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Lubrication with Non-Newtonian Fluids
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Hydrodynamic lubrication is studied for both shear thinning and viscoelastic polymer solutions. We find
that elasticity, notably strong normal stresses, does not change the friction significantly for the range of
parameters tested in this manuscript. Shear-thinning properties, on the other hand, do change the formation
of the lubricating layer thickness and the dependence of friction on velocity relative to Newtonian fluids.
A hydrodynamic model that includes shear thinning is developed and compared to experimental data.
The model describes the dependence on lubrication parameters well, but underestimates the lubricating
layer thickness by a constant factor of roughly 1.5. The theory allows us to define a Hersey-like number
for shear-thinning fluids that describes the lubricating layer thickness as a result of the balance between
normal load and viscous force. For each tested liquid it succeeds in collapsing friction measurements onto
the same curve. The friction analysis for both lubrication theory and experiments then reveals that shear
thinning mainly changes the layer thickness, which is the main determinant of the friction coefficient.
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I. INTRODUCTION

To understand the physics behind lubrication there are
many parameters to be considered. Because of the impor-
tance of friction and lubrication, over the years researchers
have tried to find, both experimentally and theoretically,
relations between the various parameters that play a role in
lubrication. In particular, predicting the lubricating layer
thickness and friction coefficient is important as knowl-
edge about these two parameters is required, for example,
to reduce energy loss due to frictional dissipation or to
extend the lifetime of mechanical components.

In the early 1900s, well-documented lubrication exper-
iments were performed, and the phenomenology estab-
lished back then still stands today [1,2]. It was found that
there are three different regimes for lubricated friction: the
boundary and mixed regimes in which surface properties
of the solids play an important role, and the hydrody-
namic regime in which the layer thickness is so large that
the physics is fully determined by the hydrodynamics of
the fluid in the contact. The point of minimal friction is
found in the transition between mixed and hydrodynamic
regimes.

Since then, much more work has been done, both from a
theoretical viewpoint and experimentally. A well-accepted
conclusion from theory is that, for the lubrication of soft
deformable surfaces, an extra regime, the elastohydrody-
namic regime, should be introduced between the mixed
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and hydrodynamic regimes to account for the interplay
between surface deformation and hydrodynamic pressure
[3–5]. For non-Newtonian liquids many models have been
proposed to account for variable viscosity [6–9], yield
stress [10], normal stresses [11,12], and other complex
flow properties of the lubricating fluids [6,9,13]. Even
more advanced is the combination of deformable sur-
faces and non-Newtonian properties [14]. It has, however,
proven difficult to quantitatively test non-Newtonian fluid
models in a practical experimental setup, because they
typically consist of a lengthy mathematically calculation
involving many intertwined parameters, which gives little
room for systematic and independent variation of the dif-
ferent fluid properties in experiments. A Carreau-Yasuda
shear-thinning-fluid model, for example, already has four
parameters, so three extra parameters compared with a
Newtonian liquid [15,16]. These parameters strongly and
simultaneously vary with, for instance, the polymer con-
centration, so that determining the effect and relevance of
each of these parameters on lubrication is difficult.

Recently, a quantitative description was developed for
the lubrication of Newtonian fluids that successfully pre-
dicts friction [17]. We extend this model here to non-
Newtonian fluids. In Ref. [17] a model was proposed
regarding the lubricating layer thickness and friction coef-
ficient in a simple lubrication experiment involving hard-
on-hard surfaces with a Newtonian liquid in the hydro-
dynamic regime. In practice, this model is of limited use
as many realistic situations involve lubrication additives
that lead to shear thinning and elasticity, which cause very
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different lubricating behavior. Here we describe a model
for lubrication experiments involving such fluids, which
is of high relevance for understanding, for example, the
sensory attributes of food and hygiene products, which typ-
ically exhibit complex properties. We measure the lubri-
cating properties of aqueous polymer solutions exhibiting
either strong shear thinning or large elastic effects, and
find that the shear thinning is by far the dominant effect
accounting for the differences with Newtonian lubrication.
We therefore develop a model along the lines of Ref. [17],
in which we capture the viscosity in a power-law model,

η(γ̇ ) = mγ̇ n−1, (1)

with m and n the fluid parameters and γ̇ the (absolute)
shear rate [15]. Compared with Newtonian liquids, this
effectively adds only one parameter, as the Newtonian vis-
cosity η is now replaced by the pair (m, n), where m is a
measure for the viscosity increase compared with the sol-
vent, and n quantifies the degree of shear thinning. We
produce non-Newtonian fluids that are well described by
the power-law model over the relevant range of shear
rates, and show that the non-Newtonian friction model,
while relatively simple, enables us to describe relevant
experimental situations. This allows us then to develop an
understanding of the effect of shear-thinning lubricants on
the shape of the Stribeck curve that gives the friction as a
function of the ratio of the squeezing and lift forces.

II. METHODS

The experimental setup consists of a disk (of radius
Rs = 1.95 cm) with a curved bottom (with radius of cur-
vature R = 1.00 m) being pulled by an arm attached to
a rheometer along a circular glass track covered in lubri-
cant, see Figs. 1(a) and 1(b). The rheometer measures the
torque required to pull the disk with constant velocity and
hence the total friction on the disk can be retrieved. Induc-
tion sensors just underneath the glass track allow for layer
thickness measurements with about 5-μm precision each
time the disk slides over one of them. Additional mass can
be added centrally on top of the disk to test a variety of dif-
ferent loads. For a more detailed description of the setup,
refer to Ref. [17].

