations themselves, by introducing
suitable approximations, leading to a description of the
impedance response that is closely related to an RC-RC
equivalent circuit.

Determination of a solar cell’s ideality factor is one of
the simplest and therefore most popular methods to iden-
tify the source of recombination loss [30]. Various authors
have attempted to relate the value of the ideality factor
to the recombination processes occurring within a PSC
[31–34]. However, a comprehensive framework for inter-
preting ideality factor measurements for PSCs has yet to
be established. This is primarily because of a reliance on
classical semiconductor theory, which is not directly appli-
cable to devices (such as perovskite cells), which contain
large numbers of mobile ions. Hence, it is perhaps not
surprising that for PSCs recombination cannot be directly
inferred from the ideality factor determined using the stan-
dard measurement techniques. These techniques, such as
illumination versus open-circuit (Suns-VOC) or dark J -
V methods, lead to predictions of an “apparent” ideality
factor that is voltage dependent, highly sensitive to ion
concentration (see, for example, Ref. [9]) and has a value
that spans a range less than 0.9 to greater than 5 [34–
37]. Evidently, this is not concordant with interpretations
formed from a naive analysis of recombination based on
the Shockley diode equation. As is pointed out in Ref. [38],

this is hardly surprising since the physics of no other com-
mon photovoltaic is as strongly influenced by ion vacan-
cies as is that of PSCs. Instead, in Ref. [38], it is suggested
that the ideality factor obtained via the standard techniques
should instead be interpreted as an “ectypal factor”, and
which is here termed the “apparent ideality factor.”

The analytic approach we adopt here leads directly to an
additional factor to the apparent ideality factor, which we
label the electronic ideality factor nel, that is independent
of the parameters governing ion motion and close to being
constant over a wide range of applied voltages. Moreover,
it serves as an analog to the ideality factor that is typi-
cally used for conventional photovoltaic devices and can
be used to identify the dominant recombination mecha-
nism in a PSC. In particular, the value of nel can distinguish
between recombination occurring at the interfaces with the
transport layers and in the perovskite. This is potentially a
powerful diagnostic tool, because IS is a much quicker and
cheaper technique to apply to the problem of determining
the location of the dominant recombination losses than per-
forming photoluminescence on the component structures
of the cell, see, for example, Refs. [16,39,40]. Further-
more, as is pointed out in Ref. [16], most modern efficient
cells are sufficiently well engineered so that little recombi-
nation occurs in the perovskite absorber layer compared to
on the perovskite interfaces. Using IS, on working devices,
to obtain nel thus provides a relatively cheap way to assess
the state of health of the perovskite absorber layer and, in
particular, to determine whether the perovskite has so dete-
riorated as to become the primary focus of recombination
losses.

To summarize our approach, in Sec. II we employ a
coupled electronic-ionic drift-diffusion model [detailed in
Eqs. (1)–(15) of Ref. [41] ] to describe the operational
physics of a planar PSC. A systematic, and highly accu-
rate, approximation of this drift-diffusion model [41,42],
termed the surface polarization model, is used to reduce the
complexity of the drift-diffusion equations. This approx-
imate model is able to accurately describe the evolution
of the mobile ion vacancies and the electric potential and
so can be used to predict the results of impedance mea-
surements. We show further that in scenarios in which the
electron and hole distributions are close to being Boltz-
mann distributed our impedance model can be reduced to
a tractable set of analytic expressions for the key proper-
ties (i.e., a set of transcendental equations). Assuming a
Boltzmann distribution for the charge carriers turns out (as
we show) to be a good approximation to the real behavior
in regimes where impedance experiments are most com-
monly conducted, i.e., where the applied voltage lies in
the vicinity of the open-circuit voltage and the maximum
power point. This approach yields analytic impedance for-
mulae for the low- and high-frequency resistances and
capacitances, which are given in Sec. III. In Sec. IV direct,
and favorable, comparison is made between Nyquist (and
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frequency) plots obtained from these impedance formu-
lae and from numerical solutions to the full drift-diffusion
model (see, for example, Figs. 4, 6, and 12). In Sec. V
we define the electronic ideality factor and demonstrate,
by comparison with numerical solution of the drift diffu-
sion model, how it can be used to determine the location
and nature of the dominant type of charge-carrier recom-
bination occurring within the cell. In Sec. VI we use the
analytic model that we develop to discuss how commonly
observed impedance features can be interpreted in terms
of a cell’s physical properties before briefly touching upon
an extension to the theory to scenarios in which more
than one recombination mechanism has a significant effect
on the cell’s behavior. Finally, in Sec. VII we draw our
conclusions.

From a pragmatic perspective our results provide a
practical tool with which to interpret, and to extract use-
ful information from, experimental impedance spectra of
perovskite solar cells and other related devices with sub-
stantial ionic motion.

II. ANALYTIC MODEL DERIVATION

To derive an analytic model for the impedance response
of a PSC, we start from the standard coupled drift-diffusion
model [as formulated in Eqs. (1)–(15) of Ref. [41] ] for
charge-carrier transport across the cell and the motion
of a single ion species in the perovskite absorber (see
also Refs. [27,29,43–46]). Drift-diffusion models of this
type have been shown to be capable of reproducing the
impedance spectra of PSCs [9,27–29]. Here we do not
explicitly write down the coupled drift-diffusion model
given in Ref. [41] but, with only two exceptions, our nota-
tion coincides exactly with that in this work so that the
parameters given in Table I can be used directly in simula-
tions of the drift-diffusion Eqs. (1)–(15). The exceptions to
this are that, in Ref. [41], the work functions in the trans-
port layers [WE and WH , in the electron transport layer
(ETL) and hole transport layer (HTL), respectively] are
defined directly, [47] whereas in this work these quan-
tities are related to the band edges, density of states,
and effective doping densities in these materials via the
relations

WE = −ECE + kBT loge

(
gCE

dE

)
, (5)

WH = −EVH − kBT loge

(
gVH

dH

)
. (6)

Assuming that there is no significant potential drop on the
outer edges of the transport layers and that they are suffi-
ciently strongly doped, these relations can also be used to
compute the cell’s built-in voltage Vbi from the standard

TABLE I. Parameter definitions and their values used in this
work.

Description Value Refs.

Constants
q Elementary charge 1.60 × 10−19C
ε0 Permittivity of free space 8.85 × 10−12 Fm−1

MAPbI3 properties
b Width 300 nm [56,57]
α Absorption coefficient 1.3 × 107 m−1 [58]
εp Permittivity 24.1ε0 [59]
EC Conduction-band minimum −3.8 eV [60]
EV Valence-band maximum −5.4 eV [60]
gC Conduction-band DOS 8.1 × 1024 m−3 [59]
gV Valence-band DOS 5.8 × 1024 m−3 [59]
Dn Electron diffusion coeff. 1.7 × 10−4 m2 s−1 [61]
Dp Hole diffusion coeff. 1.7 × 10−4 m2 s−1 [61]
D+ Ion-vacancy diffusion coeff. 1 × 10−16 m2 s−1 [46,48]
N0 Ion-vacancy density 1.6 × 1025 m−3 [62]
ETL properties (compact TiO2)
bE Width 100 nm
dE Effective doping density 5 × 1024 m−3

εE Permittivity 10ε0
DE Electron diffusion coeff. 1 × 10−5 m2 s−1

gCE Eff. conduction-band DOS 1 × 1026 m−3

ECE Conduction-band minimum −4.1 eV [63]
HTL properties (Spiro)
bH Width 200 nm
dH Effective doping density 5 × 1024 m−3

εH Permittivity 3ε0
DH Hole diffusion coefficient 1 × 10−6 m2 s−1

gVH Eff. valence-band DOS 1 × 1026 m−3

EVH Valence-band maximum −5.1 eV [60]
Other
T Temperature 298 K
VT Thermal voltage (298 K) 25.7 mV
Fph Incident photon flux 1.4 × 1021 m−2 s−1

Vbi Built-in voltage 0.85 V

formula

Vbi = 1
q
(WH − WE). (7)

