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Quantum Control of Hole Spin Qubits in Double Quantum Dots
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Hole spin qubits in semiconductor quantum dots (QDs) are promising candidates for quantum informa-
tion processing due to their weak hyperfine coupling to nuclear spins, and to the strong spin-orbit coupling,
which allows for rapid operation time. We propose a coherent control on two heavy-hole spin qubits in a
double QD by a fast adiabatic driving protocol, which helps to achieve higher fidelities than other exper-
imentally commonly used protocols as linear ramping, π pulses or Landau-Zener passages. Using fast
quasiadiabatic driving via spin-orbit coupling, it is possible to reduce charge noise significantly for qubit
manipulation and achieve high robustness for the qubit initialization. We also implement one- and two-
qubit gates, in particular, NOT, CNOT, and SWAPlike gates, of hole spins in a double QD achieving fidelities
above 99%, exhibiting the capability of hole spins to implement universal gates for quantum computing.
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I. INTRODUCTION

Fast and precise control of a large number of qubits is
required for the implementation of quantum algorithms
and hardware to realize quantum computing. As one of
the pillars in the development of quantum technologies
[1–5], spin qubits in quantum dots (QDs) [6–8] present
long coherence time [9] and compatibility in semiconduc-
tor manufacturing technology [10]. Recent progress with a
fidelity exceeding 99% overcomes the barrier for two-qubit
gate control [11–14], which signifies that semiconductor
qubits possess promising potential applications in the era
of noisy intermediate-scale quantum devices. Great effort
is currently being devoted to the investigation of hole spin
qubits in QDs [15–30], owing to their long coherence
time resulting from the weak hyperfine coupling to nuclear
spins [18], and rapid operation time [20,31,32] due to the
inherently strong spin-orbit coupling (SOC). In particu-
lar, Ge QDs [33–36] have high hole mobility and a strong
Rashba SOC [31,37], which facilitates electrical drive for
fast qubit operations. In GaAs QDs however, due to the
lack of bulk inversion symmetry, Dresselhaus SOC also
plays a role. All of these allow for a wide range of tunable
properties, leading to highly scalable, easily addressable,
and fast hole spin qubits. However, all-electric control
related to strong SOC could induce a higher susceptibil-
ity to charge noise, which is detrimental to the robustness
of hole spin qubits.

*gplatero@icmm.csic.es

Landau-Zener (LZ) protocols have been developed to
manipulate charge and spin electron qubits [38–42]. Low
ramping velocity and adiabatic pulses allow for the tran-
sition along the instantaneous eigenstate [43,44], but are
prone to decoherence, whereas fast ramping causes transi-
tions between instantaneous eigenstates. Pulses in different
shapes like “double hat,” “convolved,” and “trapezoid”
[45] solve this trade-off to some extent. However, high
accuracy needs further tuning of the parameters whose
modulation can allow for the best compromise. To this
end, shortcuts to adiabaticity (STA), a framework that
allows reducing the duration of slow adiabatic processes
[44,46–49], is believed to solve the above issue. It has been
applied for fast and robust control of electron spin qubits
in a single [50] and a double QD (DQD) [51,52], and for
electron transfer in a long QD array [53,54]. Moreover,
dynamical sweet spots have been investigated to increase
the spin qubit decoherence time [55]. Also, nonadiabatic
geometric phases, such as the Aharonov-Anandan phase
[56], have been used to construct electron spin gates in
semiconductor QDs [57,58] with reduced evolution time.

In this work, we propose a high-fidelity control pro-
tocol for the hole spin singlet-triplet qubit where both
Rashba and Dresselhaus SOC play a prominent role. By
fast quasiadiabatic (FAQUAD) approach [59], the detun-
ing between energy levels ε(t) is used as the control
parameter so that the state evolution is along the adiabatic
state as fast as possible, avoiding diabatic transitions. We
compare the results obtained by FAQUAD and other proto-
cols, such as a linear ramp, the LZ protocol, a π pulse, and
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a reduced version of FAQUAD known as local adiabatic
(LA). Each of them may exhibit its advantages depending
on the working scenario. However, we show that the pro-
posed FAQUAD protocol for quantum control of a hole
spin qubit allows achieving higher fidelities. Initializing
the qubit at an arbitrary state, hole spin one-qubit and two-
qubit gates such as CNOT and SWAP gates, achieve fidelities
beyond the fault-tolerance error-correction threshold of
0.99 [60–62]. There are no other proposals in the lit-
erature for the design of two-qubit gates for hole spin
singlet-triplet qubits. In this work, we focus on GaAs
QDs where both Rashba and Dresselhaus interactions are
present. However, the theoretical framework is general and
therefore applicable to other materials such as Si or Ge
where only Rashba SOC is present.