The accuracy of 5 μm is obtained by repeatedly per-
forming the calibration described in Ref. [17]. All calibra-
tion curves formed this way are identical within a margin
of 5 μm. This is also found during the dry measurements
that are performed before any measurements with lubricant
take place. For a layer thickness of “zero” (in the absence
of lubricant), the sensor values always agree with each
other within this 5 μm error. The error is likely caused by
the path, position, and tilt of the disk fluctuating on the
micrometer scale when repeatedly sliding over the sensors,
in both dry and lubricated circumstances.

Nine liquids are tested: four concentrations of
poly(ethylene oxide) (PEO) with chain length 4 000 000
(ranging from 2.5 g/l to 10.0 g/l, labeled as “4M”),
one concentration of PEO with chain length 2 000 000
(10.0 g/l, labeled as “2M”), one concentration of xanthan
gum (5 g/l, from Xanthomonas campestris), one shear-
thickening concentration made with cornstarch, and, as a
reference Newtonian fluid, we use two types of silicon
oil with constant viscosities of 53.5 mPa s and 104 mPa s,
as in Ref. [17]. All polymers are from Sigma Aldrich
and diluted in demineralized water. For the shear-thinning
liquids, the flow curves are measured with a rheometer fol-
lowing standard rheological procedures [18] and are shown
in Figs. 1(c) and 1(d). A power-law fit is made for the range
γ̇ = [30, 600] s−1, as a quick order-of-magnitude calcu-
lation reveals that this covers the expected shear rates in
our experimental setup. The resulting parameters m and
n are listed in Figs. 1(c) and 1(d). Both the rheological
experiment and the sliding experiment are performed at a
constant temperature of 19◦C.

The reason for choosing these specific polymers is the
following. The long, flexible chains of PEO polymers are
known for giving rise to large elastic stresses, evident as
a large first normal stress coefficient [15]. The way the
polysaccharide chains of the xanthan gum are assembled,
on the other hand, make these polymers stiff; macroscop-
ically, this is evident from the strong shear thinning with
almost negligible elastic stresses [19]. The measurement
by a rheometer [see inset in Fig. 1(d)] confirms this: the
elastic effects are very pronounced for the flexible PEO,
and show up as a large normal stress. This is interesting
from a lubrication point of view since, in principle, such
normal stresses can provide an extra lift force, thickening
the lubrication layer. In line with the idea that the elas-
ticity is due to the stretching of the individual polymer
chains in the flow, we find that the PEO 10 g/l (2M) solu-
tion is less viscoelastic than PEO 10 g/l (4M) due to the
polymers’ shorter chain length, but still exhibits signifi-
cantly more normal stress than the xanthan gum at high
shear rates. As the polymer solutions have such different
viscoelastic properties, but similar shear-thinning viscos-
ity profiles, they allow us to also disentangle the effects of
normal stresses.

III. RESULTS

Figure 2 shows the results of the layer thickness mea-
surements. The surprise is that, despite the large difference
in elastic effects among the tested liquids, no significant
difference in behavior is observed in the measured layer
thicknesses. If viscoelasticity were to have any impact on
the generated layer thickness, this should become apparent
in the data for small layer thickness and high veloci-
ties, for which the high shear rate causes the normal
stress to become important. However, Fig. 2 shows in
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(a)

(b)

(c)

(d)

FIG. 1. (a),(b) Schematics of the side view (a) and top view (b) of our setup, identical to Ref. [17]. The disk is pulled with velocity U0
by a rheometer arm over a glass track covered in lubricant. Eight induction sensors just underneath the glass allow for the measurement
of the central layer thickness h0, i.e., the narrowest part of the gap in (a). The disk is slightly tilted in such a way that this point is shifted
by an amount f Rs in the x direction. (c),(d) Flow curves of the four concentrations PEO 4M (c) and of the PEO 2M and xanthan gum
solutions (d) as measured by a rheometer. The dark blue lines show power-law fits η(γ̇ ) = mγ̇ n−1 for shear rates γ̇ from 30 to 600 s−1.
The corresponding values of m and n are shown in the legends. Inset in (d) shows the normal stress for the PEO 10 g/l (4M), PEO
5 g/l (4M), PEO 10 g/l (2M), and xanthan gum concentrations measured by a rheometer; the color code is that of the main figures
(c),(d).

fact the opposite effect. The blue data points in Fig. 2(a)
represent the measurement where the highest normal stress
is expected, but the layer thickness exhibits qualitatively
the same behavior as all other measurements shown, such
as the red data points in Fig. 2(c), for which the low-
est normal stress is expected. For all measurements, the
layer thickness increases with velocity in a similar fashion.
Although PEO 10 g/l (4M) can sustain a slightly higher
load than the other two liquids, this happens because this
solution is much more viscous in the relevant range of
shear rates than the other two liquids, and this is not due
to the viscoelastic properties. We quantify these remarks
in the following.

