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The existence of multimodes is a unique characteristic of various elastic wave systems, including elastic
metasurfaces. Nevertheless, most of the previous research on elastic metasurfaces has focused on a single
mode only, so the related physics is largely unknown and noise is generated by the undesired incident
wave mode. Here, we present a mode-selective elastic metasurface that can tailor the target wave mode
while filtering out the undesired wave mode. To this end, analytical investigation is carried out for an
elastic metasurface with multimode incidence such that the metasurface can operate for both longitudi-
nal and shear wave modes. After that, the mode-selective elastic metasurface is designed and validated
numerically and experimentally. With our research, it is now possible to explicitly design an elastic meta-
surface for the multimode incidence case. Furthermore, since the noise caused by the undesired wave
mode is barely generated with the proposed mode-selective metasurface, various elastic wave devices and
physical findings are expected from the current research.
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I. INTRODUCTION

Metasurfaces [1–4] are artificial subwavelength lay-
ers designed with the purpose of tailoring a wavefront.
Recently, metasurfaces have attracted much attention in
various areas of wave physics owing to their capability of
realizing convenient and extraordinary wave phenomena at
boundaries or interfaces, such as anomalous reflection and
refraction [5–10], impedance matching [11–14], hologra-
phy [15–18], or cloaking [19–22] within very compact
devices. In particular, elastic metasurfaces have been inde-
pendently studied in the fields of acoustic or electromag-
netic metasurfaces owing to their unique tensorial physics.
Naming a few, Lee et al. [23] and Lee [24] successfully
realized wave tailoring of longitudinal waves with full
transmission by subwavelength arrays or single resonator
structures. Su et al. [25] and Zhang et al. [26] tailored shear
waves using simple flexural slits. Cao et al. designed a pil-
lared elastic metasurface [27] to deflect flexural waves and
enhanced its performance using constructive interference
[28].

However, although what makes elastic metasurfaces dif-
ferent from acoustic or electromagnetic metasurfaces is
the characteristic of multimodes, previous works have usu-
ally focused on the single incident wave mode case only.

*joohwan.oh@unist.ac.kr

For instance, Kim et al. [29] and Lee et al. [30] real-
ized perfect mode conversion from longitudinal wave to
shear wave using the generalized Snell’s law concept and
mode coupling between the two waves. Cao et al. [31]
successfully realized perfect mode conversion between
longitudinal wave and flexural wave, which was called
a trapped mode with perfect mode conversion. However,
single wave mode incidence has been considered in these
studies so that if another wave mode is incident, the meta-
surface does not work and the wave is randomly scattered.
Recently, Rong and Ye [32] used topology optimization to
achieve an elastic metasurface for both longitudinal and
shear incident wave cases. Unfortunately, owing to the
limitation of the topology optimization, the background
physics and detailed design guidelines are insufficiently
provided, which demands to achieve elastic metasurfaces
considering the multimode incidence case with clear oper-
ating physics. In particular, if an elastic metasurface that
can tailor the desired wave mode and filter out the unde-
sired wave mode becomes possible, the aforementioned
scattering issue can be solved.

Here, in this work, a mode-selective metasurface that
can tailor the desired wave mode but filter out the
undesired wave mode is proposed. To this end, we
develop a theory of elastic metasurfaces operating for both
longitudinal and shear wave incidence cases so that any
metasurface can be explicitly designed for multimode
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incident cases. Our theory and metasurface are based on
a single-unit elastic metasurface [24], i.e., we suggest a
single-unit metasurface that can tailor both longitudinal
and shear waves with the desired transmission and phase
shift and we provide a theoretical explanation. While the
previous research [24] has considered longitudinal wave
incidence only, we find that a single-unit metasurface is
also possible for the shear wave incidence case by utiliz-
ing rotational and vertical resonances. Accordingly, any
desired phase shifts are achievable with a single unit for
not only longitudinal but also shear wave incidence cases.
With the findings, we establish a theory and design guide-
lines for a single-unit metasurface for both longitudinal
and shear waves.

Based on the theory, we design mode-selective metasur-
faces using the single-unit elastic metasurface for multi-
mode incidence cases. To design the mode-selective meta-
surface, each unit is designed to provide the desired phase
shift and 100% transmission for the desired wave mode,
but 0% transmission for the undesired wave mode. With
numerical and experimental support, the performance of
the mode-selective metasurface is validated. The valida-
tions clearly support that our approach to the multimode
elastic metasurface can be effectively applied to various
cases where multiple wave modes are involved.

This paper is organized as follows. First, we analyze
the theoretical condition of full transmission with desired
phase shift for both longitudinal and shear waves. To real-
ize the demanded effective parameters, we design a single
mass-spring resonator, which is capable of tuning both lon-
gitudinal and shear effective parameters, and demonstrate
the mechanism. Finally, we design two types of mode-
selective metasurface that steer the desired mode under
full transmission, fully reflecting the other mode. The two
designed metasurfaces are validated by numerical wave
field simulations and experiments.

II. THEORETICAL BACKGROUND

A. Effective parameter conditions for various phase
shifts under full transmission

To achieve an elastic metasurface under the multimode
incidence condition, the metasurfaces’ unit cell should be
designed to achieve the desired phase shift and transmis-
sion for both longitudinal and shear wave modes simulta-
neously. In this section, we explain how these conditions
can be satisfied for both wave modes with a mass-spring
system. Figure 1 shows a schematic diagram of a single
mass-spring system for both longitudinal and shear waves,
where u, v, fx, and fy refer to the horizontal and vertical dis-
placements and forces, respectively, while the subscripts o
and d indicate that the variable is defined at the left or right
side of the mass-spring system. Additionally, αeff and βeff
refer to the longitudinal and shear effective stiffness, while
mL and mS refer to the longitudinal and shear effective

FIG. 1. The schematic figure of a single mass-spring system
for multimode incident case.

