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The ability to design vectorial optical fields with desired properties in different media has a significant
impact on many applications including microscopy, optical trapping, micromachining, and data commu-
nications. Here, we set up a framework, based on Maxwell’s equations, that can be used to generate a
desired three-dimensional vectorial optical field inside inhomogeneous and/or anisotropic media, where
the generated field is either the exact or the closest physically possible rendition of the desired field. This
approach is experimentally verified by generating two optical fields exhibiting interesting properties such
as controllable states of polarization in a simple medium and self-healing behavior after a dielectric wall.
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Introduction—Structured light, in general, refers to the
study and application of optical fields with customized
properties (degrees of freedom) such as intensity profile
[1,2], orbital angular momentum (OAM) [3.,4], state of
polarization (SOP) [5,6], and wavelength [7]. Whereas this
field of study was initially concerned with controlling the
intensity pattern at a particular plane, today, a wide range
of tools exists to create customized field patterns in mul-
tiple planes using dynamic and geometric phase control.
Spatial light modulators (SLMs) and metasurfaces [8,9]
are two key technologies that have enabled the use of struc-
tured light in many applications. As SLM and metasurface
technologies have been maturing, we find structured light
at the core of many applications such as optical microma-
nipulations [10—12], imaging [13,14], optical communica-
tion systems [15,16], and remote sensing [17,18], to name
a few.

While theoretical and experimental foundations of non-
diffracting beams—a subclass of what is now referred to as
the structured light—have been known for a while [19,20],
the more intense interest in the field did not material-
ize till the more recent discovery of the self-accelerating
beams [1]. Since then, researchers have invented alterna-
tive classes of beams that solve some of the existing limi-
tations in the older ones. For example, nonparaxial Math-
ieu and Weber accelerating beams overcome the paraxial
limitation of the Airy beams of Ref. [1], in addition to
possessing more flexible trajectories such as circular or
elliptical [21]. Engineering beams’ trajectories is not lim-
ited to the aforementioned work, for example, researchers
have demonstrated nonparaxial beams that follow helical
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trajectories [22], accelerating light beams that follow con-
vex trajectories [23], micronscale caustic beams [24], and
beams that change their direction of propagations “at will”
[25]. Similarly, there has also been some work that takes
the beam’s polarization into account such as the accel-
erating and nondiffracting Helmholtz beams in Ref. [5],
the nonparaxial accelerating beams that are solutions to
Maxwell’s equations in Ref. [26], and the so-called frozen
waves that allow considerable control over the beam’s
polarization on axis [6]. Lastly, there have been efforts
to engineer some parameters of the vortex beams, where
researchers have generated beams that can change their
local OAM with propagation [3], modify the local OAM
abruptly [4], have the beam’s center spot follow three-
dimensional (3D) trajectories while maintaining the same
topological charge [27], or a combination of both OAM
and trajectory control [28]. However, it is worthwhile to
point out that most of the aforementioned efforts were con-
cerned with beams in simple media, and to the extent that
some inhomogeneous media have been considered [29,30],
they were only special cases with serious constraints on the
SOP and the medium index of refraction.

Hence, in this letter, we introduce a general framework
that can be used to design vectorial optical fields with
predetermined polarization, amplitude, and phase distri-
bution inside 3D inhomogeneous and anisotropic media,
without the need to alter the media’s optical properties.
The generated optical field is guaranteed to be the closest
possible rendition of the desired field, which also satisfies
Maxwell’s equations. The provided framework is experi-
mentally verified by generating a beam that self-heals after
scattering from a dielectric wall, after which a Bessel beam
could not self-heal, and a beam that splits into two beams
with orthogonal SOP in free space.
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Theoretical formulation—1Let S : Q@ — C? represents the
desired complex-valued vector field, defined inside some
bounded open region 2 € R with a piecewise smooth
boundary 9€2 that does not necessarily satisfy Maxwell’s
equations. On the other hand, let E: Q — C? be a
complex-valued vector field that satisfies Maxwell’s equa-
tions, where our objective is to minimize the difference
between E and S according to

1
ﬂm=[§m®—&m%k M
Q
subject to the constraint

Vx (n'x)V x Ex)) — 0’e(x)E(x) =0, Vxe Q,

2

where €(x) and p(x) are the complex permittivity and
permeability tensors, respectively, chosen to be piecewise
smooth. Note that we are going to assume that all the
functions introduced in this work are sufficiently smooth,
and from this point onward, we also drop the functions’
arguments unless they are needed for clarification.

