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The exceptional point (EP), a non-Hermitian degeneracy at which eigenvalues and eigenvectors coa-
lesce simultaneously, is investigated in mechanical oscillators involving a time-varying mass. A dynamic
modulation mechanism is employed to create the time-varying mass, which can potentially develop an
EP by acting as an energy source and drain. To fully demonstrate the existence of EPs, the eigenvalue
problem for the modulated system is theoretically formulated through two different schemes, based on
the state-space and harmonic balance methods. A second-order EP is confirmed by both methods and
exists as a result of the coalescence of fundamental and harmonic eigenmodes. As a salient property
of this second-order EP, the square-root behavior of the eigenfrequency subject to small perturbations
of the system parameters is theoretically demonstrated, and utilized to devise a proof-of-concept model
for mechanical sensors with high sensitivity to void defects in elastic solids. The EP behavior induced
by a time-varying mass may find potential applications in damage assessment and health monitoring of
engineering structures.
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I. INTRODUCTION

Sensor devices that can monitor changes in mechanical
environments have a broad range of application in civil,
aerospace, and manufacturing engineering. Resonant sens-
ing is a promising sensing method that is based on a shift
of the resonant frequency of a vibrating structure subjected
to small perturbations that are to be detected. With its fea-
tures of a high quality factor and the quasidigital nature of
the output [1,2], resonant sensing has been widely used in
dynamic monitoring [3–5], gas detection [6–8], chemical
and biochemical sensing [9–11], etc. Usually, the relation-
ship between the frequency shift and the perturbation is
fitted linearly over the dynamic range of the device. This
limits the possibilities for improvement of the sensitiv-
ity of resonant sensing systems. Great attention has been
paid to developing mechanisms for achieving sensitivity
enhancement. For example, the variation of the eigenstate
amplitude ratio was found to be more sensitive than the
shift of the resonant frequency in multidegree-of-freedom
resonators [12].

Recently, the exceptional-point (EP) phenomenon in
open quantum systems that can exchange energy with their
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surroundings has provided a different scheme for sensitiv-
ity enhancement. An EP is a non-Hermitian degeneracy,
at which two or more eigenvalues and their correspond-
ing eigenvectors coalesce simultaneously [13,14]. When
the system operates at an nth-order EP, at which n eigen-
states are degenerate, a weak perturbation of the system
parameters lifts the degeneracy, leading to a frequency
splitting proportional to the nth root of the perturbation
[15]. Extending this idea to optical and electronic systems,
this concept has been used to devise sensing devices with
high sensitivity, working especially well for extremely
small perturbations. EPs can be created in optical micro-
cavities by tuning the coupling between clockwise- and
anticlockwise-traveling modes, and this was demonstrated
to be feasible in devices for detecting nanoscale objects
[16], measuring rotations (as a sensitive gyroscope) [17],
and sensing microstresses with ultrahigh sensitivity [18].
EPs can also be developed in circuit systems and used
to design a reconfigurable wireless system for robust and
sensitive readout of microsensors [19]. The induction of a
sixth-order EP in a circuit system was also demonstrated,
which has great application potential in next-generation
sensing technologies [20].

The concept of EPs has also been extended to acoustic
and mechanical systems. Although eigenstate degeneracy
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requires only the presence of energy losses [21–28], a
rigorous EP with real eigenvalues demands a delicate bal-
ance of loss and gain, which is usually obtained by the
use of parity-time (PT)-symmetric non-Hermitian systems
[29,30]. PT symmetry was found to be realizable in elas-
tic structures with shunted piezoelectric materials, and the
loss-and-gain effect was achieved by introducing positive
and negative resistances into shunt circuits [31,32]. Based
on this strategy, Wu et al. [33] demonstrated an EP in
a PT-symmetric beam with shunted piezoelectric patches
that supported flexural waves. Rosa et al. [34] investigated
the construction of EPs in continuous elastic media with
piezoelectric transducers, and illustrated enhanced sensi-
tivity for sensing point-mass perturbations and crack-type
defects. Recently, a different scheme has been proposed
using electrical resonators, which develops an EP by tem-
porally periodic variation of circuit parameters in a system
without loss and gain elements, but with purely real res-
onance frequencies [35]. In the present paper, we explore
this concept more deeply for mechanical systems.

