
PHYSICAL REVIEW APPLIED 19, 014022 (2023)
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We investigate near-resonant ac-Stark shifts for optical atomic clocks, which can also be interpreted as a
special class of line-pulling effects due to the Zeeman structure of atomic levels split in a dc magnetic field.
This shift can arise due to residual ellipticity in the polarization of the probe field and uncertainty in the
magnetic field orientation. Such a shift can have an arbitrary sign and, for some experimental conditions,
can reach a fractional value of the order of 10−18–10−19, i.e., it is not negligible. Thus, it should be taken
into account in the uncertainty budgets for modern ultraprecise atomic clocks. In addition, it is shown that
when using hyper-Ramsey spectroscopy, this shift can be reduced to a level much lower than 10−19.
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I. INTRODUCTION

Ultraprecise atomic clocks are at the forefront of mod-
ern quantum sensors and tests of the standard model [1–5].
At present, some laboratories have demonstrated system-
atic uncertainties and long-term instabilities at a fractional
level of 10−18 both for devices with neutral atoms trapped
in an optical lattice at the magic wavelength [6–12], and
for clocks using trapped ions [13,14]. There is a recent
trend to push fractional uncertainties to the level of 10−19

[14–16]. However, such an extraordinarily high metrologi-
cal precision requires a very thorough study of all possible
frequency shifts that can exceed (at least in principle) the
value of 10−19.

In this paper, we consider the ac Stark shift due to
some small residual ellipticity of the probe field (see, e.g.,
Refs. [17,18]), which has not previously been systemati-
cally investigated. The case of clock transitions Fg = F →
Fe = F (where Fg and Fe are the angular momenta of
the energy levels in the ground and excited states, respec-
tively) is studied in detail. In particular, such a variant takes
place for strongly forbidden electronic transitions 1S0 →
3P0 for odd isotopes of alkaline-earth neutral atoms (e.g.,
for 87Sr, 171Yb, and some ions (e.g., with two remaining

*viyudin@mail.ru

valence electrons, such as 27Al+ and 115In+). It is shown
that this shift can reach a fractional level of the order
of 10−18 for some experimental conditions and, therefore,
needs to be taken into account in the uncertainty budget for
modern ultraprecise atomic clocks. In addition, we propose
a method for the radical suppression of any ac Stark shift
by using hyper-Ramsey spectroscopy [19].

II. THEORETICAL MODEL

Let us consider an electric dipole (E1) clock transi-
tion Fg = F → Fe = F with an unperturbed frequency
ω0, where Fg and Fe are the angular momenta of the
energy levels in the ground and excited states, respec-
tively. As noted above, this type of transition takes place in
atomic clocks based on the strongly forbidden 1S0 → 3P0
intercombination transition in alkaline-earth (and similar)
atoms (Mg, Ca, Sr, Yb, and Hg), as well as for some ions
(Al+ and In+). For these elements, the value of F is deter-
mined by the nuclear spin, which is a half-integer (odd
isotopes). In the presence of an external magnetic field B,
the Zeeman splitting of the levels in the magnetic sub-
levels |mg〉 and |me〉 occurs due to the nonzero magnetic
moment, where |mg,e| ≤ F (see Fig. 1). To eliminate the
linear magnetic sensitivity in atomic clocks, the follow-
ing measurement procedure is usually used. A probe light
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field is chosen with a linear polarization vector E parallel
to the dc magnetic field, E||B. For this case, the possi-
ble light-induced transitions between Zeeman sublevels
are shown in Fig. 1(a). Next, by pumping atoms in turn
to the extreme Zeeman sublevels of the ground state |mg =
±F〉, two frequencies, ω−F−F and ω+F+F , are successively
measured on the optical-clock transitions |mg = −F〉 →
|me = −F〉 and |mg = +F〉 → |me = +F〉, respectively
[see Fig. 1(a)]. Each of these frequencies separately experi-
ences a linear Zeeman shift with respect to the unperturbed
frequency ω0:

ω−F−F = ω0 − (�e − �g)F ,

ω+F+F = ω0 + (�e − �g)F ,
(1)

where

�g = ggμB|B|/� , �e = geμB|B|/� (2)

are the Zeeman splittings in the ground and excited states,
respectively [see Fig. 1(a)]; μB is the Bohr magneton; and
gg and ge are the g factors in the ground and excited states,
respectively. However, for the mean frequency

