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Cloaking is typically reciprocal. Here, we introduce the concept of transmittable nonreciprocal cloak-
ing, whereby the cloaking system operates as a standard omnidirectional cloak for external illumination
but can transmit light from its center outward at will. We demonstrate a specific implementation of such
cloaking that consists of a set of concentric bianisotropic metasurfaces, the innermost element of which
is nonreciprocal and designed to simultaneously block inward waves and pass—either omnidirectionally
or directionally—outward waves. Such cloaking represents a fundamental diversification of conventional
cloaking and may find applications in areas such as stealth, blockage avoidance, illusion, and cooling.

DOI: 10.1103/PhysRevApplied.19.014051

I. INTRODUCTION

Cloaking is a powerful concept in electromagnetics that
emerged in 2006 as an outgrowth of metamaterials [1,2]
and that has known vibrant and unabated development
since that time [3]. A cloak is a metamaterial shell structure
with medium properties that are designed so as to curve
the trajectory of incident light around its core, the contents
of which are hence made invisible to external observers.
Different types of cloaking techniques have been reported,
including coordinate-transformation deviation [2,4], scat-
tering cancellation [5,6], transmission-line matching [7],
gain compensation [8], and metasurface multiple scattering
[9] or waveguiding [10].

The quasitotality of the cloaking structures reported to
date is reciprocal: they fully satisfy the Lorentz reciprocity
theorem [11]. Exceptions are the one-way cloaks presented
in Refs. [12,13] and the unidirectional loss-and-gain bal-
anced cloak presented in Ref. [14]. These devices perform
cloaking for light incident from a given direction but reflect
light incident from the opposite direction. They therefore
represent nonreciprocal cloaks.

Here, we present a completely different type of
nonreciprocal cloak. This device exhibits the prop-
erty of transmittable nonreciprocity, operating as a
standard—and hence also omnidirectional (contrary to
Refs. [12–14])—cloak for external illumination, and as a
transmission medium that is activable at will and that
allows beam forming, for internal (core) illumination. It
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is implemented in the form of a set of concentric bian-
isotropic metasurfaces [15,16], with the innermost element
being a nonreciprocal metasurface, which may be realized
in magnetless transistor technology [17].

II. OPERATIONAL PRINCIPLE

Figure 1 provides a comparative description of the pro-
posed transmittable nonreciprocal cloaking concept, with
the usual cloaking shell structure and its core, the contents
of which are made invisible, via light deviation, to external
observers for external illumination.

Figure 1(a) depicts reciprocal cloaking. Waves (red
arrows) impinging on the structure from an external source
are bent by the cloaking shell around the core, A, which
is hence made invisible to external observers B and C.
While the figure represents an incident plane wave, with
trivial angular spectrum δ(�k − �ki), where �ki is the (fixed)
incident wave vector, the cloaking effect occurs for any
type of wave (e.g., a circular wave emitted by a close
point source) and for any incidence angle (circular symme-
try: θi ∈ [−π/2, π/2], or omnidirectionality). None of the
rays forming the incident wave, whatever its nature, can
penetrate into the core region, given its point-singularity
origin. Therefore, in the absence of an external force
and nonlinearity [18], light emitted from the core region
would also not find any transmission channel through the
cloaking shell and would hence be reflected from it, as
illustrated in the figure (blue arrows). The system is thus
fully reciprocal.

Figure 1(b) presents the proposed concept of transmit-
table nonreciprocal cloaking. The operation of the system
is identical to that of the conventional cloak [Fig. 1(a)]
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(a)

(b)

FIG. 1. A comparative description of transmittable nonrecip-
rocal cloaking. (a) Conventional (reciprocal) cloaking, with
invisibility for external illumination and reflection for internal
illumination. (b) The proposed nonreciprocal cloaking, with con-
ventional (omnidirectional) invisibility for external illumination
and transmission—possibly directive—for internal illumination.

for external illumination, i.e., the system cloaks its con-
tents for any incident wave and incidence angle, making
A invisible to observers B and C. However, instead of
always reflecting light for internal illumination, the system
can directionally transmit light through the shell outward
to an intended external observer, C, who would then see
either the background environment, as B, if A is silent, or
a superposition of the background environment and a wave
coming from the core of the system if A emits.

III. CONCENTRIC METASURFACE
IMPLEMENTATION

The construction of a cloak, even a reciprocal one, is
generally a challenging task. The most powerful cloaking
technique—coordinate transformation—requires a com-
plex voluminal inhomogeneous and anisotropic medium as
well as unattainable infinite parameter values at the inner-
most boundary of the shell [2], while other cloaking tech-
niques involve other well-documented difficulties along
with specific limitations. On the other hand, both recip-
rocal [15] and nonreciprocal metasurfaces [17,19] have
recently been demonstrated as practically viable electro-
magnetic devices. Therefore, here we select a metasurface-
based approach for the implementation of the transmittable
nonreciprocal cloak in Fig. 1(b).

(a)

x
y

a

b
ρ�d

n̂ = ρ̂

n̂ = ρ̂

t̂ = φ̂

t̂ = φ̂

nonreciprocal metasurface array of metasurfaces

electric
line source

�Ei

k̂i

(s polarization)

(b)

ρ = ρ�

�Ei

k̂i

z

�E+

�E−

¯̄χ�

�Er

�Et

k̂r

k̂t

θi θr

θt

metasurface

FIG. 2. The metasurface implementation of the transmittable
nonreciprocal cloak in Fig. 1(b): (a) a concentric metasurface
structure; (b) a curved metasurface sheet modeling any of the
metasurfaces in (a).

