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Accurate modeling of shallow impurities in semiconductors through first-principles density-functional-
theory calculations is challenging due to the delocalized nature of the impurity wave function. The
situation could be more complicated for shallow impurity complexes where the interactions between impu-
rities lead to a large perturbation to the host. In this work, the shallow acceptor levels of the group-IIIA
acceptor-carbon (A-C, with A=B, Al, Ga, In, Tl) complexes in silicon are studied using a potential-patching
method combined with a hybrid-functional correction. The potential-patching method removes the artifi-
cial interaction between periodic images and allows the calculations of large supercells containing over
104 atoms to obtain converged acceptor levels. The correction based on hybrid-functional calculations
overcomes the underestimation of the ionization energies predicted by semilocal exchange-correlation
functionals, resulting in good agreements with experiments. The A-C complexes are found to have smaller
acceptor ionization energies than the corresponding single-A substitutional acceptors. The origin of the
ionization energy reduction is further analyzed, and the roles of the chemical electronic effect and the
strain-field effect are clarified. Our results indicate that the combination of the potential-patching method
and the hybrid-functional correction could be a feasible approach for accurate simulations of shallow
impurities and their complexes.
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I. INTRODUCTION

In doped semiconductors, it is possible that several
of the impurities occupy neighboring lattice sites, form-
ing impurity complexes [1–5]. The interactions between
impurities bring abundant doping effects, either desired or
unwanted, which play a critical role in determining the per-
formance of semiconductor devices by affecting impurity
levels, carrier lifetimes, degradation, etc. Besides various
experimental techniques, theoretical modeling of impurity
complexes is helpful in understanding their properties and
controlling their effects. In practice, deep impurity com-
plexes, which have localized wave functions can be quite
well described by the defect formation energy theory based
on first-principles density-functional-theory (DFT) calcu-
lations with the supercell approach [6,7]. However, if the
impurity complex is shallow, the impurity wave function
is delocalized and can extend into thousands of atoms [8].
This is orders of magnitude larger than the typical super-
cell size in DFT calculations, therefore it is difficult to
treat shallow impurities directly with conventional DFT
methods.

*jkang@csrc.ac.cn

A widely adopted approach to model shallow impuri-
ties is the effective mass approximation (EMA) [9], in
which a central-cell correction depending on empirical
parameters must be introduced to reproduce the chem-
ical shift of different impurities [10,11]. Compared to
single-atom impurities, EMA modeling of impurity com-
plexes could rely more heavily on empirical parameters
since the impurity-impurity interactions result in a larger
perturbation to the host material, leading to more sig-
nificant central-cell effects. Given the limited predictive
power of EMA due to the use of empirical parameters,
first-principles DFT approaches to model shallow impurity
complexes are highly desirable.

In recent years, much progress has been made on
DFT simulations of shallow impurities. Green’s func-
tion approach combined with DFT calculations has been
demonstrated to be able to accurately predict hyper-
fine interactions of shallow impurities [12,13], but this
approach is not as straightforward as the supercell
approach. In another approach, the shallow impurity wave
function in a large supercell is first obtained from DFT
calculations, and then perturbative calculations with an
impurity potential are performed [14,15]. This procedure
yields accurate impurity levels. However, it employs an
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empirical model to describe the impurity potential, and it
is difficult to find a generalized model suitable for var-
ious impurity complexes. An extrapolation method with
hybrid and semilocal functionals working in tandem is
also proposed, and it well reproduces experimental ioniza-
tion energies and hyperfine parameters of shallow group-V
dopants P, As, and Bi in silicon [16,17]. Nevertheless, a
supercell with a considerable size may still be necessary to
obtain the correct scaling law. Plus, the exponential tail of
the impurity wave function cannot be well captured with
the relatively small supercell used for the extrapolation.

Converged shallow impurity levels and wave functions
can be obtained by a DFT-based potential-patching method
[8]. It removes the artificial interaction between periodic
images and allows the calculations of large supercells
containing over 104 atoms, but there is still an issue of ion-
ization energy underestimation due to the failure of DFT
eigenvalues to approximate quasiparticle energies [8]. A
correction scheme to the potential-patching method based
on GW calculations is then proposed, and the resulting
impurity ionization energies are in excellent agreements
with experiments [18]. However, in practice, GW calcu-
lations are usually carried out with supercells less than 102

atoms because of their high computational costs. Although
this size could be enough to capture the character of the
central-cell potential of a single dopant [18], it could be too
small for impurity complexes where there are larger struc-
tural relaxation, making it challenging to apply the GW
correction. Considering that the hybrid functionals, which
mix a portion of exact exchange energy into the semilocal
exchange-correlation functionals, satisfy the generalized
Koopmans’ condition [19] fairly well, one can expect that
the hybrid functional eigenenergies could be a reasonable
approximation to the quasiparticle energies. Therefore, it
is possible to perform the computationally cheaper hybrid
functional calculations instead of the GW calculations to
apply the quasiparticle correction to the potential-patching
method.

