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Hard-x-ray spectral redistributions using single or multiple magnetic switching in two-target nuclear
forward scattering is theoretically studied. We show that our system is noncommutative, namely, a mag-
netic perturbation at the downstream target leads to a higher spectral intensity enhancement than the
spectral boost by a magnetic perturbation at the upstream target. Our scheme not only enhances the
spectral intensity to tenfold but also provides a time-delayed magnetic control on the Fano-like spec-
trum. The present two-target results pave the way towards a brighter and more flexible x-ray source
than the one-target scheme for precision spectroscopy of nuclear resonances utilizing modern synchrotron
radiation.
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Dynamic perturbations on nuclear resonant scattering of
x rays has a long history starting from the pioneering work
[1] and lead to the alternation of x-ray frequency and time
spectrum [2–36]. These perturbations are implemented
by either mechanical vibrations [1,5,20,29,33,37–40] or
magnetic switching [6–9,13–17,19]. Coherent control of
hard x rays also inspires many theoretical proposals in
fundamental physics [41–44] and for information tech-
nology [25,27,30,35,45]. Moreover, spectral enhancement
of x-ray synchrotron radiation pulses in nuclear forward
scattering (NFS) had been observed with the time discrim-
ination between the scattered signal and the input [11,21].
The enhancement can also be achieved by a sophisticated
control over the target trajectory without the temporal dis-
crimination [33]. The underlying physics of the latter is
the spatial phase shift due to the abrupt target motion [12],
which leads to Fano resonance [33,46,47], namely, the
interference between the incident broadband synchrotron
radiation and the nuclear resonant scattering. This can
transfer off-resonant photons onto the tiny resonant frac-
tion and leads to the spectral enhancement. Here, we
theoretically show that the magnetic switching, used in
many pioneering works [16,18,19], in either single- or
two-target NFS system also results in the Fano spectral
enhancement. In contrast to the mechanical control, our
scheme invokes the sign reversal of the nuclear Zeeman
energy [16,18,19,27]. One can observe some similarities
between our two-target system and the pioneering works
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[6,8,16] using a narrowband radioactive x-ray source. The
use of broadband synchrotron radiation in our case ren-
ders Fano resonance and the spectral enhancement possi-
ble. We find the noncommutativity [38,39], i.e., inverting
either magnetic fields in two-target system [16,27] leads
to different spectral enhancements. We also demonstrate
the time-delayed magnetic control on the Fano-like spec-
trum [46,47]. Our scheme potentially leads to a bright
synchrotron Mössbauer source [48–55] and sensing appli-
cations [47,56].

Figure 1(a) illustrates the two-target NFS system, and
Figs. 1(b) and 1(c) depict the 57Fe nuclear-level scheme
[19,27]. Two 57Fe isotopically enriched 57FeBO3 crystals
are impinged by a linearly polarized x ray of 14.4-keV
photon energy. The incident x ray drives |1〉 → |3〉 and
|2〉 → |4〉 transitions. Here m is the nuclear spin projection
along the z axis. �g and �e are the hyperfine splitting for
ground states and excited states, respectively. When apply-
ing external magnetic fields �B1 and �B2 of few tens of gauss
in the easy plane of a 57FeBO3 crystal, the orientation of
the crystal magnetization can be easily switched by invert-
ing each magnetic field within a few ns (the red upward
arrows become the downward arrows) [19].

When turning over the magnetic field, the energy lev-
els will exchange as demonstrated by Fig. 1(c) [16,18].
As illustrated in Fig. 1(d), in a two-target NFS system
one can switch �B1 at t = τ1 and �B2 at t = τ2 with a time
delay τD = τ2 − τ1. We show that such time-delayed mag-
netic control leads to versatile manipulations of the NFS
frequency spectrum.