II. MODEL

We consider a planar DQD populated with two heavy
holes (HHs), Fig. 1(a). The total Hamiltonian can be
written as H0 = HDQD + HB + HSOC, where the first term
reads

HDQD =
∑

i=L,R

εic
†
i ci + U

∑

i=L,R

ni↑ni↓

− tN
∑

σ=↑,↓
(c†

Lσ cRσ + H.c.). (1)

Here εi with i = L, R is the energy level of the left and
right dots, respectively, U is the intradot Coulomb energy,
and tN the spin-conserving tunneling rate between adjacent
dots. The operator ciσ (c†

iσ ) is the annihilation (creation) of
a hole state with spin σ in the dot i. The applied magnetic
field with intensity B, perpendicular to the dots’ plane,
results in a Zeeman splitting HB = 1

2 g∗μBB
∑

i=L,R(ni↑ −
ni↓), where g∗ is the effective Landé factor (g∗ = 1.45
for holes in GaAs) and μB the Bohr magneton. Here we
assume a homogeneous magnetic field and g factor, while
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FIG. 1. (a) Scheme of a DQD populated with two holes with
level detuning ε. tN is the spin-conserving tunneling rate between
dots, while the spin-flip tunneling rate λ2 is a consequence of the
SOC. The magnetic field perpendicular to the dots’ plane pro-
duces a Zeeman splitting EZ . (b) Energy-level diagram of the
system. Basis states at large and low detunings are indicated.
The S − T− anticrossing is located at ε̃. B = 15 mT, U = 2 meV,
tN = 1 μeV, λ2 = 0.1 μeV.

the effect of an inhomogeneous g factor is analyzed in the
Supplemental Material [63]. Finally, SOC is given by the
term

HSO = iαE⊥(σ+p3
− − σ−p3

+)

− β(σ+p−p+p−+σ−p+p−p+). (2)

The ladder operators are defined as σ± = (σx ± iσy)/
√

2,
the momentum operator p± = px ± ipy given by �p =
−i� �∇ + e∗/c �A, with e∗ the hole effective electric charge,
c the speed of light, and �A the magnetic vector potential.
Equation (2) represents the Rashba SOC (α) due to the
structure inversion asymmetry, controlled by the effective
electric field E⊥ produced by the accumulation gate, and
Dresselhaus SOC (β) due to the bulk inversion asymme-
try. SOC in two-dimensional hole gases was analyzed in
III-V and Si-based heterojunctions in Ref. [64], where it
was shown that higher-order terms in the wave vector con-
tained in the heavy-hole spin splitting are sizable. In GaAs
QDs, cubic Rashba and Dresselhaus SOC are the domi-
nant terms, while in systems like Ge and Si nanowires
and elongated QDs, the spin orbit is modeled by the direct
Rashba SOC [65,66]. Furthermore, depending on the QD
configuration, linear contributions to the SOC could be rel-
evant [67–70]. Nevertheless, in all these cases SOC can be
included in a phenomenological model as a spin-flip term.