mass. The x- and y-directional equations of the mass-spring
unit can be derived as

mLü = αeff(uo − 2u + ud), (1a)

mSv̈ = βeff(vo − 2v + vd), (1b)

fox = αeff(u − uo), (2a)

fdx = αeff(ud − u), (2b)

foy = βeff(v − vo), (3a)

fdy = βeff(vd − v). (3b)

Assuming a simple harmonic motion with an angular
frequency ω, Eqs. (1)–(3) can be rearranged into linear
equations as

u = αeff

2αeff − ω2mL
(uo + ud), (4a)

v = βeff

2βeff − ω2mS
(vo + vd), (4b)

ud = αeff − ω2mL

αeff
uo + 2αeff − ω2mL

αeff
2 fox, (5a)

vd = βeff − ω2mS

βeff
vo + 2βeff − ω2mS

βeff
2 foy , (5b)

fdx = −ω2mLuo + αeff − ω2mL

αeff
fox, (6a)

fdy = −ω2mSuo + βeff − ω2mS

βeff
foy . (6b)
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Therefore, the boundary conditions at the left and right
sides can be described in a matrix form, which is well-
known as the transfer matrix [23,24], as

(
ud
fdx

)
= TL

(
uo
fox

)
,TL =

⎛
⎝ αeff−ω2mL

αeff

2αeff−ω2mL
αeff

2

−ω2mL
αeff−ω2mL

αeff

⎞
⎠

=
(

TL11 TL12
TL21 TL22

)
, (7)

(
vd
fdy

)
= TS

(
vo
foy

)
,TS =

⎛
⎝βeff−ω2mS

βeff

2βeff−ω2mS
βeff

2

−ω2mS
βeff−ω2mS

βeff

⎞
⎠

=
(

TS11 TS12
TS21 TS22

)
. (8)

Now, let us focus on the wave mediums at the left and right
sides. The displacements at each side can be written as:

(a) At the left medium

ui = LI e−i(kLx−ωt) + LRe−i(−kLx−ωt), (9)

vi = SI e−i(kSx−ωt) + SRe−i(−kSx−ωt) (10)

(b) At the right medium

ut = LTe−i[kL(x−d)−ωt], (11)

vt = STe−i[kS(x−d)−ωt] (12)

where L and S are the longitudinal and shear amplitudes
shown in Fig. 1. The subscripts l and r refers to the left
and right field deformation. The subscripts I, R, and T
refer to the incident, reflected, and transmitted amplitudes,
respectively, and kL and kS indicate the wave number for
longitudinal and shear waves, respectively. From the dis-
placement fields in Eqs. (9)–(12), the longitudinal and
shear traction forces can be calculated by using the longitu-
dinal and shear impedances of the wave medium. Setting
the longitudinal and shear impedances as ZL and ZS, the
displacements and the traction forces can be derived as
follows:

(a) At the left medium
(

ui
fix

)
=

(
e−ikLx eikLx

−iωZLe−ikLx iωZLeikLx

) (
LI
LT

)
eiωt, (13a)

(
vi
fiy

)
=

(
e−ikSx eikSx

−iωZSe−ikSx iωZSeikSx

) (
SI
ST

)
eiωt (13b)

(b) At the right medium

(
ut
ftx

)
=

(
e−ikL(x−d) eikL(x−d)

−iωZLe−ikL(x−d) iωZLeikL(x−d)

) (
LT
0

)
eiωt,

(14a)

(
vt
fty

)
=

(
e−ikS(x−d) eikS(x−d)

−iωZSe−ikS(x−d) iωZSeikS(x−d)

)(
ST
0

)
eiωt

(14b)

By substituting x = 0 and x = d, Eqs. (13) and (14) can be
rearranged as

(
uo
fox

)
= ML

(
LI
LR

)
eiωt, (15a)

(
ud
fdx

)
= ML

(
LT
0

)
eiωt, (15b)

(
vo
foy

)
= MS

(
SI
SR

)
eiωt, (16a)

(
vd
fdy

)
= MS

(
ST
0

)
eiωt, (16b)

where

ML =
(

1 1
−iωZL iωZL

)
and MS =

(
1 1

−iωZS iωZS

)
.

(17)

By inputting Eqs. (15) and (16) into Eqs. (7) and (8), one
can obtain the matrix relation between amplitudes as

(
LT
0

)
= ML

−1TLML

(
LI
LR

)
= L

(
LI
LR

)
, (18a)

(
ST
0

)
= MS

−1TSMS

(
SI
SR

)
= S

(
SI
SR

)
, (18b)

where

L11 = iωZL(TL11 + TL22) − TL21 + ω2ZL
2TL12

2iωZL
, (19a)

L12 = iωZL(TL11 − TL22) − TL21 − ω2ZL
2TL12

2iωZL
, (19b)

014024-3



LEE, KIM, SEUNG, and OH PHYS. REV. APPLIED 19, 014024 (2023)

L21 = iωZL(TL11 − TL22) + TL21 + ω2ZL
2TL12

2iωZL
, (19c)

L22 = iωZL(TL11 + TL22) + TL21 − ω2ZL
2TL12

2iωZL
, (19d)

and

S11 = iωZS(TS11 + TS22) − TS21 + ω2ZS
2TS12

2iωZS
, (20a)

S12 = iωZS(TS11 − TS22) − TS21 − ω2ZS
2TS12

2iωZS
, (20b)

S21 = iωZS(TS11 − TS22) + TS21 + ω2ZS
2TS12

2iωZS
, (20c)

S22 = iωZS(TS11 + TS22) + TS21 − ω2ZS
2TS12

2iωZS
. (20d)

Note that the determinants of L and S are 1. From the
inverse matrices of L and S, Eqs. (18a) and (18b) can be
rearranged as

(
LI
LR

)
=

(
L22 −L12

−L21 L11

) (
LT
0

)
, (21a)

(
SI
SR

)
=

(
S22 −S12

−S21 S11

) (
ST
0

)
. (21b)

With the equations in Eq. (21), transmission and phase
shifts for each mode are studied. First, let us focus on the
transmission coefficient of the longitudinal wave. From Eq.
(21a), the transmission coefficient TL is derived as