IV. THEORY

For a Newtonian liquid, the dependence of the fric-
tion coefficient on the experimental parameters is usually
described as a Stribeck curve, which gives the friction as
a function of the Hersey number, a dimensionless group
that compares viscous to normal forces. The theoretical
description of a Newtonian liquid lubricating our disk [17]

can be modified by imposing the viscosity given in Eq. (1)
in the lubrication approximation at the start of the calcu-
lation. Thereafter, the calculation follows the same steps
as for a Newtonian liquid, although the presence of the
fractional power n in the expressions makes the calcula-
tion more cumbersome. This is, firstly, because the velocity
profile of a power-law liquid between two walls can only
be written in an implicit form [20] and, secondly, because
commercial differential equation solvers (like Mathemat-
ica) are typically not optimized to deal with differentials
raised to a fractional power. Therefore, we use a custom-
made finite-element approach to solve the pressure profile
underneath the disk (see Appendix; see [21] for more
details). Viscoelasticity is not included in the model.

The following equations for lift and friction underneath
a disk lubricated by a power-law liquid are obtained by
substituting Eq. (1) into the lubrication equations,

FN = 21+n
(

1
n

+ 1
)n mUn

0R1+n

R2n−1
s

�n(R̃s), (2)

Fw = 2nmUn
0R2−2n

s Rn Kn(R̃s), (3)
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(a) (b)

(c)

FIG. 2. Layer thickness results for (a) PEO 10 g/l (4M), (b) PEO 10 g/l (2M), and (c) xanthan gum 5 g/l. The forces next to the data
denote the load on the disk and the error bars display the 5-μm measurement error. The stresses in square brackets denote the mean
normal stress present underneath the disk. Despite their difference in viscoelasticity, all three liquids show similar response on layer
thickness when velocity and load is varied. For the point marked with a brown box in (a) the lift due to normal stresses is estimated in
the main text.

with R the radius of curvature underneath the disk, Rs the
radius of the disk, U0 the sliding velocity, and (m, n) the
power-law parameters. �n(R̃s) and Kn(R̃s) are dimension-
less functions determined by the numerical solution of the
pressure profile. The liquid layer thickness h0 manifests
itself in the equations through the dimensionless param-
eter R̃s = Rs/

√
2Rh0. Inverting Eq. (2) therefore yields a

solution for the layer thickness as a function of macro-
scopic parameters. For Newtonian liquids, the ratio of the
viscous (lift) and normal (squeezing) forces are given by
the Hersey number. A dimensionless collection of parame-
ters is found from these considerations that can be defined
as the Hersey number Hr for shear-thinning fluids,

h0 = R2
s

2R

(
�−1

n

(
1

21+n((1/n) + 1)nHr

))−2

, (4)

Hr = mUn
0R1+n

FN R2n−1
s

. (5)

By substituting the layer thickness Eq. (4) into Eq. (3) an
expression for the friction coefficient is found,

μ ≡ Fw

FN
= 2n Rs

R
Hr Kn

(
�−1

n

(
1

21+n((1/n) + 1)nHr

))
.

(6)

The functions �n and Kn depend on the power-law index n,
so instead of a single Stribeck curve of friction coefficient
versus the dimensionless Hersey number, a collection of
Stribeck curves is found for various values of n, as plotted
in Fig. 3.

The definition of Hersey number in Eq. (5) and the
definitions of �n and Kn are somewhat arbitrary, as any
multiplication with a constant depending on n will result
in a equally acceptable definition. An obvious choice is
to include the factor 21+n((1/n) + 1)n into the definition
of the Hersey number as well, which has the benefit of
changing the curves in Fig. 3 in such a way that they
cover approximately the same range of Hersey numbers,
making them easier to compare. However, the power-law
index always remains present in the dimensionless form
of the equations, so it is impossible to exactly collapse all
the curves shown in Fig. 3(a) onto a single “universal”
Stribeck curve as can be done for Newtonian fluids [17].
The concept of Hersey number is typically used as a simple
means of comparing data from several measurements, so
the simplest form without any extra constants presented in
Eq. (5) is probably the most logical from a practical point
of view.

It is important to note that because of this freedom
of choice about how the Hersey number depends on n,
Fig. 3(a) does not allow for a proper comparison of friction
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(a) (b)

FIG. 3. (a) Modeled Stribeck curves (representing the relation between Hersey number and friction coefficient) for several values of
n as calculated by Eq. (6). (b) Lubricating layer thickness as function of Hersey number as calculated by Eq. (4). For both plots, the
Hersey number as defined in Eq. (5) is used and the values Rs = 1.95 cm and R = 1.00 m are used to reflect the experimental situation.
Data points represent values calculated by the finite-element implementation, and are connected by a spline for visual guidance.

between liquids with different power-law indices. For our
choice of Hr, it may appear that a lower friction is obtained
for lower n, but Fig. 3(b) shows that for this Hr the layer
thickness also drains more quickly for lower n. The Hersey
number for which the transition between mixed and hydro-
dynamic lubrication takes place depends, therefore, on n,
which should be kept in mind when considering Fig. 3(a).
Though no shear-thickening liquids are tested experimen-
tally here, it is worth noting that the model also yields
results for n > 1, as shown by the purple n = 1.50 lines
in Fig. 3.

One of the strengths of our model is that no compli-
cated description of the flow curve is required, in contrast
with other suggested models. The only fluid parameter
needed is a power-law approximation to the part of the
flow curve that falls in the range of the expected shear
rate within the lubricated contact. Other knowledge of the
flow curve is not needed. This task is relatively easy com-
pared with implementing a more difficult fluid model and
it should capture all first-order effects due to the noncon-
stant liquid viscosity. From a practical point of view, a
deeper understanding of the higher-order effects may not
be needed.

