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The concept of birefringence, commonly treated as a property resulting from more than one polar-
ization, is associated with different refractive indices, depending on polarization. Here, we propose a
two-dimensional elastic metamaterial engineered to demonstrate birefringence of single polarization for
flexural waves. By adopting a network of beams with “overpass” structures to upset the topology of unit
cells from a conventional elastic plate, birefringence of single polarization at low frequencies can be real-
ized and confirmed through measured band structures and double refraction of the flexural waves; this is
further supported by full-wave simulations and models. Our approach can engineer birefringence at low
frequencies in which the wavelength is at least a few times larger than the lattice constant, further allowing
efficient control of beam splitting, filtering, and multiplexing with applications for elastic wave devices.
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I. INTRODUCTION

Metamaterials, which are constructed from artificially
designed microstructures, often possess counterintuitive
wave properties beyond those of conventional composite
materials. The concept of a metamaterial is useful in vari-
ous regimes of classical waves. In electromagnetics, many
intriguing phenomena, such as negative refractive indices
[1,2], zero refractive indices [3], cloaking [4,5], and ana-
log black holes [6], can be investigated with metamaterials.
In acoustics, there have been huge efforts to extend these
concepts [7–9] and use drastically different design strate-
gies due to the different natures of waves that are needed
[10–15]. While many demonstrations in acoustic meta-
materials are for airborne sound with scalar-wave prop-
agation, the concept of a metamaterial has been grad-
ually extended to elastic waves in solids, where three
polarizations (one longitudinal and two transverse polar-
izations) need to be considered. In this case, the con-
stitutive relationship and wave phenomena unavoidably
become more complicated, such as Willis coupling and
mode conversion, while the physics involved can become
richer due to the interplay of different polarizations
[16–25]. Recently, geometric nonlocalities, containing
intentional connections for long-range interactions, have
been shown to be an effective way to engineer disper-
sion at low frequencies, e.g., to obtain rotonlike dispersion
or angular functionality for elastic metamaterials [26–28].
Different approaches for constructing resonances, counter-
intuitive constitutive parameters, and achieving tunability
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for elastic-wave metamaterials are in rapid development
[29–31], and thus, may find useful applications in nonde-
structive testing and surface-acoustic-wave devices.

Birefringence in electromagnetism describes an incident
light being split by a material into two refractive beams
with different propagation directions [32,33]. A birefrin-
gent metamaterial thus provides a straightforward way
to control the amplitude, phase, and polarization of the
incident beam [34–39], which can be immediately useful
for the construction of various optical devices, e.g., fil-
ters [40], modulators [41], and sensors [42]. Birefringence
comes from the fact that the refractive index of the mate-
rial depends on polarization, e.g., between two orthogonal
linear polarizations for an anisotropic material or between
two opposite circular polarizations for a chiral material in
optics. The concept can be extended to the case of elas-
tic waves in a solid, e.g., between the S0 and A0 lamb
modes on an elastic plate [21]. Birefringence is, there-
fore, usually a concept for when we have more than one
polarization. On the other hand, if we can work at higher
frequencies, birefringence for scalar acoustic waves can
be obtained through band folding in the diffraction regime
at higher-frequency bands [43]. To work at low frequen-
cies, at which the wavelength is much longer than the
lattice constant, a recent theoretical proposal is that bire-
fringence at low frequencies can be achieved with two
parallel layers of pipe networks with acoustic waves prop-
agating in either layer, although how the structures can be
used and integrated with a background acoustic medium
has to be further explored [44]. This will allow us to
engineer dispersion relationships at low frequencies and
promote their usage to design further devices. It is also
worth mentioning that another concept originating from
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more than one polarization, spin-orbit coupling, can now
be implemented in scalar acoustic waves through the spe-
cial topological arrangement of air channels [45], leading
to the question of whether some of the other concepts con-
ventionally originating from more than one polarizations
can be achieved for scalar waves as well.