Unlike other photovoltaics the response of PSCs is deter-
mined not only by the motion of the charge carriers
(electrons and holes) but also by that of mobile ion
vacancies. This makes their physics more complex than
that of other solar cells. As has been noted by Eames
et al. [48] ion vacancies occur at much higher densi-
ties than those of the charge carriers, and furthermore
move much more slowly than the charge carriers. Since
the perovskite is a crystal made of at least three ionic
species, for example MAPbI3 is made of methylammo-
nium ions (CH3NH+

3 ), iodide ions (I−) and lead ions
(Pb2+), multiple species of vacancy may play a role in
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the cell’s response. In the case of MAPbI3 it is known,
both from experiment [49,50] and from ab initio molec-
ular calculations [48], that there is significant motion
of the relatively mobile iodide ion vacancies and, it is
suspected, that the much less mobile methylammonium
ion vacancies may also influence the physics over much
longer timescales, of the order of several hours [51].
The comparatively large density of mobile charged ion
vacancies in the perovskite crystal structure means that
the internal electric field within the device is, to a very
good approximation, determined almost solely by the
ion-vacancy distributions, and is almost completely unaf-
fected by those of the charge carriers [42]. In addition,
mobile ion vacancies are believed to occur at sufficiently
high densities to result in the formation of narrow space-
charge (or Debye) layers at the interfaces between the
perovskite and the transport layers (see, for example,
Refs. [15,48]). Indeed it seems that a space-charge layer
is a requirement for simulations to reproduce the experi-
mental behaviors characteristic of the impedance of PSCs
[27–29,41,45,46].

The question of whether the perovskite is either doped
or intrinsic is the subject of controversy. It seems that
this depends strongly on the substrate, the particular
perovskite formulation and the preparation conditions
[52–54]. For example, Weber et al. [15] use Kelvin probe
force microscopy measurements to show (see Fig. 4) that
there are significant electric fields within the perovskite
layer, which evolve only over a relatively long timescale
(around 0.5 s). This would not be possible if the perovskite
was heavily doped. Therefore, for the purposes of this
model, it is assumed that the level of doping within the per-
ovskite is low enough that it is appropriate to approximate
it as intrinsic.

The total potential drop across the cell Vbi − V(t) is
composed of a built-in potential Vbi, arising from dif-
ferences in the Fermi levels of the two transport layers
adjacent to the perovskite, and the applied voltage V(t),
as shown in Fig. 2. It is usually a reasonable assump-
tion that the energy levels of the transport layers and their
contacts line up, so that there is no significant potential
drop at the outer edges of the ETL and the HTL, and fur-
thermore, that there is some level of doping within the
transport layers so that the internal electric field in the
transport layers is minimal. Then, as shown in Ref. [41],
the total potential drop across the cell occurs predomi-
nantly within the perovskite layer, in the form of a uniform
electric field E(t), and across the two space-charge layers
that form at the interfaces between the perovskite and the
ETL and between the perovskite and the HTL. The recom-
bination losses within the cell, and therefore its behav-
ior, depends sensitively on how the total potential drop
Vbi − V(t) is distributed across the cell [38]. This moti-
vates the subdivision of the potential drop Vbi − V(t) into
five component drops V1, V2, bE(t), V3, and V4 occurring
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FIG. 2. (a) Diagram illustrating the potential drops V1-V4
across a perovskite solar cell at steady state. Inset shows the
charge contained within the perovskite space-charge layers at
steady state. (b) Diagram illustrating the potential across a PSC
with a nonzero uniform bulk electric field after a rapid reduction
to the applied voltage.

across the different regions of the cell, as illustrated in
Fig. 2(b).

A. The surface polarization model (or ionic
capacitance model)

1. Capacitance relations and internal electric field.

For both the steady-state and non-steady-state config-
urations capacitance relations may be determined from
the underlying drift-diffusion model of the device. This
gives V1−4 in terms of the charge Q (per unit area) con-
tained in the space-charge layers. The exact functional
forms of V1(Q), V2(Q), V3(Q), and V4(Q) are contingent
on the physics of the device. In the widely considered sce-
nario where there is a single mobile positively charged ion
species (typically a halide vacancy) confined to the per-
ovskite layer, and where both electron and hole transport
layers are moderately doped, these capacitance relations
have been derived in Refs. [41,42] from the correspond-
ing, and extensively used, version of the drift-diffusion
model [27,29,41,43–46]. In deriving the surface polariza-
tion model, it is found that the space charge Q due to the
accumulation of ions in the right perovskite space-charge
layer is balanced by an equal and opposite space charge
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(−Q) in the left perovskite space-charge layer. [41,42].
Since, in Sec. III, we compare our approximate expres-
sions for the high- and low-frequency resistances and
capacitances against those obtained from impedance spec-
tra generated by this version of the drift-diffusion model,
we restate these capacitance relations below

V1(Q) = −V(−�EQ), V2(Q) = −V(−Q),

V3(Q) = V(Q), V4(Q) = −V(−�H Q),
(8)

where

�E =
√

εpN0

εEdE
, �H =

√
εpN0

εH dH
, (9)

and V(Q) is the inverse of the function

Q(V) = √
qN0εpVT sign(V)

√
2

(
eV/VT − V/VT − 1

) 1
2 ,
(10)

where εp is the perovskite permittivity, N0 is the mean
ionic vacancy density, q is the elementary charge, and
VT is the thermal voltage (equal to kBT/q ≈ 26 mV).
The parameters εE , εH , dE , dH and all material parame-
ters that appear in these equations and those that follow
are defined in Table I. Although the version of the capaci-
tance model described above in Eqs. (8)–(10) applies only
to the specific drift-diffusion model discussed above (and
stated in full in Ref. [41]), it will often be possible to derive
analogous capacitance relations for other versions of the
drift-diffusion model, which describe a modified physical
picture of a PSC (for example, one in which both anion and
cation vacancies are mobile, or one in which the charge
carriers in the transport layers obey degenerate statistics).

2. Evolution of the space charge

Under non-steady-state conditions, the space charge
Q(t) (per unit area) evolves in response to the motion of
ion vacancies driven across the perovskite by the internal
uniform electric field and, in the case of a single positively
charged ion-vacancy species [46], evolves according to the
ordinary differential equation (ODE)

dQ
dt

= qD+N0

VT
E(t), (11)

in which D+ is the vacancy diffusivity. Here (as in
Refs.[27]–[29]), it is assumed that positively charged
mobile anion vacancies in the perovskite are balanced by
a uniform distribution of negatively charged cation vacan-
cies, with density N0. This ensures that there is no net ionic
charge in the layer. Since the ion motion is relatively slow,
the charge within the space-charge layers lags behind the
changes in the applied voltage leading to a non-negligible

internal uniform electric field that is determined by the
relation

E(t) = 1
b

[
Vbi − V(t) −

(
V1(Q) + V2(Q)

+ V3(Q) + V4(Q)
)]

, (12)

where the space charge is a function of time, i.e., Q = Q(t).

3. Evolution of internal potential during IS experiment

In order to investigate the impedance response of the
cell we first consider its steady-state behavior subjected
to the constant applied voltage Vdc. In this configuration,
we denote the excess charge (per unit area) contained
within the left- and right-hand space-charge layers, lying
within the perovskite, as −Qdc and +Qdc respectively [see
Fig. 2(a)]. At steady-state the bulk electric field within
the central portion of the perovskite is zero such that the
charge density within the space charge layers is found, on
appealing to (12), to satisfy the transcendental equation

V1(Qdc) + V2(Qdc) + V3(Qdc) + V4(Qdc) = Vbi − Vdc,
(13)

from which it is possible to determine Qdc from the applied
voltage Vdc. For the capacitance model described here it
is not possible to determine an analytic solution for the
steady-state ionic surface charge density Qdc in terms of
Vdc. Therefore, a numerical root finding algorithm is used
to determine Qdc for a given applied potential Vdc. Specif-
ically, the built-in MATLAB root finder fzero [55] is used
to obtain the solution to the nonlinear Eq. (13). This is
the only part of the solution that requires numerical eval-
uation, the rest is analytic. Henceforth, non-steady-state
conditions are denoted as functions of time [e.g., Q(t)],
while steady-state conditions are expressed as functions of
Qdc. The response of the internal electric field of the cell to
the impedance input voltage (1) can be readily calculated
from the simplified capacitance model simply by substitut-
ing Eq. (1) into Eqs. (11)–(12), which on solution of the
first-order ODE leads to a complete time course for the
quantities V1(Q(t))-V4(Q(t)) and E(t).