ωclock = ω−F−F + ω+F+F

2
= ω0, (3)

considered as a clock frequency, there is no linear sensitiv-
ity to a magnetic field. The residual quadratic sensitivity
to the magnetic field, ∝ |B|2, is due to the nonresonant
interaction between different energy levels induced by the
magnetic dipole interaction operator −(μ̂B), where μ̂ is
the operator of the magnetic moment of an atom (ion). For
example, for the above-mentioned elements, this occurs as
a result of the magnetic dipole interaction between the 3P0
and 3P1 fine-structure states.

However, the above ideal picture of interaction [see
Fig. 1(a)] can, in reality, be violated due to the presence
of an uncontrolled ellipticity of the probe field and also
due to an uncertainty in the direction of the magnetic field
vector. In the general case of an arbitrary orientation of
the magnetic field B relative to the polarization ellipse [see
Fig. 2(a)], the electric vector of the probe resonant field
(with frequency ω) has the following form:

E(t) = Re{Ee−iωta} = (Ee−iωta + c.c.)/2,

a =
∑

q=0,±1

a(q)eq ,
∑

q=0,±1

|a(q)|2 = 1, (4)

where E is the scalar amplitude; a(q) are the contravari-
ant components of the unit complex vector of polarization
a (i.e., |a| = 1) in the cyclic basis e0 = ez, e±1 = ∓(ex ±
iey)/

√
2 (where ex, ey , and ez are unit basis vectors of

(a)

(b)

FIG. 1. The scheme of the light-induced transitions over the
Zeeman structure for an optical transition Fg = F → Fe = F:
(a) the ideal case of linear polarization of the probe field E
directed along the magnetic field B (i.e., E||B); (b) the general
case of elliptical polarization of the probe field E under arbitrary
orientation of the magnetic field B, where the dotted red lines
mark the light-induced transitions leading to ac Stark shifts [see
Eq. (7)] for the clock transitions |mg = −F〉 → |me = −F〉 and
|mg = +F〉 → |me = +F〉.

the Cartesian coordinate system, for which the quantiza-
tion axis Oz is directed along the magnetic vector B). In
the case of the electric dipole interaction operator −(d̂E),
the general picture of light-induced transitions near the
extreme Zeeman sublevels is shown in Fig. 1(b), where
the following expressions hold for the corresponding Rabi
frequencies (their absolute values):

|�0| = |degEa(0)|√F

�
√

F + 1
, |�±| = |degEa(±1)|

�
√

F + 1
, (5)

where deg = 〈Fe||d̂||Fg〉 is the reduced matrix element of
the dipole moment operator d̂ for the clock transition Fg =
F → Fe = F .

Let us consider the effect of transitions caused by the
presence of two circular components a(±1) of the polar-
ization vector a [see Eq. (4)], which correspond to the
Rabi frequencies |�±| [see Fig. 1(b)]. Since, during atomic
clock operation, the probe-field frequency ω is stabi-
lized to the extreme transitions |mg = −F〉 → |me = −F〉
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(b)

(a)

FIG. 2. (a) The general case of an arbitrary orientation of dc
magnetic field B with respect to the polarization ellipse a, where
ξ is the angle between the magnetic field vector and the plane
of the polarization ellipse. (b) The geometric parametrization of
the elliptical polarization a according to Eq. (13); n(ell)

B is the
projection of the unit vector nB = B/|B| onto the plane of the
polarization ellipse and ϕ is the angle between n(ell)

B and the major
axis of the polarization ellipse.

and |mg = +F〉 → |me = +F〉, the presence of two cir-
cular components a(±1) will lead to ac Stark shifts of the
lower (|mg = ±F〉) and upper (|me = ±F〉) Zeeman sub-
levels due to nonresonant interaction with the neighboring
magnetic sublevels |mg = ±F ∓ 1〉 and |me = ±F ∓ 1〉.
As a result, instead of Eq. (1), we obtain the following
expressions for the frequencies ω−F−F and ω+F+F :

ω−F−F = ω0 − (�e − �g)F + δ̄−F−F ,

ω+F+F = ω0 + (�e − �g)F + δ̄+F+F ,
(6)

where δ̄−F−F and δ̄+F+F are the corresponding ac Stark
shifts:

δ̄−F−F = |�+|2
4�e

− |�−|2
4�g

,

δ̄+F+F = |�+|2
4�g

− |�−|2
4�e

,

(7)

The expressions in Eqs. (6) and (7) are derived under the
condition

|�e,g| 	 |�±|, (8)

which holds well in real experiments and corresponds
to a nonresonant interaction for circular components
Ea(±1)e±1, which allows us to ignore higher-order terms
(∝ |�|4).