V. COMPARISON OF THEORY AND
EXPERIMENTS

Figure 4 shows the comparison between the theory
described previously and our measurements of the lubri-
cating layer thickness on the different liquids. It is found
that for all measurements on non-Newtonian liquids, the
predicted layer thickness is somewhat lower than the mea-
sured one; for Newtonian liquids the model and experi-
ments agree. We do, however, find that the model describes
the experiments provided we scale the model outcomes
by a constant C of order unity. For three of the tested
liquids the results of this procedure are shown in Fig. 4.

The constant C required to collapse model and experiments
is obtained by minimizing the rms difference between data
and fit for each of the tested liquids, and is shown in the
table [Fig. 4(d)].

Because the hydrodynamic description works well
for Newtonian liquids, and because the non-Newtonian
approach follows exactly the same steps, it is likely that
the deviation has a physical origin rather than a mathe-
matical one. The shear-thinning liquids lubricating more
than theorized may be an artefact of the limitations of the
power-law model. Even though the power-law covers the
majority of the expected shear-rate range underneath the
disk, it generally underestimates the viscosity at shear rates
higher than 600 s−1. Locally, shear rates higher than this
value are reached underneath the disk. Moreover, the flow
profile in the rheometer experiment (a simple shear flow)
is different from the flow profile underneath the disk, and
with nonconstant viscosity it must be kept in mind that the
stresses in the fluid might not follow the same relation with
respect to shear rate when the configuration is altered. This
is especially true for configurations for which the shear rate
tensor γ̇ has more than one nonzero element (which is true
for the lubricated disk, and not for the rheometer). In fact,
the theoretical description contains the hidden assumption
that the fluid displays identical viscous behavior in both the
rheometer and the sliding experiment. In this context, we
might say that C being close to unity, but not being exactly
unity, serves as proof that this assumption is reasonable,
but not perfect.

A similar kind of analysis can be performed on the
friction data. If for each data point the corresponding
Hersey number and friction coefficient are calculated, all
measurements collapse onto a single curve for each sep-
arate liquid, see Fig. 5 and Fig. 9 in the Appendix and
Fig. 9 in [21]. The Hersey number for power-law fluids,
as given in Eq. (5), therefore satisfies one of the desired
properties of such a dimensionless number, namely that
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(a) (b)

(c) (d)

FIG. 4. (a)–(c) Layer thickness as determined by experiments (symbols) and model outcomes multiplied by constant C (solid lines)
for (a) PEO 7.5 g/l (4M), (b) PEO 5.0 g/l (4M), and (c) PEO 10.0 g/l (2M). The forces next to the data denote the load on the
disk. The stresses in square brackets denote the mean normal stress present underneath the disk. (d) Fitted values of C for all tested
liquids.

it relates different measurements within the same physical
framework. It is already anticipated that different liquids
have different Stribeck curves, since they all have different
power-law indices n.

FIG. 5. Friction coefficient μ as a function of Hersey number
as defined in Eq. (5), for PEO 2.5 g/l (4M), PEO 5.0 g/l (4M),
PEO 7.5 g/l (4M), and PEO 10.0 g/l (2M). (A plot of the other
liquids can be found in Fig. 9 in [21] and in the Appendix.) Col-
ors represent series of measurements with different normal force,
and are equivalent to the colors used in Fig. 4. For each liquid all
data points fall onto a single curve, highlighting the usefulness of
the Hersey number as defined in Eq. (5).

To investigate the effect of shear thickening on the
lubrication properties of a liquid, the same sliding exper-
iment is performed with a cornstarch-water mixture. The
creation of a suitable shear-thickening liquid is trickier
than for the polymer concentrations, and generally the flow
curve of such a liquid is more complicated [see Fig. 6(a)].
For the cornstarch solution, sedimentation of the particles
over time changes the rheology of the fluid and, therefore,
the quality of the measurement degrades quickly over time.
Despite these difficulties, the cornstarch solution clearly
displays shear-thickening properties under the rheometer.
Within the relevant shear-rate range γ̇ = [30, 600] s−1 a
power-law index of n = 1.52 is retrieved.

For the sliding experiment, the expected trend is
observed for the shear-thickening solution compared with
a Newtonian and a shear-thinning liquid [see Fig. 6(b)].
The layer thickness grows more strongly with velocity
for the cornstarch solution than for the other two dis-
played examples as a result of the liquid getting thicker
when a higher shear rate is applied. For Newtonian and
shear-thinning liquids, the layer thickness grows sublin-
early with velocity, whereas for this particular cornstarch
solution, a superlinear trend is found. The layer thick-
ness does not go to zero for low velocity, but instead
stays at 100 μm, which might be a result of either par-
ticle sedimentation or the liquid’s yield stress. However,
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(a) (b)

FIG. 6. (a) The flow curve of a shear-thinning liquid [PEO 10.0 g/l (2M)], a Newtonian liquid [polydimethylsiloxane (PDMS) oil],
and a shear-thickening liquid (cornstarch in water) as measured by a rheometer. The dark blue lines show power-law fits for shear rates
between 30 and 600 s−1, of which the corresponding parameters m and n are displayed in the legend. (b) Layer thickness as a function
of velocity as measured in the sliding setup for the same three liquids. The dashed lines visualize the trend. For the shear-thinning and
Newtonian liquid, this trend is sublinear, whereas the shear-thickening liquid displays a superlinear trend. The normal forces applied
on the disk are 0.27 N for the PEO, 0.41 N for the oil, and 0.23 N for the cornstarch.

the superlinear trend in Fig. 6(b) is rather strong, even
when a large uncertainty is considered on the left-most data
points.