In the work presented here, we study the EP phe-
nomenon in mechanical resonators coupled to a time-
varying mass element. The temporally modulated mass
allows an EP to be created in a single resonator with-
out the coupling of multiple resonators, making the EP
model more compact and simple. Section II gives a the-
oretical formulation of the eigenvalue problem for time-
varying-mass resonators, which is developed by use of the
state-space and harmonic balance methods. In Sec. III, a
second-order EP is demonstrated with numerical exam-
ples, and the square-root behavior of the eigenvalues with
respect to small perturbations is shown. In Sec. IV, we con-
ceive a proof-of-concept model for a mechanical sensor
based on the behavior of an EP, and demonstrate its high
sensitivity for detecting void defects in elastic materials.

II. FORMULATION OF EIGENVALUE PROBLEM
FOR A TIME-MODULATED SYSTEM

A. Model geometry

Consider a mechanical harmonic oscillator consisting of
a mass m0 subjected to a force from a spring with elastic
constant K . The eigenfrequency of the oscillator is given
simply by

√
K/m0. Now let us connect the block of mass

m0 to two additional bodies of mass m1 placed on tracks
rotating with an angular frequency ωr, as schematically
depicted in Fig. 1. This model has been demonstrated to
produce a time-periodic mass M (t) given by the following
expression [36]:

M (t) = M0 [1 + α cos (ωmt)] , (1)

where M0 = m0 + m1, α = m1/M0, and ωm = 2ωr. Let
u(t) denote the displacement of the mass m0. The equation

r

r
m1

m1

m0

K M(t)

u(t)

K

FIG. 1. Mechanical oscillator system consisting of an elastic
spring and a time-varying inertial mass.

of motion of the time-varying-mass oscillator is written as

d
dt

[
M (t)

d
dt

u (t)
]

+ Ku (t) = 0, (2)

or, equivalently,

M (t)
d2u (t)

dt2
+ dM (t)

dt
du (t)

dt
+ Ku (t) = 0. (3)

The second term in Eq. (3) can be considered as an effec-
tive “damping force,” where ζ(t) = dM (t)/dt denotes the
damping coefficient, and can be either positive or negative
according to Eq. (1). Although the oscillator system does
not involve loss and gain elements, ζ(t) can provide effec-
tive loss and gain, which can potentially develop an EP. To
demonstrate the existence of EPs, the eigenfrequency of
the modulated system needs to be analyzed, which is more
complicated than for a harmonic oscillator with a constant
mass. In the following sections, we develop a theoretical
formulation for solving the eigenvalue problem of Eq. (2)
or (3) based on the state-space method and the harmonic
balance method, respectively.

B. State-space method

By introducing the state vector z = [u, du/dt]T, the
equation of motion (3) can be written as

d
dt

z (t) = R (t) z (t) , (4)

where the 2 × 2 time-dependent matrix R (t) is given by

R (t) =
[

0 1
−K/M (t) −[dM (t)/dt]/M (t)

]
. (5)

The evolution of the state vector z from the time instant t0
to t can be expressed as [37]

z (t) = T (t, t0) z (t0) with T (t0, t0) = I, (6)

where T (t, t0) is referred to as the state transition matrix,
and I is the identity matrix of rank 2 [38]. Using Eq. (6),
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the equation of motion (4) can be written in terms of the
state transition matrix T (t, t0) as

d
dt

T (t, t0) = R (t) T (t, t0) . (7)

The general expression for the state transition matrix
T (t, t0) can be expressed as a Peano-Baker series [39,40]

T (t, t0) = I +
∫ t

t0
R (τ0) dτ0 +

∫ t

t0
R (τ0)

∫ τ0

t0
R (τ1) dτ1 dτ0

+
∫ t

t0
R (τ0)

∫ τ0

t0
R (τ1)

∫ τ1

t0
R (τ2) dτ2 dτ1 dτ0

+ . . . (8)

Now let us focus on the state evolution within the modu-
lation period Tm = 2π/ωm of M (t). According to Eq. (6),
the state evolution over the time interval (t, t + Tm) can be
expressed as

z (t + Tm) = T (t + Tm, t) z (t) . (9)

