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The nitrogen-vacancy center (NVC) in a diamond is a promising platform for Floquet engineering.
Using the synchronized readout, we investigate the NVC’s Floquet state driven by the Carr-Purcell
sequence in a large-amplitude ac magnetic field. We observe the dynamics represented as Bessel functions
up to 211th order in a systematic and quantitative agreement with the theoretical model. Furthermore,
numerical calculations show that the effect of finite pulse duration and error limits the modulation ampli-
tude available for Floquet engineering. This work provides an approach to precisely investigate Floquet
engineering, showing the extendable range of modulation amplitude for two-level systems.
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I. INTRODUCTION

Floquet theory gives a general formalism for the dynam-
ics of quantum systems subject to periodic driving [1,2].
Recently, utilizations of various periodically driven quan-
tum dynamics as Floquet engineering have been attracting
keen attention [3–9]. A thorough investigation of the states
produced by diverse periodic drivings is essential for fur-
ther development. In this context, Floquet engineering
using pulse driving has aroused interest as a stage for
Hamiltonian engineering [10,11] as well as from perspec-
tives such as discrete-time crystal physics [12–16] and
quantum sensing [17–19].

One matter of fundamental interest in Floquet engi-
neering is the fidelity of an experimental system to the
physical model under a large-amplitude periodic modu-
lation [20]. The higher-order oscillatory response often
appears nonlinearly in this regime, hindering quantitative
interpretation. Many researchers have reported the peculiar
dynamics in such a large-amplitude regime, for example,
Rabi oscillations [21–26], multifrequency absorption [27],
Landau-Zener interferometry [28–30], the Carr-Purcell
(CP) sequence [31,32], and cavity couplings [33–37].
However, it is still unknown to what extent higher-order
nonlinear responses in such a regime can be accurately
understood beyond qualitative observations.

In this paper, we focus on a two-level system in a dia-
mond nitrogen-vacancy center (NVC) driven by the CP
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sequence to enter the Floquet regime. We use ac magne-
tometry, where an ac magnetic field is applied to a single
NVC [17,38–40] driven by the CP sequence, as a test plat-
form of Floquet engineering. Adopting the synchronized
readout technique [41–43], we investigate the nonlinear
response caused by the phase accumulation in a large-
amplitude modulation of the ac magnetic field and, thus,
prove that the response obeys the Bessel functions up to
as high as 211th order, in accurate agreement with the the-
ory. This work provides a solid foundation for developing
pulse-driven Floquet engineering.

This paper is organized as follows. We first define the
Floquet picture of pulse drives in Sec. II. In Sec. III, we
then describe the principle of extracting the Floquet state
by the synchronized readout. After explaining the measure-
ment setup in Sec. IV, we show the experimental results in
Sec. V. We discuss the implications and potential applica-
tions of the present achievement in Sec. VI, and conclude
in Sec. VII.

II. FLOQUET PICTURE

We start with the Floquet picture of the pulse-driven sys-
tems in the present study. To realize pulse-driven Floquet
engineering, strict periodicity is necessary. For example,
the period of the pulse sequence and the other modulations,
such as ac field drives, must coincide precisely to realize a
periodic Hamiltonian. As a representative of such a pulse-
driven Floquet system, we consider the CP sequence with
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FIG. 1. (a) Diagram of the ac field and the pulse cycle of the
CP sequence (CP Seq.). N denotes the total number of pulses.
In this case, the number of repetitions equals N/2. The dashed
curve represents an ac field with different phase. Our method can
also apply to an ac field of arbitrary phase, as discussed in Sec.
II C. (b) Corresponding modulation function h(t) over time. See
Eq. (16).

ac field modulation where the interpulse delay and ac field
half-period match, as depicted in Fig. 1(a).

We divide the driving force into two parts, one by the
CP sequence and the other by the ac field modulation, as
shown in Fig. 1(a). After defining the Floquet state and the
Floquet mode in Sec. II A, we extract the time-dependent
eigenstates of the CP sequence as a basis in the absence of
the ac field in Sec. II B. Then, in Sec. II C, we take the con-
volution of the time evolution of these eigenstates and the
ac field modulation to calculate the total unitary operator
in the presence of the ac field drive.

A. Definition

When a Hamiltonian Ĥ(t) has a periodicity such
that Ĥ(t) = Ĥ(t + T), the solution |�F(t)〉 of the time-
dependent Schrödinger equation (� = 1),

i
∂

∂t
|�F(t)〉 = Ĥ(t) |�F(t)〉 , (1)

can be described by the Floquet theory. Accord-
ingly, |�F(t)〉 can be expressed with periodic states
|�α(t + T)〉 = |�α(t)〉 in the following form:

|�F(t)〉 =
∑

α

cαeiεα t |�α(t)〉 , cα ∈ C. (2)

Here, we call |�F(t)〉 the Floquet state, |�α(t)〉 the Flo-
quet mode, and εα the quasienergy. The Floquet mode and
quasienergy are determined by the eigenvalue problem of
a time-independent Floquet Hamiltonian Ĥα ,

Ĥα = Ĥ(t)− i
∂

∂t
, (3)

Ĥα |�α(t)〉 = εα |�α(t)〉 . (4)

The T-periodicity of the Floquet mode straightforwardly
explains the stroboscopic response of the Floquet state.
Such formalism enables an easy understanding of a peri-
odically driven system.

