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Understanding thermal transport by phonons near nanoscale hotspots is critical for many engineering
applications, especially for nanoscale thermal measurements and nanoelectronics. Previous studies usually
adopted the gray phonon Boltzmann transport equation to consider ballistic phonon transport or the mul-
titemperature model to consider selective phonon excitation. However, nonequilibrium phonon transport
near a nanoscale hotspot cannot be fully captured by either method. In this work, we employ the more
rigorous nongray phonon Boltzmann transport equation to investigate phonon transport near nanoscale
hotspots. We first consider hotspots in a one-dimensional system with two phonon modes to extract the
underlying physics. Thermal transport is found to be less efficient near these hotspots, leading to signifi-
cantly smaller effective thermal conductivity. The mechanism behind this is that different phonon modes
have different temperatures and are therefore not in equilibrium. Nonequilibrium is caused by both the
selective electron-phonon interaction and ballistic phonon transport. For relatively large hotspots, nonequi-
librium is primarily contributed to by the selective excitation effect. When the hotspot size further reduces,
the contribution from ballistic phonon transport becomes increasingly more important. Furthermore, we
quantitatively study the thermal transport of laser-heated hotspots in Raman experiments and Joule heat-
ing in fin field-effect transistors (FETs) using the nongray phonon Boltzmann transport equation. We find
that the measured thermal conductivity of single-layer graphene can be significantly underestimated if the
nonequilibrium effect is ignored. Additionally, the peak temperature rise in a silicon fin FET is much larger
than that calculated by the heat-diffusion equation.

DOI: 10.1103/PhysRevApplied.19.014007

I. INTRODUCTION

Nanoscale hotspots exist widely in many engineer-
ing applications, such as nanoscale optical pump-probe
thermal measurements [1–3], electronics [4,5], optoelec-
tronics [6], and quantum nanodevices [7]. Understand-
ing the mechanism of thermal transport by phonons near
nanoscale hotspots is vital to predict and improve the per-
formance of these applications [8]. As many materials have
phonons with mean free paths (MFPs) comparable to or
even larger than the scale of nanoscale hotspots, thermal
transport near these hotspots reaches the ballistic regime
and no longer follows the Fourier-law-based heat-diffusion
equation [9–11]. On the other hand, nanoscale hotspots
are generally induced by optical or electrical excitation,
in which the phonons are excited through the electron-
phonon scattering process [12–15]. As the electrons can
preferentially interact with some phonon modes, phonons
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in the hotspots are generally not excited equally, i.e., some
phonon modes gain more energy than others, leading to
selective phonon excitation [16,17]. Investigating these
two common effects is significant for understanding the
phonon-transport mechanism near nanoscale hotspots.

There have been extensive theoretical and experimen-
tal efforts to investigate phonon transport near nanoscale
hotspots. It is found that the effective thermal conductiv-
ity decreases with shrinking size for a single nanoscale
hotspot [18–20], which leads to higher temperature rises
than the bulk Fourier prediction [21–23]. It is also shown
that, when multiple nanoscale hotspots are tightly dis-
tributed to each other, the effective thermal conductivity
anomalously recovers the bulk value [24–27]. In these
works, the hotspots are usually regarded as an equilib-
rium heat source and the deviation in thermal conductivity
is attributed to ballistic phonon transport [28–32]. On
the other hand, there are also reports in the literature on
phonon-temperature nonequilibrium induced by selective
phonon excitation near nanoscale hotspots, where the local
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thermal equilibrium assumption breaks down [17,33–36].
We refer to this local thermal nonequilibrium as phonon
(temperature) nonequilibrium in subsequent sections. Val-
labhaneni et al. [17] developed a multitemperature model
based on diffusive transport theory to study laser-heated
graphene, where the nonequilibrium temperatures of dif-
ferent phonon branches in suspended graphene were pre-
dicted. Such phonon-temperature nonequilibrium was later
experimentally confirmed by Zobeiri et al. [36] and Dolle-
man et al. [34]. They found temperature nonequilibrium
between optical and acoustic phonons and between in-
plane and out-of-plane acoustic phonons near nanoscale
hotspots in graphene using Raman spectroscopy and
optomechanical techniques. In these works, although the
branch-level phonon-temperature nonequilibrium is inves-
tigated, ballistic phonon transport is neglected. Despite
these studies, it is necessary to consider selective phonon
excitation and ballistic phonon transport in a unified quan-
titative framework to further understand thermal transport
near a nanoscale hotspot.