Thus, the clock frequency

ωclock = ω−F−F + ω+F+F

2
= ω0 + δ̄(el-ind)

ac (9)

becomes shifted relatively to the unperturbed frequency ω0
by the value

δ̄(el-ind)
ac = δ̄−F−F + δ̄+F+F

2
= �g + �e

8�g�e
(|�+|2 − |�−|2) =

|degE|2
�2(F + 1)

�g + �e

8�g�e
(|a(+1)|2 − |a(−1)|2), (10)

which we denote as the ellipticity-induced shift, the nature
of which is an ac Stark shift through interaction with neigh-
boring Zeeman sublevels. Using the expression for |�0| in
Eq. (5), the formula given in Eq. (10) can be rewritten as

δ̄(el-ind)
ac = |�0|2

�g + �e

8F�g�e

|a(+1)|2 − |a(−1)|2
|a(0)|2 , (11)

which we analyze further.
First, using vector notation, we represent, in an invariant

form, the following expression:

|a(+1)|2 − |a(−1)|2
|a(0)|2 = i([a × a∗] · nB)

|a · nB|2 , (12)

where [a × a∗] denotes the cross product of two vectors
a and a∗ and nB = B/|B| is the unit orientation vector of
the magnetic field B. As shown in Fig. 2(b), the degree of
ellipticity of the polarization vector a can be parametrized
by the angular parameter ε,

a = cos(ε)e′
x + i sin(ε)e′

y , (13)

where e′
x,y are the Cartesian unit vectors oriented along the

axes of the polarization ellipse. In this case, we have

i[a × a∗] = sin(2ε)nk, (14)

where nk = e′
z is the unit vector orthogonal to the plane of

the polarization ellipse, i.e., directed along the wave vector
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of the probe field. This, in turn, leads to

i([a × a∗] · nB) = sin(2ε)(nk · nB) = sin(2ε) sin(ξ),
(15)

where ξ is the angle between the vector B and the plane of
the polarization ellipse a [see Fig. 2(a)]. In addition, using
Fig. 2(b), we obtain an expression for |a · nB|2:

|a · nB|2 = |a · n(ell)
B |2

= [
cos2(ε) cos2(ϕ) + sin2(ε) sin2(ϕ)

]
cos2(ξ), (16)

where n(ell)
B is the projection of the unit vector nB onto the

plane of the polarization ellipse and ϕ is the angle between
n(ell)

B and the major axis of the polarization ellipse.
Thus, using Eqs. (15) and (16) in Eq. (12), the shift given

in Eq. (11) can be calculated using the formula

δ̄(el-ind)
ac = |�0|2

�g + �e

8F�g�e

sin(2ε) sin(ξ)

|a · nB|2 . (17)

Based on this expression, one can find three conditions
where the shift vanishes, δ̄

(el-ind)
ac = 0:

(1) Purely linear polarization, ε = 0, for any value of ξ .
(2) ξ = 0 for any ellipticity ε, when the magnetic field

vector B lies in the plane of the polarization ellipse.
(3) gg = −ge (when �g + �e = 0) for any ε and ξ .

However, this “exotic” variant does not occur for real
atomic transitions Fg = F → Fe = F .