Since we consider a closed system, it is appropriate to
work within the molecular basis of singlets: |S(1, 1)〉 ≡
(|↑, ↓〉 − |↓, ↑〉)/√2, |S(0, 2)〉 ≡ |0, ↑↓〉, and |S(2, 0)〉 ≡
|↑↓, 0〉, and triplets |T0(1, 1)〉 ≡ (|↑, ↓〉 + |↓, ↑〉)/√2,
|T−(1, 1)〉 ≡ |↓, ↓〉 and |T+(1, 1)〉 ≡ |↑, ↑〉. We write the
spin-flip tunneling matrix element between the polar-
ized triplet states and the double-occupied singlet state
as 〈T±(1, 1)| HSOC |S(0, 2)〉 = λ2, and 〈T±(1, 1)| HSOC
|S(1, 1)〉 = 2λ2S/

√
2 = λ1 for the single-occupied singlet

state. Here we define the overlap between the wave func-
tions in each dot as S ≡ 〈L|R〉 = exp(−d2/2l2), where d
is the distance between dots, and l the extent of the wave
function centered at each dot. The matrix element λ2 also
depends on these two parameters. The explicit expres-
sion showing this dependence is given in the Supplemental
Material [63]. With the experimental parameters for GaAs
QDs proposed in Ref. [20], we obtain the relation λ1/

λ2 ∼ 1/100.
Under a constant magnetic field B the unpolarized triplet

state |T0(1, 1)〉 does not interact with any other state.
The anticrossing between |T+(1, 1)〉 and the singlet states
is located in a detuning ε ≡ εR − εL close to ε + U ∼
−2t2N /EZ + EZ . As we see below, our working regime
is far from this detuning so |T+(1, 1)〉 does not interact
with other states in our case, and we can neglect its con-
tribution. Furthermore, if the detuning is large enough
(ε > −U) the double-occupied singlet state |S(2, 0)〉 is far
apart in energy and does not play any role. Then, we write
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the matrix form of the total Hamiltonian H0 in the basis
(|T−(1, 1)〉 , |S(0, 2)〉 , |S(1, 1)〉) as

H0 =
⎛

⎝
−EZ λ2 λ1

λ∗
2 ε + U −√

2tN
λ∗

1 −√
2tN 0

⎞

⎠ , (3)

with the Zeeman splitting in each dot EZ , and εL + εR = 0.
The instantaneous eigenenergies are shown in Fig. 1(b).
Due to the finite spin-conserving tunneling rate tN , the
singlets form hybridized states

|SG〉 = cos �/2 |S(1, 1)〉 + sin �/2 |S(0, 2)〉 ,

|SE〉 = − sin �/2 |S(1, 1)〉 + cos �/2 |S(0, 2)〉 , (4)

where tan � = 2
√

2tN /(ε + U). We encode our computa-
tion basis with the triplet state and the ground hybridized
singlet state. However, the transition between the charge
configurations (1, 1) and (0, 2), leads to charge fluctuation.
This is why we try to reduce the population of |S(0, 2)〉 as
much as possible. The anticrossing between singlet states
is located at ε + U = 0. Far from this point, for ε + U 

tN , the ground hybridized singlet state is |SG〉 ∼ |S(1, 1)〉.
It is this regime in which we are interested since charge
noise is significantly reduced. The anticrossing between
the triplet and the ground hybridized singlet state is located
at ε̃ + U ∼ 2t2N /EZ − EZ . Then, we need that this anti-
crossing fulfills ε̃ + U 
 tN , which is verified in the limit
tN 
 EZ , being this configuration the ideal one to avoid a
significant contribution of |S(0, 2)〉. The typical value for
the spin-conserving tunneling rate is close to tN ∼ 5 μeV,
while a reasonable magnetic field of B ∼ 5 mT corre-
sponds to a Zeeman spiting EZ ∼ 0.4 μeV, verifying the
above condition. In particular, if tN > EZ/

√
2 the anti-

crossings between the singlet state and the triplet states
|T−(1, 1)〉 and |T+(1, 1)〉 are far apart from each other, so
the approximation of neglecting |T+(1, 1)〉 is justified. If
other excited states are close to the working point, more
elaborate protocols should be used to maintain high fidelity
in the operations to avoid a possible leakage out of the
computation basis. In particular, the speed of the protocol
will be reduced in order to avoid transitions to these states.

