
PHYSICAL REVIEW APPLIED 18, 064036 (2022)

Generation of Greenberger-Horne-Zeilinger States on Two-Dimensional
Superconducting-Qubit Lattices via Parallel Multiqubit-Gate Operations

Wei Feng ,1 Guo-Qiang Zhang ,1 Qi-Ping Su,1 Jun-Xiang Zhang,2,* and Chui-Ping Yang 1,3,†

1
School of Physics, Hangzhou Normal University, Hangzhou 311121, China

2
School of Physics, Zhejiang University, Hangzhou 310027, China

3
Quantum Information Research Center, Shangrao Normal University, Shangrao 334001, China

 (Received 17 June 2022; accepted 21 November 2022; published 13 December 2022)

A recent major technological breakthrough in superconducting circuits is the realization of more than
50 qubits arranged on two-dimensional (2D) lattices with tunable nearest-neighbor couplings. We propose
a protocol to generate Greenberger-Horne-Zeilinger (GHZ) states on 2D superconducting-qubit lattices
by applying multiqubit controlled-iSWAP gates in parallel. The multiqubit gate can be naturally imple-
mented based on an effective three-body interaction, which can be synthesized with appropriate detunings
and coupling strengths between qubits. We simulate the preparation process of GHZ states with realistic
parameters, and show a 37-qubit GHZ state can be generated with a controlled-iSWAP depth of 3. Our pro-
posal provides a more promising method of generating GHZ states on the latest 2D superconducting-qubit
architectures and will stimulate the preparation of multiqubit entangled states based on multiqubit gates.
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I. INTRODUCTION

The generation of entanglement across a device is a
technical milestone on the road to scale up quantum pro-
cessors and demonstrate quantum advantage. In addition
to testing fundamental quantum theories [1–3], entangled
states play an essential role in quantum computation [4],
quantum information [5], and quantum-enhanced mea-
surements [6]. In particular, Greenberger-Horne-Zeilinger
(GHZ) states [7], the maximally entangled states of three
or more particles, were proposed to verify Bell’s inequal-
ity, and later were found useful in quantum metrology
[8], quantum cryptography [9], etc. Much effort has been
devoted to generating GHZ states in different quantum
systems, including photonic [10–13], cavity QED [14,
15], ion trap [16–18], Bose-Einstein-condensed [19,20],
nitrogen-vacancy (N-V) center [21], optomechanical [22],
and quantum dot [23] systems.

Superconducting circuits, which have advantages in tun-
ability, flexibility, and scalability with solid-state micro-
fabrication technology, are a rapidly developing platform
for quantum computation [24–27]. Moreover, in contrast
to natural atoms, superconducting qubits can have strong
coupling with microwave resonators and can be designed
with special characteristics. These merits have made super-
conducting circuits ideal for studying many quantum
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optics phenomenons that are difficult to achieve with nat-
ural atoms [28,29]. In recent years, a lot of breakthroughs
in key technologies have been made with superconduct-
ing circuits, especially in tunable qubit-qubit coupling
[30–33] and two-dimensional (2D) architecture [34–39].
These technological breakthroughs have led to several sig-
nificant experiments, such as the demonstration of quan-
tum supremacy (advantage) [35,37], 2D quantum walks
[36], and quantum adversarial learning [39].

Many theoretical schemes have been proposed for gen-
erating GHZ states in superconducting circuits [40–49].
In experiments previously reported, two main methods
were used for preparing GHZ states of superconducting
qubits. One method is based on sequential CNOT gates
[50–53], and an 18-qubit GHZ state with a fidelity of
0.5165 was achieved [53]. The CNOT depth required to
generate a N -qubit GHZ state scales as O (N ) even using
the gates in parallel. Limited by qubit decoherence, a
GHZ state involving more qubits is hard to generate. The
other method relies on a fully connected architecture where
all qubits couple to a common resonator [54,55]. The
resonator-induced qubit-qubit collective interaction can, in
principle, one-step entangle all qubits into a GHZ state
from an initial product state. Using this method, an 18-
qubit GHZ state was also achieved with a fidelity of 0.525
[55]. The second method is efficient but it requires all the
qubit-qubit effective coupling strengths to be the same. In
practical, the inhomogeneity of the qubit-resonator cou-
plings and the crosstalk between neighboring qubits drop
the fidelity of GHZ states, which becomes more significant
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as the number of qubits is increased. For the latest 2D
superconducting qubit architectures without a common
resonator [35–37], an alternative scheme is highly needed
to generate multiqubit GHZ states.