With regard to atomic clocks, the residual shift δ̄
(el-ind)
ac

appears due to some uncontrollability of small values ε

and ξ . Thus, the signs of the quantities ε and ξ , and
therefore the sign of δ̄

(el-ind)
ac , should also be considered as

uncontrolled. Therefore, we are interested in the absolute
value |δ̄(el-ind)

ac |. In addition, consider the complete picture
of the resonance series over all Zeeman sublevels shown
in Fig. 3, where the distance between adjacent resonances
is equal to �Z = |�g − �e|. This allows us to represent
the shift in the form

|δ̄(el-ind)
ac | = |�0|2

�Z

|�2
g − �2

e |
8F|�g�e|

| sin(2ε) sin(ξ)|
|a · nB|2

= |�0|2
�Z

|g2
g − g2

e |
8F|ggge|

| sin(2ε) sin(ξ)|
|a · nB|2 . (18)

Typically for atomic clocks, the experimental conditions
are close to the ideal case of linear probe-field polarization
E that is parallel to the magnetic field B. Therefore, under
small nonidealities, the condition of small values for all

FIG. 3. An illustration of a series of optical resonances |mg =
m〉 → |me = m〉 (−F ≤ m ≤ F) in a linearly polarized field for
Fg = F → Fe = F transitions, using F = 7/2 as an example.
The frequency distance between adjacent resonances is defined
as �Z = |�g − �e|.

three angular parameters, |ε, ξ , ϕ| � 1, can be assumed,
which allows us to use the following approximations:

sin(2ε) ≈ 2ε, sin(ξ) ≈ ξ , |a · nB|2 ≈ 1 − ε2 − ϕ2 − ξ 2,
(19)

which, in turn, leads to the main approximation for the
ellipticity-induced shift:

|δ̄(el-ind)
ac | ≈ A

|�0|2
�Z

|εξ |, (20)

where the coefficient

A = |g2
g − g2

e |
4F|ggge|

(21)

is a characteristic of the specific clock transition and the
angular parameters ε and ξ in Eq. (20) are defined in
units of radians. We recall that |�0| is the Rabi frequency
for clock transitions |mg = −F〉 → |me = −F〉 and |mg =
+F〉 → |me = +F〉 between the extreme Zeeman sub-
levels.

Table I presents the values of the parameter A for the
optical-clock transitions in some atoms and ions. Note that,
as follows from Eq. (21), the sensitivity to the ellipticity-
induced shift for Fg = F → Fe = F transitions decreases
with an increasing F .

Let us now estimate the magnitude of possible values of
the angular parameters ε and ξ . Under typical experimen-
tal conditions, after the passage of light through vacuum
windows, a degree of ellipticity can be estimated as (see,
e.g., Refs. [24,25])

Ix′

I y ′
= tan2(ε) ≈ ε2 ∼ 0.01 , ⇒ |ε| ∼ 0.1 rad, (22)

using the ratio of the intensities of the orthogonal compo-
nents Ix′ and I y ′ along the main axes of the polarization
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TABLE I. The values of the coefficient A [see Eq. (21)] for
clock transitions Fg = F → Fe = F in atoms and ions for which
the strongly forbidden transition 1S0 → 3P0 is currently used for
clock operation. We use values of g factors from Refs. [20–23].

171Yb 173Yb 87Sr 27Al+ 115In+

F 1/2 5/2 9/2 5/2 9/2
A 0.85 0.18 0.053 0.209 0.045

ellipse [see Fig. 2(b)]. We also assume that the possi-
ble uncertainty of the magnetic field orientation nB with
respect to the polarization vector a can be several angular
degrees, i.e., |ξ | ∼ 0.1 rad. Thus, we obtain the following
general estimate for the angular parameters:

|εξ | ∼ 0.01, (23)

which we use in further evaluations.

III. TOTAL ac STARK SHIFT

Since the presented ellipticity-induced shift is propor-
tional to the square of the electric field, δ̄

(el-ind)
ac ∝ |E|2, it

can be considered as an additional intra-transition ac Stark
shift. Simultaneously, there always exists the well-known
standard ac Stark shift, δ̄

(off-res)
ac ∝ |E|2, due to the interac-

tion of the probe field with other far-off-resonant atomic
levels, which can formally be represented as

δ̄(off-res)
ac = α

|�0|2
|a · nB|2 , (24)

where α is some proportionality factor that can be experi-
mentally measured (see, e.g., Refs. [10,26]). For example,
in the case of the clock transition 1S0 →3 P0, the quantity
δ̄

(off-res)
ac (i.e., the coefficient α) depends very weakly on the

ellipticity parameter ε.
Therefore, we must always consider the total ac Stark

shift

δ̄(tot)
ac = δ̄(el-ind)

ac + δ̄(off-res)
ac = |�0|2K , (25)

where the parameter K in our case is defined as

K = �g + �e

8F�g�e

sin(2ε) sin(ξ)

|a · nB|2 + α

|a · nB|2

≈ �g + �e

4F�g�e
εξ + α, (26)

according to the formula given in Eq. (17), as well as the
conditions |ε, ξ | � 1 and |a · nB|2 ≈ 1.