Figure 2 describes the selected metasurface imple-
mentation structure. This structure, the reciprocal ver-
sion of which has initially been suggested in Ref. [9],
consists of a set of concentric uniform circular bian-
isotropic (gainless and lossless) metasurfaces, with the
innermost element replaced by a nonreciprocal metasur-
face, as shown in Fig. 2(a). The overall assembly forms
a multiple-scattering system akin to a circular (cylindri-
cal or spherical) metasurface-enhanced multilayer Fabry-
Perot resonator that is optimized for minimal scattering
(maximal cloaking) and nonreciprocity (outward trans-
mission), leveraging the great parametric diversity of the
system, which includes an arbitrary magnitude and phase
of the reflection (generally asymmetric) and transmission
parameters at each of the metasurfaces as well as arbi-
trary interspacing between the metasurfaces. The detailed
design procedure is presented in Sec. V A.

Given its circular cavity, bianisotropic interface, and
radially nonuniform features, this Fabry-Perot structure
seems too complex to admit a precise explanation of the
cloaking operation in terms of simple physics. However,
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this operation may be qualitatively understood as opti-
mal wave routing along the porous circular waveguides
formed by the metasurfaces, as suggested in Fig. 2(a) and
as is illustrated later in full-wave simulations [20]. For-
tunately, the nonreciprocal operation does not add major
complexity to the operation of the overall system. Indeed,
as is seen in Sec. V, given the inner boundary location and
inward penetrability of the nonreciprocal metasurface, the
cloaking design is independent of the transmission design,
while the transmission design only depends unrestrict-
edly on the cloaking design, with the related nonreciprocal
metasurface design following standard transistor-loaded
[17,19,21,22] or time-modulated [23,24] nonreciprocal
metasurface technologies.

IV. METASURFACE MODELING

The metasurfaces constituting the transmittable nonre-
ciprocal cloaking structure in Fig. 2(a) are generically
represented, with relevant parameters, in Fig. 2(b). Here,
we model these metasurfaces via the generalized sheet-
transition conditions (GSTCs) [25–27], which are a gen-
eralization of the classical boundary conditions including
bianisotropic surface polarization current densities [16]. In
the modeling, it is assumed that the radii of curvature of
the metasurfaces are large compared to the wavelength,
so that locally, the incident waves see homogeneous flat
sheets and hence there are negligible diffraction effects.

Assuming an s-polarization scenario (a two-dimensional
problem), zero normal surface currents (for simplicity),
and the harmonic time convention ej ωt, the GSTCs read
(see Appendix A)

E+
z −E−

z = jk0
(
χφz

meEz,av + η0χ
φφ
mmHφ,av

)
(1a)

and

H+
φ −H−

φ = jk0

η0

(
χ zz

eeEz,av + η0χ
zφ
emHφ,av

)
, (1b)

where the superscripts ± refer to the fields at ρ = ρ±

 , just

above and below the 
th sheet, k0 and η0 are the free-
space wave number and wave impedance, respectively,
χ zz

ee , χ
zφ
em, χ

φz
me, and χ

φφ
mm represent electric to electric, mag-

netic to electric, electric to magnetic, and magnetic to
magnetic surface susceptibilities, respectively, and Ez,av =
(E+

z + E−
z )/2 and Hφ,av = (H+

φ + H−
φ )/2 denote the aver-

age electric and magnetic fields at the metasurface sheet,
respectively. The susceptibilities χ zz

ee , χ
zφ
em, χ

φz
me, and χ

φφ
mm

correspond to the assumed s-polarization regime, with the
electric field along ẑ and the tangential magnetic field
along φ̂; in the p-polarized case, the relevant susceptibili-
ties, corresponding to the tangential electric field along φ̂

and the magnetic field along ẑ, would be χ
φφ
ee , χ

φz
em, χ

zφ
me,

and χ zz
mm.

The 
th metasurface is denoted by the same superscript,
as indicated in Fig. 2, and, according to Eq. (1), the cor-
responding (s-polarization) susceptibility is written in the
compact tensorial form

¯̄χ
 = χ zz,

ee ẑẑ + χ zφ,


em ẑφ̂ + χφz,

me φ̂ẑ + χφφ,


mm φ̂φ̂, (2)

where the four susceptibilities are constant, i.e., not func-
tions of φ, according to the uniformity (or circular symme-
try) assumption that ensures cloaking omnidirectionality.

V. CLOAK DESIGN

A. Overall procedure

We design the transmittable nonreciprocal cloak in
Fig. 2(a) by successively optimizing the structure for
cloaking in the external plane-wave illumination regime
and for transmission in the internal point- or line-source
illumination regime, based on the parametric setup shown
in Fig. 3. This is accomplished by using the electromag-
netic analysis tool established in Sec. V B, which, incorpo-
rating the bianisotropic susceptibility GSTC metasurface
model presented in Sec IV, provides the exact electro-
magnetic fields everywhere in the system, while the opti-
mization can be performed with any standard optimization
tool.

The twofold cloaking-transmission optimization results
in the determination of the 4L susceptibility parameters in
Eq. (2), for a given core radius a and cloak radius b, assum-
ing, for simplicity, uniform metasurface interspacing d.
The cloaking optimization fully determines the susceptibil-
ity parameters of the metasurfaces 1, . . . , L − 1 and some
of the susceptibility parameters of the metasurface L, while
the nonreciprocity optimization determines the remaining
susceptibility parameters of the metasurface L.