In this paper, we give a promising mechanism to effi-
ciently generate GHZ states on the 2D superconducting-
qubit lattices previously reported. The method is based on
a multiqubit controlled-iSWAP gate, which can be naturally
implemented from an effective three-body interaction [56].
With a controlled-iSWAP depth of 3, we can obtain a 37-
qubit GHZ state. In contrast, the 18-qubit GHZ state was
generated with a CNOT depth of 6 in Ref. [53]. We also
numerically simulate the preparation process based on the
original Hamiltonians of lattices. With a group of realis-
tic parameters, the fidelity of the 37-qubit GHZ state is
larger than 0.5, which confirms our method is feasible with
existing superconducting-qubit lattices.

This paper is organized as follows: In Sec. II, we intro-
duce the model and the method for generating effective
three-body interactions in superconducting-qubit lattices.
In Sec. III, we present the scheme for implementing the
multiqubit controlled-iSWAP gate based on the three-body
interaction. In Sec. IV, we describe the protocol for gen-
erating GHZ states using the multitarget-qubit controlled-
iSWAP gate and discuss the experimental feasibility with
numerical simulation. Finally, we make a conclusion in
Sec. V.

II. MODEL AND EFFECTIVE HAMILTONIAN

We consider two types of experimentally achievable 2D
superconducting qubit lattices: triangular [34] and rectan-
gular lattices [35–39], as shown in Figs. 1(a) and 1(b),
respectively. The resonant frequencies of qubits and the
coupling strengths between nearest-neighbor qubits are
both tunable. Firstly, we look at the triangular lattice and
focus on the central qubit (Q0) and its six nearest-neighbor
qubits (Qj for j = 1 − 6). The couplings between Qj and
its peripheral qubits can be turned off, and the Hamiltonian
of the subsystem is (setting � = 1)

H = ω0 |10〉 〈10| +
6∑

j =1

[
ωj

∣∣1j
〉 〈

1j
∣∣ +gj

(
σ+

j σ−
0 + σ−

j σ+
0

)

+ gj (j +1)

(
σ+

j σ−
j +1 + σ−

j σ+
j +1

)]
, (1)

where σ+
j (σ−

j ) is the raising (lowering) operator with
∣∣0j

〉

(
∣∣1j

〉
) being the ground (excited) state of Qj , ωj is the res-

onant frequency of Qj , gj is the coupling strength between
Qj and Q0, and gj (j +1) is the coupling strength between Qj
and Qj +1 with j running cyclically from 1 to 6.

Besides the original coupling gj (j +1), Qj and Qj +1 can
have an additional second-order coupling mediated by the
central qubit Q0. If we detune all Qj (j = 1 − 6) from Q0

(a)

(b)

FIG. 1. Schematic of 2D superconducting-qubit lattices. The
dots labeled with numbers represent the qubits arranged in (a)
triangular and (b) rectangular lattices. Each qubit couples to its
nearest neighbors, and the coupling strengths and the resonant
frequencies of the qubits are both tunable. The highlighted trian-
gles and rectangles represent the multiqubit gate operations on
the related qubits.