Here, we experimentally realize the concept of birefrin-
gence of single polarization at low frequencies in terms
of flexural waves on a metamaterial plate. We adopt an
“overpass” approach using bridges in intentionally con-
necting waves at different locations of each unit cell [46].
This results in a flexural-wave metamaterial that can be
mechanically well supported and the metamaterial is able
to be integrated naturally in a background medium of a
homogeneous plate. As we show in Sec. II, such a mech-
anism in generating birefringence of single polarization
relies on upsetting the topology of each unit cell. As a
result, the birefringence of single polarization can be engi-
neered at an arbitrary low frequency if needed, in which
the wavelength in the background medium is at least a
few times larger than the lattice constant. As the bire-
fringence of single polarization occurs within the flexural
mode instead of two polarizations of very different spa-
tial symmetries, it will be easier to control the power
efficiency; this is potentially useful for applications in
designing elastic wave components with filtering, beam
splitting, or multiplexing capabilities.

II. DESIGN AND MODELING OF BIREFRINGENT
METAMATERIALS

The top view of the proposed flexural-wave metamate-
rial is shown in Fig. 1(a). The black dashed box indicates
a square unit cell, which contains two orthogonal arched
beams (yellow) connected to a supporting frame (orange).
The intersections between the arched beams and the sup-
porting frames are denoted as “B”, “C,” and “D,” respec-
tively. In addition, there is an overpass between the two
arched beams at position “A,” where the two beams are
not connected but with a gap of 1 mm. Another choice in
defining a unit cell is denoted by the red dashed square,
with its perspective view and top view, respectively, shown
in the upper and lower panels in Fig. 1(b). Its geometry
parameters are correspondingly labeled. The unit cell has
a lattice constant a. The arched beams have thicknesses of
h0 at the boundaries and t0 (less than h0) at the center and
have a width of l. Each thin beam in the supporting frames
(orange) has a width of b and a thickness of g. The dimen-
sions are chosen to be a = 14 mm, l = 3 mm, h0 = 3 mm,
and t0 = 1 mm. The metamaterial is made of cured pho-
tosensitive resin [using three-dimensional (3D) printing]
with the following properties: density ρ0 = 1190 kg m−3,
Young’s modulus E0 = 3.4 GPa, and Poisson ratio ν =
0.35, which are extracted by measuring the propagation
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FIG. 1. (a) Top view of the flexural-wave metamaterial.
Choice of unit cell is denoted by the black dashed square with
three intersections marked by B, C, and D; an overpass is denoted
by position A, where the two arched beams (yellow) are not con-
nected. Another choice of unit cell is denoted by the red dashed
square; its perspective and top views are shown in the upper and
lower panels in (b). Unit cell of the metamaterial is composed of
two arched beams and a supporting frame (orange), and its lattice
constant is a = 14 mm. Each thin beam in the supporting frame
has a thickness of g and a width of b. Each arched beam has a
width of l = 3 mm, and a thickness of t0 = 1 mm in the middle
and h0 = 3 mm at both ends. At the center of a unit cell, the gap
between two arched beams is 1 mm.

constants of flexural modes of a homogeneous beam made
of the same material [47].

Our metamaterial is effectively constructed from a net-
work of beams lying on the x-y plane. The flexural waves
propagating along a beam section of thickness h in direc-
tion α = x or y can be described by Euler-Bernoulli beam
theory (with harmonic e−iωt dependence with angular fre-
quency ω) as

−i�∂α
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and i is the imaginary unit. uα is the displacement
along the α direction. Mαα = bα ∫ zσααdz is the bending
moment, σαα is the αα component of the stress tensor.
Qα = bα ∫ σαzdz is the shear force. bα = l for the arched
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beams; bα = b for the beams of the supporting frame.
Iα = bαh3/12 is the geometric moment of inertia. For a
beam of length L, we can integrate Eq. (1) to obtain the
transfer matrix as

T = eiL�H , (2)

which transfers the fields uz, ∂zuα , Mαα , and Qα across the
beam length. We note that, for an arched beam with vary-
ing thickness, Eq. (2) is cascaded from different sections
of constant thicknesses in transferring the fields as approx-
imation. At a particular junction at B, C, or D, if we use
superscripts “(L),” “(R),” “(T),” and “(B)” to indicate the
fields located at the left, right, top, and bottom of the junc-
tion, respectively, the continuity equation at the junction
can be expressed as

u(L)
z = u(R)

z = u(T)
z = u(B)

z ,

∂zu(L)
x = ∂zu(R)

x , ∂zu(T)
y = ∂zu(B)

y ,

M (L)
xx = M (R)

xx , M (T)
yy = M (B)

yy ,

Q(L)
x + Q(B)

y = Q(R)
x + Q(T)

y .