B. Approximate carrier distributions

On solution to the ionic model (8)–(13), the charge-
carrier concentrations, and hence also the recombination
losses and the current, can be found by solving a linear
drift-diffusion model for the charge carriers, as described
in Sec. B within the Supplemental Material of Ref. [41].
However, in order to arrive at a tractable analytic result,
from which the influence of the parameters within the
model on the impedance response of the cell can be read-
ily inferred, we make the additional assumption (also used
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in Ref. [38]), which is appropriate when the cell is held
at an applied voltage in the vicinity of VOC, that the
charge carriers (holes and electrons) lie in approximate
quasiequilibrium with the electric potential, i.e., that they
are Boltzmann distributed.

Recombination at the interfaces between the perovskite
and the transport layers is known to be a significant source
of energy loss within the cell and, in order to account
for this, we need not only to compute the electron and
hole densities n(x, t) and p(x, t) within the central bulk
region of the perovskite, but also at the interfaces between
the perovskite and transport layers. At the ETL/perovskite
interface (on x = 0) we denote the electron density within
the ETL by n(l)

ETL and the hole density within the perovskite
by p (l). Correspondingly, at the perovskite/HTL interface
(x = b) we denote the electron density within the per-
ovskite by n(r) and the hole density within the HTL by
p (r)

HTL. On assuming the carriers are Boltzmann distributed,
the expressions for electron and hole densities within the
perovskite layer, 0 < x < b, read as follows:

n(x, t) = kEdE exp
(

−V1 + V2 + xE
VT

)
,

p(x, t) = kH dH exp
(

−V3 + V4 + (b − x)E
VT

)
,

(14)

on x = 0 the ETL/perovskite interface

n(l)
ETL(t) = dE exp

(
−V1

VT

)
,

p (l)(t) = kH dH exp
(

−V2 + V3 + V4 + bE
VT

)
,

(15)

and on x = b the perovskite/HTL interface

n(r)(t) = kEdE exp
(

−V1 + V2 + V3 + bE
VT

)
,

p (r)
HTL(t) = dH exp

(
−V4

VT

)
.

(16)

Here, kE and kH are the ratios between the electron
and hole densities across the ETL/perovskite and per-
ovskite/HTL boundaries, respectively, and are given by

kE = gC

gCE
exp

(
ECE − EC

VT

)
,

kH = gV

gVH
exp

(
EV − EVH

VT

)
,

(17)

in which the parameters appearing in this equation are
defined in Table I. Note that the discontinuity in the elec-
tron and hole concentrations on x = 0 and x = b is a result

of the rapid spatial variation of the potential across the
space-charge layers and band offsets at these interfaces.

The Boltzmann approximation for the carrier densities
is accurate when the electron and hole densities are suf-
ficiently high in the perovskite layer. This condition is
met when the applied voltage is close to, or above, the
cell’s built-in voltage Vbi. Here, there is little potential
drop to drive the carriers out of the perovskite layer (into
transport layers), which, in turn, results in a substantial
amount of free charge carriers remaining in the active
layer. Thus at applied biases close to Vbi there are many
more carriers present in the perovskite, than at lower biases
(close to short-circuit). This enhances conductivity and,
in turn, leads to the establishment of a quasi-equilibrium
(i.e., Boltzmann) carrier distribution. An example of the
extremely good agreement obtained between this approxi-
mation for the carrier densities and the full drift-diffusion
model, as detailed in Eqs. (1)–(15) of [41], is shown in
Fig. 3 which is computed for an IS voltage input of the
form (1) with VDC = VOC and Vp = 10 mV. Further verifi-
cation of the Boltzmann approximation both at maximum
power point and for a much reduced anion vacancy den-
sity of 1.6 × 1023 m−3 is made in Figs. S2 and S3, and
once again shows good agreement with the approximation.

C. The current response during an IS experiment

The total current density flowing across the cell J (t) is
comprised of three components: the current generated by

LF

LF

HF

HF

FIG. 3. Comparison between solutions obtained for the elec-
tron and hole densities from the full drift-diffusion model [Eqs.
(1)–(15) of Ref. [41] ] and the Boltzmann approximation. In both
cases Vdc = VOC. Left: carrier density at equally spaced intervals
over a low-frequency period (1 mHz). Right: the equivalent but
over an intermediate and high-frequency period (25 kHz). The
parameters used are detailed in Table I, under 0.1-Sun equiva-
lent illumination and with recombination at the ETL/perovskite
interface (Rl) from Table II.
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the incident radiation jgen, the current loss due to charge-
carrier recombination −jrec and, at high frequencies, the
displacement current jd. In the usual fashion the charge
conservation equation ρt + jx = 0 can be expressed in
terms of the displacement current jd as follows:

d
dx

(j + jd) = 0, where jd = dD
dt

and D is the electric displacement. This is trivially inte-
grated to yield j + jd = J (t) for some temporal function
J (t). Since the current is measured in a part of the circuit,
which is a good conductor, the electric displacement, and
hence the displacement current also, are negligible. It fol-
lows that the measured current density is to a good approx-
imation J (t). Furthermore, J (t) is most easily computed in
the perovskite layer, where the electric field E = E(t) is
(approximately) spatially uniform. At high frequency the
displacement current jd in the perovskite becomes appre-
ciable, and the measured current density J (t) is thus found
by summing jd to the real current density j (in the per-
ovskite), which itself is composed of a current generated
by the incident radiation, jgen, and the recombination cur-
rent density, jrec. This results in the following expression
for the measured current density:

J (t) = jgen − jrec + jd where jd(t) = εp
dE
dt

, (18)

in which εp is the perovskite permittivity. Here jgen is
computed from the Beer-Lambert law

jgen = qFph
(
1 − e−αb) , (19)

in which Fph is the intensity of the incident radiation, α

is the absorption coefficient, and b is the thickness of the
perovskite layer (more details of the cell parameters are
given in Table I).

1. The recombination current

Given the approximate carrier distributions (14)–(16)
the recombination current can be determined from the
bulk recombination rate Rbulk(n, p), and the interfacial
rates Rl(n

(l)
ETL, p (l)) (on the interface with the ETL) and

Rr(n(r), p (r)
HTL) (on the interface with the HTL) as follows:

jrec = qRl

(
n(l)

ETL(t), p (l)(t)
)

+ qRr

(
n(r)(t), p (r)

HTL(t)
)

+ q
∫ b

0
Rbulk

(
n(x, t), p(x, t)

)
dx. (20)

In the case where there is a single dominant recombination
mechanism, as in the examples given in Table SII within
the Supplemental Material [64], it is demonstrated that the
recombination current can be expressed in the form

jrec(t) = jRi exp
(

−Fi(V1, V2, V3, V4)

VT
− b

nelVT
E(t)

)
.

(21)

Here Fi(V1, V2, V3, V4) (the potential barrier to recombina-
tion [38] for recombination type i, where i = b, p , n, l or r),
nel (the electronic ideality factor) and jRi (the recombina-
tion current prefactor) all depend on the dominant recombi-
nation mechanism and, for the recombination mechanism
stated in Table II, are presented in Table III. Notably, nel,
the electronic ideality factor, takes either the value 1 or 2
depending on the recombination mechanism and can thus
be used as a diagnostic tool (just as the ideality factor
is in conventional photovoltaics) in order to distinguish
between different possible sources of recombination within
the cell. Critically, all the ionic effects are contained in
the function Fi so that nel depends only upon purely elec-
tronic effects. While not explicitly shown in Eq. (21), the
potential barrier to recombination Fi has a (slow) time
dependence through the potential drops V1−4 as each are

TABLE II. List of all recombination types considered in this study, including their approximations and relevant parameter values.
The intrinsic carrier density within the perovskite, given by ni = √

gCgV exp ((EV − EC) /2VT), is negligible relative to the bulk carrier
densities under illumination. Assuming trap-state energies lie close to the center of the band gap, the parameters k1−4 are also negligible.
The interfacial recombination rate equations are dependent on the carrier densities at the left and right interfaces defined by Eqs. (15)
and (16), respectively.