To account for the constraint in Eq. (2), we define an
adjoint function A : @ — C3, and hence we obtain the
Lagrangian functional

1
JIE] = / SIE —SP4+Re[A-(Vx (u'VxE)
Q
— w’€eE)]d’x. (3)
Here, the inner product is defined for any a,b € C3 in
terms of their components as a - b = a{b; + a5b, + a3bs.

Next, we introduce the variation SE to E in Eq. (3) and
expand the integrand to get

J[E + SE]

=/ 1|E—8|2+Re[(E —8) - SE]
Q2

1
+ 5|5E|2 +Re[A - (V x (07'V x E) — w?€E)]

+Re[A - (V x (0'V x 8E) — 0’€SE)|d°x. (4)

Using F to denote the value assigned by the Lagrangian
J to a given function E, and keeping only the first-
order terms in SE and SE* along with using the fact
that A - €SE = €/ A - SE, leads to the following first-order

variation of F' with respect to E (denoted by §F)

§F = / Re[(E — S — w?e’’A) - SE]d’x
Q

+/ Re[A - (V x (07'V x SE))]d’x, (5)
Q

where () denotes the Hermitian. To proceed further, we
use the relation A- (VxB)=(VxA)-B-V. (A" x
B) (the conjugation appears due to the adopted definition
of the inner product) and apply it twice along with the
divergence theorem to arrive at
SF = / Re[(E — S — w?€e’A
Q
+V x ((uH~'V x A)) - SE]d’x
— f Re[((u)7'V x A*) x SE
90

+A* x (u”'V x $E)] - nds, (6)

where ()7 denotes the transpose, and n is the outward unit
normal vector to the boundary. Using the fact that (a x b) -
¢ = —(a x c*)-b*, we have
§F = / Re[(E — S — w?e’ A
Q
+V x ((uH~'V x A)) - SE]d’x
+7§ Re[((u)'V x A) x n - SE
e

+A xn-(u 'V xSE)]dS. (7)
This leads to the stationarity conditions
0’e"A+E=8, VxeQ

(8a)
Vx € 3. (8b)

Vx (kM7'V x A) —
Axn=0 (g 'VxA)xn=0,

At this point, it is worth noting that each integration in Eq.
(7) can be expanded in terms of §E and §E*, which gives
two equations for the stationarity conditions. Nonetheless,
these two equations are complex conjugate of each other
(recall that the functional is real), and when setting the
variation to zero, it is necessary and sufficient to consider
only one of them. Since all the boundary conditions (BCs)
are in A, we prefer to decouple the Egs. (8a) and (2), which
can be done by substituting the former in the later, leading

L031002-2



CUSTOMIZED VECTORIAL OPTICAL FIELDS

PHYS. REV. APPLIED 18, L031002 (2022)

to

Vx (7'V x (Vx (0)7'V x A))) — 0?eV
x (W)7'V x A) = 0’V x (071 (V x (€ A)))

+o'eeA =V x (07'V x8) — v’eS, VxeQ,
(9a)

Axn=0 (W) 'VxA)xn=0, VxedQ.

(9b)
Once A is obtained, one can evaluate E using
E=8 -V x ((u")7'V x A) +?€eA. (10)

Undoubtedly, to evaluate Eq. (10), the solution of the
boundary value problem (BVP) in Eq. (9) is needed;
however, since at optical frequencies most materials are
nonmagnetic, this motivates us to consider a more prac-
tical special case, where m/uo is the identity matrix.
Furthermore, for isotropic material, we can replace the per-
mittivity tensor with a scalar permittivity €. In this case,
Eq. (9) can be simplified to

V@A — 2V A — V2((k)?A)
+ kI*A = VT — IPT, VxeQ,
Axn=0, (VxA)xn=0, VxeodQ,

(11a)
(11b)

where k* = w?uoe, T = oS, and the operator (V'®)
is defined recursively as follows: V!®A =V x A and
V'HI®A =V x (V"™®A) forn > 1.

Results—To design the optical fields presented in this let-
ter, we choose the domain (£2) to be a rectangular prism
and place absorbers in front of all other boundaries, except
for the boundary at the z = 0 plane. Next, for a desired vec-
tor field of interest (S), the BVP in Eq. (11) is solved using
the finite-difference method. To do so, the equation and the
BCs are discretized using second-order finite differences.
The resulting system of linear equations is then solved
via the biconjugate gradient stabilized method. Once the
adjoint field A is found, E(x,y,0) (i.e., the BC that is
used to obtain the hologram) is calculated, which is used
to generate the required hologram.