Unlike the ellipticity-induced shift, δ̄
(off-res)
ac has a fixed

sign. Therefore, the absolute value of the total ac Stark shift

can take two values:

|δ̄(tot)
ac | = ||δ̄(off-res)

ac | ± |δ̄(el-ind)
ac ||, (27)

where the sign (±) can change depending on the signs of ε

and ξ [see Eq. (17)]. Thus, if we assume that a small degree
of ellipticity ε appears in experiments in an uncontrolled
way (as well as ξ ), then the maximal value should be used
for the general estimates

δ̄(met)
ac = |δ̄(off-res)

ac | + |δ̄(el-ind)
ac |, (28)

which is more conservative. However, from the viewpoint
of clock uncertainties, the main contribution is deter-
mined primarily by the uncontrolled ellipticity-induced
shift δ̄

(el-ind)
ac , since the off-resonant ac Stark shift δ̄

(off-res)
ac

is well controlled (if α is well known) and therefore can
easily be taken into account by simple subtraction.

In the context of ac-Stark-shift measurements, let us
consider the known experimental method used in Ref. [10],
which is based on measuring the clock shift between nor-
mal operation and a case where the clock laser is phase
modulated. In the second case, the clock transition is
excited by a weak resonant sideband with a much lower
intensity than the off-resonant carrier, which becomes the
main source of the ac Stark shift. This allows us to
correctly measure the standard off-resonant shift δ̄

(off-res)
ac ,

because the frequency of the carrier differs relatively lit-
tle from the frequency of the clock transition. But for the
measurement of the near-resonant ellipticity-induced shift
δ̄

(el-ind)
ac , this method does not work. Indeed, in the case

of a monochromatic probe field, the shift δ̄
(el-ind)
ac occurs

through σ± transitions with one-photon detunings deter-
mined by the Zeeman splitting �e and �g , i.e., on the order
of several hundred hertz. However, the one-photon detun-
ing of the off-resonant carrier for the same σ± transitions is
much larger than �e and �g , which significantly changes

the balance between shifts δ̄
(off-res)
ac and δ̄

(el-ind)
ac . Moreover,

in the case when the phase-modulation frequency exceeds
1 MHz, the relationship |δ̄(el-ind)

ac /δ̄
(off-res)
ac | � 1 takes place.

Thus, the method used in Ref. [10] makes it possible to
correctly estimate (for the relatively large frequency of the
phase modulation) only the off-resonant shift δ̄(off-res)

ac , while
the near-resonant shift δ̄

(el-ind)
ac remains unknown.

In addition, it is also interesting to note that, based on
Eq. (26), one can choose values of ε, ξ and |B| for which
K = 0, i.e., the total ac Stark shift vanishes: δ̄(tot)

ac = 0.
Below, we carry out a comparative analysis of three dif-

ferent spectroscopic schemes (see Fig. 4) with the same
total interrogation time tint.

IV. RABI SPECTROSCOPY

As applied to Rabi spectroscopy with a single π pulse
[see Fig. 4(a)], the frequency shift of the clock transition
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(a)

(b)

(c)

FIG. 4. The scheme of three variants of spectroscopy with the
same total interrogation time, tint: (a) a π pulse in standard Rabi
spectroscopy; (b) the standard Ramsey sequence with two π/2
pulses, where T = (tint − 2τ) is the free-evolution time; (c) a
hyper-Ramsey sequence [19] including a composite pulse, where
T = (tint − 4τ) is the free-evolution time.