Recombination Full form Approx. Values

Bimolecular Rb Rbulk = β
(
np − n2

i

)
Rbulk ≈ βnp β = 10−12 m3 s−1

Hole-limited SRH Rp Rbulk = np−n2
i

τnp+τp n+k1
Rbulk ≈ p

τp

τn = 3 × 10−10s
τp = 3 × 10−8s

Electron-limited SRH Rn Rbulk = np−n2
i

τnp+τp n+k2
Rbulk ≈ n

τn

τn = 3 × 10−8s
τp = 3 × 10−10s

ETL/perovskite interfacial recombination Rl Rl = n(l)
ETLp(l)−n2

i /kE

p(l)/vnE +n(l)
ETL/vpE +k3

Rl ≈ vpE p (l) vnE = 105 ms−1

vpE = 5 ms−1

Perovskite/HTL interfacial recombination Rr Rr = n(r)p(r)
HTL−n2

i /kH

p(r)
HTL/vnH +n(r)/vpH +k4

Rr ≈ vnH n(r) vnH = 5 ms−1

vpH = 105 ms−1
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TABLE III. Recombination types with labeling convention
and corresponding values for the electronic ideality factor.
Fi(V1, V2, V3, V4) is the potential barrier to recombination for
recombination of type Ri, where i = b, p , n, l, r. This notation
enables the recombination current [Eq. (21)] and impedance
parameters, Eqs. (22)–(25), to be written in a general form. The
total potential drop across the cell at steady state is given by
V1 + V2 + V3 + V4 = Vbi − Vdc.

Ri Recombination Fi(V1, V2, V3, V4) jRi nel

Rb Rbulk = βnp V1 + V2 + V3 + V4 qbβkEdEkH dH 1
Rp Rbulk = p/τp V3 + V4

qbkH dH
τp

2

Rn Rbulk = n/τn V1 + V2
qbkEdE

τn
2

Rl Rl = vpE p (l) V2 + V3 + V4 qkH dH vpE 1
Rr Rr = vnH n(r) V1 + V2 + V3 qkEdEvnH 1

a function of Q(t). At steady state, Eq. (21) corresponds
exactly to the ectypal diode equation given in Ref. [38].
Further discussion of the electronic ideality factor can be
found in Secs. V and V A, along with details of how it may
be obtained experimentally.

Throughout this work we focus primarily on cells in
which there is a single dominant charge-carrier recombi-
nation mechanism and only briefly consider cells where
more than one recombination mechanism is significant
(the analysis for such cells is broadly similar but more
complex).

2. Predicting impedance response from the linearized
model

In scenarios where the magnitude of the voltage pertur-
bation Vp is small (in comparison to the thermal voltage
VT) it is possible to linearize the model equations about
the steady-state voltage Vdc. Obtaining solutions to this lin-
earized model for a general IS voltage, Eq. (1), the current
response of the cell can be expressed in the form of Eq. (3).
The relative phase and amplitude of the sinusoidal current
response is used to calculate the complex impedance as a
function of perturbation frequency.

In turn, the impedance can be related to the equiva-
lent RC-RC circuit depicted in Fig. 1(c). This enables the
identification of the HF and LF resistances, RHF and RLF,
and capacitances, CHF and CLF, of the cell. The com-
plete derivation of this impedance model is provided in S2
within the Supplemental Material [64].

III. IMPEDANCE FORMULAE FROM THE
ANALYTIC MODEL

On solution to the approximate model detailed in the
previous section, it is found that the impedance response
of a PSC can be related to an RC-RC equivalent circuit, as
shown in Fig. 1(c), with the components defined in terms

of the following device properties:

RHF = VTnel

jrec(Vdc)
, (22)

RLF = VT

jrec(Vdc)

(
nap(Vdc) − nel

)
, (23)

CHF = εp

b
, (24)

CLF = nap(Vdc)jrec(Vdc)

G+VTnel
(
nap(Vdc) − nel

)
(

−dQdc

dVdc

)
. (25)

Here jrec(Vdc) is the steady-state recombination current
density, εp is the perovskite layer permittivity, nap is the
apparent ideality factor determined by the standard tech-
niques used to obtain the ideality factor (such as the
Suns-VOC or dark-JV methods), nel is the electronic ide-
ality factor, and the parameter G+ quantifies the ionic
conductance per unit area of the perovskite layer and is
given by

G+=qD+N0

VTb
. (26)

The final term in Eq. (25) is found by solving Eq. (13)
to obtain an expression for Qdc as a function of Vdc and
then differentiating this function with respect to Vdc. Plots
of Qdc as a function of Vdc are made in Fig. S16(a) while
those of its derivative dQdc/dVdc, which appears in the
expression for CLF, can be found in Fig. S16(b). Notably
(−dQdc/dVdc) is the ionic capacitance of the cell (per unit
area)

A. Interpretation of the results

Equations (22)–(25) illustrate how to interpret the
impedance response of a PSC. In particular, they show
that the impedance spectrum of the drift-diffusion model
of a PSC is associated with two dominant features, a low-
and a high-frequency one. Furthermore, since this response
is closely related to that of the RC-RC circuit depicted in
Fig. 1(c), it can be associated with two arcs in a Nyquist
plot, as illustrated in Figs. 4 and 6, and equivalently two
peaks in the frequency plots, as illustrated in Figs. 5 and 7.
However, in contrast to a RC-RC circuit, the low-frequency
capacitance and resistance are not guaranteed to be posi-
tive. In particular, in scenarios where nel > nap both RLF
and CLF are negative (since dQdc/dVdc is always negative
while all the other terms in these formulae are positive). It
is these negative capacitances and resistances that give rise
to so-called inductive arcs in the Nyquist plot that appear
below the axis, as, for example, in Fig. 6(b).

An alternative viewpoint is provided by starting from
experimental IS data and using these data to obtain fits for
RHF(Vdc), CHF(Vdc), RLF(Vdc), and CLF(Vdc). These exper-
imentally derived expressions for the cell resistances and
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(a)

(b)

dc

dc

dc

dc

FIG. 4. Simulated impedance spectra for a PSC with recombi-
nation at the ETL/perovskite interface (Rl), under 0.1-Sun equiv-
alent illumination and with different anion vacancy densities N0.
Spectra for three dc voltages are shown, including at open circuit,
Vdc = VOC [i.e., 0.93 V in (a) and 0.91 V in (b)]. The impedance
perturbation amplitude is 10 mV, recombination parameters are
listed in Table II, while other cell parameters are listed in Table I.
Frequency plots for (a),(b) are presented in Figs. 5 and S4 within
the Supplemental Material [64], respectively.

capacitances can, in turn, be used to infer many of the cell’s
properties.

1. The apparent ideality factor

The unconventional physics of PSCs means that the
value of nap cannot be related straightforwardly to the
recombination mechanism, as is the case for a conventional

dc

dc

dc

dc

dc

dc

FIG. 5. Real (R) and imaginary (X ) components of impedance
versus frequency for the spectra presented in Fig. 4(a).