To calculate T (t + Tm, t), we divide the time period from t
to t + Tm evenly into N portions, with δ = Tm/N for each
one. The temporal evolution of the state vector z over the
period δ can be expressed as

z (tk+1) = T (tk+1, tk) z (tk) , k = 1, 2, . . . , N , (10)

where tk and tk+1 refer to the start and end times of the
kth period, with t1 = t, tN+1 = t + Tm, and tk+1 = tk + δ.
When N is sufficiently large that δ � Tm, the modulated
mass can be considered as constant in each portion. Under
this condition, T (tk+1, tk) is time-independent over the
period (tk, tk+1), and can be expressed as a Taylor series

T (tk+1, tk) = T (tk+1, tk) + δ
dT (tk+1, tk)

dt

∣∣∣∣
tk

+ δ2

2!
d2T (tk+1, tk)

dt2

∣∣∣∣
tk

+ o(δ2). (11)

We substitute Eq. (7) into Eq. (11) and ignore the high-
order terms of δ, giving rise to

T (tk+1, tk) = I + δR (tk) + δ2

2!

[
R2 (tk) + d

dt
R (tk)

]
.

(12)

From Eq. (12), the state transition matrix over one modu-
lation period T (t + Tm, t) can be calculated from

T (t + Tm, t) =
N∏

k=1

T (tN−k+2, tN−k+1). (13)

According to the Bloch theorem, the solution of this time-
periodic-mass system satisfies [35]

z (t + Tm) = eiωTmz (t) , (14)

where ω is the complex eigenfrequency of a Floquet
harmonic. By comparing Eqs. (9) and (14), we obtain

T (t + Tm, t) z (t) = λz (t) , where λ = ei2πω/ωm . (15)

Equation (15) describes a linear eigenproblem with an
eigenvalue λ, and z (t) is the associated eigenvector. The
eigenfrequency ω can be computed by solving the charac-
teristic polynomial,

det [T (ωm) − λ (ω/ωm) I] = 0. (16)

C. Harmonic balance method

An alternative method to solve the eigenvalue problem
for the time-modulated system is based on the harmonic
balance. According to this method, the eigenfrequency ω

can be estimated by seeking a harmonic solution [41],

u (t) = a (t) eiωt, (17)

where a (t) denotes the modulation amplitude of the dis-
placement u (t), and satisfies a (t + Tm) = a (t). The ampli-
tude a (t) can be expressed as a Fourier series of the
following form:

a (t) =
∞∑

p=−∞
apeipωmt, (18)

where ap is the Fourier coefficient of the pth-order mode.
The time-varying mass M (t) can be expressed as

M (t) =
∞∑

q=−∞
Mqeiqωmt, (19)

where Mq denotes the Fourier coefficient of order q and is
given by

Mq = 1
Tm

∫ Tm

0
M (t) e−iqωmt dt. (20)

By substituting Eqs. (17)–(20) into Eq. (3) and perform-
ing the harmonic balance, the equations governing all
pth-order modes can be derived as

∞∑
q=−∞

[(
ω

ωm

)2

+ (2p − q)
ω

ωm
+ p (p − q)

]
Mqap−q

− K
ω2

m
ap = 0, p ∈ (−∞, ∞) . (21)

We set a truncation order P for p , such that ap = 0 for
|p| > P. The range of q is given by q ∈ [p − P, p + P].
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Then Eq. (21) can be written in the form of a quadratic
eigenvalue equation,

[(
ω

ωm

)2

L2 + ω

ωm
L1 + L0 −

(
ω0

ωm

)2

I

]
a = 0, (22)

where ω0 = √
K/M0. L0, L1, and L2 are matrices of size

(2P + 1) × (2P + 1), whose elements in the mth row and
nth column are given by

L0 (m, n) = (m − P − 1) (n − P − 1) Mm−n/M0,
L1 (m, n) = (m + n − 2P − 2) Mm−n/M0,
L2 (m, n) = Mm−n/M0.

