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Networks of semiconducting single-walled carbon nanotubes (SWCNTSs) are interesting thermoelectric
materials due to the interplay between CNT and network properties. Here, we present a unified model
to explain charge and energy transport in SWCNT networks. We use the steady-state master equation
for the random resistor network containing both intra- and intertube resistances, as defined through their
one-dimensional density of states that are modulated by static Gaussian disorder. The tube-resistance
dependence on the carrier density and disorder is described through the Landauer formalism. Electri-
cal and thermoelectric properties of the network are obtained by solving Kirchhoff’s laws through a
modified nodal analysis, where we use the Boltzmann-transport formalism to obtain the conductivity, See-
beck coeflicient, and electronic contribution to the thermal conductivity. The model provides a consistent
description of a wide range of previously published experimental data for temperature and charge-carrier-
density-dependent conductivities and Seebeck coefficients, with energetic disorder being the main factor
to explain the experimentally observed mobility upswing with carrier concentration. Moreover, we show
that, for lower disorder energies, the Lorentz factor obtained from the simulation is in accordance with the
Wiedemann-Franz law for degenerate-band semiconductors. At higher disorder, deviations from simple
band behavior are found. Suppressed disorder energy and lattice thermal conductivity can be the key to
higher thermoelectric figures of merit, z7, in SWCNT networks, possibly approaching or even exceeding
zT=1. The general understanding of transport phenomena will help the selection of chirality, composi-
tion, and charge-carrier density of SWCNT networks to improve their efficiency of thermoelectric energy

conversion.

DOL: 10.1103/PhysRevApplied.18.064022

I. INTRODUCTION

Since the seminal work of Hicks and Dresselhaus in the
1990s [1,2], which, on basis of theoretical considerations,
showed that a significant increase in the thermoelectric
figure of merits, zT' (see Sec. II), can be achieved by
going to lower dimensionalities, research interest in car-
bon nanotubes as thermoelectric materials has increased
considerably. As a one-dimensional (1D) material with a
corresponding density of states, it offers, besides stability,
flexibility, and solution processability, a unique combi-
nation of properties, such as high carrier mobilities and
high Seebeck coefficients, which makes it attractive for
thermoelectric applications. Theoretical models for indi-
vidual nanowires (NWs) show that the Seebeck coefficient
and band gap can be tuned via the tube diameter, allow-
ing Seebeck coefficients larger than 2000 £V K™! to be
achieved at tube diameters of 0.6 nm [3—5]. Moreover,
single-walled carbon nanotube (SWCNT) networks can
also achieve high conductivity values as soon as they are
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doped appropriately [6,7]. Since both the Seebeck coeffi-
cient and the conductivity are sensitive to the position of
the Fermi energy, and thus, the carrier density, attempts
have been made to experimentally find the optimal carrier
density for a maximum z7 factor, using gate-contact-based
transistors [8,9].

However, a fundamental understanding of the underly-
ing physics of charge and energy transport in networks
of nanotubes is still missing but required to rationally
improve the performance of such systems at the low-
est possible cost. Combining the knowledge gained from
research on single nanowires with general network prop-
erties allows, in principle, the modeling of entire three-
dimensional NW networks with different densities and
compositions, including the corresponding electrostatics.
However, this task is extremely complex, so that two-
dimensional (2D) networks are often used as a testbed,
where information about current paths and energy trans-
port is already accessible.

Various models, such as fluctuation-induced tunneling,
variable-range hopping, and percolation theory, have been
used to fit mobility data of NW networks; however, they

© 2022 American Physical Society
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do not directly provide conclusions on the microscopic
transport mechanism [10—-14]. In addition, there are some
studies that simulate the conductivity of two- or three-
dimensional NW networks based on random resistor net-
works, but only a few include intrinsic properties of NWs,
such as the one-dimensional density of states (DOS), and
take into account the carrier-density dependence of the
transport properties [15].