III. TRANSFER S(1, 1) − T−(1, 1)

We investigate the design of a detuning pulse in order
to pass from |T−(1, 1)〉 to |S(1, 1)〉 along the instantaneous
state |φ1〉, where H0 |φ1(ε)〉 = E1(ε) |φ1(ε)〉, whose instant
eigenenergy E1(ε) is represented by the dashed black line
in Fig. 1(b). There are different approaches to design the
detuning pulse between the dots, the only driving parame-
ter in our case. A linear ramp of the detuning between the
initial and final time gives the adiabatic evolution when
the time derivative of the detuning, i.e., the driving speed,
is small enough (ε(tf ) − ε(0))/tf � λ2 so the adiabatic

condition is fulfilled during the protocol. To reduce the
total time, one can consider an LZ-type protocol composed
of a linear ramp with total time traise, a waiting time tw,
and another linear ramp returning to the original point.
The total time of the protocol is given by tf = 2traise + tw.
During the waiting time, the state acquires a phase inter-
fering destructively or constructively during the returning
linear ramp, resulting in a complete transfer. Another pro-
posal for quantum control is the π pulse. In this protocol,
all the parameters of the system are constant over time,
with the detuning fixed at the anticrossing ε̃. By changing
the total time of the protocol, the system undergoes Rabi
oscillations between both states. If the waiting time is a
multiple of π/�f (λ2), where f (λ2) is the SOC energy gap,
a transfer between states is achieved. However, this proto-
col works only properly when the system can be effectively
reduced to a two-level system. If not, multiple π pulses
must be employed in each of the anticrossings [71]. In this
work, we propose to use a protocol, not yet experimen-
tally implemented in semiconductor quantum dots, based
on shortcuts to adiabaticity, in order to improve the fidelity
of the established protocols mentioned above.

We investigate the FAQUAD [59] protocol, which effi-
ciently allows the transfer to be sped up far from the
anticrossings where diabatic transitions to excited states
have a very low probability, and reduce the speed other-
wise. The adiabaticity condition for a N -level system can
be written as

c = �

N∑

k �=i

∣∣∣∣
〈φi(t)| ∂tH(t) |φk(t)〉

[Ei(t) − Ek(t)]2

∣∣∣∣ , (5)

where |φk(t)〉 are the instantaneous eigenstates and Ek(t)
the corresponding eigenenergies. The system is initialized
in the eigenstate given by |�(0)〉 = |φi(0)〉. If the dynam-
ics is slow enough, that is, c � 1, at the end of the protocol
the system will remain in the same eigenstate |�(tf )〉 =
|φi(tf )〉. We assume that the system is driven by a single
parameter, named ε, so we can write ∂tH = ε̇∂εH , with
ε̇ ≡ ∂tε the driving speed. Imposing boundary conditions
for the driving parameters (see below) we can rewrite the
adiabatic condition in Eq. (5) as

c = �

tf

N∑

k �=i

∫ ε(tf )

ε(0)

dε

∣∣∣∣
〈φi(ε)| ∂εH(t) |φk(ε)〉

[Ei(ε) − Ek(ε)]2

∣∣∣∣ . (6)

The above integral has no analytical solution for a gen-
eral system. However, it can be easily solved by numerical
methods. Once the value of the adiabatic constant c is
known, we can solve the following differential equation to
obtain the time-dependent driving parameter:

ε̇ = c
�

N∑

k �=i

∣∣∣∣∣
[Ei(ε) − Ek(ε)]2

〈φi(ε)| ∂εH(t) |φk(ε)〉

∣∣∣∣∣ . (7)
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The solution of the above equation gives as a result a
driving parameter that ensures a constant value of c dur-
ing the transfer. The dynamic evolves fast if the control
parameter is far from the avoided anticrossings, where no
diabatic transitions are possible. Near the anticrossings,
the driving slows down to ensure the adiabatic condi-
tion, staying in the instantaneous eigenstate, Fig. 2(a). We
define the fidelity of the protocol as the total population
of the single occupied singlet state at the final time F ≡
|〈S(1, 1)|�(tf )〉|2. In Fig. 2(b) we show how the fidelity
depends on the total time of the protocol. As tf increases
the dynamic is closer to the adiabatic regime, i.e., c � 1.
The characteristic of the FAQUAD protocol is the ondu-
latory behavior of fidelity, tending asymptotically to the
value of unity. We define the first peak in the fidelity as F̃ ,
which is reached with a total time of t̃f .