B. Floquet state driven by CP sequence

We focus on the mS = 0 and −1 states of the NVC in a
static magnetic field, which is a two-level system treated
in the present experiment [17,38–40]. We express them as
|0〉 and |1〉, respectively. The spin projection operator Ŝz is
then expressed as

Ŝz = − |1〉 〈1| . (5)

We derive the Floquet state for the CP sequence in the
absence of the ac field in this subsection and then show
the effect of the ac field in the next subsection. We
assume that the microwave pulse is rectangular and res-
onant to the NVC. The Hamiltonian for the CP sequence
in the rotational coordinate system under the rotating wave
approximation is given by

Ĥ CP(t) =

⎧
⎪⎪⎨

⎪⎪⎩

�RŜ(φ1)
τ−tπ

2 + 2nτ ≤ t < τ+tπ
2 + 2nτ

�RŜ(φ2)
3τ−tπ

2 + 2nτ ≤ t < 3τ+tπ
2 + 2nτ

0 otherwise,

for n = 0, 1, . . . , N/2 − 1, (6)

where �R = π/tπ is the Rabi frequency, Ŝ(φi) =
1
2 (e

iφi |1〉 〈0| + e−iφi |0〉 〈1|), φi is the pulse phase (i =
1, 2), tπ is the π pulse duration, τ is the interpulse delay,
and N is the number of π pulses.

The Hamiltonian [Eq. (6)] is modified according to the
pulse phase series used in the CP sequence. For techni-
cal reasons, we first consider the situation where the pulse
duration takes the finite span tπ . Since it has a periodicity
of T = 2τ , a quantum state under the Hamiltonian is a Flo-
quet state. When the initial state is |ψ0(t = 0)〉 = |0〉, the
time evolution in one cycle t = [0, 2τ ] of the CP sequence
is obtained as

|ψ0(t)〉 =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

|0〉 0 ≤ t < τ−tπ
2

Ûp(φ1, t, τ−tπ
2 ) |0〉 τ−tπ

2 ≤ t < τ+tπ
2

−ie−iφ1 |1〉 τ+tπ
2 ≤ t < 3τ−tπ

2

−ie−iφ1Ûp(φ2, t, 3τ−tπ
2 ) |1〉 3τ−tπ

2 ≤ t < 3τ+tπ
2

−e−i(φ1−φ2) |0〉 3τ+tπ
2 ≤ t < 2τ ,

(7)
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where Ûp(φ, tf , ti) represents the pulse operation during
t ∈ [ti, tf ] with phase φ, which is given by

Ûp(φ, tf , ti) = exp
[
−i
π

tπ
(tf − ti)Ŝ(φ)

]

= cos
[
π

2tπ
(tf − ti)

]
1 − 2i sin

×
[
π

2tπ
(tf − ti)

]
Ŝ(φ). (8)

The state |ψ0(t)〉 is an eigenstate of the Hamiltonian [Eq.
(6)], which satisfies Eq. (1), and therefore a Floquet state.
Similarly, the state

|ψ1(t)〉 = (|1〉 〈0| + |0〉 〈1|) |ψ0(t)〉 , (9)

which is orthogonal to |ψ0(t)〉 is also a Floquet state.
These two states are, by nature, normalized and orthog-
onal to each other. Furthermore, the basis of these two
states |ψ0(t)〉 and |ψ1(t)〉 spans the whole Floquet state
represented in Eq. (2).

The global phase offset φ1 − φ2 + π is accumulated to
the quantum state every cycle of the CP sequence as in Eq.
(7). This phase does not change the observables in this two-
level system. Thus, for simplicity, we fix the pulse phase
condition to be φ1 − φ2 + π = 0. We denote by |�CP

0 (t)〉
and |�CP

1 (t)〉 the special case of |ψ0(t)〉 and |ψ1(t)〉, respec-
tively, for that condition. Then they satisfy the following
periodic conditions:

|�CP
0 (t + 2τ)〉 = |�CP

0 (t)〉 , (10)

|�CP
1 (t + 2τ)〉 = |�CP

1 (t)〉 . (11)

These states are Floquet modes defined in Eq. (2) with
quasienergy εCP

α = 0. With these Floquet modes, the Flo-
quet state |�F(t)〉 is expressed by using appropriate coeffi-
cients c′

0 and c′
1 such that

|�F(t)〉 = c′
0 |�CP

0 (t)〉 + c′
1 |�CP

1 (t)〉 . (12)

Now, without losing the essence of the Floquet picture, we
can set the π pulse duration tπ → 0. The CP pulse Hamil-
tonian Eq. (6) within one period [0, 2τ ] can be rewritten
using the Dirac delta δ(t) as

Ĥ CP(t) = πδ(t − τ/2)Ŝ(φ1)+ πδ(t − 3τ/2)Ŝ(φ2). (13)