Here, we employ the phonon Boltzmann transport
equation (BTE) to study nonequilibrium phonon transport
near a nanoscale hotspot. We first start with the theoreti-
cal framework of the phonon BTE and illustrate different
origins that induce phonon nonequilibrium, including both
selective phonon excitation and ballistic phonon transport.
Taking nanoscale hotspots in one-dimensional (1D) sys-
tems as prototypes, we compare four different approaches
to model phonon transport near hotspots to characterize
the effects of both selective phonon excitation and bal-
listic phonon transport on phonon nonequilibrium and the
effective thermal conductivity. Based on these understand-
ings, we further quantitatively investigate nonequilibrium
phonon transport near nanoscale hotspots in two practical
applications, i.e., Raman laser heating a spot on suspended
single-layer graphene and Joule heating a spot in a silicon
bulk fin field-effect transistor (FET).

II. THEORETICAL ANALYSIS

A. Origins of phonon nonequilibrium

Near a nanoscale hotspot, the governing equation for
thermal transport is the phonon BTE [37]:

∂f
∂t

+v · ∇f =
(

∂f
∂t

)
s
. (1)

Here, f = f (r,ŝ,ω,p) is the phonon distribution function,
which represents the fraction of phonons at position r
in direction ŝ with frequency ω and polarization p [37].
v denotes the phonon group velocity. The phonon BTE
describes the evolution of the phonon distribution func-
tion, where v·∇f is the phonon-transport term; (∂f /∂t)s
is the scattering term, which is dominated by phonon-
phonon scattering and electron-phonon scattering for bulk

and intrinsic materials [37–39]. The phonon BTE cov-
ers the entire ballistic-to-diffusive phonon-transport regime
and inherently includes all effects that induce phonon
nonequilibrium [40–42].

To understand nonequilibrium phonon transport near a
nanoscale hotspot, we further assume that (1) the system
is time invariant (steady state); (2) the electron-phonon
scattering term can be reduced to a mode-dependent heat-
generation term [43]; and (3) the phonon-phonon scatter-
ing term can be described by the relaxation-time approx-
imation, which represents the energy exchange between
different phonons due to phonon-phonon scattering pro-
cesses [9]. By multiplying the phonon distribution function
with the phonon energy, �ω, and the phonon density of
states, Dp (ω), Eq. (1) can be rewritten in the energy
form [38]:

vω,p · ∇eω,p ,ŝ = e0
ω,p − eω,p ,ŝ

τω,p
+ q̇ω,p . (2)

Here, eω ,p,ŝ = e(r,ŝ,ω,p) = f (r,ŝ,ω,p)�ωDp (ω) denotes the
volumetric phonon energy density, which is generally rep-
resented by the equivalent phonon temperature [21,38,44].
e0
ω,p is the corresponding phonon energy density at the

equilibrium state that follows the Bose-Einstein distri-
bution. e0

ω,p is characterized by the lattice temperature,
Tlattice, which is the common equilibrium temperature that
all phonons interact with [17,40] (detailed description is
provided in Appendix A). τω ,p is the phonon-relaxation
time, which is the average time between two subsequent
phonon-phonon scattering events [45]. q̇ω,p is the volumet-
ric heat generation associated with the phonon mode.

As mentioned earlier, in a hotspot, the heat-generation
term represents phonons excited through the electron-
phonon scattering process. Some phonon modes strongly
scatter with electrons and gain more energy than other
modes, leading to selective phonon excitation, which
directly leads to differences in phonon energy den-
sity. This is the first origin of phonon nonequilibrium,
which has been partially addressed in some previous
works [17,46]. On the other hand, the phonon-transport
term, vω ,p·∇eω,p ,ŝ, and the phonon-phonon scattering term,
(e0

ω,p − eω,p ,s)/τω,p , govern the transport process of excited
phonons. The phonon MFP, �ω ,p = vω ,pτω ,p, can be used
to describe phonon-transport characteristics, where the
smaller group velocity and smaller relaxation time lead to
a smaller phonon MFP. Phonons with larger MFPs reach
the ballistic transport regime and transfer energy from
the hotspot more efficiently, while small MFP phonons
transfer energy less efficiently and preferentially to scat-
ter with other phonons. This also indicates that different
phonons can have different phonon energy densities. This
is the second origin of phonon nonequilibrium. When the
scale of the hotspot is not much larger than the phonon
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FIG. 1. Illustration of two effects that induce phonon nonequilibrium. Selective excitation is caused by the selective electron-phonon
interaction in the hotspot, where some phonon modes usually gain the most energy from electrons (yellow spheres) and some phonon
modes (green spheres) gain much less energy from other phonons through phonon-phonon scattering. Ballistic phonon transport refers
to the difference in heat-transfer efficiency of phonons with different MFPs, where phonons with MFPs comparable to or even larger
than the scale of the hotspot (green spheres) reach the ballistic transport regime.

MFP, phonon transport reaches the ballistic regime and the
ballistic transport effect must be considered.

