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Recently, real-space representations, revealing in depth the duality of topological descriptions in real
and momentum space, have been applied to show multidimensional crystalline topology. Here we propose
nontrivial phononic crystals by constructing different Wannier configurations based on real-space repre-
sentations. We experimentally achieve the symmetry-protected interface topology in multiple dimensions
containing anomalous interface states and higher-order corner states. Nontrivial acoustic pseudospin polar-
izations are critical to the interface states and have been directly observed in experiment. In a consistent
frame, the higher-order corner states arising from the fractional charge anomaly are further observed. Our
study provides a scheme based on Wannier configurations for designing topological metamaterials, which
is fruitful for characterizing and manipulating multidimensional topological states and can be generalized
to other classical systems.
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I. INTRODUCTION

Topological materials have been successfully catego-
rized by symmetries that both determine the topological
classification and protect the nontrivial boundary states
[1–6]. Sparked by the real-space representations of crys-
talline symmetries [7,8], a systematic procedure of dis-
covery and classification of topological crystals has been
established [9–12]. At the core is the construction of the
relations between the band topology in momentum space
and the Wannier functions, which are the real-space coun-
terparts of Bloch waves [13,14]. From the real-space repre-
sentation viewpoint, topological crystals can be classified
with respect to the spatial distributions of symmetric Wan-
nier functions (SWFs) together with the carried charges,
i.e., the Wannier configurations. The gapless boundary
states in the first-order topological phases are also viewed
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as obstructions to their Wannier configuration depictions
[9]. Wannier configurations have more importance for the
higher-order topological systems where intrinsic bulk mul-
tipole moments manifest lower-order boundary charges
[15–18]. In addition to revealing the boundary signatures,
Wannier configurations have been further extended to mul-
tidimensional systems hosting specific spatial symmetries
to constitute genuine topological invariants [19–22]. To
date, Wannier configurations have been utilized to char-
acterize different types of topological systems, including
eigenvalue fragile phases [22,23] and bulk-disclination
correspondence [24].

Phononic crystals (PCs), by virtue of their flexible
designability, have become a versatile wave-control plat-
form to explore diverse band topology, such as one-way
boundary transport [25–30], higher-order corner states
[31–36], non-Abelian topological charges [37,38], and
artificial gauge flux [39]. For these wave manipulations,
acoustic waves are often characterized as scalar fields.
Recently, key transport properties, denoted as the local
angular momentum, are unveiled by fully considering the
vectorial features of the acoustic waves [40–42]. In
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FIG. 1. Realizing acoustic topological bands via Wannier configurations. (a),(b) Schematic Wannier configurations in distinct topo-
logical phases. The SWFs localize at the WPs 2c (blue) in phase A and at the WPs 1a and 1b (red) in phase B, corresponding to different
EBRs. Gray and green squares denote the primitive and enlarged unit cells, respectively. (c),(d) Top views of designed PC structures
of phases A and B. (e),(f) Simulated bands for PCs of phases A and B, respectively, with the labeled real-space topological indices. The
orbitals at high-symmetry points represent schematically the corresponding acoustic fields.

practice, the local angular momentum can be expressed
as the curl of Poynting vectors and is directly related to
the acoustic velocity field, which has been introduced to
emulate spin in acoustic systems [43,44] and to achieve
spin-related acoustic wave manipulation [45–47]. How-
ever, the curl of Poynting vectors has yet to be utilized
to experimentally characterize topological boundary states,
and the effect of local angular momentum on acoustic
topological transport has not been fully studied.

In this article, we propose a paradigm of designing topo-
logically distinct PCs by constructing specific Wannier
configurations in real space. Gapless interface states are
constructed based on the spatial mismatch of SWFs. With
direct measurements of acoustic Poynting vectors, the first-
order topological interface transports are experimentally
characterized by acoustic pseudospins. Furthermore, we
experimentally realize the higher-order corner states aris-
ing from the mismatch between the local corner charges
and the fourfold (C4) rotation symmetry of the PCs.