VI. DISCUSSION

The first conclusion from the overlap between the xan-
than and PEO data is that there is no extra lift force
generated in our experiments due to the normal stresses
that are present for PEO and almost absent for xanthan. If
we assume the relation between normal stress and shear
rate as found in the rheometer holds underneath the disk,
an estimate for the predicted lift due to elasticity can be
found in the following manner. Via the measured cen-
tral layer thickness, the shear rate underneath the disk
can be approximated as γ̇ ≈ U0/h(r), with h(r) the gen-
eral layer thickness underneath the disk. The lift due to
elasticity can then be found by integration of the normal
stress over the entire disk, FN ,elastic = ∫

Disk N1(γ̇ )dA, with
the relation N1(γ̇ ) measured by the rheometer [see the inset
of Fig. 1(d)]. Performing these operations for the marked
point in Fig. 2(a) yields a value of 2.13 N, which is of the
same order of magnitude as the 2.42 N of normal force
applied for this specific experiment. Therefore, this calcu-
lation suggests that elasticity does play an important role
for some of our measurements, in contrast with our exper-
imental findings. It must be noted, however, that the initial
assumption is most likely incorrect. The flow profile under-
neath a moving curved disk is different from the simple
shear flow between two plates of a rheometer and it is
not obvious how normal stress measured in a rheometer
translates to stresses present in a lubricated contact. For
an upper-convected Maxwell model the elasticity has been
shown to not make a large difference, and in general it does
not contribute to an extra lift force depending on the exact

details of the geometry [12]. A simpler viewpoint is to take
a second-order fluid model with a constant viscosity and
normal stress coefficient for which exact formulas for lift
generation exist [11,22]. These formulas do predict a pos-
itive contribution to the lift as a result of viscoelasticity,
as we anticipate in the introduction. The implementation
of this model is complicated, however, since real liquids
typically display neither constant viscosity nor a constant
normal stress coefficient, as is also the case for the liq-
uids used here. In our experiments, no obvious difference
between the most and least viscoelastic liquid is found;
thus, we conclude that, within the range of viscosities and
normal stresses that our setup allows us to test, any vis-
coelastic effects are irrelevant to the lubrication process
and an analysis based solely on shear-thinning properties
suffices.

The second question is, then, what the effect of poly-
mer addition is. Increasing the polymer concentration in
a solution increases the viscosity of the liquid, but makes
the shear-thinning properties more prominent (m increases
whilst n decreases), as shown in Fig. 1(c). The increase
in viscosity means that a contact which is not fully lubri-
cated can shift into the hydrodynamic lubrication regime
by adding polymers to thicken that liquid, resulting in a
lower friction. The transition happens when the layer thick-
ness is large enough to neglect surface properties, so the
amount of polymer needed to reach the lubrication regime
should be determined by Eq. (4).

Within the lubrication regime, a higher friction viscos-
ity means it is more difficult to squeeze the liquid out of
the contact, but also leads to a higher resistance to making
the liquid in the contact flow. This trade-off is under-
stood for Newtonian fluids, where the friction coefficient
varies sublinearly with the Hersey number, and hence a
viscosity that is twice as high leads to friction that is less
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(a) (b)

FIG. 7. (a) Experimental friction coefficient μ as function of central layer thickness. The values of the dashed line have been
subtracted for all data points to compensate for noise friction, as further explained in the text. Two theoretical curves (n = 0.25 and
n = 1.00) coming from the model are plotted for the sake of comparison. The data points of the experiments with shear-thinning fluids
lie above those of the Newtonian fluids, which is in agreement with the prediction of the model. (b) Model predictions of the friction
coefficient as a function of layer thickness for several values of n. The shaded areas in both figures display the narrow range that all
results fall into. The values Rs = 1.95 cm and R = 1.00 m, representing the experimental setup, are used in Eqs. (4) and (6) to obtain
the model results.

than 2 times higher [17]. For shear-thinning fluids, the
comparison is more subtle. One could compare a shear-
thinning polymer solution with a hypothetical Newtonian
liquid with viscosity equal to the zero-shear viscosity of the
liquid. The zero-shear viscosity is, in this case, an over-
estimation of the actual viscosity for the relevant range
of shear rates reached within the contact. Therefore, the
shear-thinning fluid has a lower Hersey number and yields
a lower friction than its hypothetical Newtonian counter-
part, as long as the liquid is thick enough to be in the
hydrodynamic lubrication regime.