The cloaking optimization consists in minimizing the
scattering cross section of the overall structure and is

x
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FIG. 3. The parametric setup for the design of the metasurface-
based transmittable nonreciprocal cloak in Fig. 2(a).
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detailed in Sec. V C, while the transmission optimization
consists in adjusting the outward scattering parameters of
the metasurface L and is detailed in Sec. V D. Both opti-
mizations involve the scattering matrices of the different
metasurfaces, where the scattering matrix of the 
th meta-
surface is defined as S
 = [S


11, S

12; S


21, S

22] with port 1

corresponding to the region 
 and port 2 corresponding to
the region 
 + 1, and with S


ii being the reflection parame-
ter at port i and S


ij the transmission parameter from port j
to port i (i, j = 1, 2) [16].

The cloaking and transmission designs, as set out in
Sec. III, are essentially independent of each other, as far
as the metasurfaces are concerned. Such independence is
ensured by specifically making the Lth metasurface impen-
etrable to external illumination, i.e., by imposing

∣∣SL
11

∣∣ =
1, while subjecting the corresponding phase, ∠SL

11, to
cloaking optimization. In the internal-illumination regime,
the cloaking-optimized globally transmissive nature of
the metasurfaces 1, . . . , L − 1 automatically provides an
exit channel to the transmitted wave, while its radiation
features may be independently controlled using antenna
design principles. The case of simultaneous external and
internal illumination is discussed in Sec. VI C.

B. Electromagnetic analysis

We analyze the system in Fig. 3 by successively
expanding the metasurface-tangential fields in the different
regions in cylindrical Bessel functions [28], applying the
GSTCs in Eq. (1) at each metasurface interface between
these regions [16], and resolving the resulting matrix
system to obtain the expansion field coefficients.

The tangential electric and magnetic fields in the 
th
region can be expressed as

E

z =

n=N∑

n=−N

j −n [
b


nJn(k
ρ) + a

nH (2)

n (k
ρ)
]

ejnφ (3a)

and, from the Maxwell-Ampere equation,

H 

φ = 1

jk
η


∂E

z

∂ρ
, (3b)

where Jn(·) is the cylindrical Bessel function of the first
kind, which accounts for multiple scattering within the
annular and core regions, H (2)

n (·) is the cylindrical Hankel
function of the second kind, which accounts for radia-
tion across the interfaces, k
 and η
 are the wave number
and wave impedance of region 
, and a


n and b

n are the

corresponding unknown expansion coefficients.
From this point, we enforce the GSTCs in Eq. (1)

with the fields given in Eq. (3) at each metasurface
boundary (
 = 1, 2, . . . , L) and match term by term (n =
−N , . . . , N ) the modal contributions of the resulting equa-
tions for the aforementioned external and internal illumi-
nation; this leads to a linear matrix system, the solutions

of which are the field expansion coefficients a

n and b


n (see
Appendix B).

C. Cloaking-regime scattering minimization

We make the following assumptions: (i) �Eint
i = 0 while

�Eext
i �= 0, where �Eint

i and �Eext
i are the external and internal

incident fields, respectively (Fig. 3); (ii) all the metasur-
faces are reciprocal, except for the innermost one (
 = L);
(iii) all the metasurfaces are lossless and gainless, except
for the innermost one (nonreciprocity implies some form
of gain [18]); and (iv) the innermost region (region L + 1)
operates as a perfect electric conductor under external illu-
mination—specifically, its permittivity is set to a very large
negative imaginary number, to ensure impenetrability of
the core of the cloak. The reciprocity condition implies
that χ

zφ,

em = −χ

φz,

me , while the gainless and lossless con-

dition implies that χ zz,

ee and χ

φφ,

mm are purely real and

χ
zφ,

em = −χ

φz,

me are purely imaginary [16].

We quantify the scattering of the structure under exter-
nal illumination in terms of the scattering echo width [29],
namely,

δ(φ) = lim
ρ→∞ 2πρ

∣∣∣∣
Escat

Einc

∣∣∣∣

2

= 4
k0

∣∣∣∣∣

n=N∑

n=−N

a1
nejnφ

∣∣∣∣∣

2

, (4)

where, in the last equality, we use the expression Escat =
E1

z for the field scattered in the unbounded (b1
n = 0)

medium 1 from Eq. (3a), apply the far-field approxima-
tion H (2)

n (k
ρ → ∞) = √
2/(πk
ρ)e−i(k
ρ−nπ/2−π/4), and

assume that the incident electric field is a plane wave with
unit magnitude, i.e., Einc = Eext

i,z = e−jk0x.
The total scattering width, σ , which is the quantity to be

minimized for cloaking, is then obtained upon integrating
the echo width in Eq. (4) over all the scattering angles, as

σ = 1
2π

∫ 2π

0
δ(φ)dφ = 2

πk0

∫ 2π

0

∣∣
∣∣
∣

n=N∑

n=−N

a1
nejnφ

∣∣
∣∣
∣

2

dφ. (5)

For simplicity, we keep the innermost radius (ρL = a),
the spacing between the metasurfaces (d), the number of
metasurfaces (L), the wave number (k
) and the wave
impedance (η
) fixed for all values of 
 and optimize only
the bianisotropic susceptibility tensors ¯̄χ
 (
 = 1, 2, . . . L).
We perform this optimization iteratively, using an interior-
point method, for the lowest normalized scattering width
σnorm, defined as the ratio of the total scattering width
of the cloaked object [see Eq. (5)] to that of the inner-
most (impenetrable) circular metasurface. We thus solve
the optimization problem

min
¯̄χ


σnorm
( ¯̄χ
, k
, η
, ρ
, L

)
(6)
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with a sufficiently large L to obtain a sufficiently small
minimum σnorm (e.g., σ min

norm = 10−3), under the scattering
constraints

∣∣SL
11

∣∣ = 1 (7a)

and
∣∣SL

21

∣∣ = 0, (7b)

where ∠SL
11 is a free design parameter. According to

Eq. (1), these constraints imply the following conditions
on the fields at the two sides of the Lth metasurface:

E+
z =1 + SL

11, E−
z = 0 (8a)

and

H+
φ =1 − SL

11

η0
, H−

φ = 0, (8b)

in which S11 = ej ∠S11 according to Eq. (7a), where a spe-
cific value is found for ∠S11 at the end of the optimization
procedure.