Accordingly, the Floquet modes of the CP sequence are
represented as the eigenstates of Ĥ CP(t) such that

|�CP
0 (t)〉 = 1 − h(t)

2
|0〉 + 1 + h(t)

2
|1〉 , (14)

|�CP
1 (t)〉 = 1 + h(t)

2
|0〉 + 1 − h(t)

2
|1〉 , (15)

where h(t) is the modulation function

h(t) =
{

−1 0 < t < τ
2 , 3τ

2 < t < 2τ

1 τ
2 < t < 3τ

2

(16)

which is depicted in Fig. 1(b).
Equations (7) and (9) tell us that since the pulse phases,

φ1 and φ2, do not affect the overall dynamics of the Floquet
state other than the global phase, we can choose them arbi-
trarily. Thus, in our experiment, we employ a pulse cycle
containing multiple phases for robust operation as detailed
in Sec. IV C.

C. Precession of the Floquet state driven by CP
sequence in the ac magnetic field

We consider the case where an arbitrary ac magnetic
field f (t) is applied in the direction of the symmetry axis of
the NVC. Generally, a periodic function f (t) with a period
T = 2τ can be expanded in the Fourier series as

f (t) = a0 +
∞∑

k=1

[ak cos(kωt)+ bk sin(kωt)] , (17)

where ω = π/τ . A Hamiltonian under the ac magnetic
field is given in the Hilbert space that the spin operator
basis spans:

Ĥ ac(t) = f (t)Ŝz = −f (t) |1〉 〈1| . (18)

The total Hamiltonian Ĥ for the quantum state driven by
the CP sequence in the ac magnetic field is given by

Ĥ(t) = Ĥ ac(t)+ Ĥ CP(t), (19)

which is represented on the same basis.
From here, in order to clarify the effect of the ac

magnetic field on the Floquet state, we write down the
above Hamiltonian Ĥ on the basis of the Floquet mode
|�i(t)(CP)〉, i = 0, 1, in Eqs. (14) and (15). We use the fol-
lowing unitary transformation Ût(t) to represent the frame
change |i〉 → |�i(t)CP〉:

Ût(t) = |�CP
0 (t)〉 〈0| + |�CP

1 (t)〉 〈1| . (20)

This unitary transformation represents the driving of the
spin state by Ĥ CP(t). Since |�CP

i (t)〉 are orthonormal
eigenstates of Ĥ CP(t) [Eq. (13)] that satisfy the time-
dependent Shrödinger equation [Eq. (1)], the identity
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i ∂Ût
∂t (t) = Ĥ CP(t)Ût(t) holds. Then we find that

iÛ†
t (t)

∂Ût

∂t
(t) = Ĥ CP(t). (21)

Thus, in this frame, the total Hamiltonian H̆(t) is given by

H̆(t) = Û†
t (t)Ĥ (t)Ût(t)− iÛ†

t (t)
∂Ût

∂t
(t)

= −f (t)
1 + h(t)

2
|0〉 〈0| − f (t)

1 − h(t)
2

|1〉 〈1| .

(22)

In the above, we utilize the following identities:

(
1 ± h

2

)2

= 1 ± h
2

,
(

1 + h
2

) (
1 − h

2

)
= 0.

In the presence of the ac field, the precession frequencies
of the two states |0〉 , |1〉 are given by

ξCP
0 (t) = −f (t)

1 + h(t)
2

, ξCP
1 (t) = −f (t)

1 − h(t)
2

,

(23)

respectively. Thus, the phase accumulations during t =
[0, 2τ ] that correspond to the quasienergies are calculated
as

φ0 =
∫ 2τ

0
ξCP

0 (t)dt = −a0τ −
∞∑

j =0

a2j +1
2(−1)j

(2j + 1)ω
, (24)

φ1 =
∫ 2τ

0
ξCP

1 (t)dt = −a0τ +
∞∑

j =0

a2j +1
2(−1)j

(2j + 1)ω
. (25)

Here, we use the symmetry h(t) = h(2τ − t), the property
of convolution (h ∗ f )(2τ) = ∫ 2τ

0 h(2τ − t)f (t)dt, and the
Fourier series of h(t) given by

h(t) =
∞∑

j =0

4
π

(−1)j

(2j + 1)
cos[(2j + 1)ωt]. (26)

Since h(t) consists only of the odd-order cosine part of the
Fourier composition, only the matched components of f (t)
[a2j +1 in Eq. (17)] contribute to the dynamics, as derived
from the property of the convolution. The dynamics Û in

the overall sequence t = [0, 2τ × (N/2)] is obtained as

Û = eiφ0(N/2) |0〉 〈0| + eiφ1(N/2) |1〉 〈1| , (27)

and here

φacq = N
2
(φ1 − φ0) =

∞∑

j =0

a2j +1
2N (−1)j

(2j + 1)ω
(28)

is the phase difference between Floquet modes. In the stro-
boscopic measurement at the end of the CP sequence, the
state |0〉 (|1〉) is experimentally indistinguishable from the
state |�CP

0 (t)〉 (|�CP
1 (t)〉). Thus, the treatment that exploits

the frame change |i〉 → |�CP
i (t)〉 can be used to describe

the Floquet state of the pulsed drives.
The Floquet state dynamics is explained by the convolu-

tion of the modulation function h(t) and the target ac field
f (t). The CP sequence can be understood as engineering
to extract only the cosine of the odd harmonic components
of f (t) as in Eq. (25). By designing the modulation func-
tion h(t) by adjusting τ appropriately, we can extract any
frequency components of the ac field.