FIG. 6. Simulated impedance spectra at open circuit with
different recombination mechanisms. Rn, electron-limited bulk
SRH (VOC=0.94 V); Rp , hole-limited bulk SRH (VOC=0.92 V);
Rb, bimolecular bulk recombination (VOC=0.95 V); Rr, per-
ovskite and HTL interfacial (VOC=0.95 V). Cell and recombi-
nation parameters as listed in Tables I and II, respectively.

solar cell. Instead the apparent ideality factor determined
for PSCs using standard techniques should be interpreted
in terms of the model by the following approximate expres-
sion, which is exact for Vdc = Vbi, (for further details see
Ref. [38], in which nap is referred to as the measured
ectypal factor):

nap(Vdc)≈ Vbi − Vdc

Fi (V1(Qdc), V2(Qdc), V3(Qdc), V4(Qdc))
. (27)

Here we make use of the fact that V1(Qdc) + V2(Qdc) +
V3(Qdc) + V4(Qdc) = Vbi − Vdc and use the functional
relation between the charge density and the applied volt-
age Qdc = Qdc(Vdc) that is obtained by inverting Eq. (13).
Notably nap gives the ratio of the total potential drop across
the cell Vbi − Vdc to the potential barrier for recombination

FIG. 7. Real (R) and imaginary (X ) components of impedance
versus frequency for the spectra presented in Fig. 6.
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Fi. Furthermore, nap is inherently dependent on the applied
voltage, the ion-vacancy density and transport layer prop-
erties, via �E and �H [as defined in Eq. (9)]. In scenarios
where nap = nel the low-frequency arc of the Nyquist plot
disappears, as can be seen from Eqs. (22)–(25). This situ-
ation, i.e., nap = nel, occurs when there are no mobile ions
(see Sec. V for further details) and a conventional (non-
ideal) diodic response is observed. However, it can also
occur even in the presence of mobile ions, as, for exam-
ple, when recombination occurs in the perovskite via a
purely bimolecular mechanism (see also Sec. VI A 2), as
illustrated in Fig. 6(c). Further properties of the apparent
ideality factor are discussed in Secs. V and V A.

2. Estimating the recombination current

It is notable that jrec depends both on the steady-state
voltage Vdc and on how the potential difference across the
cell is divided between the potential drops V1 − V4; it is
thus sensitive to parameters, such as the transport layer
doping densities, that alter the relative distribution of the
overall potential drop across V1 − V4 [41]. In steady state,
the recombination current can be related to the photogen-
erated current jgen and the steady-state current output of the
cell J (Vdc) by the expression

jrec(Vdc) = jgen − J (Vdc). (28)

This allows the steady-state recombination current to be
estimated from experimental measurements by making the
assumption that jgen ≈ J (Vdc = 0).

IV. NUMERICAL SOLUTIONS TO THE
DRIFT-DIFFUSION MODEL

Solutions to the drift-diffusion model of the planar
PSC [as detailed in Eqs. (1)–(15) of Ref. [41] ] are
obtained by using the open-source PSC simulation tool
IonMonger [65]. This solves the fully coupled ionic-
electronic drift-diffusion equations for a planar PSC with
a single positively charged mobile ion-vacancy species
and mobile charge carriers in the perovskite layer (as
described in Ref. [41]). Impedance spectra are obtained
by using IonMonger to solve the drift-diffusion model
multiple times, over a range of frequencies ω, with the
voltage input given by Eq. (1). Comparison of the resulting
output current to Eq. (3) allows the complex impedance
Z(ω, Vdc) to be obtained as a function of the frequency
ω. A detailed description of this method is provided in
Riquelme et al. [9], where it is used to show that the drift-
diffusion model (described above) reproduces the main
features of impedance experiments conducted on PSCs.
Impedance spectra are calculated, in this way, at a specified
steady-state voltage Vdc (for example, Vdc = VOC) using
the full forms of the recombination mechanisms specified

in Table II. These spectra are compared to the correspond-
ing analytic spectra reconstructed from the analytic expres-
sions for the low- and high-frequency resistances and
capacitances, Eqs. (22)–(25). The numerical and analytic
impedance spectra presented in this work (unless otherwise
stated) are simulated at open circuit under monochro-
matic (520 nm) illumination with intensity that produces
a photocurrent equivalent to 0.1 Sun at AM1.5. Impedance
spectra are composed of 128 and 256 frequencies for the
numerical and analytic solutions, respectively, over a range
of 10−3–107 Hz. The voltage perturbation amplitude is 10
mV throughout.

A. Comparison between analytic impedance formulae
and spectra computed from numerical solution to

drift-diffusion model

Figures 4–7 compare the simulated PSC impedance
spectra from the impedance formulae (22)–(25) (derived
from the analytic model) to the spectra obtained via numer-
ical solution to the full drift-diffusion model [see Eqs.
(1)–(15) of Ref. [41] ]. These results show examples of
all five recombination mechanisms described in Table II
and are all simulated under 0.1-Sun equivalent illumina-
tion, with an equilibrium vacancy density of N0 = 1.6 ×
1025 m−3. In all cases the other parameter values are
taken from Table I, with the exception of Fig. 4(b), which
shows spectra at different dc voltages for a cell with a low
vacancy density of N0 = 1.6 × 1023 m−3, comparable with
the lower densities used by some other groups [29,66].

Notably the analytic impedance formulae are compati-
ble with simulations of the full drift-diffusion model both
in the case of the higher vacancy density N0 = 1.6 ×
1025 m−3, and in that of the lower value N0 = 1.6 ×
1023 m−3. The key requirement for the analytic approach
to work is that the Debye length is much shorter than the
width of the perovskite layer and, even in the case of the
lower ion vacancy density this is around 50 nm, which is
still significantly shorter than the width of the perovskite
layer (300 nm).

Additional plots showing simulated impedance spectra
at 1-Sun illumination and at Vdc = VMPP (i.e., the maxi-
mum power point) can be found in S3 within the Supple-
mental Material [64]. It is also demonstrated in Figs. S11
and S12 within the Supplemental Material [64] that the
analytic model, and corresponding impedance formulae,
works even in the case of a much thinner ETL with sig-
nificantly lower doping than the parameter set listed in
Table I. Finally, Fig. S14 within the Supplemental Mate-
rial [64] shows the error of the analytic model with respect
to numerical solutions at different dc voltages at 0.1-Sun
equivalent illumination and in the dark.

The analytic model finds that the characteristic low and
high frequencies, ωLF and ωHF, which give the locations of
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the maxima in X (ω) (see Fig. 7), are given by

ωLF = G+
nel

nap(Vdc)

(
−dQdc

dVdc

)−1

, (29)

ωHF = bjrec(Vdc)

εpVTnel
, (30)

in which dQdc/dVdc is negative for all Vdc, as shown
in Fig. S16 within the Supplemental Material [64].
These characteristic frequencies are related to the resis-
tances and capacitances via ωLF = 1/(RLFCLF) and ωHF =
1/(RHFCHF). The characteristic frequency of the LF fea-
ture ωLF is proportional to G+, which quantifies the
ionic conductance defined in Eq. (26). In particular, ωLF
increases with increased anion vacancy density, or mobil-
ity. Given that napdQdc/dVdc is not strongly temperature
dependent, the activation energy extracted from the LF
time constant is the result of the temperature dependence
of G+(T). Many experimental works corroborate this fact
[18,19,24,67].

Overall, it is clear that there is an extremely good agree-
ment between the impedance spectra predicted by the ana-
lytic model and those predicted by the full drift-diffusion
model. Furthermore, both approaches can be used to illus-
trate how different recombination mechanisms impact the
shape and features of the impedance spectra. The abil-
ity of the impedance formulae, obtained from the analytic
model, to closely reproduce the results of the numerical
model validates the use of the surface polarization model
[41,42,46] and the use of the Boltzmann approximation
in the computation of carrier densities and recombination
rates.

The key advantages of using the (approximate) ana-
lytic model and the corresponding impedance formu-
lae, as opposed to the drift-diffusion model, to interpret
impedance spectra are that (I) “trends” (such as the depen-
dence of the spectra on illumination, open-circuit voltage,
and steady-state voltage) observed in real spectra can
be much more easily understood in terms of the ana-
lytic model than from numerical simulations of the drift-
diffusion model and (II) key physical parameters of the
device may be obtained much more easily from impedance
data by comparing to the explicit formulae for nap, RHF,
CHF, RLF, and CLF, generated by the analytic model, than
by repeatedly solving the drift-diffusion model until a
parameter set is found that matches the data.