In this work, we justify the above proposal by taking the
group-IIIA acceptor-carbon complexes (A-C, with A=B,
Al, Ga, In, Tl), namely the so-called X centers [20–24],
in silicon as benchmark systems. Group-IIIA acceptors are
commonly used to create p type Si, whereas carbon is one
of the major residual impurities in Si. The binding of the
A and C atoms is found to be exothermic [20], so there
could be a considerable amount of A-C complexes exist-
ing in Si, which could affect device performance (e.g.,
introducing noise in infrared detectors based on group-
IIIA-doped Si). The A-C complexes are shallower than
the corresponding substitutional acceptors, and the ioniza-
tion energy of the former is approximately 80% of the
latter [20]. The underlying mechanism of the reduction
in ionization energy is not fully understood yet. Here we
show that supercells containing 104 atoms is necessary to
obtain converged ionization energies of A-C complexes.

While the potential-patching method based on semilocal
DFT calculations underestimates the ionization energies,
the hybrid-functional correction significantly improves the
results and yields good agreements with experiments. The
origin of the reduced ionization energies of the A-C com-
plexes is further explored, and the contributions from
the chemical and structural effects are analyzed in detail.
The results suggest that accurate simulations of shallow
impurities and their complexes can be achieved through
the combination of the potential-patching method and the
hybrid-functional correction.

II. COMPUTATIONAL DETAILS

The calculations are performed using PWMAT
[25,26], which is a GPU-based plane-wave pseudopoten-
tial code for DFT simulations. The core-valence inter-
action is described by Troullier-Martins norm-conserving
pseudopotentials [27]. Both the local density approxima-
tion (LDA) [28] and the Heyd-Scuseria-Ernzerhof (HSE)
[29,30] hybrid functional are adopted to approximate the
exchange-correlation interaction. The mixing ratio of the
exact exchange energy in the HSE functional is 0.25. The
plane-wave energy cutoff is set to 45 Ry, and the atomic
positions are relaxed with the LDA functional until the
force on each atom is smaller than 0.01 eV/Å. Accord-
ing to our tests as shown in Fig. S1 within the Supple-
mental Material, further relaxation using the HSE func-
tional results in negligible changes in the LDA-optimized
structures, which is understandable given the delocalized
nature of the shallow impurity states. For supercell cal-
culations, the Brillouin zone is sampled by the � point.
In the potential-patching method which employs a large
supercell, the impurity level energy is calculated by the
folded-spectrum method (FSM) [31], which allows one to
compute a few desired eigenstates near a given reference
energy, and the spin-orbit coupling effect is also included
in the FSM calculations.

III. ACCEPTOR IONIZATION ENERGY
CALCULATIONS

A. Failure of the total energy approach with small
supercells

The A-C complexes in Si are nearest-neighbor substi-
tutional acceptor-carbon pairs [20,23,24], which have a
trigonal symmetry as shown in Fig. 1(a). These impurity
complexes are shallow acceptors, whose wave functions
usually have a long-range tail expanding at the nanometer
scale. However, due to the cubic scaling of conventional
DFT calculations, the typical supercell size in defect sim-
ulations is limited to several hundreds of atoms. This
size is too small to isolate the impurity wave function of
the A-C complex from its periodic images. In Fig. 1(b)
the impurity-state charge density of a −1 charged Al-C

064001-2



FIRST-PRINCIPLES CALCULATIONS. . . PHYS. REV. APPLIED 18, 064001 (2022)

(a) (b)

(c)

FIG. 1. (a) Structure of the A-C complexes in Si (A=B, Al, Ga,
In, Tl). (b) The impurity-state charge density of a −1 charged
Al-C complex in a 512-atom supercell. The isosurface contains
60% of the total charge. (c) The calculated acceptor ionization of
the Al-C complex using Eq. (1) with different supercell size.

complex in a 512-atom supercell is presented, and the iso-
surface contains 60% of the total charge. It is seen that the
charge is delocalized over the whole supercell. The arti-
ficial wave-function overlap between the periodic images
can lead to qualitative errors in the calculated ionization
energies.

According to the defect formation energy theory based
on supercell total energy calculations, the impurity-charge
transition level relative to the bulk valence-band maximum
(VBM) can be calculated by [6,32]