III. SYNCHRONIZED READOUT

We have obtained the phase dynamics of the Floquet
state driven by the CP sequence in the ac magnetic field.
The dynamics is reflected in the phase acquisition φacq. We
next formulate the principle of retrieving the Floquet state
by the so-called synchronized readout, which we focus on
in this study.

A. Phase dynamics measurement of a Floquet state by
the synchronized readout

We use the initial state

|�F(t = 0)〉 = (|0〉 − i |1〉)/
√

2 (29)

to interferometrically measure the difference of the phase
acquisition in the Floquet modes [see Eq. (12)]. Setting the
phase of the readout π/2 pulse to φ = π/2, the probability
of detecting the quantum state as |0〉 is obtained as

P0 = 1 + sinφacq

2
. (30)

The phase accumulation is experimentally accessible by
probing P0.

We systematically investigate φacq by using the synchro-
nized readout technique. As shown in Fig. 2, this technique
repeats the CP sequence at a time interval of tL. We rede-
fine the time origin t as the timing of the first CP sequence
of the synchronized readout; the start time of the mth
CP sequence (m = 1, 2, 3, . . .) is tm = (m − 1)tL. The time
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CP-Seq. CP-Seq. CP-Seq. CP-Seq.

f(t)

t

tm tm+1
tm+2 tm+3

tL

Nτ

FIG. 2. Schematic of the synchronized readout. The blue-
shaded blocks marked “CP-Seq.” represent the sequence shown
in Fig. 1(a). The blue line represents the systematic ac field phase
shift in each CP sequence. The period of this blue-line modula-
tion is determined by both the period of the ac field (2τ ) and the
time interval tL of the synchronized readout, and is obtained from
the undersampling condition (see Appendix A).

shift in the CP sequences causes a systematic phase shift
to the ac field [Eq. (17)] such that

f (t + tm) = a0 +
∞∑

k=1

[ak cos(kωtm)+ bk sin(kωtm)]

× cos(kωt)+ [−ak sin(kωtm)+ bk cos(kωtm)]

× sin(kωt). (31)

Then φacq(tm) in the mth CP sequence can be derived from
Eq. (28) and the Fourier expansion of f (t) [Eq. (17)] as
follows:

φacq(tm) =
∞∑

j =0

2N (−1)j

(2j + 1)ω
{a2j +1 cos[(2j + 1)ωtm]

+ b2j +1 sin[(2j + 1)ωtm]}. (32)

The Fourier series for tm of φacq(tm) contains all odd
harmonic components of f (t). We can obtain each odd har-
monic component of f (t) as the spectrum of the time-series
readout result {P0(tm)}.

B. Fourier decomposition to extract experimental
signal

Our experiment observes the dynamics in the simplest
sinusoidal ac magnetic field. It corresponds to the case
where all the Fourier series components except for k = 1
in Eqs. (17) and (31) are zero, that is,

f (t) = γ bac cos(ωact + φac)

= γ bac cos(φac) cos(ωact)− γ bac sin(φac) sin(ωact),
(33)

where bac, ωac (= π/τ), and φac are the amplitude, the fre-
quency, and the phase of the ac field, respectively, and γ =

2π × 28 rad GHz/T is the gyromagnetic ratio. According
to Eq. (32), the phase acquisition at the mth CP sequence
is obtained as

φacq(tm) = 2Nγ bac

ωac
[cosφac cos(ωactm)− sinφac sin(ωactm)]

= 2Nγ bac

ωac
cos(ωactm + φac). (34)

The signal at the mth readout is obtained as

P0(tm) = 1
2

+ 1
2

sin
[

2Nγ bac

ωac
cos(ωactm + φac)

]

= 1
2

+ 1
2

Im
[

exp
(

i
2Nγ bac

ωac
cos(ωactm + φac)

)]
.

(35)

The Fourier series expansion of the signal for tm is obtained
as

P0(tm) = 1
2

+
∑

k:odd

Ak cos(kωactm + φk), (36)

Ak = Jk

(
2N
γ bac

ωac

)
, (37)

φk = k
(

Nπ
2

+ φac − π

2

)
− π

2
, (38)

where Jk is a Bessel function of the first kind of kth order.
Here, we use the Jacobi-Anger identity

eia cosϕ =
∑

n∈Z

inJn(a)einϕ . (39)

The frequency resolution of the discrete Fourier trans-
formation (DFT) spectrum can be set arbitrarily by the
inverse of the total duration of the synchronized readout.
Thus, with high accuracy, we can investigate the response
dependent on the amplitude and phase of the ac field.
According to Eq. (37), higher-order Bessel functions take a
nonzero value and oscillate when the magnetic field ampli-
tude increases. For a sufficiently weak magnetic fields, Ak
behaves linearly with respect to the changes in bac. The
threshold above which the response is no longer regarded
as linear should be

bac ≈ π

2
ωac

2Nγ
. (40)

Our primary concern in the present work is to determine
the degree to which the ac field amplitude is consistent with
the DFT amplitude given by Eq. (37) as a crucial test of
the robustness of this Floquet state against large-amplitude
modulation.
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IV. EXPERIMENTS

This section describes our experimental condition. We
measure a single NVC in a diamond substrate (of electri-
cal grade from Element Six) using a homemade confocal
system [44].