II. UNIT CELLS WITH DIFFERENT WANNIER
CONFIGURATIONS

Real-space positions in a unit cell can be categorized
into a few Wyckoff positions (WPs) with respect to their

site symmetry groups [19]. For a square lattice with four-
fold (C4) rotation symmetry, the WPs are the center (1a),
the corner (1b), and the midpoint of the edge (2c), as
labeled in Figs. 1(a) and 1(b). Focusing on the first band
in a primitive cell (grey squares), the SWF can localize at
either 1a or 1b. However, by doubling the primitive cell,
we obtain an enlarged unit cell (green squares) where two
types of the SWF locations are supported: one is the WPs
1a and 1b; the other is the WP 2c. Two different Wannier
configurations are thus constructed and identified as phases
A and B, with respect to the inherited SWF distributions.
Specifically, the SWFs of phase A center at the WP 2c [Fig.
1(a), blue circles]. For phase B, they are at both 1a and 1b
[Fig. 1(b), red circles]. These SWFs induce correspond-
ing elementary band representations (EBRs) (A)1a, (A)1b,
and (A)2c [9,22], where A denotes the irreducible repre-
sentations and the subscripts indicate the WPs. With these
EBRs, the corresponding band structures can be labeled
and topologically classified as discussed in the following.

According to the SWF distributions, we design two PCs
for phases A and B, with their structures shown in Figs. 1(c)
and 1(d), respectively. The PCs are based on the Shastry-
Sutherland model [48] in the absence of magnetic fields,
where the sites and hoppings correspond to cavities and
connecting (thick and thin) tubes. The PCs of phases A
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FIG. 2. (a) Illustrations for Wannier configurations and the corresponding interface states. The real-space Wannier configurations
(upper panel) are attached to the domain wall constructed by PCs in different phases (middle panel), giving rise to the interface states
hosting PP locking features (lower panel). (b) Measured FRFs for the interface and bulk states. (c) Simulated (yellow shapes) and
measured (background color map) projected dispersions. (d) Simulated PP distributions of the interface states corresponding to the
wave vectors ky = 0.8 and 1.2 in units of π/a [red and green dots in (c)]; nx is unit cell number.

and B share identical geometrical parameters (see Sec. 1
in Ref. [49]). Every four cavities linked by the thick tubes
form a single plaquette, and the thin tubes connecting the
plaquettes break the mirror symmetries along the x and y
directions, giving rise to the symmetries of group p4. The
plaquettes are terminated at the boundaries to emulate the
boundary located Wannier functions. For phases A and B,
the acoustic fields mainly reside in the plaquettes at the
WPs 2c and WPs 1a and 1b, respectively. Compatible with
the lattice symmetry, the fields in the plaquettes are lin-
early combined to construct the allowed orbitals in group
p4, i.e., the SWFs within certain EBRs. For the designed
PCs of phases A and B, the first two bands are numerically
simulated as shown in Figs. 1(e) and 1(f), respectively;
see Appendix A for simulation details. Although these two
phases have identical band structures, they are depicted,
according to the EBR theory, by different sets of symmetry
labels at high-symmetry points. Schematic eigenstates are
plotted with the simulated band structures, together show-
ing the acoustic SWFs required in momentum space. The
complete simulations of bands and the acoustic pressure
profiles of the eigenstates are in Sec. 2 of Ref. [49].

The topology underpinning the two phases is expressed
by the real-space topological indices (RSTIs). By
constructing a one-to-one correspondence between band
structures and real-space Wannier functions, a set of linear

equations is obtained for solving these RSTIs. The results
generally contain ten integer components since the SWFs
can be classified into ten types with respect to their WPs
and symmetries, as tabulated in Appendix B. However,
the RSTIs can be reduced to a triplet (ν1a,1, ν1b,1, ν2c,1) due
to the restriction that only monopole states survive at the
� point for the first acoustic band. The subscripts in the
RSTIs denote the WPs and representation indicators of the
SWFs. The calculated RSTIs are (0, 0, −1) for phase A and
are (−3, −3, 0) for phase B (Appendix B). These reduced
RSTIs point towards different localized SWFs and directly
pinpoint phases A and B with distinct crystalline topology.