δ̄(Rabi)
ac is determined by the shift δ̄(tot)

ac [see Eq. (25)], which
can be represented as

δ̄(Rabi)
ac = δ̄(tot)

ac ≈ π2

t2int
K , (29)

taking into account the condition �0tint = π in Eq. (20).
Analyzing various papers, we find that under certain

experimental conditions, the frequency shift |δ̄(Rabi)
clock | can

reach several millihertz (when using Rabi spectroscopy),
which noticeably exceeds the fractional level of 10−18.
Thus, this shift must always be estimated and, further,
depending on this estimate, should be included in or
excluded from the budget of uncertainties for modern
ultraprecise atomic clocks.

For example, consider the experiment in Ref. [27],
where the clock transition Fg = 1/2 → Fe = 1/2 in 171Yb
has been used with a tint = 40 ms Rabi π pulse and a dc
magnetic field of 65 μT. In this case, we have |�0|/2π =
12.5 Hz and �Z/2π = 260 Hz. Taking into account the
value |εξ | ∼ 0.01 of Eq. (23), we obtain a possible shift
|δ̄(el-ind)

ac | ∼ 5 mHz, which corresponds to the fractional
value of 9.6 × 10−18 for the 578-nm clock transition. At

the same time, the standard ac Stark shift |δ̄(off-res)
ac | is

estimated in Ref. [27] at the level of 4 × 10−18. Thus,
according to Eq. (28), the total ac Stark shift |δ̄(Rabi)

ac | can
potentially reach the value of 1.4 × 10−17. However, since
the total uncertainty stated in Ref. [27] is at the level of
4 × 10−16, the corrected value of the total ac Stark shift
does not practically affect the final metrological result.

V. STANDARD RAMSEY SPECTROSCOPY

Let us consider standard Ramsey spectroscopy with two
identical π/2 pulses separated by a free-evolution time T
[see Fig. 4(b)], for which the central Ramsey resonance is
used for frequency stabilization in atomic clocks. There-
fore, the frequency shifts δ̄−F−F and δ̄+F+F due to the
ellipticity of the light, as well as the standard ac Stark shift
δ̄

(off-res)
ac , only occur during Ramsey pulses of duration τ ,

while during the free interval T these shifts are absent. In
this case, the shift of the central Ramsey resonance δ̄(Rams)

ac
is no longer equal to δ̄(tot)

ac (as for Rabi spectroscopy) but is
calculated as (see Ref. [19,28])

δ̄(Rams)
ac ≈ 2δ̄(tot)

ac

2 + |�0|T
. (30)

Using the expression in Eq. (25) and the condition |�0|τ =
π/2, the shift given in Eq. (30) can be represented in the
form

δ̄(Rams)
ac ≈ π2

2τ 2[2 + πT/(2τ)]
K . (31)

Comparing Eqs. (31) and (29), it is easy to show the
inequality

|δ̄(Rams)
ac | > |δ̄(Rabi)

ac |. (32)

Indeed, taking into account that T = (tint − 2τ), consider
the ratio of the quantities given in Eqs. (31) and (29) for
the same interrogation time tint:

δ̄(Rams)
ac

δ̄
(Rabi)
ac

= 1
2(τ/tint)

2
[
2 − π + 0.5π(τ/tint)

−1
] , (33)

where τ < 0.5tint.
Figure 5 shows the dependence of the ratio given in

Eq. (33) on τ/tint, from which the validity of the inequal-
ity given in Eq. (32) follows, since δ̄(Rams)

ac /δ̄(Rabi)
ac > 1. We

see that the shift |δ̄(Rams)
ac | increases with decreasing τ . For

example, in the case of τ < 0.1tint, |δ̄(Rams)
ac | > 3.4|δ̄(Rabi)

ac |.
Note that under the condition τ � tint, which is typical
for Ramsey spectroscopy, the expressions given in Eqs.
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FIG. 5. The dependence of the ratio δ̄(Rams)
ac /δ̄(Rabi)

ac on τ/tint.

(30)–(31) can be represented as

δ̄(Rams)
ac ≈ 2

T
δ̄(tot)

ac

|�0|
≈ π

τT
K . (34)

Thus, we can assert that using standard Ramsey spec-
troscopy, any shift (including the ellipticity-induced shift)
proportional to the probe-field intensity (i.e., ∝ |E|2) will
be noticeably larger compared to when using Rabi spec-
troscopy. Moreover, since the value of the coefficient K in
Eq. (25) does not play any role in proving the assertion, this
statement about the ac Stark shift is general when compar-
ing Ramsey spectroscopy and Rabi spectroscopy for any
one-photon transitions.