SchieBl et al. used a random-resistor model of SWC-
NTs considering the DOS and junction resistance of indi-
vidual NWs to model the charge-density dependence of
the field-effect mobilities of mixed-chirality SWCNT net-
works [16]. Unfortunately, a small numerical error in the
model (see Sec. 1) affected some of the results, causing
a mobility versus carrier-density peak even at zero dis-
order energy. No other thermoelectric parameters, such
as the Seebeck coefficient or thermal conductivity, were
calculated. The tube resistance was not considered. In
contrast, Statz et al. investigated, both experimentally
and by means of modeling, the temperature and carrier-
density dependence of the mobility and Seebeck coefficient
[17]. However, the authors do not use a single consistent
model to describe the data but instead use fluctuation-
induced tunneling and Boltzmann-transport formalisms to
describe the mobility and the Seebeck coefficient, respec-
tively. In summary, there is, to date, no model that can
simultaneously and consistently describe the electrical
conductivity, the electronic contribution to the thermal
conductivity, and the Seebeck coefficients of SWCNT
networks.

Here, we model a quasi-2D resistor network consid-
ering the intra- and intertube resistances based on the
Landauer formalism and the steady-state master-equation
approach, respectively [18,19]. This successfully repro-
duces the mobility versus carrier-density peak, which is a
key characteristic of the experiments, in terms of perco-
lation in an energetically disordered medium. We use the
Boltzmann-transport equation (BTE) to extend the model
to find the Seebeck coefficient and the electronic contribu-
tion to thermal conductivity. As such, we obtain a unified
model that consistently reproduces the experimental ther-
moelectric factors and that can be used to identify opti-
mal parameter values to obtain high-z7 factors in general
quasi-2D SWCNT networks.

II. MODEL

In this work, we model the electronic and thermoelectric
properties of SWCNT networks as a heterogeneous resis-
tor network in combination with the Boltzmann-transport
formalism. The model accounts for both the intratube
resistance and the intertube or junction resistances. From
experiments, it is commonly understood that the former
(tube) resistance is lower by 14 orders of magnitude than
the latter (junction) resistance, which, so far, has motivated

the exclusion of the former in charge-transport modeling
[20—26]. Our model essentially extends these works, and
particularly that of Schiel}l, who solved the steady-state
master equation, accounting for junction conductances
in a monodisperse SWCNT system with Gaussian ener-
getic disorder, to also account for tube resistances [16].
It is shown below that the latter have a notable influ-
ence on measured conductivities. Moreover, we calculate
thermoelectric factors like the Seebeck coefficient and
the (electronic part of the) thermal conductivity of the
network.

The simulation starts by creating a random resistor net-
work, where the SWCNTs are treated as 1D wires that
are randomly dispersed in the 2D calculation box of size
L, x L, with periodic boundary conditions as visualized in
Fig. 1(a). The network density is characterized by linear
density /;, while nanotube lengths /; are drawn from a nor-
mal distribution with mean /, and width o; to replicate the
tube-length variations in the experiment, as obtained from,
e.g., atomic force microscopy. The total number of tubes
dispersed in the box then becomes

gL L,

Nr = A (1)

The density of states, g(EF,E.), with Ec as the
conduction-band edge of a given type of CNT, is
parametrized on the basis of the results from Ref. [27],
which reports nearest-neighbor tight-binding calculations,
including the trigonal wrapping effects. Energetic disorder,
which, among others, can result from defects and (charged)
impurities in both the CNT film and the substrate, is
implemented in the network as a Gaussian distribution
of conduction-band-edge energies of the individual tubes
with width opos. Hence, each SWCNT i is assigned a DOS
g(E,E.;), where E,; are selected from a Gaussian distribu-
tion with mean E, and standard deviation opos, see Fig. S6
within the Supplemental Material [28].

The charge-carrier density of the network is determined
by summation of the carrier density in the individual tubes
within the box area:

B &
n(Erp) = LL Xl:

where /; is the length of SWCNT i, E is the Fermi energy,
and B is the SWCNT bundling factor, as illustrated in
Fig. 1(d) [29]. The occurrence of bundled SWCNTs in the
experiment would cause an underestimation of the network
density, and concomitantly of the carrier density, if they
were treated as a single SWCNT in the model; the beta fac-
tor is used for scaling up to the experimental carrier density
in the model.

Considering charge transport within the tube
junction as a disordered system, the Miller-Abrahams

li : g(E7EC,i) f;i(E:EF)dEv (2)
Ec,i
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FIG. 1.