εim(q/q′) = E(α, q)− E(α, q′)+ (q − q′)EVBM

q′ − q
, (1)

where E(α, q) is the total energy of the supercell contain-
ing the impurity α at a charge state q, and EVBM is the
VBM energy of the impurity-free host material. The accep-
tor ionization energy of an A-C complex corresponds to
the transition level εim(0/− 1) between 0 and −1 charged
states. Ideally, the supercell size effect can be removed
through the extrapolation to infinite supercell length L.
Although this approach works well for deep impurities
with localized wave functions [33–35], it could fail for
shallow impurities due to the artificial interactions between
supercell images introduced by the overlap of delocalized
wave functions. For example, even for a neutral shallow

impurity, there could be long-range Coulomb interactions
between supercell images, because the overlapped impu-
rity states act as the background charge. This leads to a
nonphysical size dependence of the total energy [36,37].
To demonstrate this, we calculate the ionization energy
εim(0/− 1) of an Al-C complex in cubic supercells using
Eq. (1) with LDA. The supercell length L ranges from 3a to
6a (corresponding to 216 to 1728 atoms), where a = 5.39
Å is the LDA-optimized lattice constant of Si. The final
εim(0/− 1) obtained from the extrapolation to infinite L
is 2.4 meV [see Fig. 1(c)], much smaller than the experi-
mental value of 56.3 meV [20]. One may expect that the
disparity is a result of the self-interaction error of LDA,
and should be recovered by HSE. However, our HSE cal-
culations with these small supercells only slightly increase
the ionization energy. As seen in Fig. 1(c), for the 512-
atom supercell, the εim(0/− 1) calculated by HSE is only
5 meV larger than that by LDA. Therefore, the main source
of the error should be attributed to the artificial overlap
of impurity state wave functions, therefore an extremely
large supercell is needed to remove this effect, which could
exceed the capability of conventional DFT calculations.

B. The potential-patching method for shallow
impurities

In an alternative approach, the impurity ionization
energy can be evaluated by separately considering the con-
tributions from electronic excitations and structural relax-
ations [38,39]. For example, for the transition between the
neutral and −1 charged states of an acceptor α, Eq. (1) can
be rewritten as

εim(0/−1) = [E(α, −1, R−1)− E(α, 0, R−1)]

+ [E(α, 0, R−1)− E(α, 0, R0)]

− EVBM, (2)

here E(α, q, Rq′) indicates the total energy of the doped
supercell with a charge state q at the fully relaxed geome-
try Rq′ of a charge state q′. For shallow impurities, because
of the delocalized nature of the impurity wave func-
tion, the contribution from the structural relaxation due to
the occupation change of the impurity state, namely the
E(α, 0, R−1)− E(α, 0, R0) term, is quite small. According
to our calculations, for the A-C complexes in the present
study, this term is only approximately 1 meV, and thus can
be safely ignored. On the other hand, the electronic excita-
tion contribution E(α, −1, R−1)− E(α, 0, R−1) is the ion-
ization potential of the doped supercell in the −1 charge
state at the R−1 geometry, which corresponds to the quasi-
particle energy Eim(−1) of the occupied acceptor state
(it is also the highest occupied state of the doped super-
cell). The shallow acceptor level thus can be calculated
by εim(0/− 1) = Eim(−1)− EVBM [in the following, the
notion (0/− 1) is omitted since we focus on the εim(0/−
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1) level in the whole study]. Note the −1 charged impu-
rity system is a closed-shell system with a clear band
gap, ensuring fast convergence of the potential, and all
of the following calculations are based on this closed-
shell system. While in principle Eim and EVBM should be
computed by solving the quasiparticle equation (e.g., the
GW method [40,41]), in the following we first consider
the single-particle Kohn-Sham equation with the LDA
exchange-correlation functional as an approximation of the
quasiparticle equation, thus Eim and EVBM are determined
by the Kohn-Sham eigenenergies. Then we discuss the
correction scheme.

To get the Eim free from supercell image interaction, it
is essential to obtain the local potential Vim(r) at the infi-
nite L limit. Vim(r) includes the ion potential, the Hartree
potential, and the exchange-correlation potential. Here we
adopt a potential-patching approach [8]. When the system
is −1 charged, the corresponding Vim(r) has a long-range
potential tail 1/εr due to the screened Coulomb interac-
tion, where ε is the bulk dielectric constant. At a position
r far away from the impurity, Vim(r) can be well approx-
imated as Vim(r) = Vbulk(r)+ 1/εr, where Vbulk(r) is the
local potential of the perfect bulk Si. Therefore, the key
point is to determine the Vim(r) for r close to the impurity.
In this case Vim(r) can be expressed as Vbulk(r)+�V(r),
in which the �V(r) term contains the contributions from
the screened Coulomb potential of the −1 charge, the
chemical difference between the impurity and the host, and
the impurity-induced lattice distortion. The latter two con-
tributions are short ranged, namely, �V(r)− 1/εr → 0
when r is large compared to the lattice constant. Due to the
short-range nature of the �V(r)− 1/εr term, the Vim(r)
near the impurity can be evaluated using a supercell with
a moderate size. Here we construct a cubic 512-atom Si
supercell containing an A-C complex (�512), and the A
atom is placed at the cell center. The supercell is −1
charged and has 2048 valence electrons. After full relax-
ation, structural distortion is found to mainly occur near
the impurity. The atomic displacement at the cell boundary
is negligible (see Fig. S1 within the Supplemental Material
[42]), indicating the supercell size is sufficiently large to
accommodate the atomic relaxation. After self-consistent
calculations with LDA, one can obtain the local potential
VSC

im (r) of the impurity supercell.
Now, the VSC

im (r) includes all the short-range effects
caused by the A-C complex. However, as a result of the
periodic boundary condition, it also contains the 1/εr
Coulomb potential tails from the periodic images of the
impurity. For a supercell containing an impurity at r=0,
this image potential VC can be expressed as