A. Setups

Figure 3(a) is the schematic of our experimental setup.
We apply a static bias magnetic field of around 30 mT by
a neodymium magnet beneath the diamond [not shown in
Fig. 3(a)] to lift the spin degeneracy of the energy lev-
els. For the generation of a microwave field to control the
NVC, we use a copper stripline of approximately 1 μm
thick and 200 μm wide fabricated right on the surface
of the diamond using an electron-beam deposition. The
microwave pulse waveform is generated by in-phase and
quadrature modulation of a vector signal generator with an
arbitrary waveform generator, amplified by a typically +45
dB microwave amplifier (Mini-circuit ZHL-16W-43S+)
and passed through the stripline. The ac external magnetic
field is generated by the solenoid coil situated beneath the
diamond, as presented in Fig. 3(a). A function generator
and typically +43 dB amplifier (Mini-circuit LZY-22+) to
generate a sinusoidal wave voltage at 500.1 kHz are con-
nected to the coil. The function generator is triggered by
the same arbitrary waveform generator that synchronizes
the phase at the start of the synchronized readout. The
clocks on all instruments are locked by a rubidium clock.

B. Calibration

We check the linearity between the applied voltage
amplitude of the function generator and the resulting field
amplitude bac before the main experiment. We measure bac
with the ac magnetometry by sweeping the interpulse delay
τ of the ordinary CP sequence [31]. We set the π pulse
duration to tπ = 19.8 ns and the number of π pulses to
N = 16 for the CP sequence. Only in this measurement do
we randomize the phase of the ac magnetic field and devi-
ate the period of the pulse sequence from that of the ac
field. The spectra obtained for applied voltage amplitude
0.0, 2.0, 5.0, 7.0, 10.0, 15.0, and 20.0 mVp.p. are shown in
Fig. 3(b). The horizontal axis is the detection frequency
1/2τ , and the vertical axis is the transition probability of
the NVC. As the voltage is increased, a signal appears near
500.1 kHz. We fit the data with the following analytical
model [45]:

P0 = 1
2
(1 − J0(|Wa|γ bacNτ)) , (41)

Wa = sin(ωacNτ/2)
ωacNτ/2

(
1 − 1

cos(ωacτ/2)

)
, (42)

where J0 is the zeroth-order Bessel function. The fitted
spectra are shown as the solid lines in Fig. 3(b). The model

0 5 10 15 20
0

2

4

6

8

Amplitude (mVp.p.)

b a
c
(μ

T
)

Cu Stripline

Diamond

Solenoid

ac (+dc) External Field

Microwave

Single NVC

300 400 500 600 700 800

1

2

3

4

1
−

P
0

(b)

(a)

(c)

FIG. 3. (a) Schematic of our experimental setup. (b) Alternat-
ing current (ac) magnetometry using CP sequence. The target
ac magnetic field frequency is 500.1 kHz. For clarity, the data
of each condition are shifted vertically. (c) The relation between
input voltage amplitude and ac field amplitude obtained from the
fitting of (b).

nicely explains the experimental data for all the input volt-
age amplitudes. Note that the small difference between the
experimental data and the fitting at around 300 kHz is due
to the effect of 13C nuclear spins near the present NVC.
In order to obtain bac accurately, we exclude this region
from the fitting. The relationship obtained between the
applied voltage and the generated magnetic field amplitude
is shown in Fig. 3(c). We get excellent linearity, yielding a
conversion factor of 0.381 ± 0.004 μT/mVp.p..

C. Protocol

Throughout our experiment, we use the same NVC and
set the duration and the number of π pulses to the same
values as we use in the prerequisite experiment (tπ =
19.8 ns and N = 16, respectively). In this situation, we
set the interpulse delay to τ = π/ωac to realize the Flo-
quet state of N/2 = 8 cycles of the CP sequence. We
observe the response as formulated in Sec. II B. The ac
magnetic field of ωac = 2π × 500.1 kHz is generated by
applying an ac voltage to the solenoid. By increasing the
voltage amplitude from 0.4 mVp.p. to 300 mVp.p., an ac
magnetic field with an amplitude up to about 120 μT is
produced, which is far beyond the small-amplitude regime,
bac ≈ (ωac/2Nγ )× (π/2) = 877 nT [Eq. (40)]. We set the
period of the synchronized readout as tL = 20.0 μs and
measure 335.5 s with fivefold integration. In this condi-
tion, kth harmonics should appear at a DFT frequency of

064023-6



FLOQUET ENGINEERING USING PULSE DRIVING. . . PHYS. REV. APPLIED 18, 064023 (2022)

τ τ τ τ τ τ ττ
2

τ
2

Init. Read.