TL = LT/LI = 1
L22

= 2iωZL

iωZL(TL11 + TL22) + TL21 − ω2ZL
2TL12

. (22)

Considering TL11 = TL22, Eq. (22) can be simplified as

TL = 1

TL11 + i
2

(
−TL21

ωZL
+ ωZLTL12

) . (23)

To simplify Eq. (23), the square of TL is considered to get
rid of any imaginary value as

|TL|2 = 1
TL11

2 + (1/4)(−(TL21/ωZL) + ωZLTL12)
2 . (24)

Considering the determinant of the transfer matrix is 1, i.e.,
TL11

2 = TL12TL21 + 1, Eq. (24) can be rearranged as

|TL|2 = 1
1 + (1/4)((TL21/ωZL) + ωZLTL12)

2 . (25)

In the metasurface tailoring refracted longitudinal waves,
each unit should satisfy the full transmission condi-
tion, TL = 1. Therefore, to realize the full transmission,
(TL21/ωZL) + ωZLT12 should be zero. With Eq. (7), the full
transmission condition can be estimated as

TL21

ωZL
+ ωZLTL12 = −ωmL

ZL
+ ωZL

(
2αeff − ω2mL

αeff
2

)
= 0.

(26)

Therefore, the full transmission can be achieved if and only
if

mL = 2ZL
2αeff

αeff
2 + ω2ZL

2 . (27)

With the full transmission condition, the phase shift can
be calculated. Substituting the full transmission condition
(TL21/ωZL) + ωZLT12 = 0, Eq. (23) is simplified as

TL = 1
TL11 + (i/2)(−(TL21/ωZL) + ωZLTL12)

= TL11 − (i/2)(−(TL21/ωZL) + ωZLTL12)

1 + (1/4)((TL21/ωZL) + ωZLTL12)
2

= TL11 + i
TL21

ωZL
. (28)

In addition, Eq. (28) can be further simplified by substitut-
ing Eqs. (7) and (27) as

TL = αeff
2 − ω2ZL

2

αeff
2 + ω2ZL

2 − 2αeffZLω

αeff
2 + ω2ZL

2 i. (29)

Accordingly, the longitudinal transmitted phase shift can
be calculated as

φL = arg
(

αeff
2 − ω2ZL

2

αeff
2 + ω2ZL

2 − 2αeffZLω

αeff
2 + ω2ZL

2 i
)

. (30)

Now, let us focus on the transmission coefficient of the
shear wave. Note that from Eq. (7), the equations for the
shear wave are similar to the equation for the longitudinal
wave. Thus, following similar procedures, the following
equations can be derived for the full transmission condition
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as

mS = 2ZS
2βeff

βeff
2 + ω2ZS

2 , (31a)

φS = arg
(

βeff
2 − ω2ZS

2

βeff
2 + ω2ZS

2 − 2βeffZSω

βeff
2 + ω2ZS

2 i
)

. (31b)

In conclusion, the effective mass and spring coefficients
required to achieve both the full transmission and the
desired phase shifts φL and φS are summarized as

αeff = −cot
(

φL

2

)
ωZL, (32a)

mL = −sin(φL)ZL

ω
, (32b)

βeff = −cot
(

φS

2

)
ωZS, (33a)

mS = −sin(φS)ZS

ω
. (33b)

In metasurfaces, various units should be designed to cover
various phase shifts from 0 to 2π , i.e., φL and φS should
be varied from 0 to 2π . This indicates that the effective
parameters should be adjusted from negative to positive
values. As a result, we conclude that to achieve an elas-
tic metasurface in the multimode case, a metasurface unit
whose effective mass and stiffness (for both longitudinal
and shear waves) can be adjusted from negative to positive
values is essential.

B. Metasurface unit demonstration

As explained previously, what we need to achieve for an
elastic metasurface for multimode incidence is a metasur-
face unit whose effective mass and stiffness for both wave
modes can be adjusted from negative to positive values.
To achieve such a metasurface unit, we adopt the previ-
ously studied resonator system [24,30]. However, whereas
the previous studies tuned the metasurface for the longi-
tudinal mode only, here we expand its application to the
shear mode. Figure 2(a) shows the schematics of the res-
onator system composed of the vertical resonators with m2
and the inner resonator with m1. Note that, unlike the lon-
gitudinal mode, which is governed by longitudinal motions
as in Fig. 2(b), the shear mode involves both the verti-
cal motions and various rotational motions, including the
rotational motion of each mass, pairs of masses, or the
whole structure. Among these various resonance modes,
we choose the resonance motion shown in Fig. 2(c), which
is shown to be suitable for shear wave manipulation.

Here, to consider both longitudinal and shear waves,
all springs are expressed with 2 × 2 matrix spring coef-
ficients. Since we are considering both longitudinal and

(a)

(b) (c)

FIG. 2. (a) The schematic figure of the resonator system that
can tune the longitudinal and shear effective parameters, and cor-
responding motions for (b) longitudinal and (c) shear resonances.

shear waves, both the horizontal and shear forces and dis-
placements should be considered. Thus, each spring has
longitudinal, shear, and coupled stiffness, which can be
expressed in the 2 × 2 matrix form. For instance, the inner
resonator horizontal beam can be explained as

(
Fx
Fy

)
=

(
α 0
0 β

)(
u
v

)
, (33)

since in the horizontal spring, the coupling between hor-
izontal and vertical displacements is almost negligible.
Similarly, the diagonal spring structures can be expressed
in 2 × 2 spring matrix that have a nonzero off-diagonal
term since the vertical and horizontal displacements and
forces are coupled as

(
Fx
Fy

)
=

(
a c
c b

) (
u
v

)
or

(
Fx
Fy

)
=

(
a −c

−c b

) (
u
v

)
.