Figure 1 illustrates the phonon nonequilibrium induced
by the two effects discussed above, namely, selective
phonon excitation and ballistic phonon transport. We refer
to these effects as selective excitation and ballistic trans-
port in subsequent discussions. Generally, phonons with
high frequency and low momentum obtain most energy
from electrons and usually have small MFPs, while other
phonons gaining less energy from electrons have relatively
large MFPs [13,15]. Therefore, both selective excitation
and ballistic transport, which are inherently included in
Eq. (2), should be considered for thermal transport near
a nanoscale hotspot in practical applications.

However, previous studies on thermal transport near a
nanoscale hotspot have made some simplifications [17,29,
30,32,33,46]. For example, if one neglects selective exci-
tation, one basically assumes that the energy, q̇ω,p , gained
from the electrons for each phonon mode in Eq. (2) is pro-
portional to its specific heat, Cω ,p [29,30,32], and therefore,
no phonon nonequilibrium is introduced by heat generation
(see Appendix A for details):

q̇ω,p = Cω,p

C
q̇, (3)

where C is the total volumetric heat capacity and q̇ is
the total heat generation of all phonon modes in the same
direction.

Another simplification is to neglect ballistic transport
[17,33,46]. In this case, phonon transport is assumed to
be pure diffusion, and therefore, the phonon-transport term

in Eq. (2) is replaced by a diffusion term. The governing
equation becomes

∇(κω,p∇Tω,p) + Cω,p

τω,p
(Tlattice − Tω,p) +

∫
q̇ω,pd�′ = 0,

(4)

where Tω ,p is the temperature of phonons with frequency
ω and polarization p. κω ,p denotes the thermal conductiv-
ity. �′ is the control angle. Here, the second term is the
phonon-phonon scattering term and describes the energy
exchange between different phonons due to phonon-
phonon scattering processes. Equation (4) is also known
as the multitemperature model (MTM) [17] (detailed equa-
tions are available in Appendix A).

Furthermore, if both selective excitation and ballistic
transport are neglected, then local thermal equilibrium is
assumed and the local temperature can be well defined.
The governing equation becomes the conventional heat-
diffusion equation:

∇(κ∇T) +
∫

q̇d�′ = 0. (5)

This equation is usually used in experimental analyses
[35,42]. Table I compares the four different approaches for
modeling thermal transport near nanoscale hotspots.

B. Nonequilibrium phonon transport near nanoscale
hotspots

After analyzing the two effects that induce phonon
nonequilibrium, we aim to understand nonequilibrium
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TABLE I. Comparison of four different approaches for model-
ing thermal transport near nanoscale hotspots.

Approach
Selective
excitation

Ballistic
transport

Governing
equation

BTE with selective
excitation

Yes Yes Eq. (2)

BTE without selective
excitation

No Yes Eq. (3)

MTM with selective
excitation

Yes No Eq. (4)

Heat-diffusion equation No No Eq. (5)

phonon transport near nanoscale hotspots by character-
izing both effects. Here, we consider a model of a 1D
system with length L and thermalizing boundary condi-
tions T0 at the two ends [47]. Figure 2(a) shows a nanoscale
hotspot with heat generation following the Gaussian distri-
bution and a radius of r0 [35,48] located at the midpoint
of the system. Considering that the boundaries also intro-
duce phonon nonequilibrium [49], the length of the 1D
system is set to be large enough to avoid the effect of
boundaries (r0/L ≈ 0.01). We assume that there are only

two phonon modes with various transport directions, and
the two phonon modes are set to be the same, except
for the phonon MFP �j , where j is the index of the
phonon mode. The ratio of the phonon MFP �j to the
hotspot radius, r0, gives the Knudsen number, Knj =�j /r0
[50]. To reveal the effect of ballistic transport on phonon
nonequilibrium, we set one ballistic mode with a Knudsen
number of 4 and one diffusive mode with a Knudsen num-
ber of 0.5 [50]. Different Knudsen numbers when applying
hotspots with different radii r0 are discussed later in this
section. The diffusive phonon mode is assumed to gain
all energy under selective excitation. The four approaches
for modeling thermal transport near nanoscale hotspots, as
listed in Table I, are numerically solved [51], and detailed
numerical treatment is available in Appendix A.

Figure 2(b) compares the calculated phonon temper-
atures of the two phonons from the phonon BTE with
selective excitation when considering both effects (solid
lines) and the MTM with selective excitation for only
the selective excitation effect (dashed lines). The dimen-
sionless position is x* = 2r/L, where r is the distance
to the center of the hotspot. The dimensional tempera-
ture is defined as T* = (T − T0)/(Tmax− T0), where Tmax
is the maximum temperature. We note that the phonon