D. Transmission-regime beam forming

The illumination assumption is now �Eext
i = 0, with

�Ein
i �= 0, and we impose the transmission constraints

∣∣SL
22

∣∣ = 0 (9a)

and
∣∣SL

12

∣∣ = 1, (9b)

which are naturally nonreciprocal in conjunction with
Eq. (7), with ∠SL

12 being a free design parameter that we
arbitrarily set to zero. According to Eq. (1), these con-
straints imply the following conditions on the fields at the
two sides of the Lth metasurface:

E+
z = 1, E−

z = 1, (10a)

H+
φ = − 1

η0
, H−

φ = − 1
η0

. (10b)

E. Susceptibility parameters of the Lth metasurface

Separately inserting Eqs. (8) (the external-illumination
condition) and (10) (the internal-illumination condition)
into Eq. (1) and solving the resulting system of four
equations for the susceptibility parameters yields

χ zz,L
ee = χ zφ,L

em = − j
k0

(
1 − SL

11

)
(11a)

and

χφz,L
me = χφφ,L

mm = − j
k0

(
1 + SL

11

)
, (11b)

where we recall that S11 = ej ∠S11 , with ∠S11 determined
by the cloaking optimization (Sec. V C).

The relations in Eq. (11) fully determine the Lth meta-
surface, without omitting any metasurface degrees of free-
dom, beyond the essential conditions given in Eq. (10),
for transmission optimization. However, this is not exces-
sively constraining because (i) the cloaking-optimized
globally transmissive nature of the metasurfaces 1 to L − 1
automatically provides an exit channel to the transmitted
wave and (ii) the radiation characteristics of this wave
may be independently controlled using the antenna design
principle, as is seen in Sec. VI.

VI. FULL-WAVE RESULTS

In this section, we consider a transmittable nonrecip-
rocal cloak (Fig. 3) with a uniform metasurface spacing
of d = λ/4 and a core radius of ρL = λ, where λ is the
wavelength of the waves to be manipulated. Applying the
design procedure outlined in Sec. V, using an interior-
point optimization tool, we find that N = 8 metasurfaces
are required to achieve σnorm < 10−3 under these con-
ditions. In the following, we present the corresponding
(full-wave) results, all of which are produced using the
tools established in Sec. V.

Figure 4 shows the bianisotropic susceptibility param-
eters given by Eq. (2), obtained by means of the
cloaking optimization in Sec. V C, for the metasur-
faces 1 to L − 1 and by Eq. (11) for the metasur-
face L, with the real and imaginary parts plotted in
Figs. 4(a) and 4(b), respectively. Note that Re{χ zφ,


em } =
Re{χφz,


me } = Im{χ zz,

ee } = Im{χφφ,


mm } = 0 and χ
zφ,

em = χ

φz,

me

for 
 = 1, 2, . . . , 7, according to the lossless-gainless and
reciprocity specifications, respectively, whereas these con-
ditions are violated in the 
 = 8th metasurface, according
to the nonreciprocity specification and the related lossy
condition [18]. The curves in Fig. 4 exhibit an overall trend
of parameters increasing in magnitude from the outer to the
inner layers of the system, as intuitively expected from the
fact that deeper layers require stronger wave deviation for
cloaking.

Figure 5 shows the scattering parameters corresponding
to the susceptibilities in Fig. 4 under normal incidence,
computed via conversion formulas provided in Ref. [16],
with the magnitude and phase components plotted in
Figs. 5(a) and 5(b), respectively.

Consistent with Fig. 5(a), the metasurfaces become pro-
gressively more reflective in the outer to inner direction
of the structure, with the last metasurface being totally
reflective and opaque from the exterior (i.e.,

∣∣SL
11

∣
∣ = 1
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FIG. 4. The susceptibilities of the metasurfaces (in meters) for
a transmittable nonreciprocal cloaking structure (Fig. 3) com-
posed of N = 8 metasurfaces with uniform spacing d = λ/4 and
with core radius ρL = λ: (a) real parts; (b) imaginary parts.

and
∣∣SL

21

∣∣ = 0) and perfectly matched and transmissive
from the interior (i.e.,

∣∣SL
22

∣∣ = 0 and
∣∣SL

12

∣∣ = 1). The
result ∠SL

11 ≈ 155◦ indicates that the innermost metasur-
face exhibits an external response that is fairly close but
not exactly equal to that of a perfect electric conductor
(∠S11 = 180◦).

All the forthcoming results, up to the end of the paper,
are obtained using the electromagnetic analysis presented
in Sec. V B, based on optimized susceptibility results of
the type in Fig. 4.

A. External illumination

Figure 6 presents the cloaking result under (external)
plane-wave illumination, with Figs. 6(a) to 6(d) plotting
the response of an impenetrable object without cloaking,
for comparison, the response of the same object sur-
rounded by the proposed cloak, the comparative responses
of the two previous structures in a circular section of space,

(a)

1 2 3 4 5 6 7 8
0.0

0.2

0.4

0.6

0.8

1.0

(b)

2 4 6 8

–150

–100

–50

0

50

100

150

FIG. 5. The scattering parameters corresponding to the sus-
ceptibilities in Fig. 4 under normal incidence: (a) magnitude; (b)
phase.

and the Poynting vector field corresponding to Fig. 6(b),
respectively. Quasiperfect cloaking is observed. Note that
the Poynting vector provides an insightful perspective on
the multiple-scattering deviation mechanism in the con-
centric metasurface cloak structure, which, as may have
been intuitively expected, is not so different from that
of the coordinate-transformation deviation. Although the
cloaking result is shown here for one angle, the device
is a circularly symmetric structure, as previously men-
tioned, and hence it exhibits exactly the same cloaking
performance for any angle of incidence (omnidirectional
cloaking).