In this context, it is interesting to consider the experi-
ment in Ref. [10], where the clock transition Fg = 1/2 →
Fe = 1/2 in 171Yb has been used with a tint = 560 ms
Rabi π pulse and a dc magnetic field of 0.1 mT. In this
case, we have |�0|/2π = 0.9 Hz and �Z/2π = 400 Hz.
Taking into account the value of Eq. (23), we obtain a pos-
sible shift of |δ̄(el-ind)

ac | ∼ 0.017 mHz, which corresponds
to the fractional value of 3.3 × 10−20 for the 578-nm
clock transition. At the same time, the standard ac Stark
shift δ̄

(off-res)
ac is experimentally estimated in Ref. [10] as

2 × 10−20. Therefore, according to Eq. (28), the total ac
Stark shift δ̄(Rabi)

ac can be estimated at the fractional level
of 5.3 × 10−20. On the other hand, Ref. [10] have also pre-
sented an experiment with T = 510 ms free-evolution-time
Ramsey spectroscopy, when the total interrogation time for
Ramsey spectroscopy is tint = 560 ms, i.e., the same as
for Rabi spectroscopy [29]. In this case, we have a τ =
25 ms duration of each Ramsey π/2 pulse, which gives
the ratio τ/tint = 0.0446. Then, according to Eq. (33), we
find the relationship δ̄(Rams)

ac = 7.38 δ̄(Rabi)
ac . As a result, the

total ac-Stark clock shift |δ̄(Rams)
ac | in Ramsey spectroscopy

can potentially reach the fractional value of 4 × 10−19,
which is no longer negligible for the uncertainty budget
in Ref. [10].

Note also that when using Rabi spectroscopy or standard
Ramsey spectroscopy, the ellipticity-induced shift δ̄

(el-ind)
ac

can be reduced by increasing the magnetic field [i.e.,
increasing the value of �Z in the denominator in Eq. (20)].
However, in this case, the quadratic Zeeman shift and its
fluctuations can increase significantly, while the standard
ac Stark shift δ̄

(off-res)
ac will not change.

VI. HYPER-RAMSEY SPECTROSCOPY

Let us now consider hyper-Ramsey spectroscopy, which
has been proposed in Ref. [19] and experimentally imple-
mented in Ref. [30]. This method consists of using a
sequence of pulses, of which one is a composite pulse with
an inverted phase [see Fig. 4(c)]. As applied to our case,
the main advantage of this hyper-Ramsey sequence is that
the frequencies of the central Ramsey resonances ω−F−F
and ω+F+F between the extreme Zeeman sublevels will be
shifted by values

δ̄
(h-Rams)
−F−F ≈ π

T

(
δ̄−F−F + δ̄

(off-res)
ac

|�0|

)3

,

δ̄
(h-Rams)
+F+F ≈ π

T

(
δ̄+F+F + δ̄

(off-res)
ac

|�0|

)3

,

(35)

respectively, as follows from Ref. [19]. For standard exper-
imental conditions with Fg = F → Fe = F clock transi-
tions in odd isotopes, the following inequality is usually
satisfied:

∣∣∣∣∣
δ̄±F±F + δ̄

(off-res)
ac

�0

∣∣∣∣∣ ∼
∣∣∣∣
δ̄(tot)

ac

�0

∣∣∣∣ < 0.001. (36)

Therefore, due to the cubic dependence in Eq. (35) on
small values [see Eq. (36)], the ac Stark shift for the
hyper-Ramsey scheme,

δ̄(h-Rams)
ac = δ̄

(h-Rams)
−F−F + δ̄

(h-Rams)
+F+F

2
, (37)

becomes significantly lower than 10−19 relative to the
clock frequency ω0.

Thus, the use of hyper-Ramsey spectroscopy [19] and its
modifications [31] in ultraprecise atomic clocks is a sim-
ple and effective method to radically solve the problem of
any ac Stark shift (including the ellipticity-induced shift
δ̄

(el-ind)
ac as well as the standard ac Stark shift δ̄

(off-res)
ac ) with-

out changing the other experimental conditions and for an
arbitrary clock transition.