The following optical-Bloch equation (OBE) describes
our two-target NFS system [23,24,27,35,44,45,57,58]:
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FIG. 1. (a) A linearly polarized x-ray synchrotron radiation of
14.4 keV (blue curves) impinges on two 57FeBO3 crystals (green
hexagon) applied with external magnetic field �B1 and �B2 (red
arrows). (b) 57Fe nuclear energy level with ground (excited) state
Zeeman shift �g (�e). The nuclear spin projection on the z axis
is denoted by m. The x ray drives |1〉 → |3〉 and |2〉 → |4〉 tran-
sitions. By turning over the magnetic field �B → −�B, the energy
levels are shifted as illustrated in (c). (d) �B1 and �B2 are inverted at
t = τ1 and t = τ2, respectively, with a time delay τD = τ2 − τ1.
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Here index j ∈ {1, 2} indicates the quantity for the j th
target. �j = 	Ej /� is the x-ray Rabi frequency, where
Ej is the x-ray electric field strength, 	 the nuclear
transition dipole moment, and � the reduced Planck
constant. ρ

(j )
31 and ρ

(j )
42 are the quantum coherence of

|1〉 → |3〉 and |2〉 → |4〉 transitions in Fig. 1(b), respec-
tively. � = 1/141 GHz is the spontaneous decay rate
of excited states |3〉 and |4〉, and � = �g + �e the
total Zeeman shift. The switching function Mj (t) =
− tanh

[
(t − τj )/ (0.25td)

]
describes that the external mag-

netic field �Bj is inverted at t = τj within a switch-
ing time of td = 5 ns. c is the speed of light in vac-
uum, ηj = 4�ξj / (aL), and ξj is the nuclear resonant
thickness of the j th target. a = √

2/3 is the Clebsch-
Gordan coefficients, and L is the sample thickness. k
is the x-ray wave number, and n ≈ 1 + i9.13 × 10−8

is the x-ray refractive index of a 57FeBO3 crystal

contributed by electrons [59–61]. The initial and bound-
ary conditions are ρ

(j )
31 (y, 0) = ρ

(j )
42 (y, 0) = �j (y, 0) = 0,

�1 (0, t) = exp
[− (t − t0)2 /τ 2

]
, and �2 (0, t) = �1 (L, t),

where (t0, τ ) = (0.67 ns, 0.1 ns). Given �j is proportional to
the x-ray field propagating through and emanating from the
crystals, the normalized output frequency spectrum Sj (ω)

is calculated by

Sj (ω) = |∫ ∞
0 �j (L, t)eiωtdt|2

max|∫ ∞
0 �1(0, t)eiωtdt|2 . (4)

When an ultrashort pulse δ(t) illuminates a two-target sys-
tem with � > �, the scattered field [23,62] is the real part
of

E2(t) = δ(t) − W1(t) − W2(t) +
∫ t

0
Wc

2(t, t′)W1(t′)dt′. (5)
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are single-target response functions. The envelope wj (t) =
ξj /
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ξj �tJ1

(
2
√
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)

e−�/2t and J1 is the Bessel function
of the first kind depicting dynamical beat (DB) [4,21,
27,39,58,62] and is the analytical solution of Eqs.(1)–(3)
for single target [23,58,62]. Hyperfine splitting � induces
the real part Re

[
Wj (t)

] ∝ wj (t) cos
[
�

∫ t
t′ Mj (τ )dτ

]
term

describing quantum beat (QB) [3,12,21,23,39,58,62]. The
spectral enhancement can be achieved by the sign reversal
either at DB or QB nodes. We introduce the exchanging
function ε (t) = M1 (t) M2 (t) to distinguish different x-ray
radiative couplings before and after switching instant τj .
This is different from typical NFS [21,27,39,62] and is
explained later.

Four scattering paths constitute Eq. (5) [27,39,62]. δ(t)
represents that no scattering occurs. −Wj (t) depicts that
only the j th target scatters x rays. The last convolution
describes that x rays are chronologically scattered by the
first target and then by the second one, and its derivation
can be found in Ref. [62].