L/2
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FIG. 2. (a) Simulation domain of a 1D system. Hotspot with a radius of r0, the heat generation of which follows the Gaussian
distribution, is located in the middle of the system. (b) Dimensionless phonon temperature, T* = (T − T0)/(Tmax− T0), of the two
phonon modes versus the dimensionless position, x* = 2r/L, calculated from the phonon BTE with selective excitation (solid lines)
and the MTM with selective excitation (dashed lines). (c) Dimensionless phonon temperature calculated from the phonon BTE with
selective excitation [solid lines, same as in (b)] and without selective excitation (dashed lines).
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does not actually have a well-defined temperature under
the nonequilibrium condition [8,40]. Here, just for a bet-
ter understanding, we follow convention and define the
local phonon temperature based on the distribution func-
tion, which is a representation of phonon energy density at
a location [40] (see Appendix A for details). It shows that
selective excitation directly leads to phonon nonequilib-
rium, as illustrated by the dashed lines, where the diffusive
phonon has a much higher temperature than the ballistic
phonon. When further considering ballistic transport, both
phonon temperatures increase, as shown by the solid lines.
This is because scattering events are rare for ballistic trans-
port, making it more difficult to take thermal energy away
from the hotspot [18,19]. Figure 2(c) compares the calcu-
lated phonon temperatures of the two phonons from the
phonon BTE with selective excitation [solid lines, the same
as in Fig. 2(b)] and without selective excitation (dashed
lines). As mentioned earlier, the two phonons gain the
same amount of energy from the hotspot, when neglect-
ing selective excitation, and no phonon nonequilibrium is
induced by heat generation (see Appendix A for details).
The obvious phonon nonequilibrium observed in Fig. 2(c)
(dashed lines) is induced purely by the ballistic trans-
port effect. Phonons with large MFPs are more capable of
transferring energy outwards from the hotspot, leading to
phonon nonequilibrium. Further consideration of selective
excitation can lead to greater phonon nonequilibrium, as
shown by solid lines.

After characterizing phonon nonequilibrium induced by
both effects, we also calculate the lattice temperature to
analyze the effective thermal conductivity of thermal trans-
port near nanoscale hotspots; this was of wide interest
in previous studies [19,20,26,27]. The lattice tempera-
ture is the temperature of the scattering lattice reservoir

that all phonons interact with and represents the average
phonon temperature [40] (see Appendix A for details).
Figure 3(a) shows the calculated lattice temperature from
the four approaches listed in Table I when considering
both effects, only the selective excitation effect, only the
ballistic transport effect, and neglecting both effects. It
shows that temperatures calculated from both the MTM
with selective excitation and the phonon BTE without
selective excitation are higher than that predicted by the
heat-diffusion equation. This indicates that both selective
excitation and ballistic transport lead to a higher temper-
ature rise, i.e., lower effective thermal conductivity than
the bulk thermal conductivity, κbulk. For the phonon BTE
with selective excitation, an even higher temperature rise
and lower effective thermal conductivity are introduced by
both effects. We also investigate the effective thermal con-
ductivity, κeff, for nanoscale hotspots with different radii r0,
as shown in Fig. 3(b), since it is common to apply differ-
ent sizes of hotspots in practical applications [52,53]. Here,
the inverse Knudsen number is the ratio of r0 to the aver-
age MFP of the two phonons [54]. The effective thermal
conductivity is determined by fitting the temperature rise
in the hotspot with the heat-diffusion equation [17,50]. It
shows that the effective thermal conductivities calculated
from the phonon BTE with selective excitation, the MTM
with selective excitation, and the phonon BTE without
selective excitation are much lower than the bulk ther-
mal conductivity in the heat-diffusion equation, which has
contributions from both selective excitation and ballistic
transport. Meanwhile, the effective thermal conductivity
calculated from the MTM with selective excitation is lower
than that predicted by the phonon BTE without selective
excitation, which sharply decreases as the hotspot shrinks.
This indicates that selective excitation contributes more
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FIG. 3. (a) Dimensionless temperature, T* = (T − T0)/(Tmax− T0), versus dimensionless position, x* = 2r/L, calculated from differ-
ent approaches (same r0 as in Fig. 2). (b) Ratio of bulk thermal conductivity to effective thermal conductivity, κbulk/κeff, versus the
inverse Knudsen number, r0/�, calculated from different approaches when applying hotspots with different radii r0.
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than ballistic transport to the low effective thermal con-
ductivity, while ballistic transport becomes increasingly
important for small hotspots. In addition, as the radius
of the hotspot increases, the effective thermal conductiv-
ity decreases to the bulk thermal conductivity for different
approaches. This is because the larger radius leads to
more frequent phonon-phonon scattering near the hotspot
where phonon transport becomes diffusive. Meanwhile, the
frequent phonon-phonon scattering also results in suffi-
cient energy exchange between different phonons, which
reduces the difference in phonon temperatures. Therefore,
phonon nonequilibrium induced by both effects vanishes
in large hotspots and thermal transport approaches the dif-
fusive regime. When the hotspot radius is greater than
5 times the average phonon MFP, both effects can be
neglected and the heat-diffusion equation is valid.