(34)

014024-5



LEE, KIM, SEUNG, and OH PHYS. REV. APPLIED 19, 014024 (2023)

Assuming time-harmonic solutions, the equations of the
motion for each resonator can be expressed as

−ω2m1u1 = α(uo − 2u1 + ud), (35a)

−ω2m1v1 = β(vo − 2v1 + vd), (35b)

−ω2m2u2 = a(uo − 2u2 + ud) + c(vo − vd), (35c)

−ω2m2v2 = b(vo − 2v2 + vd) + c(uo − ud), (35d)

−ω2m2u3 = a(uo − 2u3 + ud) + c(−vo + vd), (35e)

−ω2m2v3 = b(vo − 2v3 + vd) + c(−uo + ud). (35f)

In addition, the forces at the left and right boundaries can
be calculated as

fox = α(−uo + u1) + a(−2uo + u2 + u3) + c(v2 − v3),
(36a)

fdx = α(−u1 + ud) + a(−u2 − u3 + 2ud) + c(v2 − v3),
(36b)

foy = β(−vo + v1) + b(−2vo + v2 + v3) + c(u2 − u3),
(36c)

fdy = β(−v1 + vd) + b(−v2 − v3 + 2vd) + c(u2 − u3).
(36d)

By rearranging Eqs. (35a)–(35f), one can simplify the
vertical and horizontal displacements of each mass as

u1 = α

2α − ω2m1
(uo + ud) = rα(uo + ud), (37a)

v1 = β

2β − ω2m1
(vo + vd) = rβ(vo + vd), (37b)

u2 + u3 = 2a
2a − ω2m2

(uo + ud) = ra(uo + ud), (37c)

u2 − u3 = 2c
2a − ω2m2

(vo − vd) = c
a

ra(vo − vd), (37d)

v2 + v3 = 2b
2b − ω2m2

(vo + vd) = rb(vo + vd), (37e)

v2 − v3 = 2c
2b − ω2m2

(uo − ud) = c
b

rb(uo − ud). (37f)

Note that for convenience, resonance terms are introduced
as

rα = α

2α − ω2m1
, (38a)

rβ = β

2β − ω2m1
, (38b)

ra = 2a
2a − ω2m2

, (38c)

rb = 2b
2b − ω2m2

. (38d)

Substituting Eqs. (37a)–(37f) into Eqs. (36a)–(36d), the
boundary traction forces can be expressed as a function of
the displacements as

fox = α(−uo + rαuo + rαud) + a(−2uo + ra(uo + ud))

+ c2

b
rb(uo − ud), (39a)

fdx = α(−rαuo − rαud + ud) + a(−ra(uo + ud) + 2ud)

+ c2

b
rb(uo − ud), (39b)

foy = β(−vo + rβvo + rβvd) + b(−2vo + rb(vo + vd))

+ c2

a
ra(vo − vd), (39c)

fdy = β(−rβvo − rβvd + vd) + b(−rb(vo + vd) + 2vd)

+ c2

a
ra(vo − vd). (39d)

To figure out the relationship between the effective param-
eters and the mass-spring system, Eqs. (39a)–(39d) are
rearranged in the form of the transfer matrix as

ud = TL11uo + TL12fox, (40a)

fdx = TL21uo + TL22fox, (40b)

vd = TS11vo + TS12foy , (40c)

fdy = TS21vo + TS22foy , (40d)

where

TL11 = TL22 = α(1 − rα) + a(2 − ra) + (c2/b)rb

αrα + ara − (c2/b)rb
, (41a)

TL12 = 1
αrα + ara − (c2/b)rb

, (41b)

TL21 = (α(1 − 2rα) + a(2 − 2ra))(α + 2a − 2(c2/b)rb)

αrα + ara − (c2/b)rb
,

(41c)

TS11 = TS22 = β(1 − rβ) + b(2 − rb) + (c2/a)ra

βrβ + brb − (c2/a)ra
, (42a)

TS12 = 1
βrβ + brb − (c2/a)ra

, (42b)

TS21 = (β(1 − 2rβ) + b(2 − 2rb))(β + 2b − 2(c2/a)ra)

βrβ + brb − (c2/a)ra
.

(42c)
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According to the longitudinal transfer matrix in Eq. (7), the
longitudinal effective parameters can be defined as

mL = −TL21

ω2 , (43a)

αeff = TL21

TL11 − 1
. (43b)

Therefore, the longitudinal effective stiffness and mass can
be derived as

mL = (m1rα + m2ra)αeff

αrα + ara − (c2/b)rb
,

αeff = α + 2a − 2(c2/b)rb. (44a)

Additionally, according to the shear transfer matrix in Eq.
(8), the shear effective parameters can be defined as

mS = −TS21

ω2 , (45a)

βeff = TS21

TS11 − 1
. (45b)

Therefore, the shear effective stiffness and mass can be
derived as

mS = (m1rβ + m2rb)βeff

βrβ + brb − (c2/a)ra
, (46a)

βeff = β + 2b − 2(c2/a)ra. (46b)

From the effective parameters shown in Eqs. (44) and (46),
let us check whether the proposed unit can be used for
the multimode incident case. In the previous section, it
was shown that a metasurface unit whose effective param-
eters, mL, αeff, mS, and βeff can be freely adjusted from
negative to positive values is required. From the equiv-
alent stiffnesses αeff and βeff in Eqs. (44) and (46), it
can be easily seen that those stiffnesses can be adjusted
from negative to positive values owing to the resonance
terms rb and ra. For instance, as frequency increases, rb =
2b/(2b − ω2m2) also changes so that αeff is changed. At
a frequency slightly lower than the resonance frequency
of ω = √

2b/m2, rb and αeff become positive and negative
infinite values, respectively; subsequently, as frequency
increases, the parameters suddenly change to opposite infi-
nite values. Thus, by adjusting the values of b and m2, the
desired value of αeff, either positive or negative, is achiev-
able. In the same manner, βeff can be freely adjusted from
a negative to positive value by properly chosen a and m2
values owing to the ra = 2a/(2a − ω2m2) term.