VC(r) =
∑

(i,j ,k) �=(0,0,0)

1
ε|r − (iL1 + j L2 + kL3|) , (3)

in which L1, L2, and L3 are the supercell lattice vectors.
For the cubic 512-atom Si cell, |L1| = |L2| = |L3| = 4a.
To obtain the Vim(r) for r ∈ �512, the VC(r) should be
removed from the VSC

im (r). In order to calculate the VC(r),
one can construct a spherical model charge density ρmod(r)
localized within �512. The VC(r) can be then determined
by the difference between the electrostatic potential of
ρmod(r) under periodic boundary condition with the same
512-atom cell [VSC

mod(r)] and that under open boundary
condition [Viso

mod(r)] [8,43,44]. As mentioned above, for r
outside �512, Vim(r) can be well approximated by the bulk
potential plus the 1/εr tail. Hence, the total Vim(r) free
from the image interaction in a supercell of arbitrary size
can be constructed by patching the r ∈ �512 and r /∈ �512
components together:

Vim(r) =
{

V SC
im (r)− VC(r)+ Valign, r ∈ �512

Vbulk(r)+ 1/εr. r /∈ �512.
(4)

The Valign here is a constant potential alignment term to
ensure the potentials inside and outside �512 match each
other. To have a more realistic description on the 1/εr
Coulomb potential tail and impurity wave-function distri-
bution, the experimental dielectric constant [45] ε=11.9 of
silicon is used in our calculations. Note the experimental
and LDA dielectric constants are quite close (11.9 versus
12.3), and the use of the LDA dielectric constant only leads
to a 2-meV difference in the ionization energy. An illustra-
tion scheme of the potential-patching method is presented
in Fig. 2.

To see whether the potential-patching method works
well for the A-C complexes, we examine the generated
Vim(r) for the Al-C complex with −1 charge based on
LDA calculations. Ideally, the potential difference between
the generated Vim(r) and Vbulk(r) should coincide with the
1/εr tail at the cell boundary of �512. In Fig. 3, the atomic
site potential difference �Vi between the impurity system
and bulk as a function of distance from the Al atom is
plotted. �Vi is calculated as

�Vi(RAl-i) = Vatom
i (im)− Vatom

i (bulk),

Vatom
i (im) =

∫
ρG(r − RAl-C

i )Vim(r)dr,

Vatom
i (bulk) =

∫
ρG(r − Rbulk

i )Vbulk(r)dr.

(5)

Here RAl-C
i and Rbulk

i are the equilibrium positions of atom
i in the Al-C complex system and bulk, respectively, and
RAl-i = |RAl-C

i − RAl-C
Al | is the distance between the atom i

and Al. ρG is a Gaussian unit charge centered at atom i.
It is seen in Fig. 3 that the �Vi indeed follows 1/εRAl-i,
as the �Vi − 1/εRAl-i rapidly decreases to 0 when RAl-i
is larger than approximately 8 Å. Hence, the generated
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FIG. 2. Illustration scheme of the potential-patching method.

Vim(r) well describes the local potential of an isolated Al-
C complex. We also analyze the potential discontinuity at
the cell boundary of �512 and find the grid-averaged abso-
lute value of the potential mismatch is only approximately
10 meV. Such a small discontinuity ensures the applicabil-
ity of the potential-patching method, and should not cause
any significant effects in the final results. For comparison,
we also calculate the atomic site potential difference �VSC

i
between VSC

im (r) and Vbulk(r). As expected, �VSC
i (RAl-i)

does not exhibit the 1/εRAl-i behavior due to the super-
cell image interaction. Therefore, we conclude that the
potential-patching method can successfully remove the
Coulomb potential tail from the periodic images for the
−1 charged A-C complexes.

FIG. 3. Atomic-site potentials for a 512-atom supercell con-
taining an Al-C complex as a function of distance from the Al
atom. The results before and after the removal of the image
Coulomb interaction are both presented.

Once we obtain the Vim(r) with LDA, the eigenenergy
Eim of the impurity state can be calculated by solving the
Kohn-Sham equation:

(
−1

2
∇2 + Vim(r)+ V̂NL

)
ψim(r) = Eimψim(r), (6)

where V̂NL is the nonlocal pseudopotential. Note in the
potential-patching approach, the alignment term Valign
ensures that Vim(r) and Vbulk(r) have the same energy ref-
erence. Therefore, one can directly compare Eim and EVBM,
and get the acceptor ionization energy εim = Eim − EVBM.
To calculate the ionization energies for the A-C complexes,
we construct cubic supercells with sizes ranging from 8a
to 20a to generate the Vim(r), using the same central cell
size of 512 atom as in Eq. (4). The corresponding numbers
of atoms in the supercells are from 4096 to 64 000. The
different supercell sizes allow us to obtain converged εim
through extrapolation, and to explore size effects. For these
large supercells, the corresponding Kohn-Sham equations
are solved using the FSM [31], which allows one to com-
pute a few desired eigenstates near a given reference
energy, and the spin-orbit coupling effect is also included.