Figure 7 presents the cloaking result under (external)
point- or line-source illumination. Here, again, a quasiper-
fect cloaking result is observed. This insensitivity of the
structure to the nature of the source in cloaking may
a priori seem surprising given that the cloak design is
based on optimization under plane-wave incidence and
not on a fundamental angle-independent scheme such
as the coordinate-transformation one. The reason is that,

014051-6



TRANSMITTABLE NONRECIPROCAL CLOAKING PHYS. REV. APPLIED 19, 014051 (2023)

φ

(a) (b)

(c)

x/λ

y
/λ

Poynting vector
(d)

FIG. 6. Cloaking under (external) plane-wave illumination for the design in Figs. 4 and 5. (a),(b) The real part of the total electric
field (in V/m) for (a) an impenetrable object without cloaking and (b) the same object surrounded by the proposed cloak. (c) The
magnitude of the scattered field (in V/m) in (a) and (b) in the circular section ρ = 4λ. (d) The Poynting vector corresponding to (b).

although the plane wave impinges normally (φ = 0◦) onto
the equator of the cloak, it impinges on the latitudes
from the equator to the poles with a continuum of all
possible incidence angles (φ = 0◦ → 90◦). Therefore, the
optimization process automatically accounts for all the
directions included in the angular spectrum of the point
source (or any other source) and hence the cloak is working
for any source topology.

B. Internal illumination

As pointed out in Sec. II and illustrated in Fig. 1(a), in
a properly designed reciprocal cloak, light launched from
the core of the device should essentially be reflected back
by the cloak shell. Figure 8, which displays the response of
the system under internal illumination with nonreciprocity

turned off, shows that the selected concentric metasurface
cloaking technique indeed exhibits this characteristic in
the absence of nonreciprocity. The light confinement in
the core is not perfectly clear, with the negligible leakage
beyond the cloak shell (approximately 50 dB below the
average core field) due to the imperfections in the design
(σnorm ≈ 10−3 �= 0).

Finally, Fig. 9 demonstrates the unique outward trans-
mission capability of the proposed nonreciprocal cloak,
with Figs. 9(a) and 9(b) showing omnidirectional trans-
mission from a centered isolated source and directional
transmission (with a directivity of 7.67 dB) from an off-
set mirror-backed source, respectively. As anticipated in
Sec. II, the globally transmissive cloaking-optimized struc-
ture beyond the innermost (nonreciprocal) metasurface
provides a proper exit channel to the wave originating from
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FIG. 7. Cloaking under (external) point- or line-source illumi-
nation for the design in Figs. 4 and 5 (the real part of the total
electric field in V/m), with the source placed at the point ρ = 4λ

and φ = π (see Fig. 3).

the core of the cloak. In fact, more sophisticated designs,
still independent of the cloaking design or codesigned
with it, could be achieved, such as higher-directivity radi-
ation and advanced beam forming, using an array of a
few antenna elements following standard antenna-design
techniques [30].

C. Simultaneous external and internal illumination

The proposed transmittable nonreciprocal cloak may
operate either in “simplex mode,” whereby either only the

FIG. 8. The response of the structure with the design in Figs. 4
and 5 (the magnitude of the total electric field in dBV/m) under
internal illumination (with a point source at the center) with
nonreciprocity turned off.

(a)

(b)

FIG. 9. Transmission under internal illumination for the
design in Figs. 4 and 5 (the magnitude of the total electric field in
dBV/m) with nonreciprocity turned on. (a) An omnidirectional
(point) source placed at the center of the structure. (b) Direc-
tive radiation toward α = 45o, with the point source placed at
(ρ ′, φ′) = (3λ/4, 5π/4) and backed by a half-circular reflector.

cloaking operation [�Eext
i �= 0 but �Eint

i = 0 (silent transmit-
ter)] or the transmitting function [�Eint

i �= 0 but �Eext
i = 0

(nonilluminated cloak)] is active at a given time, as illus-
trated in Figs. 6(b) and 7 for the former case and Fig. 9 for
the latter case. However, it is especially designed to oper-
ate in “full-duplex mode” [�Eext

i �= 0 and �Eint
i �= 0], where

the two operations are performed simultaneously. This sce-
nario is illustrated in Fig. 10. This figure, which naturally
corresponds to a superposition of the separate illumi-
nation results given the linearity of the overall system,
provides a visual sense of the duplex operation of the sys-
tem, whereby transmission is effectively produced in the
intended direction while cloaking is realized everywhere
else. Note that information carried by the transmitted
wave could be easily received, despite the presence of the
external source, using proper communication-modulation
techniques [31].
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(a)

(b)

FIG. 10. The response of the transmittable nonreciprocal cloak
under simultaneous external and internal illumination (the real
part of the total electric field in V/m) for an internal point or line
source located at (3λ/4, 5π/4) and (a) an external plane-wave
source with wave amplitude unity along with an internal source
of 0.002 A and (b) an external point- or line-source strength of 1
A at (4λ, π), along with an internal point- or line-source strength
of −0.25 A.