III. QUANTITATIVE STUDY

In this section, after analyzing the mechanism of
nonequilibrium phonon transport near nanoscale hotspots,
we aim to further quantitatively study thermal transport
near nanoscale hotspots in practical applications based on
two case studies, i.e., laser heating of spots in Raman spec-
troscopy and Joule heating of spots in silicon bulk fin
FETs.

A. Nanoscale laser heating of a spot in Raman
spectroscopy

As a widely used experimental technique to mea-
sure thermal conductivity and other thermal properties
of nanomaterials, Raman spectroscopy is based on the
local thermal equilibrium assumption, which is inaccurate

when Raman laser heating of nanoscale spots is applied
[35,55–57]. When measuring the thermal conductivity,
Raman spectroscopy probes the average optical phonon
(OP) temperature, TOP, and uses TOP to determine the
thermal conductivity, κRaman, according to the heat-
diffusion equation: κRaman∇2TOP + Qlaser = 0 [35]. Vallab-
haneni et al. [17] considered selective excitation and
found significantly underestimated thermal conductivity in
Raman measurements for suspended single-layer graphene
(SLG) compared with the intrinsic value, κ intrinsic, due
to phonon nonequilibrium. However, based on our ear-
lier discussion of Fig. 3, phonon nonequilibrium near
nanoscale hotspots is also determined by ballistic trans-
port and varies with different hotspot radii, thus leading
to further underestimated thermal conductivity in Raman
measurements.

To quantitatively calculate the Raman-measured ther-
mal conductivity, κRaman, we perform the phonon BTE
calculations for 10 × 10-μm2 suspended SLG with four
thermalizing boundaries of 300 K, approximating the
Raman experiment setup shown in Fig. 4(a) [17,46]. Ther-
mal properties of the SLG needed to solve the phonon BTE
are extracted from Ref. [46]. The phonon MFP and per-
centage of excited energy obtained by different phonons
from the laser-heated spot are listed in Table II. It shows
that longitudinal optical (LO) phonons and transverse opti-
cal (TO) phonons have small MFPs and gain most of the
excited energy, while acoustic phonons with large MFPs
gain little energy, which is consistent with our analysis in
Sec. II. The calculated dimensionless phonon-temperature
rise, �Tj /�Tlattice, within the laser-heated hotspot with
a radius of 0.5 μm calculated from the phonon BTE
with selective excitation is also given in Table II as an

SLG
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Lens(a) (b)

0.2 0.4 0.6 0.8 1.0
0

2

4

6

8

10

12

14

  Estimated Raman measured Raman

  Ballistic transport

  Selective excitation

in
tr

in
si

c/
R

am
an

r0

FIG. 4. (a) Schematic of a 10 × 10-μm2 suspended SLG approximating the Raman experiment setup. (b) Discrepancy between
Raman-measured thermal conductivity, κRaman, and intrinsic thermal conductivity, κ intrinsic, when applying laser-heated spots with
different radii r0. Solid line represents κRaman evaluated by the phonon BTE with selective excitation. Red and blue areas represent
contributions of ballistic transport and selective excitation to the underestimated Raman-measured thermal conductivity, respectively.
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TABLE II. Thermal properties of the SLG and the dimension-
less phonon-temperature rise within the laser-heated spot.

LA TA ZA LO TO ZO

MFP (nm) [46] 802 191.6 1700 81.7 109.5 318.4
% of excited

energy [46]
2.94 0.03 0 17.64 79.39 0

�Tj /�Tlattice 0.66 0.93 0.44 1.18 2.50 0.85

example. Here, �Tj and �Tlattice are the spatially aver-
aged phonon-temperature rise and lattice-temperature rise
within the hotspot [35], where subscript j represents the
index of the phonon. Clear phonon-temperature nonequi-
librium between optical phonons and acoustic phonons is
observed in the SLG. When applying laser-heated spots
with different radii, the discrepancy between calculated
κRaman and κ intrinsic caused by the phonon nonequilibrium is
shown in Fig. 4(b). The solid line plots the ratio of κ intrinsic
to κRaman which is estimated by the average optical phonon
temperature calculated from the phonon BTE with selec-
tive excitation, and the dashed line represents the intrinsic
thermal conductivity. These results show that the measured
thermal conductivity in the Raman experiments is already
underestimated when the radius of the laser-heated spot is
reduced to 1 μm (by a factor of 1.81). This underestima-
tion of thermal conductivity significantly increases as the
laser-heated spots shrink. To further distinguish the con-
tributions of both effects to the underestimated thermal
conductivity, we also resolve the MTM with selective exci-
tation and compare it with the phonon BTE results. The
blue areas and red areas in Fig. 4(b) show the contributions
of selective excitation and ballistic transport, respectively.
This indicates that the underestimation of thermal con-
ductivity mainly originates from selective excitation. The
contribution from ballistic transport becomes more impor-
tant for smaller laser-heated spots. For a laser-heated spot
with a radius of 0.5 μm, our results show that the measured
thermal conductivity in Raman experiments is underesti-
mated by a factor of 2.61, of which 84% is contributed
by selective excitation and 16% is contributed by ballistic
transport.

