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The emergence and development of acoustic artificial materials stimulate a large number of applications
for the manipulation of ultrasonic and elastic waves. Most of the reported metasurfaces and metamaterials
only work effectively at a given frequency and target a fixed functionality. Reconfigurable designs may
solve this problem, to a certain extent, but require the introduction of complex active control components.
Here, by integrating multiple functionalities on a conformally mapped Mikaelian lens with a hyperbolic
secant refractive-index distribution, a broadband passive lens is presented and accomplished on an elas-
tic plate. Just by adjusting the location and type of source, different regulations of flexural waves can
be switched from one sort to another. Through projecting the refractive-index profile onto the thickness
of the plates, the proposed Mikaelian lens is designed and fabricated. Theoretical prediction and experi-
mental results demonstrate beam scanning at an angle of up to 120° from 30 to 180 kHz and achromatic
subwavelength focusing with a full width at half maximum of around 0.3λ from 30 to 120 kHz. Without
using locally resonant materials or active control elements, this work provides a feasible way to construct
multifunctional flexural-wave devices.
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I. INTRODUCTION

Metamaterials have been developed rapidly owing to
their artificially regulated physical characteristics, which
significantly strengthen the flexibility to manipulate wave
fields. As theoretical support, transformation optics [1,2]
then provided a paradigm to control electromagnetic waves
or light rays utilizing metamaterials. A great many optical
devices, such as cloaks [3–5], concentrators [6–8], and per-
fect lenses [9–11], were successfully designed and verified.
Subsequently, the transformation method was extended to
acoustics and elastic waves [12–20], surface-water waves
[21], and even matter waves [22]. However, the realiza-
tion of a metamaterial is generally a big challenge due to
its complex microstructure and bulky configuration. There-
fore, the focus gradually turns to a metasurface, which is
the lower-dimensional version of a metamaterial, for its

*mjchen81@bit.edu.cn
†liuy2018@xjtu.edu.cn
‡fangdn@bit.edu.cn

compact form and easy fabrication. By gradual cumula-
tive phase variation along the metasurface, the wave front
can be modulated based on the generalized Snell law [23].
A huge number of devices, such as beam scanning and
focusing [24–26], carpet cloaking [27], optical or acous-
tic holograms [28], and perfect absorption or insulation
[29,30], have been achieved accordingly.

Although great success has been achieved in metamate-
rials and metasurfaces, they are still far from being suitable
for real applications, because most existing metamaterials
are restricted by their solidified function in a narrow fre-
quency range or even at a fixed frequency. Programmable
and reconfigurable metamaterials [31–34] were presented
and developed to solve this problem. By using active or
mechanically reconfigurable elements, multiple function-
alities are also realized under different circumstances. For
example, using external loadings, a unit cell’s mechani-
cal instability is utilized to implement function switching
[32]. Memoli et al. [35] proposed another creative way
to scan an acoustic beam for different angles by reassem-
bling predesigned metamaterial bricks. Most recently, by
adjusting the height of the water surface in the cavity of
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each unit cell independently [36], the phase change gener-
ated by each unit cell can be tuned continuously. Tunability
is also achieved by piezoelectric materials [37]. Further-
more, the real-time tunability is confirmed by using a
complex feedback control system [38].

In the technological paths mentioned above, the physi-
cal properties of each unit cell must be changeable under
external stimuli, which is complex and costly for prac-
tical applications of on-chip acoustic or elastic wave
devices. To overcome this issue, an alternative way, iden-
tified as the multiplexing technique [28], is proposed in
optics to achieve multifunctional devices. Just by chang-
ing the polarization, frequencies, or amplitudes of incident
waves, the performed functions can be switched from one
to another. A variety of devices, such as angle-sensitive
[39], frequency-sensitive [40], polarization-sensitive [41],
helicity-sensitive [42], and multiplexed metasurfaces, were
realized in recent years. For acoustic or elastic waves, an
amplitude-multiplexed acoustic topological insulator [43]
and a frequency-multiplexed elastic metasurface [44] with
beam-steering and -focusing functions have been accom-
plished. However, the realization of passive multifunc-
tional elastic devices over a broadband frequency range
remains a big challenge.

Under the assumption of Kirchoff-Love (KL) thin-plate
theory [45], the conformal-transformation [46] method is
applied in this work. Inspired by the conformally mapped

Mikaelian lens in optics [47,48] and acoustics [49], a
broadband passive multifunctional Mikaelian lens for flex-
ural waves is presented. In contrast to highly disper-
sive and anisotropic metamaterials, the gradient-refractive-
index (GRIN) profile of the lens is achieved by gradually
adjusting the thickness of the plate. Just by adjusting the
location and type of source, we numerically and experi-
mentally achieve beam scanning up to 120° from 30 to
180 kHz and achromatic subwavelength focusing with a
full width at half maximum (FWHM) of about 0.3λ from
30 to 120 kHz. This work provides a feasible way to design
broadband and multifunctional devices for guided elastic
waves.