D. Bandwidth considerations

Figure 11 plots the frequency response of the nonrecip-
rocal transmittable cloak in both the cloaking and transmis-
sion regimes. The bandwidth of the system involves two
aspects: (i) the bandwidth of the (Lorentz-type) resonant
particles forming the metasurfaces and (ii) the bandwidth
of the overall circular Fabry-Perot resonator structure,
assuming unlimited-bandwidth metasurface particles. The
bandwidth of the latter is bounded by the Fabry-Perot
etalon layer having the most reflective interfaces, since
the bandwidth of a Fabry-Perot etalon is inversely propor-
tional to the product of its interface reflectances [BW =
2/F , with finesse F = π

√|r1r2|/(1 − |r1r2|)] [32]. This

0.97 0.98 0.99 1.00 1.01 1.02 1.03
10–3

10–2

10–1

100

3

4

5

6

7

8

(d
B

)

FIG. 11. The frequency response of the nonreciprocal trans-
mittable cloak in terms of the (normalized) scattering width
[Eq. (5)] for external illumination (cloaking), with the parameters
in Fig. 6(b), and directivity for internal illumination (transmis-
sion), with the parameters in Fig. 9(b).

typically corresponds to the innermost layer of the cloak-
ing structure, as illustrated in Fig. 5(a); in this design,
the reflectance product is 0.99, which yields a bandwidth
of about 0.6%, consistent with the bandwidth of both the
cloaking and transmission curves in Fig. 11. On the other
hand, the bandwidth of resonant particles, which essen-
tially depends on their specific geometries, is typically in
the order of 5% [16]; this is one order of magnitude larger
than the aforementioned Fabry-Perot resonance and there-
fore the metaparticle bandwidth limitation does not impact
the bandwidth of the overall system.

VII. POTENTIAL APPLICATIONS

In this section, we describe some of the potential appli-
cations of the proposed transmittable nonreciprocal cloak-
ing (Fig. 2).

A. Selective cloaking

As with any cloaking system, the proposed device may
be used for camouflaging from radar, since the interrogat-
ing wave is deviated by the cloak around the object placed
in its core without any reflection, as well as without scat-
tering, which could be detected by a foe in a different
location. However, this device offers the extra function-
ality of camouflaging selectivity, whereby the host of the
cloak can communicate with friends while being unde-
tectable by foes. This may be accomplished in two ways.
If the position of the friend is known, one may use the
directional option in Fig. 9(b) and possibly even rotate the
antenna system (mechanically or electronically) to follow
this friend or to reach other friends in different directions.
If the position of the friend(s) is unknown, one may use
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the omnidirectional mode in Fig. 9(a) along with a spread-
spectrum encryption key, so that the transmitted signal is
spread out to a level below the noise floor of the foe but
can be restored by the friend(s) upon multiplication with
the encryption key in their possession [33].

B. Blockage avoidance

The feed of a parabolic antenna should ideally be dimen-
sionless to avoid perturbing, by blockage and diffraction,
the waves reflected by the parabolic dish. Unfortunately,
the feed must have a size that is comparable to the wave-
length for efficient radiation—and even substantially larger
than the wavelength when over-spilling constraints require
high feed directivity. The proposed device can resolve this
issue in the antenna transmission mode. Indeed, placing
the feed in the core of the nonreciprocal (omnidirectional)
cloak allows the signal to radiate across the cloak so as to
illuminate the dish, while the waves subsequently reflected
by the dish are deviated around the feed via cloaking. This
scheme would not readily work in the antenna receiving
mode, where the received signal would be appropriately
deviated by cloaking around the feed but could not then
penetrate inside the cloak to reach the feed (two equiva-
lent external sources); in that case, a simple solution would
be to use a half (reciprocal) cloak, with the cloak side, of
course, oriented toward the incidence side and the dish side
left empty.

C. Electromagnetic illusion

Electromagnetic (or optical) illusion has been mostly
realized by the transformation-coordinate technique so far
[34]. Given its greater fabrication simplicity and bian-
isotropic flexibility (36 accessible parameters [16]), the
proposed metasurface-based cloaking approach has the
potential for more diverse illusion operations. Moreover,
the proposed nonreciprocity functionality could further
enrich the illusion efficacy by having the entity in the core
of the cloak launching strong deceptive signals, possibly
with elaborate space-time spectral transformations [35].

D. Cooling window

Significant efforts have been made in recent years
to realize smart windows that optimize thermal radia-
tion in order to save energy [36]. An ideal window of
that type would—e.g., in the summer, to save cooling
energy—transmit indoor heat outward while reflecting
outdoor (solar and environmental) heat, a clearly nonre-
ciprocal operation that would benefit from nonreciprocal
metasurfaces [17,21] operating at the appropriate infrared
and far-infrared wavelengths. In this area, the additional
cloaking feature of the proposed device, which might
be implemented in windows of various (curved) shapes,
might offer further thermal control flexibility in the near
future.

VIII. CONCLUSION

We introduce the concept of transmittable nonrecipro-
cal cloaking and demonstrate it by means of a concentric
metasurface structure. This metasurface represents a fun-
damental diversification of the already powerful concept
of cloaking and has potential applications, some of which
have been described in Sec. VII.

APPENDIX A: METASURFACE MODELING

Assuming, for simplicity, a metasurface involving only
tangential electric and magnetic surface-polarization den-
sities, the GSTCs read as follows [37] [see Fig. 2(b)]:

ρ̂ × ��E = −j k0η0 �Ms,‖, (A1a)

ρ̂ × � �H = j ω�Ps,‖, (A1b)

where ρ̂ is the unit vector normal to the surface of the
metasurface, � refers to the difference of the fields (elec-
tric �E and magnetic �H ) on both sides of the metasurface
at ρ = ρ−


 and ρ = ρ+

 (e.g., ��E = �E+ − �E−), k0 and

η0 are the free-space wave number and wave impedance,
respectively, ω is the angular frequency, and �Ms,‖ (A) and
�Ps,‖(C/m) are the tangential surface-magnetic and elec-
tric polarization densities, respectively, with the symbol ‖
denoting vector components tangential to the metasurface.