by the same amount � and |�| � gj , then there will be
an all-to-all superexchange (SE) interaction [57], i.e., any
two of the qubits Qj and Qk will have a second-order cou-
pling mediated by Q0. We can also use multiplexing to
turn on intrapair SE interactions simultaneously by arrang-
ing multiple qubit pairs at different detunings. Without loss
of generality, we divide the six qubits Qj into three pairs:
Q1 − Q2, Q3 − Q4, and Q5 − Q6, and detune them from
Q0 by �j (≡ ωj − ω0, and ωj = ωj +1) for j = 1, 3, and 5,
respectively. Further, we focus on the three-qubit unit cell
of Q0 − Q1 − Q2. When the central qubit Q0 is initially in
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the ground state, the states |001102〉 and |000112〉 can have a
second-order coupling mediated by |100102〉, and the effec-
tive coupling strength is g1g2/�1. When the central qubit
Q0 is initially in the excited state, the states |101102〉 and
|100112〉 can have a second-order coupling mediated by
|001112〉, and the effective coupling strength is −g1g2/�1.
Note that the above two effective coupling strengths have
opposite signs. This is because the intermediate state
|100102〉 has a lower (higher) energy than the initial states
|001102〉 and |000112〉 while the intermediate state |001112〉
has a higher (lower) energy than the initial states |101102〉
and |100112〉, with the detuning �1 being positive (nega-
tive). The feature that the second-order coupling depends
on the state of intermediary qubit can be expressed as a
three-body interaction σ z

0

(
σ+

1 σ−
2 + σ−

1 σ+
2

)
with a coeffi-

cient g1g2/�1, where σ z
0 = |00〉 〈00| − |10〉 〈10| is the Pauli

operator. On the whole, the effective Hamiltonian under a
second-order perturbation is

Heff =
∑

j =1,3,5

(
λj σ

z
0 + gj (j +1)I0

) (
σ+

j σ−
j +1 + σ−

j σ+
j +1

)

+
6∑

j =1

g2
j

�j

(∣∣1j
〉 〈

1j
∣∣ − |10〉 〈10|

)
, (2)

where I0 is the identity operator of Q0, λj = gj gj +1/�j ,∣∣�j
∣∣ � gj , gj +1, and

∣∣�j − �k
∣∣ � λj , λk for j , k ∈

{1, 3, 5}. With this setting, the interpair couplings are effec-
tively turned off due to large detunings between different
pairs, and the three intrapair second-order couplings medi-
ated by the central qubit Q0 are simultaneously generated.
For the rectangular lattice shown in Fig. 1(b), parallel intra-
pair SE interactions for Q1 − Q2, and Q3 − Q4 can also be
constructed in the same way.

III. IMPLEMENTATION OF MULTIQUBIT
CONTROLLED-iSWAP GATE

From the effective Hamiltonian in Eq. (2), we see that
the intrapair couplings for each pair of qubits have two
components: the direct coupling (with strength gj (j +1)) and
the second-order coupling (with strength λj ) mediated by
Q0. Both of these coupling strengths are tunable. If we
set λj = −gj (j +1), the two coupling components cancel
each other when Q0 is in the ground state and sum up
when Q0 is in the excited state. Thus the central qubit Q0
can serve as a controller to turn on and off the multiple
intrapair couplings simultaneously. We simulate this kind
of parallel multiqubit controlled-swapping dynamics using
the original Hamiltonian H with experimentally feasible
parameters of superconducting qubit lattices [37], and the
results are shown in Fig. 2. One can see that, the excitations
of Qj (j = 1, 3, 5) are almost unchanged when Q0 is in the
ground state, except the leakages to the environments and
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FIG. 2. Parallel multiqubit controlled-swapping dynamics.
Time evolution of populations of Qj is simulated using the orig-
inal Hamiltonian H with initial state (a) |00110213041506〉 and
(b) |10110213041506〉 . Relevant parameters are chosen as gj =
15 MHz for j = 1 − 6, �1 = −170 MHz, �3 = −220 MHz,
�5 = −270 MHz, gj (j +1) = −λj = −gj gj +1/�j for j = 1, 3, 5,
and the relaxation and pure dephasing times of the superconduct-
ing qubits are T1 = 20 μs and T∗

2 = 5 μs, respectively.

paired qubits due to the dissipations and higher-order cou-
pling, respectively. The tiny high-frequency oscillations
in the simulated curves are due to the off-resonant transi-
tions with large detunings. When Q0 is in the excited state,
the parallel intrapair Rabi oscillations with different fre-
quencies for Q1 − Q2, Q3 − Q4, and Q5 − Q6 are clearly
observed in Fig. 2(b).