(23)

An equivalent form of Eq. (22) is given by
[−L1 −L0 + (ω0/ωm)2I

I 0

] [
(ω/ωm)a

a

]

= ω

ωm

[
L2 0
0 I

] [
(ω/ωm)a

a

]
. (24)

Consider the fact that the matrix L2 in Eq. (23) is real and
symmetric. Equation (24) can, after some manipulation, be
arranged in the form of a linear eigenvalue problem,

Ax = βx, (25)

where the eigenvalue is β = ω/ωm, with an eigenvector
x = [βa, a]T. The matrix A is given by

A =
[−L−1

2 L1 −L−1
2

(
L0 − (ω2

0/ω
2
m)I

)
I 0

]
. (26)

The eigenvalue β can be calculated by solving the equation

det [A − βI] = 0. (27)

III. EXCEPTIONAL POINTS INDUCED BY
TIME-VARYING MASS

A. Exceptional-point phenomenon

Consider the system parameters α = 0.2 and ω0 =
1 rad/s. Figures 2(a) and 2(b) show the real and imaginary
parts of the complex eigenfrequency ω/ω0 plotted against
the modulation frequency ωm/ω0, calculated using the
state-space method with N = 1000. Equation (15) states
that λ is a periodic function of Re(ω) following λ(ω) =
λ(ω + nωm), where n is an integer. Therefore, the complex
values of ω have an infinite number of periodic solutions
with a period of ωm for the real part, and share the same
imaginary part. Two distinct phases can be distinguished
in the complex-eigenfrequency spectrum, characterized
by bifurcations of the Re(ω/ω0) and Im(ω/ω0) curves,
respectively. The splitting solutions for ω coalesce at spe-
cific values of ωm/ω0 = 1.91 and 2.12, which define phase
transition points with the same signatures as those of EPs
in non-Hermitian systems. To demonstrate the EP behav-
ior at these two points, the coalescing of the eigenvectors
needs to be analyzed. We denote the two sets of eigen-
state solutions of Eq. (15) by {λ1, z1} and {λ2, z2}, and
construct a similarity transformation matrix U with eigen-
vectors in the form of U = [z1, z2]. The determinant of
U is never zero unless the two eigenvectors are degener-
ate. Thus, degeneracy of the eigenvectors, that is, z1 = z2,
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FIG. 2. (a) Real and (b) imaginary parts of complex eigenfrequency and (c) |det (U)| versus ωm/ω0, calculated by the state-space
method. (d),(e) Complex eigenfrequency and (f) log10(|det (S)|) computed by the harmonic balance method.
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can be identified by estimating whether or not the condi-
tion |det (U)| = 0 is satisfied. Figure 2(c) plots the values
of |det (U)| versus ωm/ω0, showing clearly a significant
drop of |det (U)| at points with ωm/ω0 = 1.91 and 2.12.
We have now demonstrated the occurrence of EPs induced
by a time-varying mass. It is noted that the modulation fre-
quency for the emergence of EPs can be changed when the
system parameter α varies in the region 0 < α < 1.

Based on the state-space method, an analytic expres-
sion for the eigenfrequency ω for EPs to occur can be
theoretically derived, as illustrated below. Let us revisit
the eigenvalue problem described in Eq. (15). Because
T (t + Tm, t) is a real 2 × 2 matrix, the two eigenvalues λ1,2
must be either both real or a complex conjugate pair. To
proceed, the eigenvalue λ defined in Eq. (15) is expressed
in terms of complex eigenfrequencies ω = ω′ + iω′′ as

λ = e−2πω′′/ωm[cos(2πω′/ωm) + i sin(2πω′/ωm)], (28)

where ω′ and ω′′ represent the real and imaginary
parts, respectively, of ω. For the example studied in
Fig. 2, it is verified through numerical calculations that
det (T (t + Tm, t)) = 1 over the range of values of ωm stud-
ied, which means that λ1λ2 = 1. While this equality is
valid for the present example, its validity in the general
case is still to be verified. We proceed with the discussion
by analyzing the following two cases separately.

Case I. λ1 and λ2 are both real. We can obtain
sin(2πω′

1,2/ωm) = 0 from Eq. (28). This equation leads to

the solutions ω′
1,2 = nωm/2, such that λ1,2 = ±e−2πω′′

1,2/ωm .
From λ1λ2 = e−2π(ω′′

1+ω′′
2 )/ωm = 1, we get ω′′

1 + ω′′
2 = 0.