VII. CONCLUSIONS

We consider a systematic shift in atomic optical clocks
due to both some uncontrolled ellipticity of the probe field
and some uncertainty in the direction of the dc magnetic
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field vector (ellipticity-induced shift). Using the example
of the clock transitions Fg = F → Fe = F , it is shown
that, in the presence of an uncontrolled ellipticity of the
probe field and at a few degrees misalignment of the dc
magnetic field, this shift can reach a fractional level in
the range of 10−18–10−19 for Rabi spectroscopy or stan-
dard Ramsey spectroscopy. Therefore, in the event that the
direction of the dc magnetic field and the probe-field polar-
ization are not very well controlled, the ellipticity-induced
shift needs to be taken into account in the uncertainty
budget for modern ultraprecise atomic clocks.

In addition, it is shown that when using hyper-Ramsey
spectroscopy [19], the total ac Stark shift (including the
ellipticity-induced shift) can be suppressed to a level sig-
nificantly lower than 10−19. This is of particular impor-
tance for transportable clocks (see, e.g., Refs. [32–34]),
in which the interrogation time of atoms is relatively
short, which requires the use of a higher probe-field inten-
sity. Also, in mobile devices, a high level of control of
the probe-field ellipticity and the magnetic field orienta-
tion is difficult, which leads to an increase in the value
of |εξ | in Eq. (20) and, therefore, to an increase of the
ellipticity-induced shift δ̄

(el-ind)
ac . In addition, hyper-Ramsey

spectroscopy allows some reduction in the dc magnetic
field in order to noticeably reduce the quadratic Zee-
man shift and its fluctuations. All of these combined can
improve the accuracy and long-term stability of mobile
devices (compared to using Rabi spectroscopy or standard
Ramsey spectroscopy).

Our approach can also be adapted to other cases. For
example, in Appendix A, we consider clock transitions of
the type Fg = F → Fe = F + 1. Also, some lattice clocks
(see, e.g., Ref. [11]) intentionally interrogate along sigma
transitions in order to reduce the first-order Zeeman sensi-
tivity. All other variants can be considered in a similar way,
when for an arbitrary transition Fg → Fe not only extreme
but also intermediate Zeeman sublevels are used. In this
case, the polarization of the probe field can be either linear
or circular (using two opposite circular polarizations). For
the case of circularly polarized probe fields, one needs to
consider a possible ac Stark shift due to some nonideal cir-
cular polarization and some deviation of the magnetic field
orientation from the wave-vector direction of the probe
field.
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(a)

(b)

FIG. 6. The scheme of the light-induced transitions over the
Zeeman structure for an optical transition Fg = F → Fe = F +
1: (a) the ideal case of linear polarization of the probe field E
directed along the magnetic field B (i.e., E||B); (b) the general
case of elliptical polarization of the probe field E under arbi-
trary orientation of the magnetic field B, where the dotted lines
mark the light-induced transitions leading to ac Stark shifts [see
Eq. (7)] for the clock transitions |mg = −F〉 → |me = −F〉 and
|mg = +F〉 → |me = +F〉.

APPENDIX A

In addition to transitions of the type Fg = F → Fe
= F , there can, in principle, be the case of the transitions
Fg = F → Fe = F + 1, for which the clock frequency is
also determined from the transitions between the extreme
Zeeman sublevels |mg = −F〉 → |me = −F〉 and |mg =
+F〉 → |me = +F〉 in a linearly polarized field [see
Fig. 6(a)]. This ideal picture of interaction becomes dis-
turbed due to the presence of some uncontrolled ellipticity
of the probe field and also due to some uncertainty of the
direction of the magnetic field vector B [see Fig. 6(b)].
In this case, a residual shift δ̄

(el-ind)
ac appears, which is also

formally described by the expression (20). However, the
coefficient A is now defined by

A = |gg − ge|
∣∣∣∣∣

F
4gg

+ 2F2 + 3F + 2
4(2F + 1)ge

∣∣∣∣∣ . (A1)

As can be seen, for the Fg = F → Fe = F + 1 transi-
tions, the sensitivity to the considered shift increases with
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F [in contrast to the transitions Fg = F → Fe = F; see
Eq. (21)].
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