III. SNAKING INTERFACE STATES INDUCED BY
WANNIER CONFIGURATIONS

With phases A and B, we construct the snaking interface
states based on the spatial mismatch of the two Wannier
configurations described previously. We construct the pro-
posed interface states by combining the phases A and B
in a way that retains the glide symmetry Gy := (x, y) →
(−x, y + a/2) along the y direction, and the obtained
interface is illustrated in the middle panel of Fig. 2(a). We
measure the frequency-resolved response functions (FRFs)
and provide the results in Fig. 2(b). The interface states
ranging from 0.55 to 1.85 kHz are reflected by a much
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FIG. 3. Acoustic pressure fields and PP distributions of the interface states. (a),(b) Simulated and measured acoustic pressure ampli-
tude profiles of the interface states at the frequency of 1.4 kHz. The blue stars denote excitation sources. (c) PP distributions of the
interface. Middle panel is the simulation result of the z component of the curl of Poynting vectors. Four insets show the measured
acoustic Poynting vectors with normalization in unit cells, where the arrows with normalized length show acoustic Poynting vector
fields and the color maps denote the z components of the curl of the measurements.

higher interface FRF than that of the bulk one with a max-
imum value of over 40 dB. In Fig. 2(c), we provide the
simulated (lines) and measured (color map) dispersions of
interface states. These results coincide well and show that
two interface bands traverse the ultrawide band gap and
connect the bulk bands. The measurement details are in
Appendix A.

It should be emphasized that our snaking interface state
cannot be predicted by traditional Wilson loop calculations
for either phase A or phase B (see Appendix C). Instead, the
gapless feature of the interface states is protected by the
SWF distributions on the interface between phases A and
B, which can be revealed by the Wannier configurations
shown in the upper panel of Fig. 2(a). On the interface,
the SWFs localized at the WPs 2c (red) and 1b (blue) ren-
der the fractional charges 1/2 and 1/4, respectively. The

SWF in the bulk renders charge 1 and makes no contri-
bution to the interface. Hence, the SWFs contributing to
the interface states are linear combinations of the SWFs
2c in phase A and 1b in phase B, and delocalize along
the interface when the band gap stays closed. Namely, the
associated Wannier centers can be located at any position
along the line connecting the two WPs (2c and 1b) [9]
and flows along the interface, giving rise to the gapless
interface states.

Furthermore, we attach acoustic pseudospin polariza-
tions (PPs) for a certain momentum to the unit cells, and
demonstrate the nontrivial interface transport properties of
snaking through the PCs of both phases. The PP for each
unit cell is defined as P = ∫∫

(∇ × Save)z dxdy, where
Save = Re((1/2)p∗v) is the time-averaged Poynting vector
for acoustic waves and the integration is over one unit cell.
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FIG. 4. Topological corner states in the combined system. (a) Schematic Wannier configurations for corner states. The real-space
Wannier configurations (upper panel) are attached to corresponding PCs (middle panel), manifesting charge anomaly at the corner sites
(green cavities). Lower panel illustrates gapped interface states of +kx and +ky with specific PPs. (b) Measured FRFs for the corner,
edge, and bulk states colored in red, blue, and gray, respectively. Inset is a photograph of the sample containing one corner, where
the corner (C), interface (I), and bulk (B) probes are labeled. (c) Simulated eigenstate spectrum for the C4-symmetric PCs. (d),(e)
Simulated and measured acoustic pressure fields at 1.1 kHz. The blue dashed lines denote the interfaces.

The curl of Poynting vectors denotes the value of acoustic
local angular momentum, representing the nonzero pseu-
dospin feature of the interface states [40,41]. In Fig. 2(d),
we simulate the PP distributions for two wave vectors with
inverse directions, i.e., ky = 0.8 π/a and 1.2 π/a. The
PPs predominantly localize at the unit cells right beside
the interface as expected (nx = 10, 11). Specifically, for
ky = 0.8 (red dotted line), the PP is negative for nx = 10
and positive for nx = 11, while for ky = 1.2 (green dotted
line) the PP manifests opposite distributions. This lock-
ing feature is illustrated in the lower panel of Fig. 2(a),
revealing that the proposed topological interface states are
helical.