Further, the oscillation frequencies
∣∣2λj

∣∣ of the three-
qubit pairs can be changed to the same value by adjusting
gj . For example, if we set g1 = g2, g3 = g4 = √

�3/�1g1,
and g5 = g6 = √

�5/�1g1, then λj = λ = g2
1/�1 for j =

1, 3, 5, and the three-qubit pairs will have the same gate
time tiSWAP = |π/4λ| to complete the population swap-
ping when Q0 is in the excited state. Based on the above
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dynamics, we can naturally obtain a multiqubit controlled-
iSWAP gate, which is described by

UMCS,n = |0〉 〈0| ⊗ I⊗2n + |1〉 〈1| ⊗ [UiSWAP]⊗n , (3)

where MCS is the abbreviation for multiqubit controlled
iSWAP, n is the number of target-qubit pairs, and

UiSWAP =

⎡

⎢⎣

1 0 0 0
0 0 −i 0
0 −i 0 0
0 0 0 1

⎤

⎥⎦ (4)

is the usual two-qubit iSWAP gate. The UMCS,3 of the seven-
qubit subsystem can result in the typical state transitions

UMCS,3 |0101010〉 = |0101010〉 ,

UMCS,3 |1101010〉 = i |1010101〉 ,
(5)

where the subscripts of the qubit index are omitted for clar-
ity. A three-qubit gate UMCS,1 or five-qubit gate UMCS,2
acting on selected qubits can be flexibly realized in a sim-
ilar way, and a multiqubit gate UMCS,n involving more
qubits can be implemented if the central qubit connects
with additional qubits.

For the rectangular lattice shown in Fig. 1(b), the multi-
qubit controlled-iSWAP gate can also be implemented with
the help of auxiliary qubit. For qubit pair Q1 − Q2 in
the rectangular lattice, besides the second-order coupling
mediated by Q0, another equal-strength second-order cou-
plings mediated by auxiliary qubit Q6 can be realized with
suitable detunings. If we keep Q6 in the ground state, then
these two second-order couplings will cancel each other
when Q0 is in the excited state and sum up when Q0 is
in the ground state. Therefore, the construction method of
the multiqubit gate on the triangular lattice can be easily
extended to the rectangular lattice.

IV. PREPARATION OF GHZ STATES

In this section, we demonstrate the protocol for generat-
ing GHZ states based on the multiqubit controlled-iSWAP
gates. As the preparation circuits shown in Fig. 3 for the
triangular lattice, a 37-qubit GHZ state can be generated
with three steps:

(1) Starting from the system’s ground state |00 · · · 0〉,
apply a Hadamard gate on Q0 and a Pauli-X gate on
one qubit of each pair, prepare the subsystem in the state
1/

√
2 (|0〉 + |1〉) ⊗ |101010〉. Then apply the seven-qubit

controlled-iSWAP gate UMCS,3 followed by Pauli-X gates,
this brings the subsystem into a seven-qubit GHZ state
|�1〉 = 1/

√
2
(|0〉⊗7 + eiϕ1 |1〉⊗7

)
, where ϕ1 may not be

equal to π/2 as in Eq. (5) due to the energy shifts in Eq. (2),
and this phase does not affect entanglement.

(2) Apply six three-qubit controlled-iSWAP gates in par-
allel from Q1−6 to their outer qubit pairs, with flipping one
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FIG. 3. Quantum circuit for generating GHZ states with paral-
lel multiqubit controlled-iSWAP gates. The preparation circuit is
suited for the triangular qubit lattice shown in Fig. 1(a). In step
1, a seven-qubit controlled-iSWAP gate is used to one-step gener-
ate a seven-qubit GHZ state. In step 2 (3), six (nine) three-qubit
controlled-iSWAP gates can be applied in parallel from qubits
that are already included in the growing GHZ state. Within a
controlled-iSWAP depth of 3, we can obtain a 37-qubit GHZ state.