Outline of the numerical model. (a) 2D SWCNT network consisting of randomly dispersed 1D tubes of linear density /; and

mean length /y. Fat horizontal lines are source and drain contacts. (b) Magnification of a single junction, which divides tubes i and
J into two segments each, leading to (c) resistor (sub)network. (d) Aggregated SWCNTs may form bundles in the network, which is

accounted for by a bundling factor, 8.

hopping formalism is introduced into the steady-state
master equation, where the occupation probability of
different sites is calculated through the Fermi-Dirac

J

eza);(|AE,-j D

distribution [30]. The mean-field method in the low-
electric-field approximation solves the set of master equa-
tions, leading to the junction conductance:

o0 o0
G (Er,Ei, E}) =/ / s
Ec;i JEc; 4kpT cosh (ﬁ

where AEj; is the difference between energy states £; and
Ej, e is the electronic charge, kp is the Boltzmann con-
stant, and a)l"]‘ = woexp (—|AEj;|/2kgT) is the symmetric
hopping rate with wg an attempt to hop rate, see Fig. 1(b)
[31-33]. The symmetric form of wl’; avoids the directional
dependence of the node conductance in the 2D resistor
network [34].

The intratube (segment) resistance is formulated based
on the extension to the Landauer formula:

R d (1 + l—0> , 4)

T 42 Lr

accounting for the length-dependent carrier-transmission
rate [35]. If the mean tube length, /y, is comparable to the
Fermi length, Ly, the system is in the ballistic regime; oth-
erwise, the classical limit of the diffusive regime holds.
Lr is then related to the carrier density of the tube using
Fermi’s golden rule and scattering analysis for acoustic
phonons. In SWCNTs, transport along the tube direction
can be calculated from acoustic phonon scattering in a 1D
relativistic band structure as

_ T 8 ?
4 vod 3.7 -nEei,Er) - lik ’

)

) cosh (EJZ;;;F>

g(ELE.)g(E;, E.j)dEdE;, 3)

(

where vp is the Fermi velocity, d is the SWCNT
diameter, n(£.;, Er) equals the carrier density of the indi-
vidual SWCNT, and « relates the scattering events to the
acoustic phonons [36,37]. An « value of 6.5 m/Ks is taken
for all calculations [38]. Moreover, /;; is the length of
nodal segment £ of SWCNT i, see Fig. 1(b). The total num-
ber of nodal segments in tube i equals N; = n; + 1, where
n; is the total number of the junctions in the tube.

Once the individual resistance values are obtained from
semiclassical Eqs. (3) and (5), the classical equivalent
resistance network is established, as depicted in Fig. 1(c).
Although the individual elements in the disordered net-
work may show quantum mechanical behavior around
room temperature, it is not to be expected that wave-
function coherence exists beyond the smallest length scales
in the network under these conditions. Hence, the con-
stituent elements in the network can be treated as inde-
pendent, that is, by using the corresponding (semiclassical)
resistance values as Ohmic elements in a classical network
simulation [15,23].

A small voltage, V, is applied between the electrodes
and a modified nodal analysis is used to solve the coupled
Kirchhoff equations, obtaining all segment currents and the
overall current, 7,, in the network. The total 2D network
conductivity, g, is then calculated as

LI

Opn = I_/ﬁ’ (6)
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which thus incorporates both the tube and junction
behavior.

Following Fritzsche, the Seebeck coefficient can be
calculated from the Boltzmann-transport formalism as

—k E—-FE "(E,E
S_ B/( F)U(,F)dE
e kBT o

_ —kp E — Ep\ I(E,EF)
_ef(k3T> IdE’ )

where o'(E, Er) is the conductivity distribution function
for a given value of Ep, o (E,EF), times the derivative
of the Fermi-Dirac distribution, dfp/dE [4,39,40]. In the
second equality, the dependency on o’ is transformed into
one on the energy-dependent current distribution function,
I(E,Er), by multiplying the numerator and denomina-
tor with the field, /* = V/L,, which is numerically easily
accessible, in contrast to o (E, Er).

Due to the van Hove singularity at the band edge of the
1D DOS, the majority contribution to /(£) comes from the

J

I(E, EF) 0<g(E,Ec)<

band edge, leading to

I(E,Ep) < Iip(EF)S(E — E), ®)

where [;; is the current in nodal segment &£ of SWCNT i.