In this model, �Ms,‖ and �Ps,‖ are expressed in terms of
the susceptibility tensors ¯̄χee‖, ¯̄χem‖, ¯̄χme‖, and ¯̄χmm‖, and
in terms of the average electric and magnetic fields at
the metasurface sheet [i.e., �Eav = (�E+ + �E−)/2 and �Hav =
( �H+ + �H−)/2], i.e.,

�Ms,‖ = 1
η0

χme‖ · �E‖, av + χmm‖ · �H‖, av, (A2a)

�Ps,‖ = ε0χ ee‖ · �E‖, av + 1
c
χ em‖ · �H‖, av, (A2b)

where ε0 and c are the free-space permittivity and the speed
of light, respectively. In the problem at hand (see Fig. 2),
where the fields are s polarized, the only contributing
susceptibilities in Eq. (A2) are

¯̄χee‖ = χ zz
ee ẑẑ, (A3a)

¯̄χem‖ = χ zφ
em ẑφ̂, (A3b)

¯̄χme‖ = χφz
me φ̂ẑ, (A3c)

¯̄χmm‖ = χφφ
mm φ̂φ̂. (A3d)

The GSTCs in Eq. (1) are then obtained by substitut-
ing Eq. (A3) into Eq.(A2), and then inserting the resulting
equations into Eq. (A1).
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APPENDIX B: SCATTERING ANALYSIS

First, we expand the tangential fields in each layer 
, E

z

and H 

φ , over the natural modes of the system, which are

Bessel functions in the radial direction, ρ, multiplied by the
complex exponential function in the azimuthal direction,
φ, namely,

E

z =

n=N∑

n=−N

j −n [
b


nJn(k
ρ) + a

nH (2)

n (k
ρ)
]

ejnφ

=
n=N∑

n=−N

Ẽ

n(ρ) ejnφ (B1a)

and

H 

φ = 1

jk
η


∂E

z

∂ρ
=

n=N∑

n=−N

H̃ 

n (ρ) ejnφ , (B1b)

where we write the expansions in the convenient form of
Fourier series, the spectral coefficients of which, Ẽ


n and
H̃ 


n , depend on ρ and explicitly read

Ẽ

n(ρ) = j −n [

b

nJn(k
ρ) + a


nH (2)
n (k
ρ)

]
(B2a)

and

H̃ 

n (ρ) = j −(n+1)

η


[
b


nJ ′
n(k
ρ) + a


nH (2)′
n (k
ρ)

]
. (B2b)

Then, we express the susceptibility parameters of each
metasurface in terms of Fourier series, for later matching
with the fields, i.e.,

χ

pq(φ) =

n=2N∑

n=−2N

χ̃ 

ab,n ejnφ , (B3a)

with the spectral coefficients

χ̃ 

pq,n = 1

2π

∫ 2π

0
χ


ab(φ) e−jnφdφ, (B3b)

where p , q = e, m, corresponding to the four nonzero sus-
ceptibilities χ zz,


ee , χ
zφ,

em , χ

φz,

me , and χ

φφ,

mm , and where we

drop the superscripts zz, zφ, φz, and φφ for conciseness.
Finally, we apply the mode-matching technique at each

metasurface boundary, ρ = ρ
, in Fig. 3, by inserting
Eqs. (B1) and (B3) into Eq. (1). This yields

�Ẽ

n = jk0

(
χ̃ 


me,n ∗ Ẽ

av,n + η0χ̃



mm,n ∗ H̃ 


av,n

)
(B4a)

and

�H̃ 

n = j

k0

η0

(
χ̃ 


ee,n ∗ Ẽ

av,n + η0χ̃



em,n ∗ H̃ 


av,n

)
, (B4b)

where � and the subscript “av” refer to the differ-
ence and average of the spectral coefficients, respectively

(e.g., �Ẽ

n = Ẽ


n(ρ
) − Ẽ
+1
n (ρ
), and Ẽ


av,n = [Ẽ

n(ρ
) +

Ẽ
+1
n (ρ
)]/2) and the asterisk (“∗”) denotes a discrete con-

volution product with respect to n. Equation (B4) forms a
set of 2L(2N + 1) equations with 2L(2N + 1) unknown,
the expansion coefficients a


n and b

n in Eq. (B1). Note

that since the number of regions is L + 1, the number of
expansion modes is (2N + 1), and there are two coeffi-
cients per region, the number of expansion coefficients
is 2(L + 1)(2N + 1), which is greater than the size of
the matrix system, 2L(2N + 1). However, b1

n and aL+1
n

are known quantities: For external (plane-wave) illumina-
tion, b1

n �= 0 and aL+1
n = 0, while for internal (point-source)

illumination, b1
n = 0 and aL+1

n �= 0. Thus, the number of
unknown coefficients is really 2L(2N + 1), corresponding
to the size of the matrix system.

1. External illumination

In this case,

b1
n = 1 (B5a)

and

aL+1
n = 0, (B5b)

where b1
n �= 0 (∀n) corresponds to the expansion of the

(assumed) incident plane wave in cylindrical wave func-
tions [28] and aL+1

n = 0 (∀n) corresponds to the absence of
internal illumination.

Inserting Eq. (B2) into Eq. (B4) leads to the following
matrix equation,

⎛

⎜⎜⎜⎜⎜⎜⎜⎜
⎜⎜
⎜⎜
⎝

Pρ1
a1 Pρ1

a2 Pρ1
b2 0 0 · · · 0 0 0

Qρ1
a1 Qρ1

a2 Qρ1
b2 0 0 · · · 0 0 0

0 Pρ2
a2 Pρ2

b2 Pρ2
a3 Pρ2

b3 · · · 0 0 0

0 Qρ2
a2 Qρ2

b2 Qρ2
a3 Qρ2

b3 · · · 0 0 0
...