(3)

The first two formulas in Eq. (3) indicate the continuity
of the displacement fields, while the other two formu-
las express the balance of forces at the junction. Finally,
to obtain the model band structure of the metamaterial,
Eqs. (2) and (3) are combined to propagate the fields to the
boundary of the unit cell (black dashed square in Fig. 1)
at which the Bloch boundary condition is further applied
with wave vector k = kxx̂ + ky ŷ.

The band structures for flexural waves of our proposed
metamaterial can be extracted from the analytical model.
The results of the first two bands for g = b = 0.5, 0.75,
and 1 mm are plotted in Figs. 2(d)–2(f), respectively; the
first band is indicated by the green curve and the second

band is indicated by the blue curve. We pick the modes
dominated by vertical displacements in model and simu-
lations. As can be seen, there are two birefringent flexural
modes below 4.5 kHz, with the bottom of the second band
approaching a lower frequency as the width of the beams
of the supporting frame decreases. For comparison, we
also plot the band structures obtained from full-wave sim-
ulations (COMSOL Multiphysics), as indicated by the star
symbols, showing an accurate representation of the model
band structure. We note that the higher bands (not plotted
in Fig. 2) are beyond the capability of the model. These
results confirm the birefringence of the flexural mode in
the long-wavelength regime. In practice, we need a frame
with finite g and b to support the whole metamaterial.
The supporting frame, unlike the scalar acoustic design
[44], enforces a background “matrix” to connect the arched
beams, resulting in only one flexural mode near zero fre-
quency, as expected for an ordinary plate. Nevertheless, the
two birefringent flexural modes can be tuned to an arbi-
trarily small frequency, if needed. Moreover, by observing
the eigenmodes around the 	 point, we can classify them
as either in phase (labeled as F+ modes in the first band)
or out of phase (labeled as F− modes in the second band)
for the displacement field on the two arched beams. These
two modes share some similarities to acoustic and optical
phonons, except that both of them can actually be coupled
to flexural waves in the background (as shown in Sec. IV).
Full-wave simulations confirm that the main displacements
of these eigenmodes are in the out-of-plane direction.

III. MEASURED DOUBLE-BIREFRINGENT
FLEXURAL MODES

Next, we fabricate and experimentally measure the band
structure of the birefringent flexural-wave metamaterial.
The sample printed by a stereolithographic 3D printer
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FIG. 2. (a)–(c) Field patterns [Re(w)] of in-phase
(F+) and out-of-phase (F−) flexural eigenstates
around the 	 point for g = b = 0.5 mm (a), g = b =
0.75 mm (b), and g = b = 1 mm (c). Corresponding
band structures of the first two bands with birefrin-
gent flexural waves are shown in (d)–(f), respec-
tively. Green (blue) band plots in-phase F+ (out-of-
phase F−) flexural modes. Lines (symbols) are model
(full-wave simulation) results.
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(b) FIG. 3. Experimental band structure.
(a) Flexural waves, excited by a piezo-
electric transducer at the center of
the metamaterial, are mapped by a
scanning laser vibrometer. Inset shows
3 × 3 unit cells marked by a red
dashed square. Blu Tack is attached
to the outer boundaries of the sam-
ple to reduce reflection. (b) Color map,
experimentally measured band struc-
ture by plotting the spatial and tem-
poral Fourier-transform amplitude of
the out-of-plane displacement fields.
(c)–(e) Measured (color map) EFCs of
the birefringent metamaterial at 1, 2.2,
and 2.9 kHz, respectively. Green (blue)
dashed curves are simulated results for
the F+ (F−) modes.