N/8 = 2

π
2 X

πX πY πX πY πY πX πY πX
π
2 Y

FIG. 4. XY8 pulse sequence used in our experiment (N = 16).

k × 100 Hz (see Appendix A). As mentioned in Sec. II, the
overall dynamics does not depend on the phase cycles of
pulse operations. We thus set the phase cycle as XY8 to
reduce experimental pulse error. Figure 4 shows the phase
cycle we adopt in our experiment.

V. RESULTS

A. DFT spectra at each ac field amplitude

Figure 5(a) shows the DFT spectrum obtained when the
voltage amplitude to generate an ac magnetic field is set as
small as 2 mVp.p.. A large peak at 100 Hz and a small peak
at 300 Hz correspond to the harmonics of k = 1 and k = 3,
respectively. Note that the signal is undersampled due to
the time resolution of a finite measurement window (see
Appendix A). The absence of peaks higher than k = 3 tells
us that the ac field amplitude is sufficiently small and the
system is in the linear regime. This is a condition similar
to those reported in previous studies using the synchro-
nized readout [41–43]. Additionally, we see a peak at 200
Hz smaller than the peak at 300 Hz. This even harmonic
is caused by a pulse error (see Appendix C). The present
high-frequency resolution achieved by the synchronized
readout enables us to detect such a small signal.

B. Harmonic signals depending on field amplitude

We then show the modulation voltage amplitude depen-
dence of the DFT spectra. Figure 5 shows the DFT spectra
when voltage amplitudes of 2 mVp.p., 10 mVp.p., 50 mVp.p.,
100 mVp.p., and 300 mVp.p. are applied. As seen in this
figure , odd harmonics appear up to higher orders suc-
cessively as the amplitude increases. In particular, even a
harmonic peak for k = 211 is observed in the spectrum for
300 mVp.p. in Fig. 5(e). Such a higher-order response has
not been investigated with such high precision before. A
finite offset of about 3000 counts due to photon shot noise
is commonly present in all the data in Figure 5.

We now quantitatively examine the amplitude of each
harmonic by comparing it to the Bessel function [Eq. (37)].
Figure 6 shows the results for the 1st, 11th, 51st, 151st, and
201st harmonics. The blue circles show the DFT ampli-
tudes obtained by fitting the DFT spectra normalized to the
state probabilities by the experimentally calibrated NVC’s
photoluminescence intensity (see Appendix B). The con-
stant offset of about 0.05 present in each figure is an artifact

0 100 200 300 400 500
0

40 000

80 000

0 300 600 900 1200 1500
0

20 000

40 000

60 000

0 1000 2000 3000 4000 5000
0

10 000

20 000

30 000

0 2000 4000 6000 8000 10 000
0

10 000

20 000

30 000

0 5000 10 000 15 000 20 000 25 000
0

5000

10 000

DFT Frequency (Hz)

2 mVp.p.

D
FT

 A
m

pl
itu

de
 (

co
un

ts
)

 1st  2nd.  3rd

10 mVp.p.

50 mVp.p.

100 mVp.p.

300 mVp.p.

 1st

 1st

 211th

 71st

 1st  2nd
 3rd

 5th  6th.

 7th
 9th

 1st
 37th

(a)

(b)

(c)

(d)

(e)

FIG. 5. DFT spectra at several ac voltage amplitudes: (a)
2 mVp.p.; (b) 10 mVp.p.; (c) 50 mVp.p.; (d) 100 mVp.p.; (e)
300 mVp.p.. A finite vertical offset of about 3000 counts due to
photon shot noise is commonly present in all the data.

of the peak analysis due to the photon shot noise men-
tioned above. The solid red lines show the analytical results
fitted by Eq. (37), reasonably assuming that the voltage
amplitude and ac magnetic field amplitude are proportional
and using only the coefficient of the proportionality is
used as an estimation parameter. The coefficient obtained
is 0.392 μT/mVp.p., almost consistent with that obtained
from the prerequisite test (0.381 ± 0.004 μT/mVp.p.) in
Sec. IV B. The slight deviation (approximately 2.9%) is
possibly due to the quasiperiodic distortion observed in the
experimental signal in Fig. 6, which will be discussed in
the next subsection.

We find that the oscillation period and amplitude of
both experimental and theoretical [Eq. (6)] oscillation are
in general agreement, even up to higher-order harmon-
ics exceeding 200. These results mean that the Floquet
state of the pulse-driven NVC is maintained even in large-
amplitude modulation. It is also significant that each DFT
amplitude is consistent with theory without any artificial
normalization; it indicates that the synchronized readout
contributes to a highly quantitative measurement.