V. THE ELECTRONIC IDEALITY FACTOR

Analysis of the PSC drift-diffusion model, conducted
in Ref. [38], demonstrates that the ideality factor as con-
ventionally defined, and determined by the Suns-VOC or
dark-JV methods, is dependent on the applied voltage (a
consequence of ion motion) and should thus be interpreted

very differently to the traditional ideality factor. We there-
fore term this version of the ideality factor the apparent
ideality factor, nap. However, in deriving the IS model pre-
sented here we also identify an alternative dimensionless
parameter, which we term the electronic ideality factor nel.
This factor plays an analogous role in PSCs to that played
by the traditional ideality factor in conventional photo-
voltaics and, in particular, can be used as a tool to deduce
the dominant form of recombination taking place in the
cell.

For the recombination mechanisms studied in this work
(see Table II) the electronic ideality factor takes a value
of either 1 or 2, depending on the dominant recombina-
tion mechanism. Specifically, it takes a value of 2 where
recombination occurs via an electron-, or hole-, limited
SRH mechanism within the perovskite absorber layer; and
takes a value of 1 where bimolecular recombination in the
perovskite is the dominant loss mechanism, or recombi-
nation occurs (via a SRH mechanism) on the interfaces
with the transport layers. These results are stated in full in
Table III. From an experimental perspective the electronic
ideality factor can be determined from the high-frequency
resistance and the recombination current [see Eqs. (22)
and (28)] via the formula

nel = RHF(Vdc)jrec(Vdc)

VT
, (31)

where jrec may be estimated from Eq. (28). This result is
key to analyzing the behavior of real cells from experimen-
tal data. The authors of this work have applied and tested
Eq. (31) to derive the dominant recombination mechanism
in triple-cation perovskite solar cells [68]. In particular,
it is straightforward to obtain nel since both RHF(Vdc)

and jrec(Vdc) are readily measured. It is also the method
used to determine nel from impedance spectra generated
by numerical simulation of the drift-diffusion model in
Sec. V A.

In order to demonstrate how the model and the elec-
tronic ideality factor are related to conventional solar-cell
theory, we consider a three-layer cell in which there are no
mobile ions present in the perovskite capable of forming
interfacial space-charge layers and screening the field from
the absorber. In this scenario the interfacial potential drops
are all zero, that is V1 = V2 = V3 = V4 = 0. The poten-
tial profile no longer has the form depicted in Fig. 2(a) but
is instead similar to that typically portrayed for an ideal
“p-i-n” junction, where the built-in voltage and applied
potential is dropped uniformly across the central intrinsic
(i.e., perovskite) layer. Hence, the uniform electric field in
the perovskite [see Eq. (12)] is given by

E(t) = 1
b

(Vbi − V(t)) . (32)
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Using the relation above, V1−4 = 0 and Fi(V1−4) = 0,
Eq. (21) for the recombination current simplifies to

jrec(t) = j ∗
Ri

exp
(

V(t)
nelVT

)
, (33)

where we define j ∗
Ri

= jRi exp(−Vbi/(nelVT)). Ignoring the
contribution from the displacement current, the total cur-
rent is given by

J (t) = jgen − j ∗
Ri

exp
(

V(t)
nelVT

)
. (34)

This can be compared to the classical nonideal diode
equation [30]

J (t) = jgen − jg,therm exp
(

V(t)
nidVT

)
, (35)

where here jgen = jg,sol + jg,therm incorporates both solar
jg,sol and thermal jg,therm generation terms. It is clear
from this comparison that, in the absence of ions in the
perovskite layer, the electronic ideality factor is exactly
analogous to the ideality factor that appears in standard
semiconductor diode theory. Finally, by removing the ions
in this way it is evident, from Eqs. (22)–(25), that the
LF impedance response disappears, leaving only the HF
semicircle.

We derive an alternative form of ideality factor, namely
the electronic ideality factor nel, that is appropriate for ana-
lyzing the behavior of a PSC. In contrast to the apparent
ideality factor nap, which is commonly used to analyze
PSC behavior in the literature, the electronic ideality factor
is not inherently voltage dependent and is not influenced
by the distribution of potential drops V1−4 across the cell.
More specifically, it is a purely electronic parameter, which
is not influenced by the physical behavior of the ions in
the perovskite material. In order to justify this assertion
we note that nel is obtained using only the high-frequency
impedance measurements, via Eq. (31). At high frequen-
cies, the cell is perturbed about its steady-state ionic con-
figuration and the ions are effectively immobile, because
they move too slowly to respond to the voltage oscilla-
tions. As a result, the perturbed potential is only dropped
across the interior of the perovskite layer, to produce an
oscillating internal electric field, which modulates only the
electron and hole densities (this is illustrated in Fig. 10).
Even at these high frequencies, the electron and hole con-
centrations remain in quasiequilibrium. As such, only HF
impedance is capable of probing the electronic properties
of a PSC about a particular steady state. Although the drift-
diffusion model of a PSC leads us to conclude, at least
where there is only a single source of recombination, that
nel is independent of applied voltage it is, from a prac-
tical perspective, probably best practice to determine nel

from experiments conducted at the maximum power point
as this provides the best picture of the cell working under
typical operating conditions.

A. Comparison between electronic and apparent
ideality factors

On referring to Eqs. (22)–(25) it is clear that the apparent
ideality factor can be written in the form

nap(Vdc) = jrec(Vdc)

VT

(
RHF(Vdc) + RLF(Vdc)

)
, (36)

which gives a method for obtaining the apparent ideality
factor nap from IS data without having to determine the
gradient of a linear fitted function (as is required by the
Suns-VOC, dark-JV, and RHF − VOC techniques). Notably,
once nap has been determined, it can be used to estimate
the potential barrier for recombination Fi at steady state by
inverting the formula (27) to obtain

Fi|Vdc ≈ Vbi − Vdc

nap(Vdc)
, (37)

which is accurate when Vdc is near Vbi (note that in the limit
Vdc → Vbi, Fi → 0 and nap is well defined). For further
details see Ref. [38].

In Fig. 8, the electronic ideality factor nel and the
apparent ideality factor nap are computed using Eqs. (31)
and (36), and plotted against the open-circuit voltage VOC,

FIG. 8. Electronic ideality factor, nel, and apparent ideality
factor, nap, calculated at different open-circuit voltages (corre-
sponding to different illumination intensities) from impedance
spectra obtained analytically and numerically. Calculated from
the same spectra as used for Fig. S13(f) within the Supplemen-
tal Material [64]. Parameters used to calculate the numerical and
analytic spectra are those from Table I for a cell with hole-limited
interfacial recombination (Rl).
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as the illumination intensity is varied. In the analytic com-
putation of the ideality factors the low- and high-frequency
resistances are determined using the formulae (22)–(23)
while the recombination current jrec is computed from
Eq. (21). In contrast, in the case of the numerical com-
putation, the resistances are calculated by fitting numeri-
cally generated impedance spectra to an RC-RC equivalent
circuit while jrec is computed from Eq. (28).

The results show the voltage independence of nel, for a
single dominant source of recombination and, additionally,
demonstrates that a noninteger value of nap is obtained,
even in cells with a single (monomolecular) recombina-
tion mechanism. This supports the interpretation of nap as
an apparent ideality factor rather than a true ideality factor.