The serpentine propagation of the interface states
can be observed by detecting acoustic fields under the

point-source excitation on the interface. At the frequency
of 1.4 kHz, simulated and measured acoustic field pro-
files are presented in Figs. 3(a) and 3(b), respectively. The
simulations and measurements together show that acous-
tic waves are well localized and propagate in a serpentine
path along the interface between phases A and B. More
importantly, the PP properties of the interface states can
be directly observed. For the interface states at 0.6 kHz,
we simulate the z components of the curl of the Poynting
vector, (∇ × Save)z, in the same PC with 6 × 20 unit cells.
The simulated results are in the middle panel of Fig. 3(c).
In experiment, we measure Save in four cavities near the
source by acoustic velocity detection, and show their distri-
butions by normalized arrows in the four insets of Fig. 3(c)
(see Appendix A for details). For the interface state
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FIG. 5. (a)–(c) Illustration for the operator C4K connecting x and y interfaces. The large arrows colored in red and green denote
the acoustic waves travelling along x and y directions, respectively. The small arrows represent the PP properties carried by the
acoustic waves. (d) Simulated (lines) and measured (color maps) projected dispersions of gapped interface states along the x (upper
panel) and y (lower panel) directions. Insets show acoustic pressure field distributions for kx/ky = π/a. Red and blue symbols denote
the symmetries of the interface states. (e) PP distributions of the interface states along x (red) and y (green) directions. Insets show
simulated PP profiles of the eigenstates for k‖ = 0.3 and k‖ = 0.7 in units of 2π/a.

travelling along the +y direction, the measured Save
reveals clockwise Poynting vector distributions in phase A
(upper left inset) and anticlockwise ones in phase B (upper
right inset). The curl profiles are in compliance with the
simulations and capture the acoustic pseudospin textures
well. The measured results hold opposite distributions for
the interface state along the −y direction, providing strong
evidence for the PP-momentum locking feature. Moreover,
for the interface state along a particular direction, the PPs
with opposite chirality are interleaved at the domain wall
of the two phases, showing that both of the two phases are
essential for the propagation of the snaking interface states.
The corresponding Hamiltonian analysis in the perspective
of pseudospin is provided in Sec. 5 of Ref. [49].

IV. CORNER STATES REVEALING
TOPOLOGICAL CHARGE ANOMALY

We embed the PC of phase A into that of phase B to
explore higher-order topology in a combined PC illustrated
in the middle panel of Fig. 4(a). For the emergence of cor-
ner states, the interface states are gapped by breaking the
glide symmetries, which is realized by enlarging the near-
est hopping tubes in the PC of phase A and shrinking those
in the PC of phase B [49]. From the simulated eigenstate
spectrum in Fig. 4(c), we conclude that such combined
PCs host gapped interface states with visible gaps rang-
ing from 0.88 to 1.26 kHz, and the corner states (red dots)
emerge in the interface band gap and are nearly degenerate
at 1.12 kHz. Topological properties of the corner states in
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the combined PC can be uncovered by analyzing the cor-
responding Wannier configuration exhibited in the upper
panel of Fig. 4(a). The SWFs for the gapped interface
states carry trivial interface charges and make no contri-
bution to the corner states. In contrast, the corner orbital
contains three SWFs corresponding to the EBRs (A)1b,
of which one orbital is from the outer bulk PCs (yellow
quadrants) and the other two are from the converged inter-
faces (red quadrants). They each host 1/4 charge and the
total charge is pictorially read as 1/4 × 3 = 3/4 (Sec. 6,
Ref. [49]). Such mismatch between local corner charges
and the fourfold rotation symmetry is regarded as the frac-
tional corner anomaly [20,21], leading to the proposed
C4-symmetric corner states.