However, in reality, the shear-thinning lubricant is rela-
tively thick near the inlet and outlet of the contact, whereas
it is relatively thin centrally in the contact, where the shear
rate is highest. Having a thin liquid in the middle yields a
lower generated lift and hence smaller layer thickness, but
meanwhile the friction also reduces by having a thin liquid,
according to Eqs. (2) and (3). One could therefore wonder
whether the net result of these two counteracting effects
could lower the point of minimal friction in a Stribeck
curve for a liquid with n < 1. To determine the effect of
shear-thinning properties on the point of minimal friction,
plotting the friction as a function of a Hersey number, such
as in Fig. 5, is not helpful since different liquids have differ-
ent Stribeck-like curves. However, because Hersey number
and layer thickness are related one-to-one with each other
by Eq. (4), and the Hersey number and friction coeffi-
cient are related one-to-one by Eq. (6), it is possible to
plot a different type of Stribeck curve with layer thickness
and friction coefficient on the x and y axes, respectively.
Plotting the branches of Stribeck curves as a function of
layer thickness is a good way to compare their points of
minimum friction.

The results are shown in Figs. 7(a) (experiment) and
7(b) (model). The latter shows that, when plotted as

a function of layer thickness, the friction coefficients
are very similar, and lie within a narrow band. For a
quantitative comparison with experiments, we have to
account for the fact that in our experiments there is also
a contribution from the sides rather than the bottom of
the disk. In Ref. [17] we showed that a simple compen-
sation makes theory and experiments agree for the tested
silicon oils. In Fig. 7(a), we subtract the values correspond-
ing to the dashed line for all the data discussed previously,
in order to again find that the Newtonian liquids collapse
with the predicted friction coefficient. The power-law flu-
ids appear to fall within a narrow band predicted by the
theory. The small differences are systematic, and show
that the friction is higher for the non-Newtonian liquids,
and becomes more so when the shear thinning increases:
we find that the most shear-thinning liquids tested [PEO
10.0 g/l (4M) and xanthan 5.0 g/l with n = 0.438 and
n = 0.257, respectively] give rise to the highest friction
curves, also validating the predictions from our model.

Could the polymer then help very thin films to stay in
the lubricated regime, instead of transiting to the mixed
lubrication regime? In our setup we expect the transition
between hydrodynamic and mixed regimes to occur at a
layer thickness under 5 μm [17], because the roughness of
the disk is of order 1 μm. It is clear, however, in Fig. 7(b)
that at h0 = 5 μm shear-thinning properties cause the fric-
tion to be higher than for a Newtonian liquid. In other
words, shear-thinning properties do not help when trying
to reduce energy losses in a lubricated contact. For any
contact lubricated by a shear-thinning lubricant, there will
always be a Newtonian liquid that has a lower point of
minimal friction in its Stribeck curve, within the scope of
effects considered in this article.

Judging from the line n = 1.50 in Fig. 7(b), it might
be the case that shear-thickening fluids can reduce the
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minimum friction, although we have no experimental
results to support this hypothesis. In a broader view,
this result might also be interesting for liquids exhibiting
pressure-viscosity effects, as these liquids have a higher
viscosity in the region of high shear rate too, mimicking
a shear-thickening effect.

The small difference in friction coefficients when plot-
ted as a function of layer thickness is perhaps useful for
predicting friction in other systems. If one would like to
understand the lubrication properties of a complex liquid
of which the flow curve is known, there are two possible
approaches. In both cases, one would start by estimating
the generated layer thickness either using Eq. (4) or the
equivalent Fig. 3(b). One can subsequently determine the
friction using Eq. (6) or the equivalent Fig. 3(a). The other
option would be to use Fig. 7(b) to predict the friction. The
latter method has the added benefit that the liquid might
as well be considered Newtonian from that point forward
due to the weak dependence on n. This also means that
comparing the lubrication properties of multiple different
complex liquids simplifies down to the comparison of only
their generated layer thicknesses.

It is not obvious yet whether the conclusion that shear-
thinning fluids are not useful for lowering the point of
minimum friction in the Stribeck curve holds if the con-
tact is deformable or if a rolling contact is used. Rolling
and sliding friction are similar in lift generation, but differ
by the absence of the so-called “Couette contribution” to
the shear stress in the case of a rolling contact [23]. For
shear-thinning liquids, the Couette term tends to be larger
than for Newtonian liquids at the edge of the disk, so it
is imaginable that the removal of this term will result in
shear-thinning liquids being favorable when it comes to
friction reduction.

The microscopic gap between two lubricated
deformable surfaces takes approximately the shape of two
parallel walls in which the lubricant reaches its highest
shear rate [24]. It can be hypothesized that in this area
a shear-thinning liquid yields less friction than a Newto-
nian liquid, as the liquid gets “thin” in this region of high
shear rate. To verify this hypothesis though, lift generation
with shear-thinning fluids in a deformable gap must also
be understood. This requires a more thorough analysis of
the interplay between all the parameters involved.

The results predicted by the model are in principle not
limited to the range of parameters our setup allows us to
test. One criterion is that the generated layer thickness
must be large enough to validate a fully hydrodynamic
description of the liquid within the contact. Surface effects
start playing a role if the layer thickness reaches the same
order of magnitude as the surface roughness. Similarly, if
the layer thickness has the same order of magnitude as the
particles that make up the fluid, for example, the droplets
in an emulsion, the flow curve as measured by a rheometer
will not describe the fluid’s behavior in the gap correctly.

For a large enough layer thickness, the main limitation of
the model is most likely the precision with which a power
law can describe the viscous properties of the liquid over
a large range of shear rates. The power law is a very sim-
plified way to define a fluid’s viscous behavior with only
two parameters m and n, and our work shows that these
two parameters are sufficient to give a good approxima-
tion of the lubricating behavior of a liquid. However, these
two parameters by themselves can never perfectly describe
the complex molecular interactions that occur in nontrivial
flow profiles.