In order to highlight the difference between the apparent
and electronic ideality factors we compute these quanti-
ties under 0.1-Sun illumination and at VOC for the five
different forms of recombination detailed in Table II and
for the cell described in Sec. VI B with multiple recom-
bination mechanisms. The results of these computations
are displayed in Fig. 9. We remark that while nap for this
cell lies within the range that typically would be expected
for an ideality factor (i.e., mainly between 1 and 2) it is
highly sensitive to device parameters (such as ion density
or transport layer doping, see, for example, Ref. [9]) and
for certain cell parameter sets nap would lie well outside
this range. It is clear from Fig. 9 that the factors calculated
from the drift-diffusion model closely match those pre-
dicted by the analytic model (at VOC). Even where only a
single source of recombination is present the apparent ide-
ality factor nap is noninteger (except for purely bimolecular
recombination). This highlights the challenge of attributing
a particular form of recombination to a value of nap. In con-
trast, however, where a single recombination mechanism

FIG. 9. Electronic ideality factor and the apparent ideality fac-
tor calculated from impedance spectra at open circuit for the five
recombination types considered in this work and cell parameters
from Table I. The rightmost entry is for multiple recombination
mechanisms, as displayed in Fig. 12.

dominates, the electronic ideality factor nel is an integer
and its value can be used to distinguish between bulk
SRH recombination nel = 2 and interfacial recombination
nel = 1. For multiple recombination mechanisms, the elec-
tronic ideality factor quantifies the proportion of bulk
SRH to interfacial (and bimolecular) recombination via
Eq. (39). If the size and proportion of some of the poten-
tials V1−4 are known it is then theoretically possible, by
pairing this information about nel and nap [using Eq. (27)],
to diagnose the exact form and location of the recombi-
nation which is limiting cell performance. For instance,
we showed recently (Castro-Chong et al. [68]) that by
monitoring the electronic ideality factor as computed with
Eq. (31) and using experimental impedance data, that a
change of recombination mechanism can be detected when
the illumination intensity is increased in triple cation solar
cells. This shows the usefulness of the proposed method to
separate ionic effects from pure electronic recombination
properties.

VI. DISCUSSION

In this section the implications of the analytic the-
ory to real impedance experiments are discussed and, in
Sec. VI B, the extension to the theory to scenarios in which
there are multiple sources of recombination is briefly
touched upon.

A. Qualitative behavior of the impedance response

1. High-frequency feature.

The analytic and numerical results show a high-
frequency feature in the form of a semicircle above the axis
on a Nyquist plot. This is consistent across all recombina-
tion types (light intensities and dc voltages) and matches
that reported in experiment [18,19,33,69]. Notably the
effects of the contacts and the measurement apparatus used
to obtain IS measurements are not included in these mod-
els. Typically these lead to an additional series resistance
whose effect is to shift the spectra along the real (R) axis in
the Nyquist plane. Unlike many other measurement tech-
niques, high-frequency impedance removes the transient
effects of ion motion and leads to a response that is deter-
mined solely by the electronic properties of the PSC. The
typical evolution of the potential in a device, over a period
of a high-frequency impedance measurement (greater than
approximately 100 Hz), is illustrated in Fig. 10. Further
details of the HF response can be found in Riquelme
et al. [9].

The impedance formulae (obtained from the ana-
lytic model) identify the high-frequency resistance [via
Eqs. (24)–(25)] as inversely proportional to the recombi-
nation current. This is in line with the usual interpretation
of a recombination resistance [37,70]. In addition, it iden-
tifies the high-frequency capacitance [see Eqs. (24)–(25)]
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FIG. 10. Illustration of the potential across a PSC during high-
frequency (above approximately 100 Hz) impedance measure-
ments. The ion distribution is unable to adjust over the short
timescale of a period and so the potential drops across the space-
charge layers V1−4 remain in their steady-state configuration.
Therefore, at high frequencies the applied voltage results in an
approximately uniform oscillating electric field E(t) across the
perovskite.

as a purely geometric capacitance [23,71], which is
consistent with other reports found in the literature
[18,19,28,37,70–73]. This is a consequence of the contri-
bution to the total current from the out-of-phase displace-
ment current caused by polarization of the perovskite layer,
and given by Eq. (18).

Calculating the geometric capacitance from the per-
ovskite permittivity and perovskite width returns capaci-
tances up to 10–100 times less than those extracted exper-
imentally. In order to reconcile this discrepancy between
the geometric capacitance predicted by the thickness and
permittivity of the perovskite absorber layer and exper-
imentally measured value of CHF a roughness factor has
been proposed, which accounts for the nonplanar (rough)
nature of the perovskite transport layer interfaces [9,37].
The low values of CHF obtained from our simulations (in
both numerical and analytic impedance spectra calculated
without a roughness factor) are reflected in the frequency
plots, which show that the HF peak is shifted to slightly
higher frequencies than is measured in experiment [18,19].

2. Low-frequency feature

At low frequency, the possible impedance response of
a PSC can be more varied. The analytic model shows
that, depending upon the cell parameters, three different LF
responses may be observed in the Nyquist plane. Either, (1)
no visible LF feature or (2) a “capacitive” semicircle above
the axis, or (3) an “inductive” semicircle below the axis.
These different LF features are displayed in Figs. 6 and S7
within the Supplemental Material [64]. The time constant
associated with the low frequency process is around 1-10
s, which is in line with experimental reports [18–20].

In the ultralow-frequency limit (below approximately
10−2 Hz), the modulation of the applied potential is so
slow that the ionic distribution remains in approximate
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FIG. 11. Illustration of the effect of an oscillating potential dif-
ference on the distribution of the electric potential across a PSC
during impedance measurements at ultralow frequencies (below
approximately 10 mHz). The slow modulation of applied voltage
allows ionic charge to fill and deplete the perovskite space-
charge layers in phase with the applied potential. The charging
and discharging of space-charge layers effectively screens the
bulk electric field.

quasiequilibrium throughout the perturbation and, as a
result, the electric field within the perovskite layer is
almost entirely screened [i.e., E(t) ≈ 0], as illustrated in
Fig. 11. More generally, the LF response results in only
partial screening of the electric field from the perovskite
because the flow of charge, into and out of the space-
charge layers, lags behind the oscillating potential. During
a LF measurement the evolving potential drops across the
space-charge layers V1−4(t) modulate the recombination
current (21) and thus lead to an impedance response that
is dependent on the properties of the ion motion, an inter-
pretation that is in line with the discussions of IS in PSCs
found in Refs. [18,27,28].

The forms of the relations for RLF and CLF, given in
Eqs. (22)–(25), provide insight into why certain features
are observed in the IS response of a PSC. For example,
when the recombination in a cell is dominated by bimolec-
ular recombination, the low-frequency resistance shrinks
to zero (since in this scenario nap = nel = 1), so that only a
high-frequency semicircle is observed in the Nyquist plot
as, for example, shown in Fig. 6(c). While it is not realis-
tic to entirely eliminate all other sources of recombination,
this result is nevertheless interesting, since it demonstrates
that the absence of a LF arc does not necessarily signify
the absence of ion motion. Indeed the LF feature may also
disappear where other types of recombination are present
if nap = nel, see Table IV for further details.

The condition for the low-frequency feature to appear
“inductive” (i.e., to lie below the axis on a Nyquist plot)
is that both RLF < 0 and CLF < 0 and, as can be seen from
Eqs. (22)–(25), this occurs when

nap < nel. (38)

More details about when such an “inductive” arc can
be expected to appear, for the particular types of
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TABLE IV. Table showing the relationship between recombi-
nation mechanism and observed low-frequency features. These
conditions are derived using the inequality (38) and the expres-
sion for nap in Eq. (27) and assuming Vdc is sufficiently close
to Vbi, see Ref. [38]. Table S3 within the Supplemental Mate-
rial [64] gives equivalent conditions where Vdc lies further away
from Vbi.

Rec. Condn.s no LF feature Possible RLF & CLF negative?

Rb always (since nap = nel) No (RLF = 0, CLF = ∞)
Rp if V1 + V2 = V3 + V4 Yes if V1 + V2 < V3 + V4
Rn if V1 + V2 = V3 + V4 Yes if V3 + V4 < V1 + V2
Rl if V1 << V2 + V3 + V4 No (RLF ≥ 0, CLF > 0)
Rr if V4 << V1 + V2 + V3 No (RLF ≥ 0, CLF > 0)

recombination considered here, are provided in Table IV.
A notable result is that an “inductive” arc in the LF feature
never occurs where the recombination occurs predomi-
nantly on one of the interfaces with the transport layers.
Reframing this point, if a negative low-frequency feature
is observed in a Nyquist plot, we can infer from the model
that the dominant recombination mechanism is bulk SRH
within the perovskite layer.