Substituting Eq. (8) into Eq. (7), while including the length
dependence of the nodal segments, leads to

—k, N N E-E
£ T, (@f)iAh»hww—myﬁ

Se = ,
¢ Z Z Ilk(EF)llk (9)
a3 &(g?%w
N YNy ’

where w;; = L;x(EF) - ;i is the weighting factor of
the current contribution based on the segment
length.

To obtain the contribution 4 to the thermopower due to
near-band-edge states, the current distribution function can
be approximated as

—dfp
%>. (10)

Similarly, substituting Eq. (10) into Eq. (7), the remaining DOS contribution to S can be calculated as

Ly N, (S ) oug B Ee) (2) dE

ST g (B Eep) (<2 ) dE

The total Seebeck coefficient for the SWCNT network
then becomes

S=S8c+4. (12)

For charge and energy transport occurring in disorder-

dominated systems, which is shown to be the case for the

SWCNT systems discussed herein, the Seebeck coefficient

can quasi-quantitatively be understood by a simple expres-

sion that is based on the notion that S equals the entropy
carried out by a unit charge [41]:

E, —Er
kT

~ —

(13)

Here, E; is the transport energy that can be defined in the
context of percolation theory as the characteristic energy of
the final (hopping) state, £;, which is largely independent
of initial site energy, E; [42,43]; for the typical value of the
latter, the Fermi energy is used. Equation (13) is not used

(11

(

for calculation purposes but is used in later discussions for
explanatory purposes.

The electronic contribution to the thermal conductivity
under open-circuit conditions, kg, is similarly formulated
from the Boltzmann-transport formalism. The theoretical
macroscopic description of the electronic thermal conduc-
tivity is then obtained from [44]

kel = ko — S*o T. (14)

As for S, k¢ can be split into two components: a band-edge-
dependent contribution,

—k N; N; ( (Eei—EFp)?
=Lon 2T <—C'lkBTF ) Wi j
Kec = ZNT Ni w.k 9 (15)
i 1,

and a contribution from near-band-edge states,
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_ N7 =Ni (E—Ec)* -
?Gn DI I ( 5T ) @iig(E, Eei) (g_st> -

The thermoelectric figure of merit, z7, which is a mea-
sure of a material’s efficiency of thermoelectric power
conversion, can now be expressed in terms of the above-
defined parameters as

oS?T

zT = s
K

(17)

where « is the total thermal conductivity, & = ke| + Kiatt,
with ki, as the lattice thermal conductivity and o as the
three-dimensional (3D) conductivity, which can be esti-
mated from the 2D network conductivity, o, by dividing
by the (estimated) film thickness.

Although the model outlined above is applicable to
any single or mixed chiral composition SWCNT network,
we consider the (6,5) chiral SWCNT for the following
calculations.

III. RESULTS AND DISCUSSION

Since the presence of energetic disorder will turn out
to be central to understanding the reported experimen-
tal observations in SWCNT networks, we first investigate
the (normalized) mobility versus charge-carrier density for
systems with different disorder. Figure 2(a) shows that
for small disorder, opps < kT, the mobility rolls off with
increasing Fermi energy, that is, towards higher charge-
carrier densities. This behavior can directly be understood
in terms of Eq. (3), which, in the absence of disorder

1.2 T T T T AN
@) R
1.0 b oo £ o\
I X—X—XQX 30 ]
=’
08 o o = aLE
§ [ 0= 0p0s = 0meV N\ 015 3070506 |
g 0.6 _—A— Opos = 20 meV Fermi energy Ej. (6V))|
\i | —V— Opos = 40 meV
0.4 | —0— opos = 60 meV Iy -
[ VvV YTl ]
02 | o o EN i
ool—"A—t 1 1 -
03 04 05 06 07

Fermi energy E¢ (eV)

ST Y T, oug(E ) (2 ) dE

(16)

(

(E; = E;) predicts a slightly weaker increase in conduc-
tivity than in carrier density. For larger disorder values,
a characteristic mobility maximum develops, see also the
inset to Fig. 2(a). Similar behavior is well known for disor-
dered organic semiconductors, where increasing mobility
reflects the Fermi energy moving towards the transport
energy, E; [45,46]. The high-density mobility () roll-
off occurs for the same reason as that at low disorder.
Although we consider only homogeneous SWCNT net-
works here, we note that, for mixed chiral networks, the
peaked mobility is already observed for lower disorder val-
ues, due to the tube species with the lowest band-edge
energies acting as trap states that have a similar effect to
that of energetic disorder.