On the other hand, the equivalent masses mL and mS are
defined in such complicated equations that it is hard to see
how the equivalent mass can be tailored from positive to
negative infinite values from Eqs. (44a) and (46a), as rα , ra,

rβ , and rb are located in both numerator and denominator.
However, one can notice that the resonance terms rα , ra, rβ ,
and rb are multiplied by each other in the numerator (note
that αeff and βeff contain rb and ra, respectively), while
the resonance terms are simply summed in the denomina-
tor. Since the resonance terms are tunable from negative
to positive infinite values, the higher order of resonance
terms in the numerator indicates that the effective masses
also can be tuned from negative to positive infinite val-
ues with the proper resonance terms, rα , ra, rβ , and rb.
Note that this analytic investigation suggests singularities
around the frequencies where the denominators become
zero, i.e., αrα + ara − (c2/b)rb or βrβ + brb − (c2/a)ra
become zero.

Before closing the theoretical investigations, the reso-
nance mode corresponding to each effective parameter is
studied to help the understanding of the proposed unit cell.
To this end, the motion of each mass under longitudinal or
shear wave incidence is focused upon. First, we assume the
longitudinal elastic wave is incident at the left side of the
unit. Since the unit has a symmetric configuration along
the y axis, there is no mode coupling, i.e., only the longitu-
dinal wave exists at the right side. Therefore, vo = vd = 0
holds for both sides and Eqs. (37b), (37d), and (37e) can
be simplified as

v1 = rβ(vo + vd) = 0, (47a)

u2 − u3 = c
a

ra(vo − vd) = 0, u2 = u3, (47b)

v2 + v3 = rb(vo + vd) = 0, v2 = −v3. (47c)

Substituting Eqs. (47a)–(47c) into Eqs. (37c) and (37f)
yields

u2 = u3 = ra(uo + ud)/2, (48a)

v2 = −v3 = (c/b)rb(uo − ud)/2. (48b)

The corresponding motion is plotted in Fig. 2(b). Accord-
ing to Eq. (48), the outer resonators move symmetrically
as can be seen in Fig. 2(b). The vertical movements of
the outer resonators will push (or pull) the left and right
boundaries, and subsequently the effective mass and stiff-
ness are modified according to the vertical resonance state.
In addition, the horizontal movements of both inner and
outer resonators, Eqs. (47a) and (48a), show the symmet-
ric horizontal deformation that affects overall inertia and
the effective mass according to their resonance motions.

On the other hand, for the shear wave incident case,
uo = ud = 0 holds. Accordingly, Eqs. (37a), (37c), and
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(37f) can be simplified as

u1 = α

2α − ω2m1
(uo + ud) = 0, (49a)

u2 + u3 = 2a
2a − ω2m2

(uo + ud) = 0, u2 = −u3, (49b)

v2 − v3 = 2c
2b − ω2m2

(uo − ud) = 0, v2 = v3. (49c)

Again, substituting Eqs. (49a)–(49c) into Eqs. (37d) and
(37e) yields

u2 = −u3 = (c/a)ra(vo − vd)/2, (50a)

v2 = v3 = rb(vo + vd)/2. (50b)

Here, the shear effective stiffness is tuned by the hor-
izontal resonance state, ra in Eq. (46b), which implies
that the opposite horizontal movement of the outer res-
onator tunes the shear effective stiffness. Figure 2(c) briefly
describes how the opposite horizontal movement affects
the shear effective stiffness. By observing the compres-
sions and tensions of the diagonal springs, one can find
that the x-directional force at each boundary is canceled
and only the y-directional forces remain. Accordingly, the
shear effective stiffness is tuned by horizontal resonance
of the outer resonators with this procedure. Furthermore,
the vertical resonances of both inner and outer resonators
affect the shear effective stiffness owing to the change of
the y-directional inertia. Additional numerical validations
for the Eqs. (44) and (46) are provided in the Supplemental
Material [33].

III. MODE-SELECTIVE METASURFACE

In the previous section, we showed that the unit shown
in Fig. 2(a) can be tailored to have any desired effective
parameters so that elastic metasurface under the multimode
incidence case is feasible. In this section, mode-selective
metasurfaces are designed with the unit in Fig. 2(a). As
explained earlier, a mode-selective metasurface is an elas-
tic metasurface that can tailor the desired wave mode
but filter out the other undesired mode. Here, two mode-
selective metasurfaces are designed. The first one is the
longitudinal-mode-selective metasurface (referred to as
LMS), which tailors longitudinal waves but filters out
shear waves. The other one is the shear-mode-selective
metasurface (referred to as SMS), which tailors shear
waves, filtering out longitudinal waves.

One may think other metasurfaces, such as an elastic
metasurface tailoring both wave modes simultaneously,
would be much more important. However, the practical
importance of such elastic metasurfaces is much lower
than expected. The main reason is the mode coupling:
although the metasurface successfully tailors both modes
along the desired directions, both longitudinal and shear

waves are transmitted for each incident mode owing
to mode coupling. Thus, there is almost no difference
between the transmitted waves for longitudinal or shear
wave incidence, i.e., simultaneous tailoring of both wave
modes is not important. Furthermore, in almost all applica-
tions, there is no elastic transducer that can generate only
a single wave mode. This is extremely critical in various
applications where various reflections take place such that
different wave modes are extremely hard to distinguish.
Therefore, a certain wave mode is focused while another
wave mode is considered as noise, and filtering out the
other wave mode is usually preferable to tailoring it. These
are the reasons we focus on the mode-selective metasur-
face while simultaneous tailoring of both wave modes is
also possible.

A. Longitudinal-mode-selective metasurface

First, a LMS is designed. To this end, the metasurface
units should be designed to provide full transmission and
the desired phase shift for longitudinal wave incidence but
zero transmission for shear mode incidence. Accordingly,
we extend the mass-spring unit shown in Fig. 2(a) as a
continuum metasurface unit made of aluminum, as shown
in Fig. 3. The overall configuration seems to be similar
to those in previous studies [24,30], but unlike the previ-
ous ones, the zero-transmission condition for shear wave
incidence is additionally considered so that the detailed
geometries are different.