In experiments, we construct a sample containing one
corner between two PCs of phases A and B where the bulk,
interface, and corner states coexist (see Ref. [49] for the
sample photo). The simulated [Fig. 4(d)] and measured
[Fig. 4(e)] acoustic pressure distributions together illus-
trate the well-localized corner states. The measured FRFs
for the bulk, interface, and corner states are in Fig. 4(b)
where the corner state emerges as a sharp red peak at
1.1 kHz. The blue regions representing interface states
extend in two frequency ranges, which are from 0.52 to
0.92 kHz and from 1.3 to 1.55 kHz.

Moreover, we offer the projected dispersions along the x
and y directions in the upper and lower panels of Fig. 5(d),
respectively. Different from the previous work where the
corner mode is caused by two adjacent interfaces with
different dipole moments [34], the C4 rotation symmetry
ensures that the two interfaces host identical dispersions,
and the eigenstates at the Brillouin zone boundaries have
the same symmetry labels. For both the interface states
along the x and y directions, the insets of Fig. 5(d) indicate
that the parity of the acoustic field is even for the lower
band and odd for the higher band. Such symmetry signa-
tures indicate trivial interface dipole moments, giving rise
to the well-defined corner states with C4 symmetry [20].

Although the C4 symmetry guarantees the uniform
acoustic pressure distributions on the interface, we notice
that the gapped interface states along the +x and +y direc-
tions host reverse PP profiles, which follows from the fact
that they are related by the symmetry operator C4K. As
illustrated in Figs. 5(a)–5(c), when the time-reversal oper-
ator K acts on the interface state along the x direction, the
wave vector qx [Fig. 5(a)] is changed into −qx [Fig. 5(b)]
with the corresponding PPs reversed. The wave vector −qx
is then changed into +qy [Fig. 5(c)] by the operator C4 with
the PPs unchanged. A consistent Hamiltonian analysis is in
Sec. 7, Ref. [49]. To confirm these depictions, we numer-
ically calculate �P, which is defined as the difference
between the PP in phase B and that in phase A. In Fig. 5(e),
we provide the results of the gapped interface states trav-
elling along the x (red) and y (green) directions. With the
wave vectors kx and ky fixed at 0.6 π/a, �P is positive in

phase A and negative in phase B when the interface states
travel along the +x direction (lower left inset), whereas
the sign of �P is inverse for the wave along +y (upper
left inset). Similar analysis also applies to other wave vec-
tors, e.g., k‖ = 1.4 π/a (two right insets). In all, the gapped
interface states along the x and y directions manifest oppo-
site PP spectra. The proposed PP-induced spectrum inver-
sion is expected to provide alternative degrees of freedom
in angular momentum manipulations.

V. CONCLUSION AND OUTLOOKS

In conclusion, we provide a tractable procedure to
design topological PCs from the perspective of Wan-
nier configurations in real space. The proposed PCs are
further utilized to observe multidimensional crystalline
topology, where the obtained interface states are protected
by the spatial mismatch of real-space Wannier configu-
rations, and the corner states are due to the quantized
corner charge anomaly. Experimentally, we measure the
PP profiles of the first-order interface states to depict
the topological transport properties. Our findings with the
multidimensional interface modes are applied in a more
general system without quadrupole moments [36] to facil-
itate understanding the real- and momentum-space duality
in acoustic topological systems. The proposed paradigm
does not just apply in group p4, but can be implemented for
other space group symmetries. The observed multidimen-
sional interface transports also have potential applications
for acoustic functional devices and broadband wave con-
trol, and can be implemented in other classical wave
systems.
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APPENDIX A: METHODS FOR EXPERIMENTS
AND NUMERICAL SIMULATIONS

Our samples are made with acrylic-based light-activated
resin by three-dimensional (3D) printing. Considering
the huge acoustic impedance mismatch between air and
resin, the 3D-printed materials with sufficient thickness
can be regarded as rigid boundaries. Circular channels
are intentionally introduced on the top side of each
cavity for exciting and measuring the acoustic waves.
When not in use, these channels are blocked by rubber
plugs.