The calculated acceptor ionization energies εLDA
im of the

A-C complexes in Si, with the LDA exchange-correlation
functional, are listed in Table I. The results are extrapo-
lated to infinite supercell length using an exponential decay
function to obtain converged values [εLDA

im (∞)]. It is seen
that the calculated εLDA

im decreases as the supercell size
increases, which can be attributed to the reduced confine-
ment of the impurity wave function. In general, the εLDA

im
obtained with the 4096-atom supercell are significantly
larger than the εLDA

im (∞), indicating that the impurity wave
function can spread over thousands of atoms, thus larger
supercells with approximately 104 atoms are necessary for
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TABLE I. The LDA calculated acceptor ionization energies
εLDA

im of the A-C complexes in Si with the potential-patching
method using different supercell lengths L. The results are extrap-
olated to infinite supercell length using an exponential decay
function to obtain converged values. Experimental results [20]
are also given. The unit is meV.

εLDA
im

Cell length B-C Al-C Ga-C In-C Tl-C

L = 8a 71.64 75.44 75.04 84.45 105.33
L = 12a 51.39 54.84 54.43 65.29 92.38
L = 16a 42.39 46.43 45.93 59.38 90.02
L = 20a 38.30 43.12 42.52 57.76 89.60
L → ∞ 35.04 40.80 40.10 56.95 89.50
Expt. [20] 37.1 56.3 57.0 112.8 180

shallow impurity calculations. For instance, for the shal-
lowest B-C complex, a 64 000-atom supercell is needed to
ensure a reasonable convergence. In Table I, the experi-
mental acceptor ionization energies are also presented. The
calculated εLDA

im reproduces the trend in experiments, i.e.,
it increases when the A atom goes from B to Tl. However,
compared to experimental results, there is an overall under-
estimation in the calculated εLDA

im . The underestimation
is larger for a deeper impurity, increasing from approxi-
mately 2 meV for B-C to approximately 90 meV for Tl-C.
Since the structural relaxation contribution E(α, 0, R−1)−
E(α, 0, R0) is negligible, the source of the error should
come from the fact that the Eim and EVBM determined by
the Kohn-Sham eigenvalues are not true quasiparticle ener-
gies, because the LDA Kohn-Sham equation cannot well
approximate the exact quasiparticle equation for this prob-
lem, partly due to the self-interaction error. To obtain more
accurate acceptor ionization energies, a correction scheme
is needed to remove the LDA error.

C. A hybrid-functional correction

In the GW approach, the first-order correction to the
LDA eigenenergy ELDA

j to calculate the quasiparticle
energy EQP

j for a state j is [46]

�EQP
j = EQP

j − ELDA
j

= 〈ψLDA
j |
(EQP

j )− VLDA
xc |ψLDA

j 〉. (7)

Here ψLDA
j is the LDA wave function, V LDA

xc is the
exchange-correlation potential, and 
 is the nonlocal self-
energy. Therefore, the quasiparticle correction to the LDA
calculated ionization energy should be �εQP

im = �EQP
im −

�EQP
VBM, namely, the difference between the quasiparti-

cle energy corrections for the impurity state and the bulk
VBM. Because the −1 charged A-C complex systems and
bulk Si are all closed-shell systems with a clear band gap,
their GW self-energies 
 are short ranged [47,48]. As

a result, the self-energy effects can be effectively repre-
sented by modifications to the nonlocal pseudopotentials
using some spherical and short-ranged functions Vps(r)
that reproduces the �EQP

j [49–51]. For the ionization
energy calculations, what matters is the difference between
�EQP

im and�EQP
VBM, which is mainly determined by the dif-

ference between the self-energy operators of the impurity
system (
im) and bulk Si (
bulk). One can expect that the

im and 
bulk only significantly differ at the vicinity of
the impurity site, thus the difference can be well described
using a relatively small supercell, and the correction terms
Vps(r) can be applied only to the impurity and/or its nearby
atoms, with the requirement that the energy shift �εQP

im =
�EQP

im −�EQP
VBM for the impurity state in this small super-

cell is well reproduced. Then one can use the same Vps(r)
in a much larger supercell to remove the error cause by the
LDA potential.