The boundary conditions for the driving parameter
have a significant effect on the final result of the trans-
fer. We start the dynamics initializing the system in the
triplet state |�(t = 0)〉 = |T−(1, 1)〉. However, this state
does not exactly correspond to an instant eigenstate |φi〉
with |〈T−(1, 1)|φi(ε(0))〉|2 = 1 − γ0 for 0 < γ0 < 1. Ide-
ally, the protocol would start with a detuning such that
γ0 = 0, but this is only possible at the limit ε(0) → −∞.
Then, working with a moderate value of ε(0), γ0 acquires
a finite value. The same discussion is valid for the final
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Δ
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FIG. 2. (a) Detuning pulse shape obtained with FAQUAD.
The boundary conditions for the detuning define the detuning
range as 
ε = ε(tf ) − ε(0). The dashed red line marks the loca-
tion of the anticrossing. (b) Fidelity of the |T−(1, 1)〉 → |S(1, 1)〉
transfer versus the total time of the protocol. The red dot marks
the first peak in the fidelity F̃ , which is obtained for a total time
of t̃f . The detuning range used is 
ε = 0.3 meV. (c) Infidelity
of FAQUAD versus the detuning range 
ε. The red dot cor-
responds to the fidelity shown in (b). B = 10 mT, U = 2 meV,
tN = 5 μeV, λ2 = 0.1 μeV, λ1 = λ2/100.

detuning at which |〈S(1, 1)|φi(ε(tf ))〉|2 = 1 − γf , but now
the value of γf = 0 is only reached in the limit of large
detuning ε(tf ) → ∞. We study the dependence of F̃ on
the value of the boundary conditions fixing γ0 = γf . In
Fig. 2(c) we plot the infidelity at the first peak versus the
detuning 
ε ≡ ε(tf ) − ε(0). As we increase the range of
detuning, the values of γ0 and γf decrease, resulting in
higher transfer fidelity. We find that the fidelity increases
exponentially with the detuning range. Using a large detun-
ing range is a promising way to achieve ultrahigh transfer
fidelities. Furthermore, the total time needed to reach the
first peak remains nearly constant when increasing the
detuning range (not shown here). During the rest of the
paper, we fix the boundary conditions such that γ0 = γf =
0.01, obtaining a moderate value for the detuning 
ε ∼
30 μeV.

Besides the detuning range, a worthwhile thing to keep
in mind for a possible experimental implementation is the
pulse shape. With FAQUAD we obtain a control parameter
pulse shape with sharp edges at both the beginning and the
end of the protocol. In order to mimic a pulse that could
be experimentally implemented, we divide the ideal pulse
shape for the detuning into a series of linear ramps with an
individual duration of 
t, see Fig. 3(a). The pulse is then
divided into a total of tf /
t linear ramps, recovering the
ideal pulse at 
t = 0. In Fig. 3(b) we plot the fidelity for
the |T−(1, 1)〉 → |S(1, 1)〉 transfer versus the total time of
the protocol using the ideal pulse, along with more real-
istic pulses with different time resolution 
t. In all cases,
the maximum fidelity is F > 0.99, even for values as high
as 
t = 20 ns. We demonstrate that the pulses obtained
with FAQUAD are robust against a finite time resolution
of the control parameter, being a potential candidate for the
manipulation of spin qubits in semiconductor QDs.
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FIG. 3. (a) Ideal pulse shape (solid black line), and a dis-
cretized pulse with certain time resolution 
t. (b) Fidelity for the
|T−(1, 1)〉 → |S(1, 1)〉 transfer with FAQUAD against the total
time of the protocol for different values of the time resolution