II. THEORETICAL DESIGN OF CONFORMALLY
MAPPED MIKAELIAN LENS FOR FLEXURAL

WAVES

First, we study a Maxwell fish-eye lens. The Maxwell
fish-eye lens can transport information from a point source
located at the edge of the lens to the exact opposite
side. For the two-dimensional (2D) case in Fig. 1(a), its
refractive-index profile is described as 2α/(1 + r2), where
α and r represent the refractive index on the boundary
of the lens and the distance from the center of the lens,
respectively. Ray paths indicate that light released from
point A will travel along the circles and merge into an

(a) (b) (c) (d)

(e) (f)

(g) (h) (i)

FIG. 1. Theoretical design of passive multifunctional flexural-wave Mikaelian lens via conformal transformation. (a) Refractive-
index distribution of Maxwell fish-eye lens. (b),(e) Imaging performance of Maxwell fish-eye lens in u-v space. (c) Refractive index of
mapped Mikaelian lens. (d),(f) Self-focusing phenomenon of Mikaelian lens in x-y space. (g) Three-dimensional model of conformally
mapped Mikaelian lens to collimated flexural waves. (h) Relationship between the effective refraction index of the plate and the
thickness. (i) Connection between thickness and the distance from the center of the lens.
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image at point B, as revealed in Fig. 1(b). This imaging
performance is also verified by the wave-field distribu-
tion in Fig. 1(e). Then, the principle of the conformal-
transformation method (COM) is first reviewed [50]. For
2D space explained by w = u + iv with a refractive-index
distribution of nw(u + iv), incident waves propagating
through this 2D space will travel along a curved path.
Another 2D space described by z = x + iy can be linked
to the former one by conformal mapping, w = w(z), which
meets the requirement of the Cauchy-Riemann condition
[51]. Therefore, the relationship between u-v and x-y space
is finally established. The corresponding refractive-index
distribution in x-y space is derived as follows [50]:

nz = nw|dw/dz|, (1)

in which nz and nw are the refractive-index profile in
the z space and w space, respectively. dz and dw are
distance microelements in the z space and w space, respec-
tively. By exerting an exponential conformal transforma-
tion w(µ,ν) = e(βz(x,y)) on Maxwell fish-eye lens in virtual
space, the resulting refractive-index profile in physical
space will be transformed into

nz(x, y) = n0 sech(βx), (2)

which is identical to a Mikaelian lens’ refractive-index
distribution, where β denotes the coefficient that governs
the length of the mapped region by l = 2π /β, n0=αβ is
the maximum refractive index along the central line, and
α and β are regularly defined as one. When the radius
of the Maxwell fish-eye lens is restricted to R, then the
mapped region of the Mikaelian lens is a rectangle with
a width of W = 2R and length of L = 2πR/β. The related
refractive-index profile is described in Fig. 1(c), which
clearly illustrates a gradual increase of the refractive index
from the edge at both sides towards the axis of symmetry
of the lens. Through transforming ray tracing in Fig. 1(b)
by w(µ,ν) = e(βz(x,y)), a sinelike path and self-focusing phe-
nomenon is observed inside the Mikaelian lens, as depicted
in Fig. 1(d), which can also be derived by the vari-
ational method of geometric optics. The corresponding
wave-field pattern given by Fig. 1(f) further confirms the
Mikaelian lens’ capability of self-focusing. To obtain the
ultrawide-angle beam scanning and achromatic subwave-
length GRIN lens over a broadband frequency range, first
the conformally mapped Mikaelian lens is truncated to a
quarter; the length of the new version of the Mikaelian lens
decreases to πR/(2β). Second, the value of α is adjusted to
1.6 to guarantee a broadband operating-frequency range.

The designed Mikaelian lens is embedded on a thin
aluminium plate with a Young’s modulus of 70 GPa, Pos-
sion’s ratio of 0.33, and mass density of 2700 kg/m3 by
varying the thickness, as shown in Fig. 1(g). The thickness
of the host plate, h0, is selected to be 4 mm with dimen-
sions of 180 × 180 mm2. The effective refraction index,

n(x,y), of the plate is controlled by the local thickness,
h(x,y) [52], according to

n(x, y) =
√

h0

h(x, y)
. (3)

The corresponding relationship between the effective
refraction index of the plate and the thickness is illustrated
in Fig. 1(h). The thickness as a function of the distance
from the center of the lens is plotted in Fig. 1(i). It can be
observed that a striking value of n = 1.6 is accomplished
at the center of the lens through a relatively high thick-
ness (1.5625 mm), which implies that the flexural wave
can experience a significant refraction without introducing
a very thin truncation thickness.