To determine the Vps(r), in principle the �EQP
im and

�EQP
VBM should be computed with the GW method. Because

of the high computational costs, in practice the applica-
tions of the GW method is often limited to supercells with
several tens of atoms or less. However, a sufficiently large
supercell that accommodates the full relaxation of atoms is
crucial for determining Vps(r). While a 64-atom supercell
works for single-atom-doped Si [18], the A-C complexes
studied here requires a larger supercell. As mentioned, the
512-atom supercell is able to encompass all the atomic
relaxation, but it is difficult to perform a GW calculation for
such a large supercell. Here, we propose to perform HSE
hybrid-functional calculations instead of the GW method
to determine the Vps(r). More specifically, we require

EHSE
im (�512)− EHSE

VBM = ELDA+C
im (�512)− ELDA

VBM, (8)

where EHSE
im (�512) and ELDA+C

im (�512) are the impurity
eigenenergies in �512 calculated by the HSE functional
and the LDA potential plus the Vps(r) correction, respec-
tively. EHSE

VBM and ELDA
VBM are bulk VBM from HSE and

LDA, respectively. We expect that replacing GW by HSE
would work reasonably well. By mixing a portion of exact
exchange energy to the exchange-correlation functional,
the HSE functional restores, to a large extent, the lin-
earity of the total energy with respect to the occupation
[52]. Hence, it satisfies the generalized Koopmans’ condi-
tion [19] fairly well, and the HSE eigenenergies could be
a reasonable approximation to the quasiparticle energies,
especially for simple s-p bonded semiconductors like Si
[53]. Moreover, many studies have demonstrated that the
overall accuracy of the defect and impurity levels predicted
by HSE is comparable to that of GW calculations [54,55].

Because the impurity state of the A-C complex is mainly
contributed by the atomic p orbitals, we apply the correc-
tion Vps(r) = βsin(πr/rc)/r for r < rc to the p nonlocal
pseudopotential of the A atom. For r > rc, the Vps(r) is
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TABLE II. The HSE-corrected acceptor ionization energies
εLDA+C

im of A-C complexes calculated with different supercell size
L. The unit is meV.

εLDA+C
im

Cell length B-C Al-C Ga-C In-C Tl-C

L = 8a 75.95 83.75 83.53 115.05 171.59
L = 12a 55.24 64.24 63.84 104.02 166.86
L = 16a 46.85 58.03 57.49 102.28 166.44
L = 20a 43.58 56.27 55.66 102.01 166.40
L → ∞ 41.32 55.36 54.70 101.96 166.40
Expt. [20] 37.1 56.3 57.0 112.8 180

0. β and rc are adjusting parameters. We first perform
LDA and HSE self-consistent calculations for a 512-
atom supercell with a −1 charged A-C complex to obtain
EHSE

im (�512) and ELDA
im (�512), and for a bulk cell to obtain

EHSE
VBM and ELDA

VBM. Next, we apply Vps(r) to the p orbital
of the A atom, and perform a non-self-consistent calcula-
tion for the impurity 512-atom supercell using the LDA
local potential VSC

im (r) from the previous self-consistent
calculation. Note that non-self-consistent calculations are
adopted here instead of self-consistent calculations, mim-
icking the G0W0 approach where the total charge density
is not updated. With non-self-consistent calculations, there
is no modification on the total charge density induced by
Vps(r), and a Vps(r) with a relatively small magnitude can
be used. The β and rc are tuned, so that the impurity state
eigenenergy ELDA+C

im (�512) satisfies Eq. (8), namely, com-
pared to the case without the pseudopotential modification,
it is shifted by the difference in the HSE and LDA ion-
ization energies of �512. The fitted β and rc are given
in Table S1 within the Supplemental Material [42]. Then,
based on VSC

im (r), we use the potential-patching method as
described above to generate the Vim(r) in a large supercell.
The corrected impurity eigenenergy ELDA+C

im is computed
with the Vim(r) and the Vps-modified pseudopotential of the
A atom. Finally, the acceptor level εLDA+C

im is determined by
the difference between ELDA+C

im and the bulk VBM ELDA
VBM.

The results are listed in Table II. It is seen that the HSE
correction results in larger acceptor ionization energies
compared to LDA, and the calculated ionization energies
agree with experiments quite well. For B-C, Al-C, and Ga-
C, the errors are just a few meVs. For deeper In-C and
Tl-C levels, the errors are 11 and 14 meV, respectively,
which remain small compared to the magnitude of their
level depth (0.1–0.2 eV). Note LDA underestimates the
lattice constant of Si by 1%, which might be one of the
sources of the slight disagreements with experiments. The
good agreements between the calculated and experimental
results suggest that the combination of the potential patch-
ing method and the HSE correction scheme is a promising
approach for accurate calculations of shallow impurity
levels.