We note that this experimental error in Raman ther-
mal conductivity measurements caused by nonequilibrium
phonon transport near nanoscale hotspots is dependent on
the size of the applied laser-heated spot [52,53]. One can
roughly neglect both effects and apply the heat-diffusion
equation when the hotspot radius is greater than 5 times
the average phonon MFP, according to Fig. 3(b). Spe-
cific experimental errors for SLG, the average phonon
MFP of which is 927 nm [46], can be estimated from
Fig. 4(b). Our findings provide guidance for evaluating and
minimizing the experimental errors in Raman measure-
ments by regulating both selective excitation and ballistic
transport.

B. Nanoscale Joule heating of a spot in silicon bulk fin
FETs

As modern commercial transistors scale down to tens
of nanometers, the traditional planar MOSFET is replaced
by the fin FET for further miniaturization [58]. The gen-
erated Joule heating spot near the channel-drain junction
of a working fin FET caused by the self-heating effect has
an even smaller size of several nanometers [59]. As dis-
cussed earlier, this nanoscale Joule heating spot can lead
to strong phonon nonequilibrium and decreased effective
thermal conductivity, which can pose severe challenges for
the thermal management of electronic devices [22,60].

To quantitatively analyze thermal transport in transis-
tors, we take a 22-nm technology-node silicon bulk fin
FET designed previously [59] as the study case, which is
shown in Fig. 5(a). Detailed structures and device param-
eters can be found in Appendix B and Ref. [59]. A Joule
heating spot with a height, H Joule, of 10 nm and a width,
WJoule, of 5 nm near the channel-drain junction is assumed
to be reasonable, according to electrical simulation results
of this fin FET in previous studies [59]. The simulation
is conducted in the two-dimensional plane shown by the
black dashed line in Fig. 5(a). The left and right boundaries
are set as the specularly reflecting boundary condition,
which is an adiabatic boundary condition for symmetri-
cal structures [61]. The top boundary is set as the diffusely
reflecting boundary condition, which is another type of adi-
abatic boundary condition for the surface of the semicon-
ductor or the dioxide layer [62,63]; the bottom substrate
is the heat sink and is set as the thermalizing boundary of
300 K. Thermal properties for silicon needed to solve the
phonon BTE are obtained from first-principles calculations
[64,65]. The percentage of excited energy obtained by dif-
ferent phonons from the Joule heating spot is extracted
from Ref. [16], as listed in Table III.

The calculated dimensionless phonon-temperature rises,
�Tj /�Tlattice, within the Joule heating hotspot from the
phonon BTE with selective excitation are also given in
Table III, which shows clear phonon-temperature nonequi-
librium between optical phonons and acoustic phonons.
Figures 5(b) and 5(c) show the temperature distribution
calculated from the heat-diffusion equation and the phonon
BTE with selective excitation, respectively. This illus-
trates that a much higher and localized temperature rise
is induced by phonon nonequilibrium due to both selec-
tive excitation and ballistic transport. This implies a sig-
nificant additional thermal resistance in the silicon fin
FET and inefficient heat dissipation. Using the average
temperature rise within the Joule heating spot, we also
evaluate the effective thermal conductivity of the tran-
sistor, which equals 12 W/mK and is much lower than
the bulk silicon thermal conductivity of 155 W/mK. This
means that the effective thermal conductivity decreases by
nearly 13 times, of which 54% is contributed by selective
excitation and 46% by ballistic transport. Here, ballistic
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FIG. 5. (a) Schematic of the silicon bulk fin FET with a gate length, Lgate, of 25 nm [57]. Temperature distribution in the two-
dimensional plane indicated by the black dashed line in (a) calculated by (b) the heat-diffusion equation and (c) the phonon BTE with
selective excitation.

transport contributes almost equally to the decreased effec-
tive thermal conductivity as selective excitation due to the
extremely small size of the Joule heating spot. As mod-
ern commercial transistors scale down to 14- and even
7-nm technology nodes, the effective thermal conductivity
can further decrease and cause higher thermal resistance,
as ballistic transport within a single transistor becomes
increasingly important for the entire junction-to-package-
level thermal management of nanoelectronics [5].

TABLE III. Thermal properties of silicon and the dimension-
less phonon-temperature rise within the Joule heating spot.