For the analytical analysis of flexural-wave propaga-
tion inside the 2D conformally mapped Mikaelian lens,
we adopt the geometrical acoustics approximation (GAA)
[53,54]. A relatively simple analysis of a flexural wave
traveling in the GRIN medium on thin plates is provided
by the GAA. Through calculating the ray trajectory of
point sources located at different positions at the back
surface of our designed Mikaelian lens, it is found that
highly directional plane waves propagating in different
directions are generated. Figures 2(a)–2(d) illustrate the
related ray trajectories of point sources placed at x = 0 mm,
x = 30 mm, x = 60 mm, and x = 80 mm. It can be clearly
observed that, with the point source moving towards the
edge of the lens, the deflection angle increases from 0°
to 60°. Owing to the symmetry of the designed Mikaelian
lens, for the point source placed in the negative direction,
the same trend of deflection angle can be predicted and
yielded.

III. SIMULATED RESULTS AND ANALYSIS OF
MIKAELIAN LENS

To investigate the performance of the conformally
mapped Mikaelian lens comprehensively, the full-wave
numerical simulation is adopted and carried out using the
commercial software COMSOL Multiphysics 5.5. For the
point source placed at four different places at a frequency
of 120 kHz, the results of simulated displacement-field
patterns are given in Figs. 2(e)–2(h), which are highly con-
sistent with the calculated ray trajectories shown in Figs.
2(a)–2(d). The deflection angle of the transmitted flexu-
ral wave with a point source located at the center of the
Mikaelian lens is defined as 0°, which is also the reference
of the deflection angle generated by other point sources.
Thus, it can be seen that, as the point source advances
toward the edge of the lens, the deflection angle of the
outgoing beam gradually increases to 60°. Our proposed
lens’ ability to yield a highly directional emission within
a viewing angle of 120° is fully confirmed. Thereafter,
to demonstrate the broadband property of our designed
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FIG. 2. Simulated performance of passive multifunctional flexural-wave Mikaelian lens. (a)–(d) Calculated ray trajectories for point
sources located at x = 0 mm, x = 30 mm, x = 60 mm, and x = 80 mm. (e)–(h) Related displacement-field patterns of beam scanning
at a frequency of 120 kHz. (i) Broadband beam collimation performance from 30 to 180 kHz. (j) Displacement-field distributions for
broadband achromatic subwavelength focusing from 30 to 120 kHz.

Mikaelian lens, the vertical-displacement-field distribution
from 30 to 180 kHz of a point source located at the
center the lens is simulated and plotted in Fig. 2(i). It
is obvious that highly directional quasiplane waves are
produced in this wide frequency range. The broadband
characteristic of our proposed lens to control the prop-
agation of a flexural wave is validated, indicating that
our design method is effective. According to the recipro-
cal principle, achromatic focusing can also be achieved,
as long as our proposed lens is illuminated by plane
waves. Figure 2(j) illustrates the corresponding simulated
displacement-field patterns from 30 to 120 kHz. Achro-
matic subwavelength focusing can be clearly observed.
The related FWHM varies from 0.29λ to 0.31λ. Since
the refractive index at the focusing point is 1.6, accord-
ing to the diffraction limit the derived FWHM is rea-
sonable. This property has great potential to be applied
in energy harvesting and medical imaging in the future.
It can be concluded that our design is fully verified
numerically.

IV. EXPERIMENTAL RESULTS AND DISCUSSION

To further prove the high performance, an experimen-
tal setup is established, as exhibited in Fig. 3, to com-
plete the verification of ultrawide-angle beam scanning
and broadband achromatic subdiffraction focusing. Our
designed flexural-wave Mikaelian lens is manufactured
by Computer Numerical Control Machining. The three-
cycle tone burst, F(t) = [1 − cos(2π fct/ 3)]sin(2π fct), with
fc = 45 kHz being the central frequency, is exerted by a
RIGOL DG4062 wave generator as the signal source. To
enhance the signal-to-noise ratio, a power amplifier is used
to magnify the three-cycle tone burst. Piezoelectric patches
ignited by the power amplifier are bonded to fabricated
plates with adhesive for excitation. A Polytec NLV-2500
laser vibrometer installed at the two-axis motorized stage
is the receiving probe to measure the amplitude and phase
of the out-of-plane displacement field. As the two-axis
motorized stage moves step by step, data of transmitted
out-of-plane displacement fields are obtained and stored on
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FIG. 3. Experimental setup for mea-
suring the vertical-displacement-field
distribution.