IV. THE IMPURITY STATES OFA-C COMPLEXES

A. Wave-function characters

With the potential-patching method and the HSE cor-
rection, not only the impurity levels, but also the impurity
wave functions of the A-C complexes can be calculated.
The wave-function overlap between periodic images can
be avoided using the 64 000-atom supercell, allowing one
to analyze the character of the impurity state. With spin-
orbit coupling, the calculated impurity states of the A-C
complexes are twofold degenerated, consistent with exper-
iments [24]. In Fig. 4(a), the spherical averages of the
impurity wave-function square versus the distance to the
A atom in the 64 000-atom supercell are shown for all
the A-C complexes. The exponential decay behavior of
the wave functions is clearly observed. The wave-function
tail can be approximated by an envelope function F(r) =
F0 exp(−r/a∗

Bohr), where F0 is a constant, and a∗
Bohr is

the effective Bohr radius, which qualitatively describes
the extent of the impurity wave-function localization. The
wave-function square thus follows |F(r)|2. The fitted a∗

Bohr
for the A-C complexes are given in the inset of Fig. 4(a).
The a∗

Bohr decreases as the acceptor level become deeper
from B-C to Tl-C. For B-C, Al-C, and Ga-C, their a∗

bohr
are larger than 10 Å, indicating a strong character of wave-
function delocalization. In Fig. 4(b), the charge density of
the impurity state of the Al-C complex is presented. The
isosurface contains 80% of the total charge. The C3v sym-
metry of the Al-C complex results in strong anisotropy in
the wave function. The impurity state is more extended
within the Si (111) plane than along the [111] direction.
The strong anisotropy suggests a significant central-cell
correction effect, which is missing in the hydrogen model

(a) (b)

FIG. 4. (a) Spherical averages of the wave-function square of
the A-C complexes versus the distance to the A atom in the
64 000-atom supercell. The results for Al-C and Ga-C are almost
identical. The fitted effective Bohr radius are also given in the
inset. (b) The charge density of the impurity state of the Al-C
complex in the 64 000-atom supercell. The isosurface contains
80% of the total charge.
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under the effective mass theory. By probing the wave-
function distribution around the Al-C complex (Fig. S2
within the Supplemental Material [42]), it is found that the
p orbitals of the Al atom and the C atom have opposite
phases and there is a nodal surface between them, indicat-
ing a p-p π∗ antibonding interaction, in agreement with a
previous study [56].

B. Origin of ionization energy reduction

Experimentally, it is found that, compared to the single
substitutional group-IIIA acceptors in Si (ASi), the forma-
tion of the A-C complexes results in an approximately
20% reduction in the ionization energy [20]. However,
the mechanism of the ionization energy reduction is not
fully understood yet. In this part, we explore the origin of
this reduction. Here, we use our potential-patching method
with the HSE correction to compute the ionization energy
of the ASi (the details of the pseudopotential correction
used is given in Table S2 within the Supplemental Material
[42]), and the results are listed in Table III. It is seen that
our procedure yields good agreements with experiments
[20] and previous GW-based calculations [18]. The calcu-
lated acceptor ionization energy change �εdiff

im of the A-C
complexes with respect to the ASi is shown in Fig. 5(a) (a
negative value indicates a reduction in ionization energy).
The magnitude of �εdiff

im are consistent with experiments.
In general, there could be two factors that contribute to

the reduction of ionization energy [57]. The first one is
the chemical interaction (CI) between the A atom and the
C atom. The second one is the strain-field effect, namely
the global structural distortion (SD) of the Si lattice due
to the incorporation of the C atom. Correspondingly, we
can decompose the formation of the A-C complexes into
two processes CI and SD. This is done by constructing an
intermediate configuration (Rinter) between fully relaxed
structures of the single-A dopant (RA) and the A-C com-
plex (RA-C). Starting from RA, we replace a neighboring Si

TABLE III. Acceptor ionization energies εLDA+C
im of ASi calcu-

lated by the potential patching method with the HSE correction
using different supercell lengths L. Experimental results [20]
and theoretical values from GW-based calculations [18] are also
listed for comparison. The unit is meV.

εLDA+C
im

Cell length B Al Ga In Tl

L = 8a 76.92 94.10 93.36 152.18 225.71
L = 12a 55.89 75.72 74.51 144.16 222.04
L = 16a 47.46 71.00 69.55 143.27 221.81
L = 20a 44.22 69.93 68.39 143.18 221.78
L → ∞ 42.02 69.50 67.91 143.16 221.78
GW-based Calc. [18] 44 62 71 139 246
Expt. [20] 44.3 68.5 72.7 156.0 246.0

(a) (b)

FIG. 5. (a) Calculated and experimental acceptor ionization
energy change �εdiff

im of the A-C complexes with respect to the
ASi. (b) The CI and SD contributions to the �εdiff

im .

atom of the A atom by a C atom, and then the Rinter is gen-
erated by only relaxing the A and the C atoms as well as
their nearest-neighboring Si atoms (eight atoms are relaxed
in total). All the other Si atoms are kept at their positions
in RA. The acceptor ionization energy in the intermediate
configuration are calculated using the potential-patching
method, with the same HSE corrections as for the fully
relaxed A-C complexes. As a result, the CI process RA →
Rinter contains all the chemical effects, and the SD process
Rinter → RA-C includes the structural effects. Then we have

�εim(CI) = εim(Rinter)− εim(RA),

�εim(SD) = εim(RA-C)− εim(Rinter),

�εdiff
im = εim(RA-C)− εim(RA)

= �εim(CI)+�εim(SD). (9)

Here �εim(CI) and �εim(SD) are the contributions of the
CI and SD processes to the ionization energy reduction.
εim(RA), εim(Rinter), and εim(RA-C) are the calculated ion-
ization energies of the ASi, the intermediate structure, and
the A-C complex.