TA1 TA2 LA LO TO1 TO2

MFP (nm) 171.1 147.3 108.8 31.5 3.4 4.0
% of excited energy

[16]
2.0 2.4 16.0 59.0 10.5 10.1

�Tj /�Tlattice 0.22 0.23 0.40 1.29 1.08 1.09

IV. CONCLUSION

We present a quantitative study of nonequilibrium
phonon transport near nanoscale hotspots based on the
phonon BTE. We find that effective thermal conductivity
near nanoscale hotspots decreases with shrinking hotspot
size due to nonequilibrium phonon transport. Two effects
that induce this phonon nonequilibrium are revealed, i.e.,
selective phonon excitation and ballistic phonon transport.
Taking nanoscale hotspots in 1D systems as prototypes,
we distinguish between phonon nonequilibrium resulting
from both effects by comparing four different approaches
to model phonon transport. Ballistic phonon transport
is shown to directly cause phonon nonequilibrium, and
nonequilibrium can be even larger when selective phonon
excitation exists. We also find that phonon nonequilibrium
is primarily contributed to by selective phonon excita-
tion, but the contribution from ballistic phonon transport is
also important for smaller hotspots. Meanwhile, when the
hotspot radius is greater than 5 times the average phonon
mean free path, both effects are roughly negligible, and
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the heat-diffusion equation becomes valid. Furthermore,
we also show that nanoscale-hotspot-induced phonon
nonequilibrium can lead to significantly underestimated
thermal conductivity measured in Raman experiments and
decreased effective thermal conductivity in nanoscale tran-
sistors. Specifically, when applying a laser-heated spot
with a radius of 0.5 μm on suspended SLG, the ther-
mal conductivity measured by the Raman experiments is
underestimated by a factor of 2.61. This measurement error
in Raman experiments further increases as the laser spot
size decreases. For a 22-nm technology-node silicon fin
FET, the effective thermal conductivity decreases by nearly
13 times. This thermal performance deterioration in tran-
sistors is expected to become more severe at 14- and 7-nm
technology nodes, where phonon nonequilibrium can pose
greater challenges for the entire junction-to-package-level
thermal management of electronics.

Finally, we would like to mention that nonequilib-
rium phonon transport is also important under tran-
sient conditions, where the timescale is comparable to
the phonon-relaxation time, as in time-domain thermore-
flectance experiments [3], and affects thermal transport
across interfaces [2]. In these cases, the transient effect and
differences in phonon transmittance across interfaces may
also induce phonon nonequilibrium. Therefore, it is worth
further extending the theoretical framework of the phonon
BTE to investigate nonequilibrium phonon transport under
transient conditions and across interfaces in the future.
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APPENDIX A: PHONON BTE AND NUMERICAL
METHODS

First, we present brief derivations of the theoretical for-
mula for the four approaches to model thermal transport
near nanoscale hotspots, as shown in Sec. II of the main
text. Starting from the phonon BTE with the energy form,
as given in Eq. (2), i.e.,

vω,p · ∇eω,p ,ŝ = e0
ω,p − eω,p ,ŝ

τω,p
+ q̇ω,p . (A1)

The temperature of phonons with frequency ω and polar-
ization p is given by

Cω,p(Tω,p − Tref) =
∫

�′
eω,p ,ŝd�′, (A2)

where Tref denotes the reference temperature, and the inte-
gral over angular space at the left-hand side of Eq. (A2)

represents the energy density of phonons with frequency ω

and polarization p [40]. Note that, since the local thermal
equilibrium assumption is invalid, the phonon tempera-
ture, Tω ,p, is not the thermodynamic temperature. Instead,
it is merely a representation of phonon energy density at
a location; this is commonly used in many other works
[39,40,47].

When neglecting selective excitation in the phonon
BTE, the volumetric heat generation of each phonon mode,
q̇ω,p , is proportional to its specific heat [29,30,32], i.e.,
q̇ω,p = (Cω,p/C)q̇, as also given in Eq. (3). According to
Eq. (A2), this implies that temperature rises, Tω ,p− Tref,
caused by the heat generation of all phonons are the same,
i.e., no phonon-temperature nonequilibrium is introduced
by heat generation. Therefore, in this case, the phonon BTE
excludes the selective excitation effect and includes only
the ballistic transport effect.