The measured projected bands of the interface states
are obtained by Fourier transforming the scanned acoustic
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(a) (b)

FIG. 6. Experimental settings of acoustic Poynting vectors. (a) Experimental devices for measuring acoustic Poynting vectors. (b)
Measurement points in one acoustic cavity. The green dashed circle represents the cross section of the acoustic particle velocity sensor.

pressure fields. The sound is generated by a loudspeaker
and then guided into the channels of the samples from
the channels mentioned previously. A 1/4-in. microphone
(Brüel & Kjær Type-4939) is used to detect acoustic sig-
nals from these channels. We scan our samples to obtain
the acoustic pressure field distribution, which is expressed
as site-resolved response functions. Then the measured
projection bands in momentum space are obtained by
Fourier transformation.

The measured results of acoustic FRFs for bulk, edge,
and corner states are obtained by acoustic near-field pump-
probe detection. The source, as pumps, is placed in the
center of the bulk, at the interface between phase A and
phase B, and in turn close to the intersection of the two con-
verging interfaces. The measuring microphone is mounted
in the cavity near the pumping cavity. The cavities for
pumps and probes are not connected by coupling tubes to
eliminate the local resonance. All measured signals are col-
lected and analyzed using a multianalyzer system (Brüel &
Kjær Type-3160).

The experimental results of acoustic Poynting vectors
in Fig. 3(c) are measured by a 1/4-in. acoustic particle
velocity sensor and the supporting signal acquisition sys-
tem (Nanjing Particle Acoustics Technology Co. Ltd.). We
measure the x-direction and y-direction components of the
acoustic Poynting vectors at a fixed point in the cavity, and
then orthogonally synthesize them to obtain the results. By
placing the probe at different radii of the cavity and rotating
the probe evenly in the angular direction, we achieve full
coverage of detection points in the whole cavity and obtain
the acoustic Poynting vector distributions. The results are
formed by taking the measurement results of 41 points with
radii 0, 2, 4, and 6 mm. The arrows with normalized length
show the directions of Save.

We present the acoustic particle velocity vector sensor
in Fig. 6(a), and illustrate how to divide the cavities with
the probe points in Fig. 6(b). Since the radius of the acous-
tic particle vector sensor (the green dashed circle) is 3 mm,
the maximum area available for measurement is shown as
a blue circle with the radius 7 mm. Three smaller circles
with radii 2, 4, and 6 mm are chosen for the measure-
ments. Sixteen probe points are distributed evenly on the
two outmost circles while eight probe points are on the
inner circle. Together with the center-point, there are 41
measurement points in each cavity.

The numerical simulations in this work are performed
with the 3D acoustic pressure module of the commer-
cial finite-element simulation software COMSOL Multi-
physics. The density and sound velocity of air are taken
as 1.21 kg/m3 and 343 m/s, respectively. To calculate the
band structures in Figs. 1(e) and 1(f), all four outmost
boundaries of the unit cell are set as Floquet-Bloch peri-
odic boundaries. For projected dispersions, the boundaries
of the ribbon supercells are set as the Floquet-Bloch peri-
odic condition along the interface direction, and the others
are set as the plane-wave radiation condition. The sam-
ple boundaries for corner states are set as the plane-wave
radiation condition when calculating the eigenstate spectra.