While the above formulation is valid for inhomoge-
neous and/or anisotropic media, the experimental exam-
ples, reported in this work, focus on the vectorial nature
of the optical fields in homogeneous and inhomogeneous
media. A schematic (top view) for the experimental setup
is depicted in Fig. 1. In this setup, starting from the top left
of Fig. 1, a 532-nm collimated Gaussian beam with vertical
(along the y axis) linear polarization passes through a half-
wave plate that is rotated at an angle of 22.5° (all angles

HWP — Mirror
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FIG. 1. Schematic of the experimental setup (top view). Two
computer-generated holograms (one for each polarization) are
displayed on a single reflective phase-only SLM, where each
pattern is encoded on one half of the SLM to modulate two
collimated 532-nm Gaussian beams with a diagonal (45°) linear
polarization. The output patterns are then combined and filtered
using a 4f system, which propagates in some inhomogeneous
medium. The behavior of the optical field is then probed using
a CCD camera (on a movable stage) equipped with a polarizer in
order to analyze the polarization state of the optical field. Here,
HWP is the half-wave plate, BS is the beam splitter, BC is the
beam combiner, OA is the optical attenuator, and Pol refers to
polarizers.

are with respect to the vertical axis) and then splits into
two beams via a beam splitter. The first beam impinges
on the right side of a reflective phase-only SLM with a
pixel pitch of 8 wm, while the second beam is redirected
through a mirror toward the left half of the same SLM. Dis-
played on each side of the SLM is a hologram that encodes
the required BCs. The two modulated beams are then redi-
rected toward polarizers oriented at 90° and 0°, with an
additional attenuator in front of one of them, in order to
ensure that both beams are at the same power level. The
two beams are then combined via a beam combiner, result-
ing in a single beam. The resulting beam is then filtered
and imaged using an iris, a 4f system, and a CCD camera
on a moving stage, where additional polarizers (analyzers)
are placed in front of the camera in order to determine the
beam’s SOP.

To demonstrate the ability of our approach to control
and engineer the vectorial nature of the optical fields, we
generate a beam that, after propagating a distance in air,
will split into two orthogonal polarizations in a manner
similar to using a polarization beam splitter. The beam’s
dynamics are depicted in Fig. 2. From Fig. 2(a), it is clear
that at z = 1.0 cm, the beam contains components in both
vertical (0°) and horizontal (90°) polarizations. However,
once the beam splits (for example, at z = 7 cm), the left
spot (spot A) is only vertically polarized while the right

L031002-3



ABORAHAMA, SINHA, and MOJAHEDI

PHYS. REV. APPLIED 18, L031002 (2022)

Vertical Polarization
(0° Analyzer)

Horizontal Polarization
(90° Analyzer)

0.50 0.50y
0.25 0.25
£ 000 . 0.00
|| —0.25 —0.2§
o0
0

-0.50 —0.50 —0.50'
-0.50 -0.250.00 0.25 0.50 -0.50 -0.250.00 0.25 0.50 -0.50 -0.250.00 0.25 0.50

x (mm) x (mm) x (mm)
0.50 0.50 0.50

Both Polarization
(a) (No Analyzer)

1.0 cm
mm)

Y

0.25
0.00

| 025

N

-0 —0.50 —0.5
-0.50 -0.25 0.00 0.25 0.50 -0.50 -0.25 0.00 0.25 0.50 -0.50 -0.25 0.00 0.25 0.50

= (mm) = (mm) = (mm)
050 - 0.50 . . —

I
2 Spot Spot
0-25 A : B

o
N
5

|
Spot | Spot
A | B

0.00

y (mm)
)
b=
8

=)
=

—0.50 -0.50 —0.50'
-0.50 -0.25 0.00 0.25 0.50 -0.50 -0.25 0.00 0.25 0.50 -0.50 -0.25 0.00 0.25 0.50
T (mm) r (mm) x (mm)

(b) 450

0.25

0 10 20 30 40 50 60 70 80 90
Propagation Distance z (mm)