To design the detailed geometry of the metasurface
unit, perhaps the analytic equations shown in the previ-
ous section can be used. However, in the actual design,
a very precise design approach is required since the res-
onance motions are highly sensitive even with very small
geometric changes. Unfortunately, the analytic equations
are not precise enough because the actual continuum unit
cannot be clearly distinguished into masses or springs. If
the parts of the unit are clearly distinguishable, the analytic
equations in Eqs. (44) and (46) could be used to design
the metasurface since any change in the spring part will
not alter the mass parameters m1, m2, and any change in
the mass part will not alter the spring coefficients, such
as a, b, and c. However, the parts of the unit are not
clearly distinguishable and any change to design param-
eters causes changes to all coefficients, which makes it
impossible to design the metasurface units with the ana-
lytic equations. Thus, the metasurface units are designed
by a numerical method of size optimization. Here, we
adopt the well-known size optimization algorithm, particle
swarm optimization (PSO). For more details about PSO,
see the Supplemental Material [33].

The detailed design procedures are as follows. First,
with the current design, one-dimensional time-harmonic
wave simulation is carried out. The wave simulation set-
tings are shown in Fig. 4(a). At the upper and lower
boundaries, the periodic continuum condition is applied
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FIG. 3. The unit-cell structure of the LMS. Sizes are given in
millimeters and the z axis thickness is 1 mm.

to consider where the unit is infinitely arranged along
the y direction so that perfect plane-wave simulation is
possible. In addition, at the left and right ends, a per-
fectly matched layer (PML) is placed to eliminate any
undesired reflections. With these settings, two simula-
tions are carried out, one for longitudinal wave excitation
and the other for shear wave excitation, at a frequency
of 100 kHz. From the longitudinal wave simulation, the
amount of the longitudinal wave reflection and the trans-
mitted longitudinal wave’s phase shift are measured with
the well-known two-points method [34]. Also, the amount
of the shear wave transmission is measured from the shear
wave simulation.

(a)

(b)

(c)

FIG. 4. (a) The one-dimensional numerical simulation settings
for each longitudinal metasurface unit. The simulation results for
(b) longitudinal and (c) shear incidence cases.

After the simulations, the design parameters can be
selected by the PSO algorithm. Here, the multiobjective
optimization should be carried out to satisfy three require-
ments: full transmission and the desired phase shift for
the longitudinal wave and zero transmission for the shear
wave. Thus, we define the following objective function
that should be minimized during the PSO process as

fL(X) = RL(X) + |φL(X) − φk| + TS(X), (51)

where RL refers to the reflection of the longitudinal wave,
φL and φk refer to the phase shift of the current unit and the
desired value, and TS refers to the transmission of the shear
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TABLE I. The realized values and design parameters of each LMS unit cell.

Ideal value Realized values Design variables

φL (π rad) |TL| φL (π rad) |RS| mih (mm) moh (mm) boh (mm) boθ (deg)

0 0.994 0.033 0.978 2.78 2.30 0.64 34.56
0.25 1.000 0.207 0.998 2.78 2.30 0.81 29.75
0.5 0.922 0.595 0.900 1.94 1.61 0.64 32.65
0.75 0.955 0.812 0.970 1.87 2.00 0.90 41.09
1 0.906 1.077 0.976 1.60 1.77 0.92 42.00
1.25 0.998 1.194 0.987 1.77 1.71 0.68 6.30
1.5 0.989 1.434 0.929 1.71 2.08 0.60 27.20
1.75 0.937 1.662 0.862 1.60 1.88 0.66 25.67

wave. RL, φL, and TS are numerically measured from the
simulation, and φk is predefined to form the desired phase
gradient. With the objective function, PSO updates four
design variables, mih, moh, boh, and boθ shown in Fig. 3
to minimize fL(X). After the design variables are updated,
the whole process is repeated till convergence. Note that
the geometric parameters are achieved for the given fre-
quency, so if the frequency changes, one may redesign
the metasurface unit. However, the overall configuration
is still valid since the theory and the resonator systems
are not dependent on the frequency. Also, one may sim-
ply scale the metasurface unit according to the wavelength
without redesign. This scaling is valid for low frequencies
where the wavelength is much larger than the thickness of
the plate so that a higher elastic wave mode is not involved
at all.

With the design process, the LMS is designed.
First, units are designed with phase shifts of φk =
0, 0.25π , 0.5π , 0.75π , π , 1.25π , 1.5π , and 1.75π .
Table I summarizes the final design parameters of each
unit, and Fig. 4 plots the corresponding one-dimensional
wave simulation results. As can be seen in Fig. 4(b), all
units have almost full transmission with the desired phase
shifts for longitudinal wave incidence. In addition, for the
shear wave incidence cases, all units exhibit very low
transmission as desired. Data in Table I show that all units
show a transmission ratio of more than 0.9 for longitudinal
waves. Also, the reflection ratio is shown to be around or
larger than 0.9, with the minimum value of 0.862. These
values show that sufficiently large transmission and reflec-
tion are achieved to realize the desired mode-selective
metasurface.

From the successful designs of each unit, the LMS is
proposed by arranging the whole unit. Figure 5(a) shows
the wave simulation settings to check the performance of
the proposed LMS. Here, the metasurface is placed in the
middle of a 2 × 1 m2 aluminum plate, surrounded by a
PML to avoid any undesired reflections. At the left side
of the metasurface, a 10-cm-long wave source is placed at
0.5 m from the metasurface. Two simulations are carried

out, one for longitudinal wave excitation and the other for
shear wave excitation at the wave source. In all simula-
tions, time-harmonic simulation is conducted with COMSOL
Multiphysics.