qubit of each pair before and after. The GHZ state can be
extended to |�2〉 = 1/

√
2

(|0〉⊗19 + eiϕ2 |1〉⊗19
)

.
(3) Repeat the above operation by applying three-qubit

controlled-iSWAP gates in parallel from qubits that are
already included in the growing GHZ state. After the
controlled-iSWAP operations with a depth of 3, the 37 qubit
shown in Fig. 1(a) can all be entangled in the GHZ state
|�3〉 = 1/

√
2

(|0〉⊗37 + eiϕ3 |1〉⊗37
)
.

The GHZ state can be further extended if the lattice epi-
taxy has more qubits, and the total number of qubits in
the GHZ state scales 3n2 + 3n + 1 where n is the depth
of the multiqubit gate operations. For the rectangular lat-
tice, GHZ states can be generated in a similar way. Within
a controlled-iSWAP depth of 1, 2, and 3, the numbers of
entangled qubits in the GHZ states are 5, 13, and 25,
respectively, as shown in Fig. 1(b).

We simulate the preparation process in step 1 based
on the Lindblad master equation with the original Hamil-
tonian and experimentally feasible parameters. The sim-
ulated seven-qubit and five-qubit GHZ density matrices
ρsim with sim being the abbreviation for simulation are
shown in Figs. 4(a) and 4(b), respectively. The fideli-
ties Tr (ρidealρsim) relating to the ideal GHZ state |�1〉 =
1/

√
2

(|0〉⊗N + eiϕ1 |1〉⊗N
)

for triangular (N = 7) and rect-
angular (N = 5) lattices are F (1)

tri = 0.920 and F (1)
rec =

0.927, respectively. We also simulate the case that just one

064036-4



GENERATION OF GREENBERGER-HORNE-ZEILINGER STATES. . . PHYS. REV. APPLIED 18, 064036 (2022)

0.0

00 000

0.1

0.2

0.3

0.4

11 111

0.5

10 000
10 000

11 111 00 000

–0.5

0.0

0.5

Re( )
(b)

(a)

FIG. 4. Density matrices of entangled subsystems after first
step of the GHZ state preparation for (a) triangular and (b) rectan-
gular lattices, with fidelities of F (1)

tri = 0.920, and F (1)
rec = 0.927,

respectively. For clarity of display, here a single-qubit z-axis rota-
tion by an angle of ϕ1 is numerically applied to Q1 to cancel the
arguments of the major off-diagonal elements. The simulations
are based on the Lindblad master equation. For the triangular lat-
tice in (a), the original Hamiltonian is used with the same param-
eters as in Fig. 2 except g1,2 = 15 MHz, g3,4 = √

�3/�1g1, and
g5,6 = √

�5/�1g1. In (b), an analogous Hamiltonian and the
same parameters are used for the rectangular lattice.

pair of qubits is in work, where the three-qubit gate UMCS,1
induce three-qubit GHZ states with fidelities Ftri,3 = 0.983
and Frec,3 = 0.969 for triangular and rectangular lattices,
respectively. The poorer fidelity in rectangular lattice is
due to the additional population leakage to the auxiliary
qubit.

The master-equation simulation of step 2 contains the
density matrix of 19 qubits, which is beyond our com-
puter’s memory capability. Therefore, we use a Monte
Carlo simulation [58,59] which is based on state vector
instead of density matrix. Based on the original Hamilto-
nian of the superconducting qubit lattices, we first simulate
the step-1 process using the Monte Carlo approach. Then
we take the average output state as the initial state of step
2. The simulated evolution of the GHZ-state fidelity in step
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F
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F
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FIG. 5. Time evolution of the 19-qubit (13-qubit) GHZ fidelity
F (2)

tri (F (2)
rec ) in step 2 for triangular (rectangular) lattice. At t =

tiSWAP = 96 ns, F (2)

tri (F (2)
rec ) reaches its maximum value 0.811

(0.804). Relevant parameters are the same as in Fig. 4.