...
...

...
...

. . .
...

...
...

0 0 0 0 0 · · · PρL
aL PρL

bL PρL
bL+1

0 0 0 0 0 · · · QρL
aL QρL

bL QρL
bL+1

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

×

⎛

⎜
⎜⎜⎜⎜⎜
⎜⎜⎜
⎜⎜⎜⎜⎜
⎜⎜
⎝

a1

a2

b2

a3

b3

...
aL

bL

bL+1

⎞

⎟⎟⎟
⎟⎟⎟
⎟⎟⎟⎟⎟
⎟⎟⎟
⎟⎟
⎠

=

⎛

⎜⎜⎜⎜
⎜⎜⎜
⎜⎜⎜⎜
⎝

−Pρ1
b1 1

−Qρ1
b1 1

O

O

...
O

O

⎞

⎟⎟⎟⎟⎟
⎟⎟⎟
⎟⎟⎟
⎠

, (B6)
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which involves the (2N + 1) × 1 vectors:

a
 =

⎛

⎜
⎝

a

−N
...

a

N

⎞

⎟
⎠ , (B7a)

b
 =

⎛

⎜
⎝

b

−N
...

b

N

⎞

⎟
⎠ , (B7b)

containing the unknown expansion coefficients a

n and b


n,
and the (2N + 1) × (2N + 1) coefficient matrices

Pρ


a
 =
(

1 − j
k0

2
χ̃ 


me

)
Hρ


k

− k0η0

2η


χ̃ 

mmH′ρ


k

, (B8a)

Pρ


b
 =
(

1 − j
k0

2
χ̃ 


me

)
Jρ


k

− k0η0

2η


χ̃ 

mmJ′ρ


k

, (B8b)

Pρ


a
+1 =
(

−1 − j
k0

2
χ̃ 


me

)
Hρ


k
+1
− k0η0

2η
+1
χ̃ 


mmH′ρ

k
+1

,

(B8c)

Pρ


b
+1 =
(

−1 − j
k0

2
χ̃ 


me

)
Jρ


k
+1
− k0η0

2η
+1
χ̃ 


mmJ′ρ

k
+1

,

(B8d)

Qρ


a
 = η0

η


(
1 − j

k0

2
χ̃ 


em

)
H′ρ


k

+ k0

2
χ̃ 


eeHρ

k


, (B8e)

Qρ


b
 = η0

η


(
1 − j

k0

2
χ̃ 


em

)
J′ρ


k

+ k0

2
χ̃ 


eeJρ

k


, (B8f)

Qρ


a
+1 = − η0

η
+1

(
1 + j

k0

2
χ̃ 


em

)
H′ρ


k
+1
+ k0

2
χ̃ 


eeHρ

k
+1

,

(B8g)

and

Qρ


b
+1 = − η0

η
+1

(
1 + j

k0

2
χ̃ 


em

)
J′ρ


k
+1
+ k0

2
χ̃ 


eeJρ

k
+1

,

(B8h)

which involve the (2N + 1) × (2N + 1) Toeplitz suscep-
tibility matrix

χ̃ 

pq =

⎛

⎜⎜
⎜⎜
⎝

χ̃ 

pq,0 χ̃ 


pq,−1 · · · χ̃ 

pq,−2N

χ̃ 

pq,1 χ̃ 


pq,0 · · · χ̃ 

pq,−2N+1

...
...

. . .
...

χ̃ 

pq,2N χ̃ 


pq,2N−1 · · · χ̃ 

pq,0

⎞

⎟⎟
⎟⎟
⎠

, (B9a)

where p , q = e, m, the (2N + 1) × (2N + 1) diagonal
Hankel and Bessel functions and their derivative matrices

Hρ

k


= diag
(
H (2)

n (k
ρ
)
)

, (B9b)

H′ρ

k


= diag
(
H (2)′

n (k
ρ
)
)

, (B9c)

Jρ

k


= diag (Jn(k
ρ
)) , (B9d)

J′ρ

k


= diag
(
J ′

n(k
ρ
)
)

, (B9e)

the (2N + 1) × 1 identity and zero vectors 1 and O,
respectively, and the (2N + 1) × (2N + 1) zero matrix 0.
It may easily be verified that the coefficient matrix in
Eq. (B6) has the dimension 2L(2N + 1) × 2L(2N + 1).
Note that the coefficient matrix is a diagonal-band matrix
because only a
, b
, a
+1 and b
+1 contribute in the GSTCs
in Eq. (B4) for each metasurface 
.

2. Internal illumination

In this case,

b1
n = 0 (B10a)

and

aL+1
n = −j n kL+1ηL+1

4
Jn

(
kL+1ρ

′) e−jnφ′
, (B10b)

where b1
n = 0 (∀n) corresponds to the absence of external

illumination and aL+1
n �= 0 (∀n) corresponds to the circular-

cylindrical wave expansion of the radiated fields of an off-
center line source placed at the polar coordinates (ρ ′, φ′)
(see Ref. [38]).

Equation (B4) leads to the same matrix system as for
the case of external illumination, namely Eq. (B6), but
with the input vector on the right-hand side of the equation
replaced by

⎛

⎜⎜⎜⎜⎜
⎜⎜
⎜⎜⎜⎜
⎝

O

O

O

O

...
−PρL

aL+1 κ

−QρL
aL+1 κ

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎟
⎠

, (B11)

where κ = aL+1.
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