The simulation result for the longitudinal incident case
is shown in Fig. 5(b). Here, the divergence of displace-
ment field is plotted to show the longitudinal wave mode
only. Clearly, the longitudinal wave is fully tailored at the
LMS. The numerically calculated refraction angle is 42°,
which agrees well with the analytically predicted refraction
angle of 42.4° according to the generalized Snell’s law [1].
In addition, the simulation with the shear incidence case
in Fig. 5(c) shows that the shear wave is almost filtered
out with negligible transmission. It should be emphasized
that in Fig. 5(c), there are almost no scattered shear waves
propagating along various directions. This strongly indi-
cates that the proposed metasurface is well designed for
both wave modes; otherwise, the transmitted waves would
be scattered along various directions. From these observa-
tions, it can be concluded that the proposed LMS is well
designed.

To further check the amount of the reflected waves, the
same simulations are repeated for the obliquely incident
case. Since our metasurface is designed based on the nor-
mal incidence case, its performance becomes worse as the
incident angle is increased. To understand this point, let
us recall that the background physics of our metasurface
is based on the transfer matrix, which is defined by the
displacements and forces at each boundary. For small inci-
dent angles, the displacements and forces at the boundary
are not largely altered from the normally incident case so
that the metasurface still shows good performance. As can
be seen in Fig. 6(a), the longitudinal and shear waves are
generated with a −10◦ incident angle. Again, the longitudi-
nal wave is tailored along the theoretically predicted angle,
30.0◦. In addition, although the performance of blocking
the shear wave is lowered, since the units are designed for
normally incident waves, most of the shear wave is still
filtered out, i.e., we confirm the LMS covers slight angle
changes.
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(a)

(b)

(c)

FIG. 5. (a) Two-dimensional wave field simulation settings of
the LMS. The simulation results for the (b) longitudinal and (c)
shear incidence cases.

B. Shear-mode-selective metasurface

Finally, a SMS that can tailor incident shear waves
while filtering out incident longitudinal waves is designed.
The metasurface unit is slightly changed, as shown in
Fig. 7, so that the vertical resonance motion (which dom-
inates the shear effective mass) is facilitated more than
the unit in Fig. 3. With the unit, the detailed geometry is
designed to provide full transmission and the desired phase
shift for shear wave incidence and zero transmission for
longitudinal wave incidence.

The design procedure is the same as for the LMS.
The one-dimensional wave simulation setting shown in

(a)

(b)

(c)

FIG. 6. (a) The simulation settings and (b),(c) results of the
oblique incidence case for the LMS metasurface.

Fig. 8(a) is modeled, and two simulations with longitudi-
nal and shear wave excitation are conducted at a frequency
of 100 kHz. From the shear wave excitation, the shear
wave’s reflection and phase shift are measured. Also, from
the longitudinal wave excitation, the longitudinal wave’s
transmission is measured. After the simulation, PSO is
carried out with the objective function defined as

fS(X) = RS(X) + |φS(X) − φk| + TL(X), (52)

where RS and φS are the reflection and phase shift of the
shear wave, whereas TL refers to the transmission of the
longitudinal wave. For improved design, a design vari-
able of bih is now additionally considered with the design
variables of mih, moh, boh, and boθ , as shown in Fig. 7.
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FIG. 7. The unit-cell structure of the SMS. Sizes are given in
millimeters and the z axis thickness is 1 mm.

Table II summarizes the desired units for the same phase
shifts as in Table I. From the one-dimensional wave simu-
lation results in Figs. 8(b) and 8(c), it seems that all units
exhibit sufficiently high transmission, desired phase shifts
for shear incidence, and sufficiently low transmission for
the longitudinal wave incidence. For all units, the shear
waves are shown to have transmission higher than 0.9,
while the longitudinal waves are shown to have reflection

(a)

(b)

(c)

FIG. 8. (a) The one-dimensional numerical simulation settings
for each shear metasurface unit. The simulation results for the (b)
shear and (c) longitudinal incidence cases.

higher than 0.84. As a result, it can be concluded that all
units are properly designed.

By arranging the designed units, the SMS is proposed.
Figure 9(a) is the simulation setting to check the perfor-
mance of the proposed SMS. The simulation setting is
same as the previous one in Fig. 5(a); the only difference
is that the metasurface is changed to the SMS. Figures
9(b) and 9(c) show the simulation results for the longitu-
dinal and shear wave incidence, respectively. Clearly, the
incident shear wave is tailored while the incident longi-
tudinal wave is filtered out. The refraction angle of the
shear wave is numerically measured as 23°, which follows
well the analytically predicted angle of 23.0°. Also, there

014024-12



MODE-SELECTIVE ELASTIC . . . PHYS. REV. APPLIED 19, 014024 (2023)

TABLE II. The realized values and design parameters of each SMS unit cell.

Ideal value Realized values Design variables

φS (π rad) |TS| φS (π rad) |RL| mih (mm) bih (mm) moh (mm) boh (mm) boθ (deg)

0 0.979 −0.020 0.990 1.52 0.5 2.70 0.60 6.66
0.25 0.975 0.218 0.978 2.90 0.5 2.50 0.53 1.00
0.5 0.961 0.555 0.847 1.31 0.2 2.02 0.50 9.44
0.75 0.913 0.835 0.946 1.63 0.5 1.88 0.77 42.83
1 0.998 1.001 1.000 1.60 0.5 2.49 0.50 45.00
1.25 0.999 1.338 0.999 1.57 0.5 2.90 0.71 25.76
1.5 0.997 1.575 0.993 2.14 0.5 2.90 0.71 22.50
1.75 0.954 1.645 0.966 1.98 0.5 2.80 0.71 27.69

are almost no scattered waves for the incident longitudinal
wave, validating our SMS.

Figure 10 plots the simulation results for the obliquely
incident wave. As shown in Fig. 10(a), the longitudinal and
shear waves are generated into the SMS with a −10◦ inci-
dent angle. Figures 10(b) and 10(c) show the results for the
longitudinal and shear incidence cases, respectively. Obvi-
ously, the incident longitudinal wave is perfectly blocked
whereas the shear wave is clearly tailored along the the-
oretically predicted angle, 12.5°, which implies that the
SMS works perfectly with slight angle changes.