2 is shown in Fig. 5. When the evolution time t in step 2
equals to the controlled-iSWAP gate time tiSWAP, there is a
maximum fidelity F (2)

tri = 0.811 for a 19-qubit GHZ state
in the triangular lattice while F (2)

rec = 0.804 for a 13-qubit
GHZ state in the rectangular lattice. The GHZ-state fidelity
can also be estimated based on the fidelity in the former
step. For example, F (2)

tri ≈ F (1)

tri × (
Ftri,3

)6 × 0.98 = 0.813,
where

(
Ftri,3

)6 accounts for six UMCS,1 gates in parallel and
0.98 is due to the decoherence of Q0 in the gate time with
parameters T1 = 20 μs and T∗

2 = 5 μs. One can see that the
estimation agrees well with the Monte Carlo simulation.
For the simulation of step 3, the memory requirement goes
beyond our computer’s memory capability again, even in
the Monte Carlo approach. We estimate the 37-qubit GHZ-
state fidelity of F (3)

tri ≈ F (2)

tri × (
Ftri,3

)9 × 0.987 = 0.605 for
the triangular lattice, and the 25-qubit GHZ-state fidelity
of F (3)

rec ≈ F (2)
rec × (

Frec,3
)6 × 0.987 = 0.578 for the rectan-

gular lattice. Both of these two fidelities are higher than
the 0.5 threshold for multipartite entanglement [60].

Our proposal does not target a particular type of super-
conducting qubit, and the implementation of multiqubit
controlled-iSWAP gates does not require using an auxil-
iary level. If the superconducting qubits in the lattices are
transmons with weak anharmonicity, it is necessary to con-
sider the influence of higher excited states. For example,
when the central qubit Q0 is in the excited state |1〉, besides
|001112〉, there is another intermediate state, |200102〉, for
the second-order coupling |101102〉 ↔ |100112〉, where |2〉
is the second excited state of the transmons. The additional
coupling strength is λ′ =

(√
2g1

)2
/ (η − �1) , where η =

ω10 − ω21 is the qubit anharmonicity with ω10 (ω21) being
the |1〉 ↔ |0〉 (|2〉 ↔ |1〉) transition frequency, and

√
2g1

is the coupling strength associated with the |1〉 ↔ |2〉
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transition. To turn off the Q1 − Q2 coupling when Q0 is
in the ground state, we still set g12 = λ. Then the total cou-
pling strength is 2λ + λ′ when Q0 is in the excited state |1〉.
Under the condition �1 < η, the presence of the second
excited state increases the total coupling strength. There-
fore, the controlled-iSWAP gate time can be shortened,
which is beneficial to the gate fidelity.

During the generation of the GHZ states as described
above, there are two major error sources: one is the popula-
tion leakage to the control qubits or the auxiliary qubits; the
other is decoherence from qubits. We can reduce the pop-
ulation leakage by selecting appropriate detuning, which
makes the high-frequency oscillations nearly return to their
initial values at the controlled-iSWAP gate time. The deco-
herence is the biggest obstacle for preparing the GHZ
states. As the above simulation results demonstrate, our
scheme can generate a GHZ state involving nearly 40
superconducting qubits with T1 and T2 available in recent
practical experiments.

V. CONCLUSION

We propose a promising mechanism for generat-
ing GHZ states, which is especially suitable for 2D
superconducting-qubit lattices. An effective three-body
interaction, which indicates the energy exchange between
two qubits depends on the state of the third qubit, can
be easily synthesized on the lattices. Based on the three-
body interaction, a multiqubit controlled-iSWAP gate can
be naturally implemented. We present the protocol to gen-
erate GHZ states using the multiqubit controlled-iSWAP
gate on triangular and rectangular superconducting-qubit
lattices. With experimental feasible parameters, our simu-
lation results show that a 37-qubit GHZ state with a fidelity
of 0.605 can be generated with a controlled-iSWAP depth of
3. Our work provides a promising way to generate larger-
scale entangled states on the latest 2D superconducting-
qubit architectures with more than 50 qubits.
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