We first demonstrate the magnetic control of the single-
target NFS in Fig. 2 by numerically solving Eqs. (1)–(3)
and compare three kinds of magnetic switching on S1(ω).
The switching function M1 (t) and output �1 (L, t) are illus-
trated in Figs. 2(a) and 2(b), respectively. Blue dashed, red
dashed-dotted-filled, and black solid lines depict cases for
single, 50, and without magnetic switching, respectively.
In contrast to the unperturbed NFS, the perturbed nuclear
dynamics experiences time reversal after each switching at
QB node. This action effectively introduces a phase shift
of π in the scattered x rays [19,27,35].

Figure 2(c) depicts S1(ω) for three cases. The single
switching turns two unperturbed absorption dips (black
solid line) into the enhanced spectral peaks (blue dashed
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FIG. 2. Magnetic control of the single-target NFS with
(ξ1, �) = (20, 80�) based on Eqs. (1)–(3). (a) switching func-
tions M1 (t). (b) Output �1 (L, t) for single (blue dashed line),
50 (red dashed-dotted-filled line), and without (black solid line)
magnetic switching. (c) Output S1(ω). Green long-dashed line
depicts the theoretic maximum spectrum. (d) Number of switch-
ing N -dependent S1 (0).

line) of the maximum S1(ω) = 5 with (ξ1, �) = (20, 80�).
The 50 magnetic inversions eliminate the QB oscillation of
�1 (L, t) as illustrated in Fig. 2(b) and cause an enhanced
line at ω = 0 and frequency doubling at ω = 2� [33].
The FWHM of the central peak of the 50-switch S1(ω)

is 4�. S1(ω) also approaches the theoretically optimized
spectrum (green dashed-dashed-dotted line). We empha-
size that the zero-frequency line is not caused by the rapid
relaxation [63]. Figure 2(d) shows that S1(0) approaches
the theoretic maximum of 12 when increasing the num-
ber of switchings N ≈ 50 in 300 ns. To achieve such
high repetition rate, the magnetic switching [19,25,27,36]
is potentially more preferable than the mechanical vibra-
tion of a target [29,33]. Magnetic switching of a few gauss
in the nanosecond time scale was experimentally real-
ized in Refs. [6,19]. The magnetic perturbation on 57Fe
nuclei at a repetition rate higher than 0.1GHz was achieved
in Refs. [64,65]. It deserves to mention some technical
challenges of our scheme, e.g., the fast switching causes
magnetoacoustic oscillations in FeBO3 [14,17].

We now turn to investigate two-target NFS and show
its advantages over the single-target system. Given E2
results from multipath interference [see Eq. (5)], a two-
target system renders even more flexible controls possible.

In what follows we consider two identical targets with
ξ1 = ξ2 = ξ .

Figure 3(a) shows the perturbed two-target S2 (ω) with
(ξ , �) = (10, 80�) under three types of switching: (i) two
magnetic fields are simultaneously inverted (green dashed-
dotted line), (ii) only �B1 inversion (blue dashed line), and
(iii) only �B2 inversion (red solid line). All spectra are the
mirror image about ω = 0. One can observe that each
kind of switching leads to a very different spectrum. As
demonstrated by the red solid-filled line, the third kind
of switching not only enhances the spectral intensity by
a factor of 8, but also significantly narrows FWHM of
each enhanced peak. The FWHM of spectral lines at ω =
±75� and ω = ±85� is about 3.5�. Notably, a single �B2
inversion already leads to a spectral enhancement [green
dot in Fig. 3(c)] comparable to that by multiple switch-
ings, e.g., 20 switchings, in a one-target system [the green
dot in Fig. 2(d)]. In contrast to the latter, which essen-
tially can harvest more off-resonance photons than other
strongly deformed spectral lines in a single-target system
[33], the former provides not only a comparable spectral
boost but also an easier method for implementation than
multiple perturbations. Comparing with types (i) and (iii),
the overall spectral intensity of type (ii) is lower (see blue-
dashed line), and there are dips touching to zero around
ω = ±80�. Figure 3(b) demonstrates the theoretical S2 (ω)

based on our Eq. (5). The consistency between Figs. 3(a)
and 3(b) indicates that the revised Eq. (5) can faithfully
describe the perturbed two-target NFS.