IV. EXPERIMENTAL VALIDATIONS

Finally, we conduct experiments on the mode-selective
metasurfaces. Figure 11(a) shows a schematic diagram and
actual photos of the experimental setups. As shown in
Fig. 11(a), each mode-selective metasurface is fabricated
in the middle of two identical 2 × 1 m2 aluminum plates
with 1-mm thickness, i.e., two aluminum plates, one for
LMS and the other for SMS, are separately fabricated.
Here, it should be noted that the metasurface designs given
in Tables I and II require too high fabrication resolution,
which is almost impossible with the available fabrica-
tion process. Thus, the frequency is lowered from 100 to
50 kHz so that the overall metasurface size is doubled. As a
result, the metasurfaces are successfully fabricated by laser
beam machining (Bysprint Fiber 3015, Bystronic).

Based on the fabricated metasurface, the following four
cases are considered during the experiments:

(1) Longitudinal wave incidence on the LMS, and mea-
surement of transmitted longitudinal wave

(2) Shear wave incidence on the LMS, and measure-
ment of transmitted shear wave

(3) Longitudinal wave incidence on the SMS, and mea-
surement of transmitted longitudinal wave

(4) Shear wave incidence on the SMS, and measure-
ment of transmitted shear wave

For all cases, the wave actuation is made by an elastic
wave transducer located 0.5 m from the center of the meta-
surface. Also, the measurements are carried out every 10°
and at 0.3 m from the center of the fabricated metasurface,
as shown by the white dots in Fig. 11(a). For the wave
transducer, the magnetostrictive patch transducer (MPT)
and the electromagnetic acoustic transducer (EMAT) are
adopted as the wave actuation and measurement devices,
respectively. The MPT can imitate an ideal line source in
the experiments since it can mainly generate the selected
wave mode only along the desired direction [35]. Also, the
EMAT sensor can selectively measure the desired wave
mode using a noncontact mechanism while filtering out the
unwanted wave modes [36].

The experimental procedure is as follows. First, the
four-cycle sinusoidal burst signal is generated by the lap-
top and amplified by the pulser-receiver system (EMS-
PR2000). The amplified signal is sent to the self-made
MPT to actuate the desired longitudinal or shear wave.
After the elastic wave propagates through the LMS or
SMS, the EMAT sensor (which is set to measure the cor-
responding wave mode) measures the transmitted wave.
The measured signal is amplified again with the same
pulser-receiver system and plotted on the oscilloscope
(HDO4034A, Teledyne LeCroy). After that, the measured
signals are postprocessed by fast Fourier transform to
estimate the 50-kHz component only. Finally, the mea-
sured values are normalized with the maximum value of
the measured data. To be specific, the whole longitudinal
amplitudes in both LMS and SMS results are normal-
ized by the maximum value at 40° in the left figure of
Fig. 11(b), while the shear amplitudes are normalized by
the maximum value at 20° in the right figure of Fig. 11(b).

Figure 11(b) plots the experimental results. In the LMS
(plotted on the left), it can be clearly seen that the transmit-
ted longitudinal wave is much larger than the transmitted
shear wave. A very small amount of the shear wave is
measured for all angles, validating that the metasurface
successfully filters out the undesired shear wave. On the
other hand, the measured longitudinal wave has maximum
value along a certain angle, which is exactly same as the
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(a)

(b)

(c)

FIG. 9. (a) Two-dimensional wave field simulation settings of
the SMS. The simulation results for the (b) longitudinal and (c)
shear incidence cases.

angle predicted by the generalized Snell’s law (depicted
as the vertical black line). Similar results can be found for
the SMS (plotted on the right). The longitudinal wave is
clearly smaller than the shear wave, and the shear wave
is well confined along a certain angle. Again, this angle is
same as the angle predicted by the generalized Snell’s law.
The results in Fig. 11(b) clearly illustrate that the proposed
mode-selective metasurfaces manipulate the desired wave
modes well while filtering out the undesired wave modes.

Although the experimental results clearly validate
the proposed mode-selective metasurfaces, experimental
results do not show the detailed wave propagation. To this

(a)

(b)

(c)

FIG. 10. (a) The simulation settings and (b),(c) results of the
oblique incidence case for the SMS.

end, the time-transient simulations by another commercial
program, ABAQUS, are also carried out. See the Supple-
mental Material [33] for detailed visualizations of wave
propagation through the mode-selective metasurfaces.

V. CONCLUSION

In this work, we suggest mode-selective metasurfaces
for longitudinal and shear waves. First, from the theoret-
ical study for each wave, we find the metasurface unit
whose effective stiffness and mass can be tuned from nega-
tive to positive infinite values are needed. Therefore, the
ideal resonator system composed of the outer resonator
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(a)

(b)

FIG. 11. (a) The detailed figure of the experimental setups, (b) plot of the experimentally measured longitudinal and shear waves.
θGSL refers to the theoretically predicted angle by the generalized Snell’s law.

and inner resonator are suggested. By utilizing vertical res-
onance of the outer resonator and horizontal resonance
of the inner resonator, the longitudinal effective param-
eters can be tuned, while the rotational (horizontal) res-
onance of the outer resonator and vertical resonance of
the inner resonator tunes the shear effective parameters.
Based on the ideal modeling, the continuum structures for
both mode-selective metasurfaces are designed. Using the
PSO algorithm, design parameters that achieve the proper
phase shift and full transmission for the target wave and
full reflection for the unwanted wave can be found. Sub-
sequently, both mode-selective metasurfaces designed by
arranging the unit cells are numerically validated. Both
mode-selective metasurfaces tailor each desired wave well
according to the generalized Snell’s law, while filtering out
the unwanted waves. In addition, we numerically confirm

both metasurfaces still function well with slight incident
angle differences. Finally, both mode-selective metasur-
faces (LMS and SMS) are fabricated and experimentally
validated.

We expect that our metasurface can provide practical
advances in various applications. To be specific, since
there is no elastic transducer that can generate only a sin-
gle mode, mode filtering techniques have been demanded
in elastic wave applications. Here, the simultaneous mode
filtering will improve the wave tailoring performance of
elastic metasurfaces.
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