In Fig. 2(b), we compare our model to experimental data
from Rother ef al., using a modest energetic disorder of
60 meV. The model provides an accurate description of the
experiment. The blue line, which is the best reported fit by
SchieBl and co-workers, shows a broadened mobility peak
with a mobility minimum prior to the onset. Both features
are due to a numerical problem in the implementation used
in Ref. [16], which is associated with the limits of the dou-
ble integration needed to obtain G;; in the presence of a van
Hove singularity at the band edge. The steeper mobility
increase with carrier density for the calculation in which
the tube resistance is neglected (red line) signifies the
importance of the tube resistance to overall charge trans-
port. This also provides us with a general sense of what

1.0 | (b) .
O Experiment
08 L —p =10 Qm™’ |
x —p=0Qm”
:ié’ [ —— SchieRl et al.
5 06 - -
04 -
0.2 bl 4 0 uil | | T

10" 10" 10" 10®
Carrier density n (cm™)

10°

FIG. 2. Calculated normalized mobility using mobility maxima (umax) for (6,5) chiral SWCNT networks: (a) versus Fermi
energy, parametric in energetic disorder (inset is a magnification of the development of the mobility peak at higher disorder),
lo=(1.54£0.6) um, I; =7 um~'; (b) versus 2D charge-carrier density, compared with experimental data from Ref. [47] measured
in field-effect-transistor geometry (symbols) and the best fit from Ref. [47] (blue line). Black line is for the full model; the value for
pr in the legend is the approximate numerical value for the tube resistivity; the red line is for p, = 0. Linear density of the network is
I; = 30 um~! with mean tube length /; = 1 um, dispersion o; = 0.3 um, and 8 = 1.
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Current distribution in the SWCNT network with varying disorder at constant Fermi energy, Er = 0.5 eV. Cutoff I, =

0.05 X Imax, Where I is the maximum current carried by a single tube segment in the network, is applied to prevent the low-current-
carrying tubes in the network from dominating the image. Disorder opps = 0, 90, and 180 meV from left to right; otherwise, same

parameters as in Fig. 2(a) are used.

mobility versus carrier-concentration curves in Ref. [16]
would resemble when the numerical error is corrected.

In Fig. 3, the evolution of the percolation paths in the
SWCNT network is shown for increasing disorder for con-
stant £r = 0.5 eV. A distinct percolation path for charge
transport can be seen at a relatively high disorder, whereas
a relatively low disorder leads to a more distributed current
path in the network. This behavior is consistent with the
notion that percolation phenomena, including the occur-
rence of a mobility maximum at a well-defined carrier
density, cf., Fig. 2, become more important at increased
energetic disorder. Specifically, the homogeneous network
in the left panel of Fig. 3 is not expected to respond crit-
ically upon more tubes becoming energetically available
due to the Fermi level moving up, that is, upon increas-
ing the carrier density, cf., Eq. (3). In other words, the
network mobility remains essentially constant until the

roll-off discussed in the context of Fig. 2(a) sets in. In con-
trast, in the more critical network that forms for higher
disorder (right panel), making further tubes accessible by
increasing the charge carrier density will have a super-
linear effect on the conductivity, and hence, lead to an
increasing mobility.

Having established that neither energetic disorder nor
the intratube resistance can be ignored in 2D SWCNT net-
works, we address the simultaneous description of charge
and energy transport in said systems. Figure 4 shows the
temperature dependence of combined mobility and See-
beck coefficient measurements on (6,5) chiral SWCNT
networks taken from Ref. [17].

For bundling factor §=4.3 and opos = 110 meV,
the model provides a reasonably accurate description of
both experiments, as depicted in Figs. 4(a) and 4(b).
We note that experimental data result from separate

(a) (b) (c)
i o T T T < T T T T T
1.0 ] ':c 300 | 0+ Experiment] ‘! 200 | o i
rhs —— Simulation 1 g_
0.8 F— 300K B = 250 qQ = L ]
L —— 250 K 2] %) )
£ 0.6 F—200K B € 200 | - € 150 - e
g | —— 150 K .g L ° ] '8 v
3 | py | = | ) i 9 L ]
= 0.4 I 4 1 E 150 I °'°oo _ § V/—E/\V
02 L ] S 100 L % | 8100+ —— E-=0.46 e\Y
IS 3 18 [ —7=300k ] 3 —— E.=048eV
0.0 | oo ° §.X,§’:ﬁ[;r{‘,§?— S 5ol T=100K 4 2 —— E,=0.50 eV
N | . rhisheart % ol . - $ 50 | IR IR BN |
0.4 1 2 4 0.4 1 2 4 100 150 200 250 300

Carrier density n (102 cm™)

FIG. 4.