The eigenfrequencies are degenerate at EPs satisfying
ω′

1 = ω′
2 and ω′′

1 = ω′′
2 . If an EP exists, it occurs with an

eigenfrequency ω satisfying ω′
1 = ω′

2 = nωm/2 and ω′′
1 =

ω′′
2 = 0.
Case II. λ1 and λ2 are a complex conjugate pair. We

can obtain from Eq. (28) that ei2πω′
1/ωm = e−i2πω′

2/ωm and
e−2πω′′

1/ωm = e−2πω′′
2/ωm . These equations result in the rela-

tions ω′
1 + ω′

2 = nωm and ω′′
1 = ω′′

2 , such that λ1λ2 =
e−4πω′′

1/ωm . From λ1λ2 = 1, we have ω′′
1 = ω′′

2 = 0. If an
EP exists, it appears with ω′

1 = ω′
2 = nωm/2.

The analyses in the above two cases lead to the same
conclusion, that EPs emerge at the eigenfrequency ω =
nωm/2, which is in accordance with the result shown in
Figs. 2(a) and 2(b).

Figures 2(d) and 2(e) plot the complex eigenfrequency
ω/ω0 computed using the harmonic balance method with
a truncation order P = 12, and the results are in excel-
lent agreement with Figs. 2(a) and 2(b). The coalescing
of eigenvectors can be demonstrated in a similar man-
ner to Fig. 2(c). There are M = 4P + 2 eigenvectors,
denoted here by xn (n = 1, 2, . . . , M ). The similarity trans-
formation matrix S can be grouped as S = [x1, . . . , xM ].
Figure 2(f) shows that |det (S)| is greatly lowered when

the modulation frequency approaches the phase transition
point, validating our expectation of coalescence of the
eigenvectors.

It is noteworthy that the harmonic balance method
allows us to distinguish the contributions of different-
order modes to the eigenfrequency spectrum. By sub-
stituting Eq. (18) into Eq. (17), we have u (t) =∑∞

p=−∞ apei(ω+pωm)t. The branch for the pth-order mode
has an eigenvector in which the component ap is obviously
large in magnitude compared with the others. Thereby, the
contribution of the pth-order mode can be quantified by
weighting the magnitude of ap in the associated eigenvec-
tor x. By using the above filtering method, the spectrum of
Re(ω) is found to be dominated by the fundamental mode
(p = 0) and the first-order harmonics (p = −1), as pre-
sented in Fig. 2(d). It is clearly seen that the transition of
the Re(ω) spectrum from the bifurcation to the coalescing
phase is caused by a coupling interaction between these
two modes of different order.

B. Variation of eigenvalues with system perturbations
near EPs

The EP phenomenon shown in Fig. 2 is caused by the
coalescence of two eigenstates, and thus it is usually called
a second-order EP. The salient property that the eigenvalue
near an EP is highly sensitive to system perturbations is
studied in this section. We denote the two eigenvalues rel-
evant to the p = 0, −1 modes by β1 and β2 and assume that
they coalesce at an EP with βEP = β1,2. Using a similarity
transformation matrix S, the matrix A in Eq. (25) at an EP
can be expressed in the Jordan normal form [13]

AEP = S
[

J (βEP) 0
0 W

]
S−1, (29)

where J (βEP) is a 2 × 2 Jordan block given by

J (βEP) =
[
βEP 1
0 βEP

]
. (30)

The matrix W denotes the Jordan normal form of the
remaining parts of the eigenvalues. Next, let us introduce
a perturbation ε into any of the system parameters rela-
tive to the EP position. The perturbed matrix is denoted
by A′(ε), with A′(ε = 0) = AEP. We define the following
characteristic polynomial pertaining to A′(ε) and β:

f (ε, β) = det
[
A′ (ε) − βI

]
. (31)

By solving f (ε, β) = 0, which is equivalent to Eq. (27),
the eigenvalue solutions for β as a function of the perturba-
tion ε can be obtained. Explicit expressions for them can be
derived using the holomorphic implicit function theorem
and the inverse function theorem [42], as briefly described
below.
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There exists the relation f (0, β1,2 = βEP) = 0 when the
EP is of second order. Then, in the vicinity of the EP, the
function f (0, β) can be expressed as

f (0, β) = (β − βEP)
2(· · · ). (32)

Equation (32) leads to the following results:

∂f (0, β)

∂β

∣∣∣∣
β=βEP

= 0,
∂2f (0, β)

∂β2

∣∣∣∣
β=βEP

�= 0. (33)

The EP studied here refers to a point degeneracy in the
parameter space, which implies that

∂f (ε, βEP)

∂ε

∣∣∣∣
ε=0

�= 0. (34)

We now expand f (ε, β) in a power series about ε = 0 and
β = βEP as

f (ε, β) = ∂f (ε, βEP)

∂ε

∣∣∣∣
ε=0

ε

+ 1
2!