In Fig. 5(b), the calculated �εim(CI) and �εim(SD)
are presented. For A=B, Al, and Ga, the �εim(CI) is
slightly positive, therefore it tends to increase the ion-
ization energy. However, the negative SD contribution
dominates over the CI contribution, leading to the over-
all reduction in the ionization energy. For A=In and Tl,
the situation is different. Both the �εim(CI) and �εim(SD)
are negative and have similar magnitudes, indicating that
the ionization energy reduction in these systems is a joint
effect of CI and SD. It is interesting to note that the CI
has opposite effects for the two groups of dopants, which
can be understood by a competition mechanism. For the
impurity state, there are two types of chemical interaction
between the A and C atoms. One is the p-p π∗ antibond-
ing interaction as mentioned above, which tends to push up
the impurity level and increase the ionization energy. The
other type of interaction is the charge transfer between A
and C atoms. Compared to the case of ASi, there will be an
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additional charge transfer from the A atom to the C atom
in the A-C complex, since C has a larger electronegativity
than Si. As a result, the charge transfer decreases the elec-
trostatic potential around the A site, lowers the impurity
level, and tends to reduce the ionization energy. Whether
the CI increase or decrease the ionization energy depends
on the competition between the antibonding interaction
and the charge transfer effect. According to our calcula-
tions, the relaxed A-C bond lengths increase from 1.76 to
2.37 Å when A goes from B to Tl, therefore the A-C anti-
bonding interaction becomes weaker from B to Tl. On the
other hand, the additional charge transfer from the A atom
due to the incorporation of C is around 0.1 e for all A-C
complexes. Therefore, for the cases of B, Al, and Ga, the
positive CI contribution can be attributed to the stronger
A-C antibonding, which dominates over the charge trans-
fer effect. For In and Tl, it is the charge transfer effect
that dominates due to the weaker antibonding interaction,
hence the CI contribution is negative.

The understanding on the interplay between antibond-
ing, charge transfer, and structural relaxation effects brings
valuable insights for experimental dopant engineering on
the key factors that affects the ionization energy of shal-
low impurities. These discoveries further demonstrate the
capability of the potential-patching method to qualitatively
describe the shallow impurities at the atomic scale, as
it can provide not only accurate ionization energies, but
also electronic and structural details in a first-principles
manner. With the fast developments in semiconductor
technology, various applications of emerging semiconduc-
tor materials, such as solar cells [58,59], photocatalysts
[60], photodetector [61], and field-effect transistors [62,63]
are realized experimentally, where shallow dopants play
important roles. However, empirical parameters are often
not easy to acquire for these systems, and the potential-
patching method presented here thus could be of partic-
ular interest. Moreover, besides the single crystal studied
here, further developments of the current method can be
extended to device-relevant structures like heterojunctions,
superlattices, alloys, and nanostructures, and the shallow-
level ionization energy change in these structures due to
quantum confinement effect will be very interesting, and
critical to the doping design in such applications.

V. CONCLUSIONS

In summary, the shallow acceptor levels of the A-C
complexes in Si are studied using a potential-patching
method combined with a hybrid-functional correction. The
potential-patching method removes the artificial interac-
tion between periodic images and allows the calculations
of large supercells containing over 104 atoms to obtain
converged acceptor ionization energies and wave func-
tions. The LDA calculated acceptor ionization energies
are underestimated compared with experiments, due to

the failure of Kohn-Sham eigenenergies to approximate
quasiparticle energies. However, it is difficult to perform
quasiparticle GW calculations for a large doped super-
cell. To overcome this problem, based on HSE hybrid-
functional calculations, which are more computationally
efficient than GW, we introduce a correction potential on
top of the LDA-calculated potential to mimic the quasi-
particle self-energy. After the correction, the resulting
acceptor ionization energies are in good agreements with
experiments. The impurity wave functions of the A-C com-
plexes could spread over thousands of atoms, and exhibit
a highly anisotropic character. The origin of the acceptor
ionization energy reduction of the A-C complexes com-
pared to the single-A dopants is also analyzed. It is found
that for B, Al, and Ga, the energy reduction is dominant by
the structural distortion of the Si lattice due to the incor-
poration of the C atom. For In and Tl, the reduction is
a joint effect of the structural distortion and the chemical
interaction between the A and the C atoms. Our results
indicate that the combination of the potential-patching
method and the hybrid-functional correction could be
a feasible approach for accurate simulations of shallow
impurity states, and can provide theoretical insights to help
experimental dopant engineering, especially when emerg-
ing semiconductors and dopants become experimentally
available but empirical parameters are lacking.
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