Carrier density n (102 cm™)

Temperature T (K)

Simultaneous fit to the temperature dependence of mobility (a) and Seebeck coefficient (b) of (6,5) chiral SWCNT net-

works. Experimental data are measured in field-effect-transistor geometry and are taken from Statz et al. [17]. Linear density of
the network is /; = 12.6 um™! with mean tube length /; = (0.95 % 0.4) um. (6,5) SWCNT networks are treated with 1,2,4,5-
tetrakis(tetramethylguanidino)benzene (TTMGB), which leads to pure electron transport. Key simulation parameters are given in
the legends. Moreover, opos = 110 meV, § = 4.3. (c) Fit to S versus T only for opos = 92 meV and B8 = 7. Carrier density corre-
sponding to Er mentioned in the caption, n =1.29 x 10'2,1.83 x 10'2, and 2.54 x 10'2 cm~2, going from lower to higher Er. (14300,max
refers to the mobility maxima at 300 K.)
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FIG. 5.

Conductivity o (S m™)

Electronic contribution to thermal conductivity from the numerical model for various energetic disorder values versus (a)

carrier concentration and (b) conductivity. Inset in (b) shows the effective Lorentz factor, L, as defined through the Wiedemann-Franz
(WF) law. Parameters used are 8 = 4.3, [; = 12.6 um~!, and [, = (0.95 & 0.4) pm.

measurements on nominally identical devices, concomi-
tantly, closer matching fits can be produced if we allow
slightly different parameters for the mobility and Seebeck
measurement data, see Fig. S3 within the Supplemental
Material [28] and Fig. 4(c). A closer look in experimental
data from Ref. [17] reveals that, for a given carrier density,
the Seebeck coefficient is mostly temperature independent
to about 150 K, below which it drops. In Fig. 4(c), for a
slightly relaxed opos = 92 meV, we present model fits to

three such traces taken at different carrier concentrations.
The observed behavior, and possibly even fluctuations at
higher temperatures, can be consistently captured by the
model. The sudden drop in S at lower T occurs only
at higher energetic disorder and results from the inter-
play between (the temperature dependence of) all terms
in Eq. (13) and coincides with an increased temperature
dependence of the transport energy, E;, at lower T; at
higher temperatures, the 7' dependence of the terms in
the numerator, £; — Ef, largely compensate for the linear
T dependence of the denominator. Figs. S4(a) and S4(b)
within the Supplemental Material [28] further elaborate on
this topic.

In Ref. [17], the temperature dependence of mobility
is described with a fluctuation-induced tunneling model,
which provides no natural explanation for the peak in the
mobility versus density, and is based on fundamentally
different assumptions from those in the model proposed
by SchieBl et al. [16] to explain similar data. Seebeck
data are interpreted using a Boltzmann-transport model
with low (~8 meV) energetic disorder, which leads to a
more gradual temperature dependence than that found in
Fig. 4(c). The modeling results presented in Figs. 2 and 4
show that it is possible to provide a consistent description
of (thermo)electric measurements on SWCNT networks
using an extended hopping model with significant disorder.

The finding that a significant amount of energetic
disorder affects the systems’ physical properties should

come as no surprise, since experimental data are obtained
on field-effect-transistor (FET) devices. From similar mea-
surements on organic FETs, it is known that the gate
dielectric induces an energetic disorder of several times the
thermal energy in the accumulation layer [48,49]. For data
in Fig. 4, an additional contribution to the energetic disor-
der, opos, may be expected due to treatment with strongly
reducing TTMGB [17].