The ac field amplitude in the present experiment ranges
from 157 nT at minimum to 118 μT at maximum, con-
firming that our investigation is systematic over a wide
amplitude range, from a regime near the linear response to
one that is highly nonlinear and nonequilibrium. Although
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FIG. 6. Input voltage amplitude dependence of the peak amplitude for (a) 1st, (b) 11th, (c) 51st, (d) 151st, and (e) 201st harmonics.
The top axis show the magnetic field amplitude estimated from the fitting coefficient 0.392 μT/mVp.p. (see main text).

similar experiments in previous studies have observed the
response to be a Bessel function [46] and the appear-
ance of multiple harmonics [47], we find that the peak
amplitudes are quantitatively consistent over a signifi-
cantly more extensive amplitude range than those. While
large-amplitude modulation in different physical phenom-
ena can give dynamics exhibiting Bessel functions [7,27],
Bessel functions of as high as 200th order have never been
observed experimentally. The synchronized readout for the
NVC is relevant in addressing Floquet state dynamics in
such a large-amplitude modulation.

C. Comparison between experiments and theoretical
calculation

We compare all of the experimentally observed har-
monics with the theoretical calculations in terms of the ac
field amplitude dependence. Figure 7(a) shows the inten-
sity plot of the experimental result as functions of the field
amplitude and the order of harmonics k. Figure 7(b) shows
the corresponding |Ak|, deduced from Eq. (37). These fig-
ures are almost consistent, indicating that Eq. (37) can, in
principle, explain all harmonic behaviors observed in this
experiment.

A more careful comparison reveals irregular fluctuations
in the experimental intensity [Fig. 7(a)], not present in
Fig. 7(b). We compare this behavior with a more detailed
physical model that includes finite pulse duration and
errors. Figures 7(c) and 7(d) show the numerical results for
finite pulse duration with and without the duration error
of 4% (−0.8 ns), respectively. Both show irregular fluc-
tuations, and in particular the result in Fig. 7(c) agrees

very well with the experimental results [Fig. 7(a)]. These
observations suggest a slight inevitable pulse error in the
experiment. This fact also explains the appearance of the
small even-order harmonics in Fig. 5. Such a small pulse
error can appear in the rise and fall times of the rectangular
pulses used in the CP sequence.

Further numerical calculations show that the bandwidth
of the pulse excitation limits the measurable amplitude
range. Figures 7(e) and 7(f) show the numerical calcula-
tions for tπ = 100 ns and tπ = 400 ns, respectively. The
respective pulse durations are 5 and 20 times as long as that
used in the present experiment (tπ = 19.8 ns). As shown in
Figs. 7(e) and 7(f), as the pulse duration lengthens, more
irregular fluctuations appear, and higher-order harmonics
are no longer observable. This is because the bandwidth of
the pulse excitation (1/tπ ) gets narrower than the range of
the NVC’s resonance frequency modulation. We observe
that the amplitude of the higher-order harmonics is almost
zero in the area where the ac field amplitude is large, that is,
larger than that around 80 μT in Fig. 7(e) and around 20 μT
in Fig. 7(f). There, the driving force by ac field exceeds the
microwave pulse driving and breaks down the pulse-driven
Floquet state.

VI. DISCUSSION

We discuss two significant implications of the present
result for Floquet engineering. First, based on the above
development, we can largely extend the modulation ampli-
tude range available for Floquet engineering, such as
quantum sensing [18,19,48–50]. The method demonstrated
is advantageous in observing dressed states [48,50–52]
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FIG. 7. Two-dimensional intensity plots of the peak amplitude
as functions of the ac field amplitude and harmonics k up to
250. The color scale is common for all the panels (a)–(f). (a)
Experimental result. (b) Analytical result [Eq. (37)]. (c) Numeri-
cal result including finite pulse duration with a duration error of
4% (−0.8 ns). (d) Numerical result including finite pulse duration
without duration error. (e) Numerical result for an experiment
lasting 5× as long as the present one (tπ = 100 ns). (f) Numer-
ical result for an experiment lasting 20× as long as the present
one (tπ = 400 ns).

and many-body states formed by interactions with
surrounding spins [12,13]. As a system with robust Flo-
quet states, the pulse-driven NVC can also be helpful in
evaluating the effects of finite pulse duration and error
in general two-level systems [14,53–56]. Second, explor-
ing the non-Hermitian Floquet dynamics is a promising
direction. In the present experiment, the CP sequence read-
out completely initializes the NVC, quenching the Floquet
state. Conversely, the synchronized readout with partial
initialization or weak measurement of the NVC and sur-
rounding nuclear spins [57,58] would serve as a platform
to investigate non-Hermitian Floquet dynamics [16,59].

VII. CONCLUSION

We precisely observed the dynamics of the NVC’s Flo-
quet state driven by the CP sequence in large-amplitude
modulation as the higher-order harmonics up to 211 by
using the synchronized readout technique. We have thus
established the relevance of the high precision of the syn-
chronized readout in Floquet engineering. The nonlinear

response of the Floquet state to the magnetic field is quan-
titatively reproduced by numerical simulations, including
the effects of finite pulse duration and error. This study fur-
ther enhances the potential of the NVC as an ideal platform
for Floquet engineering.