(iSLA660, ZRapid Tech) is shown in Fig. 3(a), which pos-
sesses the same geometric configuration as that shown in
Fig. 2(c), i.e., g = b = 1 mm. A piezoelectric transducer
is attached to the center of the sample to excite flexu-
ral waves, while the out-of-plane displacement field is
mapped by a scanning Doppler vibrometer (OptoMET,
Germany). By Fourier transforming the measured field
in both the spatial and temporal domains, the measured
band structure is obtained and shown as a color map
in Fig. 3(b). Double-birefringent flexural modes can be
seen from around 2.7 to 4.5 kHz, which fall within the
usual scope of a conventional effective medium. Take the
double-birefringent flexural modes around 2.9 kHz as an
example: the wavelength of the flexural modes in the
homogeneous plate (with a thickness of 3 mm) is 57 mm,
which is around 4 times the lattice constant (14 mm). For
completeness, the birefringence of the metamaterial is also
visualized by the equifrequency contours (EFCs) at 1, 2.2,
and 2.9 kHz, as shown in Figs. 3(c)–3(e), respectively. The
band structures from full-wave simulations are plotted as
green (first band, F+) and blue dashed lines (second band,
F−), which are in excellent agreement with the experimen-
tal results. The EFCs evolve from encircling the 	 point
(e.g., 1 kHz) to encircling the M point (e.g., 2.2 kHz).

IV. EXPERIMENTAL CHARACTERIZATION OF
DOUBLE REFRACTION

As mentioned from our approach, the two birefringence
flexural modes are both easy to couple to the flexural waves
in the background plate, as there is no significant sym-
metry mismatch of polarization. On the other hand, the
two birefringence flexural modes can be revealed through
double refraction. To experimentally observe the double-
refraction phenomenon, another sample is fabricated with

a slab of metamaterial in a rectangular shape and a 	 - M
interface embedded in a homogeneous background, as
shown in Fig. 4(a). A piezoelectric transducer situated at
the focal point of a parabolic hollow region fires a beam
of planar wavefront at 3.5 kHz towards the metamaterial at
an incident angle of 25◦. The transmitted waves at the top
region (surrounded by Blu Tack for absorption boundaries)
of the metamaterial are then mapped using laser scanning
vibrometry.

The simulated field pattern of the out-of-plane dis-
placement [Re(w)] at 3.5 kHz is shown in Fig. 4(b). It
can be seen that the plane wave (indicated by a white
arrow) is split into two beams within the metamaterial
region, one for “F+” modes (green arrow) and one for
“F−” modes (blue arrow), and transmits into the back-
ground region as two beams. The corresponding measured
result at 3.5 kHz is shown in Fig. 4(c). Two transmit-
ted beams, indicated by green and blue arrows, can be
seen in the background region and exit the slab in the
same direction as the incident waves, which is in agree-
ment with simulation results. Double refraction can be
further confirmed by plotting the amplitudes of the spatial
Fourier transform of the measured fields in the metama-
terial region, as shown in Fig. 4(d). The white long-dash
line indicates the locations for conserving the tangential
wave vector at the surface in the 	 - M direction. The
experimentally observed components approximately fall
along the white dashed line. The intersection of the com-
ponents with the EFCs (blue and green lines) can then be
used to find the two k vectors (directions) of the trans-
mitted beams through the surface normal of the EFCs.
Despite the limitations on the finite size of the metamate-
rial region, double refraction is qualitatively demonstrated
in Figs. 4(c) and 4(d), in good agreement with theoretical
predictions.
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FIG. 4. Experimental double refraction. (a) A beam of pla-
nar wavefront is generated from a piezoelectric transducer on a
parabolic hollow region at an incident angle of θ = 25◦ towards
the metamaterial slab. Surface normal is along the 	 - M direc-
tion. Inset, magnification of the metamaterial region. Blu Tack
is attached at the outer boundary of the background homoge-
neous plate (3 mm in thickness). (b) Out-of-plane displacement
(w) fields from full-wave simulations at 3.5 kHz. Incident beam
(white arrow) splits into two (blue and green arrows) in the meta-
material and exits as two parallel beams in the transmitted region.
(c) Measured field map at 3.5 kHz. (d) Color map, Fourier-
transform spectrum of the measured spatial fields. Blue and green
dashed curves, simulated EFCs of the first (F+) and second (F−)

bands. White circle, EFC of the background medium. White
long-dash line, locations in conserving transverse k vector.

V. CONCLUSION

We construct a metamaterial by upsetting the topol-
ogy of unit cells using overpass structures with a net-
work of beams. Such a metamaterial allows us to realize
birefringence of single polarization in terms of flexural
waves and in the long-wavelength regime, with experi-
mental confirmation using the band structure and double
refraction. Such birefringence, without significant symme-
try mismatch between the modes, allows efficient coupling
to background waves and may find potential applica-
tions in nondestructive testing and designing elastic wave
components.
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