∂2f (0, β)

∂β2

∣∣∣∣
β=βEP

(β − βEP)
2, (35)

where Eqs. (33) and (34) are used and higher-order terms
are neglected.

An explicit expression for ε(β) as a function of β can
be obtained in the neighborhood of β = βEP by using the
holomorphic implicit function theorem [42]. With help of
Eqs. (32) and (33), it is found that

ε(β = βEP) = 0,
dε (β)

dβ

∣∣∣∣
β=βEP

= dε

df
df
dβ

∣∣∣∣
β=βEP

= 0.

(36)

We expand ε(β) in a power series about β = βEP and make
use of Eq. (36), giving rise to

ε (β) ≈ 1
2

d2ε (β)

dβ2

∣∣∣∣
β=βEP

(β − βEP)
2, (37)

where the higher-order terms are neglected. By substituting
Eq. (37) into Eq. (35), the coefficient term in Eq. (37) is
found as

1
2

d2ε (β)

dβ2

∣∣∣∣
β=βEP

= −
1
2 (∂2f (0, β)/∂β2)

∣∣
β=βEP

(∂f (ε, βEP)/∂ε)|ε=0
. (38)

Note that the result of Eq. (38) is nonzero, as can be
inferred from Eqs. (33) and (34). The relation in Eq. (37)
means that ε(β) varies proportionally to the square of a

small variation of β. According to Eqs. (37) and (38), the
function β(ε) near ε = 0 can be expressed as

β (ε) ≈ βEP ± γ ε1/2, (39)

where the coefficient γ is given by

γ =
√

− (∂f (ε, βEP)/∂ε)|ε=0
1
2 (∂2f (0, β)/∂β2)

∣∣
β=βEP

. (40)

Equation (39) shows that for very small perturbations ε �
1, the eigenvalues β(ε) vary proportionally to the square
root of the perturbation ε in the vicinity of an EP. This is
known as the square-root behavior of a second-order EP,
and can be utilized to enhance the detection sensitivity for
small perturbations, as will be further addressed in the next
section.

IV. SENSOR MODEL WITH HIGH SENSITIVITY
FOR DETECTING DEFECTS

A. Sensitive response to small perturbations near EPs

Consider the model parameters used in Fig. 2, but with a
perturbed stiffness K (1 + ε). When the stiffness is not per-
turbed (ε = 0), it is shown that the system exhibits EPs
at modulation frequencies ωm/ω0 = 1.91 and 2.12 with
an eigenfrequency ω = ωm/2, denoted here by ωEP for
brevity. The complex eigenfrequencies ω/ωm as a function
of the perturbation ε in the two cases ωm/ω0 = 1.91 and
2.12 are shown in Figs. 3(a) and 3(b), respectively. The
eigenfrequency ω is calculated from the exact eigenvalue
problem and the approximate equation as described in
Eq. (39), and excellent agreement between two results can
be seen. When Re(ω) or Im(ω) splits into two branches,
a small perturbation ε leads to a much larger change in
the branch values due to the square-root behavior, and
this property can be exploited to design highly sensitive
sensors.

We proceed to analyze the forced-vibration response
of the time-periodic-mass system to get further insights
into the square-root behavior. A displacement excitation
is applied to the end of the spring, with the form U0(t) =
A sin ωct, and the displacement response u(t) of the mass
element is governed by

1
K(1 + ε)

d
dt

[
M (t)

d
dt

u (t)
]

+ u(t) = U0(t). (41)

The above equation is solved by a fourth-order Runge-
Kutta method with zero initial displacement and velocity.

As an illustrative example, we lock the EP at a modu-
lation frequency ωm/ω0 = 2.12 and choose ωc = ωEP for
the source excitation. The displacement response u(t)/A
in the time domain is shown in Figs. 4(a)–4(c) for ε = 0,
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FIG. 3. Real and imaginary parts of complex eigenfrequency given by exact solutions of eigenvalue problem (solid line) and approx-
imate solutions (open circles) calculated from Eq. (39) plotted against a small perturbation ε in two cases: (a) ωm/ω0 = 1.91; (b)
ωm/ω0 = 2.12.