Having established the applicability of the model, we
now turn to the related question of heat transport, that
is, the electronic contribution to the thermal conductivity,
K = K¢ + Kiat, Which is the denominator of zT, Eq. (17).
Hence, a quantitative analysis of heat-transport phenom-
ena is an important factor for assessing the applicability of
CNT networks for thermoelectric applications. In Fig. 5,
the electronic thermal conductivity can be seen to roughly
follow the Wiedemann-Franz law:

ket = LTo,

with L as the Lorentz number, which is typically close
to the Sommerfeld value, Ly = n?/3(kg/q)* [44]. The
decrease in k¢ with increasing disorder at constant density,
cf., Fig. 5(a), therefore, predominantly reflects a lower con-
ductivity, o. In fact, (the inset in) Fig. 5(b) shows that, with
increasing disorder, the Lorentz number actually increases
from a value that is close to or even below Ly to consid-
erably larger values. A similar increase in L with disorder
is found for doped organic semiconductors [40]. This trend
reflects that, in more disordered systems, a relatively larger
fraction of the current is carried by states that are further
away from the Fermi energy. That is, transitions where
both the initial and final hopping states lie close to Ep are
less relevant to the percolating network and contribute less
to conductivity than in a band conductor.

In Fig. 6, the calculated thermoelectric figure of merit,
zT, is plotted, using the same network parameters as those
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for the simulation of the (6,5) SWCNT network data in
Fig. 4. Since the calculation of z7 requires a 3D conduc-
tance, while the model is (so far) set up for quasi-2D sys-
tems, we transform the 2D conductivity into a 3D one by
dividing by twice the tube diameter as a typical maximum
active-layer thickness. For finite values of «y,, the figure
of merit shows the common trade-off between increasing
conductivities and decreasing Seebeck coefficient, lead-
ing to a maximum at intermediate carrier densities; in the
absence of lattice thermal conductivity, the thermal and
electronic conductivities essentially cancel out, and zT fol-
lows the decreasing Seebeck coefficient with increasing
conductivity and carrier density.

Unsurprisingly, the maximum figure of merit decreases
with increasing energetic disorder and lattice thermal con-
ductivity. More interesting are the relatively large absolute
values that are obtained, even for relatively large val-
ues of kp ~ 2 Wm™ 'K~ Unfortunately, no consistent
picture arises in the literature about the actual values
of k¢ in SWCNT networks, with reported values rang-
ing from around 0.1 Wm~!K~! to above 10 Wm™' K~!
[5,50,51]. If we consider an intermediate value of i &
2 Wm™!'K~!, Fig. 6 shows that zT can go significantly
beyond 0.2, suggesting there is considerable room for
improvement over the reported value of z7"~ 0.03 around
room temperature [52]. Further increases in zT can poten-
tially be realized by suppressing energetic disorder or by
tailoring the thermal coupling between the tubes by, for
example, polymer wrapping.

Finally, it should be borne in mind that 4 might vary
with energetic disorder. While charge impurities are not
likely to affect the propagation of vibrations or phonons,
other sources of energetic disorder might do so. In general,
klat should be reduced with increasing energetic disorder
as the system is more prone to scattering of propagat-
ing quasi-particles (charges, phonons). Hence, the lines in
Fig. 6 are to be considered as orthogonal projections of a

multidimensional parameter space and provide a range and
trends for the experimentally reachable figures of merit for
a plausible range of parameters.

IV. CONCLUSION

We present a model for the charge and energy transport
in random quasi-2D SWCNT networks. The network prop-
erties are calculated as a random resistor network, in which
both the intra- and intertube resistances are accounted for.
A consistent fit to experimental conductivity and See-
beck coefficient data over a wide range of temperature
and carrier concentrations requires the inclusion of sig-
nificant, i.e., several times the thermal energy, energetic
disorder. Extending the model to the electronic contribu-
tion to the thermal conductivity leads, for low-disorder
networks, to k. values that are close to the predictions
from the Wiedemann-Franz law for band-type transport.
For more disordered networks, Lorentz factors that sig-
nificantly exceed L, are found. For a realistic value of
the lattice thermal conductivity, kp = 2 Wm~'K™!, the
model indicates that a thermoelectric figure of merit of
zT > 0.2 should be realistically achievable, while zT > 1
should be reachable for ki, = 0.2 Wm~'K~!, which will
require suppressing the thermal coupling between indi-
vidual tubes and/or reducing the energetic disorder in the
system.
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