B. General recombination mechanisms

Up until now we consider only scenarios where there is a
single recombination mechanism. Whilst this is, in general,
unrealistic there is usually a dominant form of recombina-
tion for any particular applied voltage Vdc, and therefore
for any given impedance measurement. The results from
one of these simple cases, with a single recombination
mechanism, is therefore likely to give a good qualitative
understanding of any particular impedance measurement
conducted on a PSC. Nevertheless, it is possible to general-
ize the analytic impedance model to describe cells with any
combination of recombination mechanisms. We are there-
fore not restricted solely to considering the forms found
in Table II. However, the more general sets of recombi-
nation mechanisms lead to unwieldy expressions for the
HF and LF resistances and capacitances that are less easily
interpreted.

In order to illustrate the sort of behavior that might
be expected in a real cell we provide a representative
example of a PSC with the combination of the recom-
bination pathways given in Table II. In particular, we
assume the additive combination Rb + Rp of bimolecu-
lar and hole-limited recombination in the perovskite, as
given in Table II, and the surface recombination path-
ways Rl (on the ETL/perovskite interface) and Rr (on
the perovskite/HTL interface), again as given in Table II.
The analytic results for this cell [determined from Eqs.
(S87)–(S88)] are compared to the numerical solutions
to the drift-diffusion model, in which the full recom-
bination rates are used. Figure 12 shows a comparison

dc

dc

FIG. 12. Simulated impedance spectra for a PSC with four
types of recombination under 0.1-Sun equivalent illumination.
Spectra at three dc voltages are shown, including VOC = 0.88
V. Specifically, the recombination taking place is bimolecular
(Rb) and hole-limited SRH (Rp ) in the bulk and at both the
ETL/perovskite (Rl) and perovskite/HTL (Rr) interfaces. Recom-
bination parameters for each type are specified in Table II and
the additional parameters are given in Table I. Figure S9 within
the Supplemental Material [64] presents the corresponding fre-
quency plot for this Nyquist diagram.

between the two approaches for this cell (i.e., analytic
model versus drift-diffusion model) and demonstrates good
agreement between the two approaches across the full
frequency range. The corresponding frequency plots are
presented in Fig. S9 within the Supplemental Material
[64]. As expected, this combination of different recom-
bination mechanisms leads to a decrease in open-circuit
voltage (VOC=0.88 V for Rp + Rl + Rr + Rb as compared
to VOC=0.93 V with just Rl).

For a cell with multiple recombination pathways the
interpretation of the high- and low-frequency features
remains the same. However, interpretation of the electronic
ideality factor and the apparent ideality factor, calculated
using Eqs. (31) and (36), respectively, is a little more com-
plicated. We show in Eq. (S97) within the Supplemental
Material [64], that for a cell with multiple recombination
pathways, the electronic ideality factor is given by

nel = 2
2 − rSRH

, (39)

where rSRH is the ratio of the SRH recombination current to
the total recombination current. Therefore, the electronic
ideality factor, calculated from an impedance spectrum
using Eq. (31), lies close to 1 when SRH recombination is
negligible relative to interfacial (or bimolecular) recombi-
nation. Correspondingly, a value for the electronic ideality
factor that is close to 2 indicates that the dominant form of
recombination is SRH in the perovskite. In the following
section we compare the values of the electronic ideality
factor to those of the apparent ideality factor for various
types of recombination.

Further information on interpreting impedance spectra
is to be found in S4 within the Supplemental Material [64]
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with examples on how to apply the formulae (22)–(25) in
specific scenarios.

VII. CONCLUSIONS

In this work we derive an approximate analytic model
(i.e., one based on a set of transcendental equations as
opposed to a set of differential equations), and corre-
sponding impedance formulae, for the impedance response
of a PSC from a commonly used drift-diffusion model
of such devices [see Eqs. (1)–(15) of Ref. [41] ], which
includes the effects of halide ion vacancies and charge-
carrier motion. We show excellent agreement between
the solutions of the analytic model and the drift-diffusion
model for impedance simulations conducted on a phys-
ically realistic set of parameters at VOC and very good
agreement at the maximum power point. It is significant
that no fitting is required in order to obtain this agreement
between the analytic model and the drift-diffusion model;
they require only that the same set of physical parame-
ters are used in both. Simulations using both the analytic
and the drift-diffusion model show good qualitative agree-
ment with experimental IS studies and are able to predict
some of the surprising features that are seen in the litera-
ture, such as “negative” low-frequency arcs (which appear
below the axis in Nyquist plots) and “giant low-frequency
capacitance.”

An equivalent circuit model for the IS response of a
PSC is derived systematically from a drift-diffusion the-
ory that incorporates the physics of mobile ion vacancies.
The impedance formulae obtained from the analytic model
justify the use of an RC-RC equivalent circuit to fit to
experimental PSC impedance spectra and defines the resis-
tances and capacitances extracted from spectra in terms of
physical cell properties. The model Eqs. (22)–(25) show
exactly how to interpret the features, including the negative
LF “resistances” and “capacitances.” It is found that near
open circuit the shape of the spectra is related to the type
of recombination losses, through the values of the apparent
nap and electronic ideality factors nel.

From a practical perspective, probably the key result
of this work is the identification of an alternative ideal-
ity factor that is appropriate for analyzing the behavior
of PSCs. This can be determined from the high-frequency
resistance and the recombination current via the relation
[see Eq. (31)]

nel = RHF(Vdc)jrec(Vdc)

VT
, (40)

and has the property that, provided the dominant source
of recombination does not alter as the steady-state applied
voltage Vdc is changed, it is independent of Vdc. This is a
consequence of its dependency on electronic, rather than
ionic, parameters. This is in stark contrast to the stan-
dard form of the ideality factor, which is determined from

experiments such as Suns-VOC, and which we term here the
apparent ideality factor nap. This varies both with changes
in Vdc, and (rather strongly) with changes in ionic parame-
ters such as the ion concentration. Crucially, where there is
a single dominant source of recombination loss within the
cell, nel takes an integer value. In particular, if this domi-
nant loss mechanism occurs via SRH recombination within
the perovskite layer then nel = 2, whereas if the dominant
loss mechanism occurs via interfacial recombination on
one of the interfaces between the perovskite and transport
layers then nel = 1.

It is worthwhile to note that there are some physical limi-
tations to the analytic model that we derive. Chief amongst
these is that it is reliant on the charge carriers being close
to quasiequilibrium, so that, in this particular instance, they
are close to being Boltzmann distributed. This approxima-
tion works well if there are sufficient carriers in the device
to easily transport the current being extracted from it. In
practice, this means that it works very well in a region
close to VOC, which extends to the maximum power point,
where there is little resistance to flow of out of the per-
ovskite absorber layer, but it breaks down as the bias is
reduced towards short circuit.

Finally, we remark on the generality of the approach
that is adopted to arrive at the analytic model. Although
we apply only this model to the standard perovskite drift-
diffusion model of a PSC, with mobile charge carriers
and a single mobile ion species, it is easily extended to
other drift-diffusion-type models that might be applied to
such cells. For example, it is currently believed that a sec-
ond very slow mobile ion species may play a significant
role in PSC physics and, in Ref. [51], an appropriate PSC
drift-diffusion model is formulated that encapsulates this
mechanism. There is also speculation that high doping in
the transport layers may significantly alter the statistics
of the charge carriers in these regions, especially where
they are made from organic semiconducting materials, so
that rather than being Boltzmann distributed they obey
a Gauss-Fermi distribution [74,75]. In such scenarios the
resulting drift-diffusion model of the PSC is modified but
it will still be possible to apply the same techniques used
here to arrive at an approximate analytic model of the IS
response. Indeed, it should be noted that our approach can
be applied more widely to other devices based on mixed
ionic-electronic semiconductors.
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