(©)os (d)os 7 1.997
03 03 157
Z o0 £ o.o} n
03 ~06 0.5m
06 _06 L\ . . 0
06 -03 00 03 06 206 -03 00 03 06
2 (mm)  (mm)
(€)os U] 06p ‘ 1.991
0.3 03 157
0 Z 00 n
-03 -03 \ 0.5m
-0.3 —0.3 ™ il
206 03 00 03 06 206 -03 00 03 06

2 (mm)

 (mm)

FIG. 2. Polarization beam-splitting pattern. (a) The transverse
intensity profiles, where each row represents the measured field
intensity at different propagation distances, while each column
represents different analyzer angles, which shows the field SOP.
These angles are for the vertical y axis. The beam initially
contains two orthogonal polarizations, which splits, with prop-
agation, into two beams with orthogonal SOPs. (b) The exper-
imentally reconstructed longitudinal beam’s intensity profile.
(c)f) The magnitude (left) and phase (right) of the x compo-
nent (top) and y component (bottom) of the electric field at the
z = 0 plane, where black and white correspond to 0 and 1.997
phase shifts, respectively.

spot (spot B) is only horizontally polarized, mimicking the
action of a polarization beam splitter. Figure 2(b) shows
the beam intensity in the longitudinal plane (x-z plane),
clearly demonstrating the intensity splitting in that plane.
Figures 2(c) and 2(d) display the magnitude and phase
associated with the x component of the field at the z = 0
plane (boundary plane), respectively, where the black and
white colors associated with the phase figure corresponds
to a relative phase of 0 and 1.997. The same information
for the y component of the field is presented in Figs. 2(e)
and 2(f).
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FIG. 3. Clearing a wall. (a) The experimentally reconstructed
longitudinal intensity profile of the structured beam upon
encountering a dielectric wall (in red) at z = 63 mm. The two
blue slashes indicate a break in the z axis due to the difficul-
ties associated with capturing that region using the CCD. (b) The
experimentally reconstructed longitudinal intensity profile of a
Bessel beam of approximately the same spot size as the struc-
tured beam facing the same walls. (c) The magnitude of the y
component of the electric field (E,) at the z = 0 plane. (d) The
phase of E), (on the right), where black and white correspond to
0 and 1.997 phase shifts, respectively.
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We next turn our attention to generating a structured
light in an inhomogeneous medium. For this example, we
generate a beam that can clear a dielectric wall that cannot
be cleared by common self-healing beams such as Bessel
beams. The wall is made of a dielectric material with a
thickness that introduces 135° phase shift. The behavior
of the structured beam compared to the Bessel beam is
shown in Fig. 3. Figure 3(a) shows the longitudinal inten-
sity profile of the structured beam, where the red rectangle
indicates the dielectric wall placed at z = 63 mm. Due to
the presence of the wall, the intensity of the optical field
in the vicinity of that region could not be captured. This is
presented in the location of the break (in blue) along the z
axis.

It is clear from this figure that the structured beam suc-
cessfully clears the barrier while the Bessel beam [Fig.
3(b)] splits into two major beams after the dielectric
barrie—accompanied with additional filamentation. It is
worth pointing out that the Bessel beam is not able to self-
heal because the dielectric wall has distorted the phase
of all its rings, which makes the self-healing impossible.
The magnitude of the field’s y component at the bound-
ary (z = 0 plane) is shown in Fig. 3(c). We note that the
sidelobes on the right side of the figure are weaker than
those on the left side, where the dielectric barrier is located.
Figure 3(d) displays the phase of the y component of the
field at the boundary (z = 0 plane). The figure also shows
that the left and right sides of the second ring are out of
phase, which explains why the structured beam (unlike the
Bessel beam) can maintain its shape after the dielectric
wall.

Conclusion—In conclusion, we propose a framework
based on analytical formulas that can be used to design an
optical field with prechosen intensity, phase, and SOP in
source-free inhomogeneous and/or anisotropic media. For
cases where it is not physically possible to exactly generate
the desired field in such media, the theoretical formulation
guarantees that the generated field is the closest approxi-
mation to the desired field. The capabilities of the proposed
analytical approach are experimentally demonstrated by
generating two optical fields. The first example demon-
strates our control over the vectorial nature of the beam by
generating an optical beam that splits its polarization into
two orthogonal states in air. In the second example, the
structured beam traveling in an inhomogeneous medium
is capable of passing a barrier, which the common self-
healing beams such as Bessel beams cannot overcome.
Finally, we expect the developed technique to have impacts
on many applications such as optical micromanipulation,
tweezers, imaging, and data communications, in addition
to other wave-related phenomena.
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