Finally, we consider potential applications of the present
result to quantum sensing. Our experiment has confirmed
that multiple peaks sharply change according to the Bessel
functions in response to changes in the magnetic field
amplitude, and this behavior is maintained even when a
large amplitude magnetic field is applied. This fact means
that the high magnetic field sensitivity of the synchro-
nized readout [43] is, in principle, sustained over a wide
dynamic range. Thus we believe that this method is partic-
ularly suitable for physical property measurements using
NVCs. We give two specific examples of its applica-
tions. One is the precise measurement of minute stray
field. In recent years, atomically thin layered materials
[60–62] have been studied extensively, and our scheme
applies to the precise measurement of various sorts of mag-
netization (i.e., ferromagnetism, anti-ferromagnetism, and
diamagnetism) of these materials. The other is its appli-
cation to spin glass [63,64], a representative of systems
where fluctuations play an essential role. Our technique
is critical in understanding magnetic fluctuations near the
spin-glass transition through quantitative measurements of
the frequency spectrum of the complex susceptibility.
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APPENDIX A: UNDERSAMPLING

We explain why the target ac field frequency (500.1
kHz) is different from the measured frequency of harmon-
ics (multiples of 100 Hz). We used a sequence whose total
duration tL is 20 μs, including initialization, pulse manip-
ulation, and readout. In this scope, since the measurement
interval is longer than the period of the target ac field, the
frequency of the signal should stroboscopically get under-
sampled below the Nyquist frequency ωNy = π/tL. In the
experiment, the detected frequency ωNy

ac should take the
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value

ωNy
ac = ωac − MωNy, where M =

⌊
ωac

ωNy

⌋
. (A1)

The peaks of the general harmonic signal should there-
fore appear at multiples of 100 Hz [= 500.1 kHz − 20 ×
25 kHz (= 1/(2 × 20) μs−1)].

APPENDIX B: PROCESSING OF DFT SIGNALS

We explain the procedure to extract the amplitude of
the DFT peaks. We fit the DFT spectrum, taking into
account that the peaks of the data have a finite width.
We consider that the measurement time window is finite
(t ∈ [0, Ttot], where Ttot is the total duration of synchro-
nized readout). We assume the time- series data take the
following simplified form:

p(t) = Aei(ωt+φ), t ∈ [0, Ttot], A,φ ∈ R. (B1)

This signal can be Fourier transformed as

F [p](ξ) =
∫ Ttot

0
p(t)e−iξ tdt

= ATtot

4
exp(iφ − i(ξ − ω)Ttot/2)sinc

× [(ξ − ω)Ttot/2] , (B2)

where sinc(x) def= sin x/x. Equation (B2) means that the
DFT peak spreads over a finite width in the form of a
sinc function. We estimate the DFT peak amplitude by fit-
ting the DFT spectrum with the peak shape represented in
Eq. (B2).

Figure 8(a) shows the intensity plot obtained using the
above method [the same as Fig. 7(a)]. On the other hand,
Fig. 8(b) shows the plot obtained simply by extracting the
data at the frequency index closest to the kth peak fre-
quency in the DFT spectrum. In Fig. 8(a) a smooth image
is obtained, but in Fig. 8(b) there is an artifact where the
peak amplitude becomes smaller in a certain period over
k. This is an artifact due to the mismatch between the
exact peak frequency and the frequency point of the DFT
spectrum limited by the frequency resolution 1/Ttot. The
method described above allows accurate determination of
the peak amplitude.

After obtaining the DFT peak values, we normalize
the time-series data obtained from the synchronized read-
out for quantitative comparisons with theoretical models.
Using the photoluminescence intensity I0 (count per sec-
ond) of the mS = 0 state and I1 (count per second) of the
mS = −1 state at the NVC as reference data, we normalize
the DFT amplitudes (count) to the dimensionless value of
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FIG. 8. Intensity map of the DFT peak amplitude. (a) Ana-
lyzed result with our fitting method [the same as shown in
Fig. 7(a)]. (b) The peak amplitude of the closest frequency point
for the kth harmonic.

Ak [44]. Specifically, the conversion of the scaling is given
as

(DFT Amp.) = AkNseq(I0 − I1)tread/2, (B3)

where tread is the readout duration (in seconds) and Nseq is
the total number of CP sequence repetitions.

APPENDIX C: EFFECT OF THE PULSE ERROR
AND FINITE PULSE DURATION

We consider the effects of finite pulse duration. First, we
consider the pulse error in the π/2 pulse. When the rotation
angle of the pulse is π/2 + ε, Eq. (30) is rewritten as

P0 ≈ 1
2
(1 + sinφacq − ε cosφacq). (C1)

Compared to Eq. (30), the pulse error occurs as a cosine
term. This term appears as an effect that produces even-
order harmonics of the DFT spectrum of the synchronized
readout [see Fig. 7(a)].

Next, we consider the effects of finite pulse duration and
error in π pulses. Since these effects can produce a variety
of effects [14,53–56], we numerically investigate the situa-
tion to reproduce experimental observation. Specifically,
we solve the time-dependent Schrödinger equation Eq.
(1) of the total Hamiltonian Ĥ(t) = Ĥ ac(t)+ Ĥ CP(t) [Eq.
(19)] with finite duration using the adaptive-step Runge-
Kutta method. All parameters including pulse phase cycle
(XY8) of the Hamiltonian are based on experimental data
except the true Rabi frequency. We show the results of
these numerical simulations in Fig. 7.
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