APPENDIX B: CALCULATIONS OF THE
REAL-SPACE TOPOLOGICAL INDICATORS

The genuine topological invariants for wallpaper group
p4 can be obtained by inspecting the corresponding rela-
tionship between real and momentum space. With the
correspondence between the real-space Wannier orbitals
and the symmetry labels at high-symmetry points (HSP)
in momentum space, a set of linear equations Eq. (B1) can
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We then obtain the integer topological indicators νW,λ
for each EBR by calculating Eq. (B1) and all calcula-
tion results are tabulated in Table S2 in the Supplemental
Material [49]. We take the first row as an example to elab-
orate the calculated results. Only the values of ν1a,±1 and
ν1a,±i are nonzero since the SWF is centered at the WP 1a.
ν1a,1 = −3 corresponds to λ = 1, indicating that the SWF
centered at 1a hosts an s orbital. In addition, time-reversal
symmetry is always preserved in our PCs, which can be
reflected by the fact that ν1a,1 + ν1a,−1 + ν1a,i + ν1a,−i = 0.
Here we list all ten integers even though some of them
can be reduced. Since only the s mode survives at � for
the lowest-frequency band in the classical acoustic system,
the first two bands support three EBRs: (A)1a, (A)1b, and
(A)2c, which are shown in bold in Table I. By checking
Table I, we find that the decomposed acoustic modes at
the HSPs are consistent with (A)1a and (A)1b for phase
A, and the acoustic modes are consistent with (A)2c for
phase B. We reduce the proposed RSTIs as a set of three
corresponding topological indicators (ν1a,1 ν1b,1 ν2c,1). The
RSTIs of phase A and phase B thus read (−3, −3, 0)

and (0, 0, −1), respectively. In fact, the same νW,λ can be
obtained from the real-space Wannier configuration [19] as
well. Such consistency proves the duality between the real
and momentum space. TA
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APPENDIX C: GAPLESS INTERFACE STATES
INDUCED BY WANNIER CONFIGURATIONS

We provide schematic Wannier configurations in
Fig. 7(a) for phase A and in Fig. 7(c) for phase B. These
illustrations of the projected position operators of the
SWFs correspond to the Wilson loop spectra [5] of the
two lowest energy bands. With ky running from 0 to 2π in
the BZ for phase A [Fig. 7(b)] and phase B [Fig. 7(d)], we
obtain the ky-dependent Wannier centers ν

j
x,A and ν

j
x,B by

extracting eigenstates from the tight-binding model (j =
1, 2 for the band index). For both phase A and phase B,
(ν1

x , ν2
x ) is (0, 0.5). The calculated ν

j
x explicitly shows that

the dipole moments px,A and px,B of the two phases, i.e., the
sum sectors of ν

j
x for the two lowest-frequency bands, read

px,A = px,B = 1/2 mod 1. Similar analyses apply to the x

(a) (b)

(c)

(e)

(d)

FIG. 7. Schematics of the SWFs and Wilson loop spectra for
phases A and B. (a) 2c-centered SWFs with local charges in
phase A. The projected localized positions of the SWFs are also
given. (b) Calculated ky -dependent Wannier bands of the first two
energy bands for phase A. (c), (d) 1a-centered and 1b-centered
SWFs with local charges and the Wannier bands of phase B. (e)
Illustrations for combining the Wannier configurations of phases
A and B (left panel), giving rise to the gapless interface states
(right panel).

direction owing to the C4 rotation symmetry. The calcu-
lated results are consistent with the schematic localized
Wannier functions.

The calculated results for phase A [Fig. 7(b)] and for
phase B [Fig. 7(d)] seem to be identical, showing that the
hybrid Wannier center for one band is 0 and for the other
band is π . However, can we thus affirm that these two
phases are the same? The answer is no. From the schematic
Wannier configurations in Fig. 7(a), we can read that the
SWFs all center at the WP 2c in phase A. When these
SWFs are projected onto the x axis, their Wannier cen-
ters, illustrated in Fig. 7(a) as blue dots, are at the center
and the boundary of the projected lattice and correspond
to the calculation results 0 and π in Fig. 7(b). However, in
Fig. 7(c), the SWFs centered at the WPs 1a and 1b (phase
B) can also lead to same Wilson loop spectra. Above anal-
yses are also suitable for the y direction owing to the C4
rotation symmetry. Henceforth, the topological properties
of phases A and B cannot be distinguished without the
proposed Wannier configuration approaches.

This discussion of the Wilson loop spectra indicates
possible gapped boundary states when phase A or phase
B exist separately. However, we can construct gapless
interface states by inspecting the boundary signatures of
Wannier configurations as illustrated Fig. 7(e). By com-
bining phases A and B together, the associated SWFs can
center at both the WP 1b and 2c (left panel). The proposed
gapless interface states (right panel) are thus regarded as
the Wannier center flows on the interface as discussed in
the main text.
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