a computer via an oscilloscope (PicoScope 4000 series).
Then, through fast Fourier transform, postprocessing data
are consistent with monochromatic theory. The corre-
sponding scanning zone is 200 × 170 mm2. Furthermore,
the wave fields of neighboring frequencies can also be
investigated by our input signal. Therefore, the wave fields
of the broadband frequency range can be gained by only
one measurement. To guarantee the precision of the exper-
iment, an absorbing layer is added to the fabricated plate.
The capability of the proposed Mikaelian lens to accom-
plish ultrawide-angle beam scanning is first tested. Five
circular piezoelectric patches (r = 10 mm) are bonded to
the fabricated plate at the edge of the Mikaelian lens to be
used as point sources. From Fig. 4(a), it can be seen that the
coordinates of these five piezoelectric patches on the x axis
are 0, −30, 30, −60, and 60 mm, which are in accordance
with our simulation. Moreover, these five piezoelectric
patches are excited independently to ensure that different

deflection angles at different places can be checked indi-
vidually. Measured results of the vertical-displacement-
field distribution and corresponding deflection angles at
a frequency of 60 kHz for the five point sources located
in different places are depicted in Figs. 4(b)–4(f). Com-
paring Figs. 4(b)–4(f) with Figs. 2(e)–2(h), it is obvious
that the measured deflection angles are highly consis-
tent with the theoretical ones. There is no doubt that the
beam-scanning function of the proposed Mikaelian lens is
proved.

For the measurement of broadband achromatic sub-
wavelength focusing, an array of six square piezoelec-
tric patches (40 × 12 mm2) are bonded to the fabricated
plate to generate a normally incident plane wave approx-
imately and are 150 mm away from the Mikaelian lens,
as plotted in Fig. 4(g). From the measured vertical-
displacement-field patterns from 30 to 60 kHz, depicted
in Figs. 4(h)–4(k), and the corresponding FWHM given

(a) (b)

(c) (d)

(e) (f)

(g) (h)

(i) (j)

(k) (l)

FIG. 4. Experimental verification of passive multifunctional flexural-wave Mikaelian lens. (a) Photograph of flexural-wave
Mikaelian lens with five point sources. (b)–(f) Measured displacement-field distribution and related deflection angle at a frequency of
60 kHz when point sources are placed at x = 0 mm, ±30 mm, and ±60 mm; black dashed line represents the Mikaelian lens. (g) Pho-
tograph of fabricated flexural-wave Mikaelian lens fed by line source. (h)–(k) Experimental results of broadband achromatic focusing
from 30 to 60 kHz. (l) Comparison between measured FWHM (orange) and simulated FWHM (green).

064047-5



JIN CHEN et al. PHYS. REV. APPLIED 18, 064047 (2022)

(a) (b)

(c) (d)

FIG. 5. Comparison between simulated
(blue) and measured (red) normalized
intensity profiles at the focusing line with
frequencies of 30, 40, 50, and 60 kHz.

in Fig. 4(l), achromatic subwavelength focusing is appar-
ently observed. Although the measured FWHM is slightly
larger than that of the simulated one in general, consider-
ing the testing error and the machining error, the deviation
between the measured FWHM and that of the simulated
one is negligible. To quantitatively make a further compar-
ison between the measured results and those simulated, the
normalized intensity profiles at the focusing line are pre-
sented in Fig. 5. Except for the suppression of side lobes,
the measured results are in good agreement with those sim-
ulated. To quantitatively evaluate the focusing efficiency,
the normalized energy intensity of the transmitted field
(the square of the displacement amplitude) to that of the
incident field is adopted by us [55]. The derived results
from experimental data imply that the wave energy at the
focus spot is increased to over 7 times that of the incident
waves, which is even better than that of Ref. [55]. There-
fore, it can be concluded that excellent subwavelength
focusing is accomplished. Furthermore, owing to the good
performance of side-lobe suppression, the measured focus-
ing performance is even better than that simulated, and
thus, it could be utilized in high-resolution imaging. There-
fore, all of our designed Mikaelian lens functions are
experimentally validated. The transformation method is
successfully applied to design broadband multifunctional
flexural-wave devices to manipulate flexural waves.

V. SUMMARY

In this work, a passive multifunctional achromatic
Mikaelian lens for flexural waves is proposed based
on conformal transformation. The GRIN profile derived

from conformal transformation is realized by variation of
the thickness of the thin plate. A conformally mapped
Mikaelian lens is presented, fabricated, and experimen-
tally demonstrated. Achromatic subwavelength focusing
with a FWHM of around 0.30λ and beam-scanning angle
of up to 120° are well accomplished over the frequency
ranges from 30–120 and 30–180 kHz, respectively. This
implies that this Mikaelian lens has significant poten-
tial to be applied in high-resolution medical imaging and
flexural-wave communication. This work may stimulate
the development of broadband and multifunctional devices
to manipulate guided elastic waves in platelike structures.
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