−0.01, and 0.01, respectively, and the respective frequency
spectra are plotted in Figs. 4(d)–4(f).

In the absence of a perturbation (ε = 0), a sharp res-
onance peak appears at a frequency exactly equal to the
eigenfrequency of the EP, namely ω = ωEP. By contrast,
the response is characterized by two sharp peaks for
ε = −0.01, and it is not difficult to verify that the peak

frequencies coincide with the splitting values of Re(ω)

as shown in Fig. 3(b). Notice that the sharp peak profile
observed here is attributed to the zero imaginary part of the
eigenfrequency ω for a negative ε. Now let us define a nor-
malized splitting frequency for the double-peak response
as |ω1 − ω2|/ωEP, with ω1,2 denoting the two peak fre-
quencies; this signifies the extent to which the two peaks
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FIG. 4. Forced-vibration response of time-modulated system: (a)–(c) displacement response in the time domain for ε = 0, −0.01,
and 0.01; (d)–(f) the respective frequency spectra. HPBW, half-power bandwidth.
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perturbations; (b) HPBW and damping factor 2ξ for positive-ε perturbations.

are separated. This quantity can also be used to evaluate
the eigenfrequency, but with ω1,2 denoting the two splitting
values of Re(ω). For various negative-ε perturbations,
Fig. 5(a) plots the normalized splitting frequency retrieved
from the double-peak response and the eigenfrequency
solution for Re(ω), and the two results coincide very well.
The frequency splitting of the resonance peak is governed
by the square-root behavior, showing high-sensitivity per-
formance with respect to a small perturbation. This is the
critical concept behind the use of an EP in the design of
ultrasensitive sensors.

For a positive-ε perturbation, the imaginary part of the
eigenfrequency ω is nonzero, as seen in Fig. 3(b). This
explains the flattening of the response curve for ε = 0.01
in Fig. 4(f). The bandwidth broadening can be charac-
terized by the HPBW, which measures the bandwidth
when the amplitude has dropped to 1/

√
2 of its maximum

value. On the other hand, an effective damping ratio ξ =
|Im(ω)/Re(ω)| can be defined from the eigenfrequency
solutions, and this describes the time-decay effect in the
form e−ξ Re(ω)t. We calculate the results for the HPBW
and 2ξ for different negative-ε perturbations, as plotted
in Fig. 5(b), and find good agreement between them. The
result reflects a large variation of the HPBW for a small
perturbation, which in turn causes a drastic change in
the quality factor, which can be exploited in designing
ultrasensitive sensors.

B. Sensor model with high sensitivity to void defects in
elastic solids

Based on the square-root behavior near EPs, we pos-
tulate a sensor model that demonstrates enhanced sensi-
tivity for detecting small void defects embedded within
an elastic plate. The working mechanism of the sensor
model is sketched in Fig. 6(a). The device comprises a
time-varying-mass structure and a force sensor, which are
placed on opposite sides of the plate to be tested. An exci-
tation is applied to the backing side of the force sensor.

This structural model works in a similar way to the mass-
spring model studied previously. The elastic solid behaves
like a spring. An internal void defect acts as a small pertur-
bation ε added to the spring stiffness and can be recognized
from the splitting-frequency response of the force sensor.
One can move the sensor device to detect void defects that
may occur anywhere in the plate.

The performance of the sensor device is numerically
investigated by use of a finite-element model, as shown
in Fig. 6(b). To simplify the problem, the detection zone of
the sensor is taken as a cylindrical body with diameter 2 cm
and height 2 cm. The elastic solid has a Young’s modulus
of 6.11 MPa, a Poisson’s ratio of 0.49, and a mass den-
sity of 670 kg/m3. The time-varying mass M (t) follows
Eq. (1), with M0 = 10 g and α = 0.2. The displacement

Solid elastic plate

Scan

Void defect

(a)

(b)
M(t)

Excitation agent

Force 
sensor

Time-periodic mass

M(t)

Displacement excitation

2 cm

2 cm

Spherical
void

FIG. 6. (a) Working mechanism of an EP-based sensor to
detect void defects. (b) Numerical-simulation model of the EP-
based sensor.
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FIG. 7. (a)–(c) Frequency spectra of force signals for three typical cases, ωm/ω0 = 1.85, 2.0, and 2.15, respectively. (b) Peak
response frequencies for different modulation frequencies.

excitation is applied to the bottom side of the elastic cylin-
der and has the same form as that used in Fig. 4. The
time-domain force signals at the excitation surface are cal-
culated and converted to a frequency-response spectrum
by means of a Fourier transform. The numerical model is
solved by the software package COMSOL Multiphysics.