Another criterion is that the forces are low enough
to guarantee the surfaces will not deform, otherwise
an elastohydrodynamic description is required. Whether
viscoelastic stresses remain unimportant in a more
extreme situation with higher velocity and higher force is
something that remains to be investigated more deeply.

VII. CONCLUSION

To conclude, we present a simple model describing the
process of lubrication with shear-thinning lubricants. Vis-
coelastic properties of the lubricant do not have to be
taken into account, as it is shown that they play no role in
the generation of the lubricating layer, at least within the
range of parameters tested experimentally here. Although
the underlying numerical framework of the model is more
complex, the model maintains its practical form with
a Hersey number as a central parameter. Provided we
include a multiplication factor C of order unity in the
model, it describes the behavior of both Newtonian and
non-Newtonian fluids well. The practical form of the
model might help others understand their results on several
levels of complexity. The simplest application would be to
use the Hersey number to create Stribeck curves for shear-
thinning liquids, which could not be done before with
the standard Newtonian Hersey number. A more advanced
application would be to select the branch of Stribeck curve
that represents a given fluid with power-law index n, and
quantitatively predict the friction and layer thickness in the
lubricated contact. Further extensions to the model, and in
particular to the Hersey number, could include more com-
plex fluid parameters or the effect of the deformability of
the surfaces.

APPENDIX

The calculation of lift and friction forces on a disk lubri-
cated by a shear-thinning fluid follows the same steps as
for a Newtonian liquid, but is algebraically and compu-
tationally more difficult due to the fractional exponents
that appear in the equations. The characteristic Reynolds
equation for liquids more complex than Newtonian liquids
is known in the literature [8,9]. However, due to the implic-
itness of the equations (e.g., the velocity profile depends
on viscosity, which in turn is a function of shear rate,
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and hence velocity) we start our derivation from basic
hydrodynamic equations.

For a small layer thickness (h0 � Rs) the Navier-Stokes
equations reduce to the lubrication approximation [25],

∂p
∂x

= ∂τxz

∂z
, (A1a)

∂p
∂y

= ∂τyz

∂z
. (A1b)

In the case of a power-law fluid model, the shear stress
is given by [15]

τxz = mγ̇ n−1γ̇xz, (A2a)

τyz = mγ̇ n−1γ̇yz, (A2b)

where the “absolute shear rate” is given by γ̇ =√
γ̇ 2

xz + γ̇ 2
yz. Because the disk is moving in x direction, the

shear rate component |γ̇xz| is naturally much larger than
|γ̇yz|, so we can assume γ̇ ≈ |γ̇xz|, greatly simplifying the
derivation. By checking with the solution found previously
[17] for a Newtonian liquid (n = 1) it can be found that
everywhere in the relevant domain the shear rate |γ̇xz| is at
least 8 times larger than |γ̇yz|, which indeed validates the
assumption.

Using γ̇ ≈ |γ̇xz| and writing γ̇xz = ∂ux/∂z and γ̇yz =
∂uy/∂z yields

∂p
∂x

= m
∂

∂z

(∣∣∣∣∂ux

∂z

∣∣∣∣
n−1

∂ux

∂z

)
, (A3a)

∂p
∂y

= m
∂

∂z

(∣∣∣∣∂ux

∂z

∣∣∣∣
n−1

∂uy

∂z

)
. (A3b)

The full hydrodynamic solution consists of finding a
velocity profile u that satisfies the boundary conditions
u(z = 0) = 0 and u(z = h) = U0x̂ along with a pressure
profile that reduces to zero at the boundaries of the disk.
This is done in the typical manner for lubrication prob-
lems: first the velocity profile as a function of pressure is
calculated. From this expression, the fluxes in the x and
y directions can be found, after which the incompressibil-
ity constraint yields a differential equation for the pressure
that can be solved numerically. Because uy is coupled to
ux in Eq. (A3b), it is necessary to first calculate ux. Dimen-
sionless coordinates, layer thickness profile, pressure and
velocity are introduced as respectively:

a2 = x2

2Rh0
and b2 = y2

2Rh0
and z̃ = z

h
; (A4a)

h̃ ≡ h
h0

= 1 + a2 + b2; (A4b)

p̃ ≡ p
po

with p0 = knm
(

U0

h0

)n
√

2R
h0

; (A4c)

ũx ≡ ux

U0
and ũy ≡ uy

U0
. (A4d)

In the following, it proves useful to have a parameter.
Additionally, the upcoming algebraic expressions have
many fractional powers and it proves useful to introduce
the following notation that describes the action of raising
a positive or negative number to a fractional power whilst
maintaining its sign: x∗p ≡ sign(x)|x|p .

An explicit equation for ux cannot be given for a
shear-thinning fluid in Couette-Poiseuille flow. A thorough
investigation of this type of flow can be found in Ref. [20].
We follow an equivalent approach, with slightly different
notation, to find a velocity profile that satisfies Eq. (A3a)
and the boundary conditions

ũx = β
(
|Lm − z̃|k − |Lm|k

)
with β ≡ h̃k

(
∂ p̃
∂a

)∗(1/n)

.