On the other hand, when neglecting ballistic transport in
the phonon BTE, we integrate Eq. (A1) over the angular
space,

∇ · Qω,p = Cω,p

τω,p
(Tlattice − Tω,p) +

∫
�′

q̇ω,pd�′, (A3)

where Qω ,p is the heat-flux vector for phonons with fre-
quency ω and polarization p, which equals

Qω,p =
∫

�′
vω,peω,p ,ŝŝd�′. (A4)

When ignoring ballistic transport, the phonon energy den-
sity, eω,p ,ŝ, can be written as the angular-averaged energy
density, ēω,p , plus a small perturbation, 
ω,p , ŝ [40]:

eω,p ,ŝ = ēω,p + 
ω,p ,ŝ, (A5)

where the angular-averaged energy density, ēω,p , is

ēω,p =
∫
�′ eω,p ,ŝd�′

�
, (A6)

where � is the total solid angle. Inserting Eq. (A5) into
Eq. (A1) and assuming the divergence of vω ,p
ω ,p,ŝ to be
much smaller than the divergence of vω,p ēω,p , we have


ω,p ,ŝ = Cω,p

�
[(Tlattice − Tω,p) − vω,pτω,p∇ · (ŝTω,p)]

+ τω,p

∫
�′ q̇ω,pd�′

�
. (A7)

Combining Eqs. (A5) and (A7), we have

eω,p ,ŝ = e0
ω,p − Cω,pvω,pτω,p

�
∇ · (ŝTω,p) + τω,p

∫
�′ q̇ω,pd�′

�
.

(A8)

Based on the isotropic assumption [47], e0
ω,p and∫

�′ q̇ω,pd�′ are angle independent. Inserting Eq. (A8) into
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Eq. (A4), we have

Qω,p = −Cω,pv
2
ω,pτω,p

�

∫
�′

∇ · (ŝTω,p)ŝd�′, (A9)

which yields

Qω,p = −κω,p∇Tω,p , (A10)

where κω ,p is the thermal conductivity associated with
phonons with frequency ω and polarization p. Inserting
Eq. (A10) into Eq. (A3), we obtain

∇(κω,p∇T) + Cω,p

τω,p
(Tlattice − Tω,p) +

∫
�′

q̇ω,pd�′ = 0.

(A11)

Equation (A11) is Eq. (4) given in the main text, which
implies that selective excitation directly induces differ-
ent phonon temperatures, Tω ,p. Equation (A11) is also
known as the multitemperature model [17]. The deriva-
tion of Eqs. (A3)–(A11) can also be found in Ref. [40].
When ignoring selective excitation, Eq. (A11) can be fur-
ther reduced to the heat-diffusion equation, as given in
Eq. (5).We note that the thermalizing boundary condition
cannot be directly applied in Eq. (A11), where an equiv-
alent boundary condition is applied instead [40]. This dif-
ference in boundary conditions results in the temperatures
calculated when considering different effects of phonon
nonequilibrium still not merging away from the hotspot in
1D systems. To clearly show phonon nonequilibrium near
the hotspots, the effect of this difference in boundary con-
ditions on phonon-temperature nonequilibrium is ruled out
in Sec. II.

Second, to calculate the phonon temperature, we need to
numerically solve phonon BTE Eq. (A1) with the energy-
conservation rule [26]:

∫
�

∑
p

∫ ωmax

ωmin

e0
ω,p − eω,p ,ŝ

τω,p
dω′d�′ = 0. (A12)

Then, the lattice temperature can be determined by

TL =
∫
Ω

∑
p

∫ ωmax
ωmin

eω,p ,ŝ
τω,p

dω′dΩ ′

∑
p

∫ ωmax
ωmin

Cω,p
τω,p

dω′
. (A13)

The input physical properties vω ,p, Cω ,p, τω ,p, and q̇ω,p
are needed to solve the phonon BTE. For SLG studied
in Sec. III A, the input physical properties are extracted
from Ref. [46] and are computed using first-principles cal-
culations. For silicon studied in Sec. III B, vω ,p, Cω ,p, and
τω ,p are also obtained from first-principles calculations
[64–67], and information on selective phonon excitation in

the Joule heating spot is extracted from Ref. [16]. There-
fore, different phonons are already differentiated at the
mode level. After obtaining the inputs, we use determin-
istic methods to numerically solve the phonon BTE. We
apply the discrete ordinates method to divide the angular
space, and the finite-volume method is employed for spa-
tial discretization [40,41,51]. Further numerical details for
solving the phonon BTE can be found in previous stud-
ies [47,49,51]. After solving the phonon BTE, we obtain
the energy density, eω ,p,ŝ, of each phonon and the corre-
sponding phonon energy density, e0

ω,p , at the equilibrium
state. Then, the lattice temperature, Tlattice, can be calcu-
lated using Eq. (A13), and the temperature of different
phonons can also be distinguished according to Eq. (A2).

APPENDIX B: DEVICE PARAMETERS OF THE
SILICON BULK FIN FET

The device parameters of the silicon bulk fin FET shown
in Fig. 5(a) are listed in Table IV.

TABLE IV. Nominal device parameters of the bulk silicon fin
FET from Ref. [59].

Parameter Value (nm)

Gate length, Lgate 25
Source (drain) length, Lsource (Ldrain) 10
Spacer length, Lspacer 6
Fin height, H fin 30
Shallow trench isolation depth, H STI 30
Joule heating spot height, H Joule 10
Joule heating spot width, WJoule 5
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