To employ an EP for defect detection, the modulation
frequency ωm for an EP to occur needs to be identified first.
According to the theoretical prediction shown in Fig. 2,
EPs appear near ωm = 2ω0, where ω0 here is the resonant
frequency of a structural model with a constant mass M0.
By calculation of the response spectrum of the constant-
mass model, a resonant frequency ω0 = 3128 rad/s is
found. Numerical calculations are then conducted for the
time-varying-mass model, with ωm ranging from 1.8ω0 to
2.2ω0. Figures 7(a)–7(c) depict the frequency spectra of
the force signals for the three typical cases ωm/ω0 = 1.85,
2.0, and 2.15 respectively, where the force spectrum is
averaged over the excitation surface and normalized to its
maximum value. Peak-response performance analogous to
the results in Fig. 4 can be seen. We retrieve the peak
response frequencies for various modulation frequencies,
as plotted in Fig. 7(d). It is known that the EPs here cor-
respond to bifurcation points in the parameter space of
ωm. Thus, the modulation frequencies for EPs to occur are
found as ωm/ω0 = 1.93 and 2.10.

As a comparative model, we devise a resonance-shift
(RS) sensor by letting M (t) = M0. This sensor detects
void defects by measuring the shift of the resonance fre-
quency caused by softening of the stiffness due to voids.
Figure 8(a) shows the frequency spectra of the force sig-
nals for the constant-mass model without and with a spher-
ical void having a very small volume fraction of 0.5%.
In the presence of this void defect, the normalized reso-
nance frequency ω/ω0 is shifted to 0.992, which implies
a 0.8% change. The shift of the resonance frequency for
different void volume fractions is calculated, as plotted in

Fig. 9, and a linear relationship between the two quantities
is found. This shows the low-sensitivity nature of conven-
tional RS sensors for detecting small perturbations. For an
illustration of the enhanced sensitivity of the EP sensor, we
choose the EP that occurs at ωm/ω0 = 2.10, with a peak
response frequency ωEP = 1.05ω0. With the inclusion of a
void defect with volume fraction 0.5%, the force frequency
spectrum, as presented in Fig. 8(b), is characterized by
two resonance peaks located at ω/ωEP = 0.973 and 1.027,
with a separation percentage of 5.4%, nearly 7 times larger
than that for the RS sensor. We further calculate the split
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FIG. 8. Frequency spectra of force signals given by (a) RS sen-
sor and (b) EP sensor for testing materials, with and without a
void defect.
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of EP sensor for testing materials with void defects with various
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resonance frequencies for various void volume fractions,
as shown in Fig. 9. The curve follows strictly a square-
root behavior, explaining the EP-based mechanism for the
sensitivity enhancement.

In the model studied, the modulation frequency serves
as a control parameter that can be dynamically tuned to
lock the EP position. We can also activate the other EP by
choosing ωm/ω0 = 1.93, and then the sensor will be able
to detect a stiff inclusion with enhanced sensitivity.

V. CONCLUSIONS

An exceptional point is usually created in multidegree-
of-freedom systems, where two or more eigenvalues and
eigenvectors coalesce simultaneously. In this paper, we
report the construction of EPs in single resonators with
a time-varying mass, which generate EPs by means of
the coalescence of fundamental and harmonic eigenmodes.
Based on the state-space and harmonic balance methods,
a theoretical formulation of the eigenvalue problem for
the time-modulated system is developed to demonstrate
the existence of second-order EPs. We also show that the
eigenvalues near EPs vary proportionally to the square
root of a small perturbation. This unique feature is used
to design an EP-based sensor model, which could enhance
the sensitivity for detecting void defects in elastic plates.
The proposed model may have potential applications in the
development of high-sensitivity mechanical sensors.
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