(A5)

The extra parameter Lm can be calculated through the
injective, implicit relation

1
β

= |Lm − 1|(1/n)+1 − |Lm|(1/n)+1. (A6)

Equation (A5) can be substituted into the dimensionless
equivalent of Eq. (A3b), after which ũy can be solved
by integrating twice and taking into consideration the
boundary conditions. This yields

ũy = α(C1 L∗(1/n)
m − (Lm − z̃)∗(1/n)

(C1 − z̃)) with α

≡ h̃k
∣∣∣∣∂ p̃
∂a

∣∣∣∣
(1/n)−1

∂ p̃
∂b

, (A7)

where C1 is an integration constant with value C1 =
(Lm − 1)∗(1/n)/((Lm − 1)∗(1/n) − L∗(1/n)

m ), which follows
from the inferred the boundary conditions.

The dimensionless fluxes in the x and y directions are
then calculated to be

q̃x = h̃
∫ 1

0
ũxdz̃ = h̃β

(
1

k + 1
L∗k+1

m

+ 1
k + 1

(1 − Lm)∗k+1 − |Lm|k
)

, (A8a)
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(a) (b)

FIG. 8. Dimensionless functions (a) �n(R̃s) and (b) Kn(R̃s) as defined in Eqs. (A13a) and (A13b) for various values of power-law
index n. The points denote values calculated by the finite-element simulation and are connected by a spline curve. The blue points
correspond to n = 1 and are equivalent to the curves in Fig. A1 in Ref. [17], which were calculated by Mathematica.

q̃y = h̃
∫ 1

0
ũydz̃ = h̃α

(
C1L∗(1/n)

m + 1
(k + 1)(k + 2)

× (|Lm|k(Lm − (k + 1)C1) − |Lm − 1|k
(Lm − (k + 1)C1 + k))) . (A8b)

The incompressibility constraint implies that

∇ · q = ∂ q̃x

∂a
+ ∂ q̃y

∂b
= 0. (A9)

Because the parameters β, α, and Lm all depend on pres-
sure, this operation yields a differential equation for pres-
sure. However, due to the fractional exponents, commer-
cial differential equation solvers like Mathematica have

FIG. 9. Friction coefficient μ as a function of Hersey num-
ber as defined in Eq. (5), for PEO 10.0 g/l (4M) and xanthan
5 g/l (the absent liquids in Fig. 5 in the main text). Colors
represent series of measurements with different normal force,
and are equivalent to the colors used in Fig. 4 in the main
text. For PEO 10 g/l (4M) the data points do not exactly align,
which is ascribed to the large amount of drag friction the disk
experiences at high velocity when ploughing through the thick
yield-stress-exhibiting liquid.

difficulties solving it. Therefore, a custom-made finite-
element implementation is used to solve for the pressure
profile. The first step consists of partial integration of the
equation that is to be solved, which changes Eq. (A9),
using Green’s theorem, into

∫
	

q · ∇φj dA = 0. (A10)

Here 	 is the domain on which the equation is to be solved
and φj are test functions that we choose to be linear tent
functions with maxima at each vertex j. A total of 633 ver-
tices are used to triangulate the grid of size R̃s into 1176
triangles. To solve for the pressure profile, the integral in
Eq. (A10) is performed for each vertex j and the pressure
at each vertex is updated according to

pnew
j = pold

j + Sj

∫
	

q · ∇φj dA. (A11)

This leads to a converging scheme. The parameter Sj is
introduced to manually increase the speed of convergence.
(We find that updating the vertices near the boundary with
lower prefactors greatly helps the rate of convergence.)

Further details of the simulation involve the tabulation
of Eq. (A6) into 100 000 (β, Lm) pairs for each separate
value of n, saving much calculation power as Lm values
can be easily looked up. Additionally, the tilt parameter f,
as defined in Ref. [17], is updated in each iteration to con-
verge into a configuration with balancing clockwise and
anticlockwise torque, according to Eq. (A9) in Ref. [17].

The lift is calculated by integration of pressure over the
entire disk, where regions of p < 0 are excluded from the
integral due to cavitation, as is typical for lubrication prob-
lems [4]. The friction force is calculated by integration of
shear stress on the disk,

FN =
∫

D
pdxdy = 21+nknmUn

0R1+nR1−2n
s �n(R̃s),

(A12a)

014056-11



VELTKAMP, JAGIELKA, VELIKOV, and BONN PHYS. REV. APPLIED 19, 014056 (2023)

Fw =
∫

D
[τxz]z=hdxdy = 2nmUn

0RnR2−2n
s Kn(R̃s), (A12b)

with

�n(R̃s) = R̃2n−1
s

∫
D

p̃dadb, (A13a)

Kn(R̃s) = R̃2n−2
s

∫
D

kn

h̃n
(β(1 − Lm)∗(1/n))∗ndadb. (A13b)

The dimensionless functions �n(R̃s) and Kn(R̃s) are plot-
ted in Fig. 8 for several different values of n. For n = 1.0
our algorithm finds the same values as the Mathematica
approach used in Ref. [17], giving confidence that the
algorithm is implemented correctly.

Figure 9 shows the same type of plot as Fig. 5 in the
main text, but for the two liquids that are not shown there.
Also for these two liquids the data points collapse onto
roughly a single curve when friction coefficient is plotted
against Hersey number.
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