Figure 3(c) illustrates the �-dependent peak value of the
perturbed S2(ω) for three cases. The maximum S2(ω) sat-
urates with 9.3, 5.3, and 3.7 for cases (iii), (i), and (ii),
respectively. The rank of enhancement sustains for the
variation of �. The tendency of increasing � intensifies
S2(ω) can be explained by what follows. In light of the fact
that we switch a magnetic field at the first temporal QB
node, shortening the QB period by increasing � reduces
the unperturbed NFS signal prior to the switching instant
and therefore raises the spectral intensity.

Moreover, not only in the frequency domain but also
in the time domain, the upstream and the downstream
magnetic switching results in very different output fields.
Figure 3(d) illustrates the output �2 (L, t) from our
numerical solution of Eqs. (1)–(3), where the blue dashed
line denotes the type (ii) magnetic inversion, and the red
solid line depicts type (iii). Notably, there is a phase shift
of π between two fields for t > 10 ns.

Three phenomena manifest the distinction between type
(ii) and (iii): the noncommutativity [38,39], the π phase
difference in Fig. 3(d), and especially inverting only �B2
leads to a higher spectral intensity boost than switching
only �B1. The above effects must result from the convolu-
tion in Eq. (5) because inverting either �B1 or �B2 makes
W1 and W2 cancel each other [27]. In contrast to Ref.
[39] using the two-level system to describe nucleus in
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FIG. 3. Noncommutative two-target NFS frequency spectrum
for (ξ , �) = (10, 80�). (a) S2(ω) by numerical simulation of
Eqs. (1)–(3). (b) S2(ω) based on Eq. (5). (c) Hyperfine splitting
�-dependent maximum S2(ω). (d) Output �2 (L, t) by numerical
simulation of Eqs. (1)–(3). Green dashed-dotted lines depict the
case of switching both �B1 and �B2 at τ1 = τ2 = 3.23 ns, and the
red-solid (blue-dashed) lines demonstrate the case where only �B2
( �B1) is inverted at τ2 (τ1) = 3.34 ns.

each vibrating stainless steel, we need to consider opti-
cal coupling between nuclear hyperfine transitions of each
iron borate crystal. In order to correctly calculate the con-
volution and theoretical spectra in Fig. 3(b), we find it
is necessary to introduce the exchange of radiative cou-
pling illustrated by Fig. 4, where (a) and (b) depict the
type (ii) and (iii) switching, respectively. Given the cas-
cade picture treating the upstream output x ray as the
downstream input, the upstream nuclear transition must
pair up with a downstream resonant one depending on
the moment t′ when x ray impinges on the second tar-
get relative to the switching instant t = τj . Each top panel
of Fig. 4 illustrates the transition pairing for exchang-
ing function ε = ±1. Thick-red-upward and downward
arrows demonstrate the magnetic field before (t < τj ) and
after (t ≥ τj ) switching, respectively. ε = −1 describes the
cross-coupling that x rays emitted by the upstream demo-
tion |4〉 → |2〉 (|3〉 → |1〉) are resonantly absorbed by
the downstream transition |1〉 → |3〉 (|2〉 → |4〉). ε = +1
denotes the direct coupling of the identical transition. In
other words, only the x ray impinging on the downstream
target before the switching will experience time rever-
sal, i.e., Wc

2

(
t, t′ < τj

) = w2
(
t − t′

)
exp

[
i�

∫ t
t′ M2 (τ ) dτ

]
and Wc

2

(
t, t′ ≥ τj

) = w2
(
t − t′

)
exp

[
i�

(
t − t′

)]
, which

are depicted by the bottom panels of Fig. 4. Our sys-
tem is therefore noncommutative, and type (ii) upstream
switching causes a π phase shift of E2 (t > τ1) because

(a) (b)

FIG. 4. Exchange of radiative coupling. (a),[(b)] shows the
case where only �B1 (�B2) is inverted at τ1(τ2). On each top
panel, the exchanging function ε = ±1 denotes the radiative
coupling between different transitions. Thick-red-upward (down-
ward) arrows indicate the magnetic field before (after) switch-
ing. Thin-downward (upward) arrows depict upstream emission
(downstream absorption) of x rays. Pink (blue)-rightward arrows
denote x rays emitted by red- (blue-) shifted transition. On each
middle panel, the red line depicts the W1

(
t′
)
. On each bottom-

yellow-squared panel, blue lines demonstrate Wc
2

(
t, t′

)
indicated

by gray-dashed lines for t′ = t′0, t′1, and t′2. Green-solid-vertical
arrow highlights the switching moment.

W1
(
t′ > τ1

)
contributes the minus sign in the convo-

lution due to time reversal [see red W1
(
t′
)

curve in
Fig. 4(a)]. Consequently, E2(t) ≈ δ(t) − ∫ t

τ1
Wc

2

(
t − t′

)
W1(

t′
)

dt′ for type (ii) switching, and E2(t) ≈ δ(t) +∫ t
τ2

Wc
2

(
t − t′

)
W1

(
t′
)

dt′ for type (iii). The positive sign
results in the constructive interference between the input
and the fourth scattering path, which renders inverting �B2
a higher spectral intensity than switching �B1.

Inspired by the noncommutativity [38,39], we inves-
tigate the type (iv) perturbation, namely, �B1 or �B2 are
separately inverted with τD �= 0. Based on the interfer-
ence between four paths, a fine tuning of τD is expected
to produce a kind of interference fringe in a spectrum.
Figure 5 depicts the Fano-like spectrum [46,47] S2 (ω) as
a function of τD by numerically solving Eqs. (1)–(3) for
ξ1 = ξ2 = 7.5, � = 80�, switching �B1 at τ1 = 3.28 ns,
and inverting �B2 at τ2 = τ1 + τD. The perturbed S2(ω) for
τD = 4.2 ns (τD = 6.6 ns) is depicted by red dashed-filled
line (green solid-filled line) in Fig. 5(a). Compared with
the S2(ω) of the synchronized switching in Fig. 2(b), one
can transfer a four-line spectrum to a double-line S2(ω)

by the type (iv) switching. Moreover, we can control the
relative height of the spectral line at ω = ±75� and ω =
±85�. For τD = 4.2 ns x-ray photons concentrate around
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(ξ , τ1) = (2.5, 3.4 ns). (b),(c) share the same color bar, and � =
80� for all figures.

ω = ±85� with linewidth of 6�. A later switching of �B2
with τD = 6.6 ns inwardly redistributes NFS photons to
ω = ±75�. Figure 5(b) demonstrates the two-dimensional
S2(τD, ω) for ξ1 = ξ2 = 7.5. S2(τD, ω) is a mirror image
about ω = 0, and so we show only the result in 90� ≥ ω ≥
70� for the sake of a better visualization. We observe that
S2(τD, ω) is gradually and periodically modulated along
the variation of τD. The red dashed-leftward arrow and
the green-rightward arrow indicate the time delay for two
cases in Fig. 5(a). In view that the tunable frequency com-
ponents are determined by DB, Fig. 5(c) depicts the change
of using lower resonant thickness ξ1 = ξ2 = 2.5 to relocate
two controllable spectral lines at ω = 77.5� and 82.5�.

In conclusion, we study the magnetic controls over
the x-ray frequency spectrum in two-target NFS. Our
scheme results in tenfold spectral intensity enhance-
ment with FWHM of 4�. This leads to a bright syn-
chrotron Mössbauer source [48,49,52,54] for any photon
flux-hungry experiments [50,52–54,54]. Our time-delayed
scheme offers a selection of enhanced spectral lines, and
its sharp asymmetric Fano line shape has the potential for
sensing applications [47,56].
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