t. The limit 
t → 0 (darker colors) denotes the limits of the
ideal pulse. g = 1.35, B = 10 mT, tN = 5 μeV, λ2 = 0.1 μeV,
and U = 2 meV.
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A simplified version of FAQUAD known as local adi-
abatic [63,72,73] also gives rise to outstanding results.
This protocol requires less information about the system
if in Eq. (5) the next condition 〈φi(t)| ∂tH(t) |φk(t)〉 = 1,
∀k �= i, is considered. This assumption, even if not veri-
fied at all times, highly simplifies the protocol, which no
longer needs information about the eigenstates. It could
be beneficial for its implementation where a precise char-
acterization of all the parameters can be challenging (see
the Supplemental Material [63] for more details). Further-
more, the fidelity obtained with this protocol is comparable
to the results obtained with FAQUAD. Figure 4(a) shows
the pulse derived from each of the mentioned protocols.
Among all protocols, the highest fidelity is obtained by
FAQUAD and LA, with the maximum value Fmax = 0.993
[Fig. 4(b)]. FAQUAD reaches this value at a smaller tf
than LA, while the latter is less sensitive to a deviation
in the final time tf . Using a π pulse, we observe typi-
cal Rabi oscillations, but with F < 0.99 at all final times.
To understand the low fidelity obtained by performing
a linear protocol, we can assume that we have a two-
level system and that we can apply the Landau-Zener
formula FLZ = 1 − exp(−2πλ2

2/�ν), where ν = 
ε/tf is
the speed of the linear ramp. We find that the detuning
range is proportional to the spin-conserving tunneling rate

ε ∝ tN . Using experimental parameters for HH in GaAs
the SOC λ2/tN = 0.02 [74] is small. Using these param-
eters in the Landau-Zener formula we obtain low fidelity
even for large times FLZ(tf = 250 ns) ∼ 0.6. This value is
close to that obtained by numerical methods for the linear
ramp [Fig. 4(b), orange line]. Applying a protocol consist-
ing of two linear pulses plus a waiting time in between

0.0 0.2 0.4 0.6 0.8 1.0
t/tf

60

80

ε
+

U
(μ

eV
) (a)

0 50 100 150 200 250
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1

F

(b)

FIG. 4. (a) Pulse shapes for the state transfer T−(1, 1) →
S(1, 1), designed by FAQUAD (solid blue), LA (dashed green),
linear (dotted-dashed orange), π pulse (dotted red), and the LZ-
type protocol consisting in two linear ramps and a waiting time
(solid purple). (b) Fidelity for the different protocols against the
total time. B = 10 mT, U = 2 meV, tN = 5 μeV, λ2 = 0.1 μeV,
λ1 = λ2/100, and tw = 0.05traise.

substantially improves the results of a linear ramp. How-
ever, the maximum fidelity obtained with this pulse is still
below the proposed FAQUAD protocol, which proves to
be a better alternative than those protocols usually consid-
ered in experiments. Since the best results for state transfer
are obtained with FAQUAD, we focus on this protocol and
compare its feasibility with the other established ones.

In order to study the effect of the charge noise on
the state transfer, we solve the master equation ρ̇ =
−i/�[H0, ρ] + ∑

i

(
LiρL†

i − 1/2
{

L†
i Li, ρ

})
, where the

Lindblad operator is given by Li = (
√

�ch + √
�SD)σi, and

σi are the two diagonal Gell-Mann matrices. Pure dephas-
ing is mainly caused by charge noise when |S(0, 2)〉 is
populated during the transfer. It leads to a dephasing
strength �ch(ε) = γ2|〈S(0, 2)|φ1(ε)〉|2 [45]. Furthermore,
we also include an extra spin-dephasing term (�SD) due
to the spin-orbit mixing of the HH states interacting with
phonons [15], and to the hyperfine interaction. This spin-
dephasing term is assumed to be constant at all detuning.
Figures 5(a) and 5(b) show the fidelity of FAQUAD in
terms of tf and EZ in the presence of charge noise and
spin dephasing. In the limit of a large magnetic field, the
total time needed to reach the first peak in the fidelity
is much smaller than the spin-dephasing strength t̃f �
1/�SD. However, the crossing between the singlet and the
triplet states is located at ε̃ + U < 0. In this region the
ground state |SG〉 ∼ |S(0, 2)〉 and charge noise during the
dynamics is the dominant noise source. The large popu-
lation of |S(0, 2)〉 results in low transfer fidelities. In the
other limit, working with low magnetic fields, the rele-
vance of |S(0, 2)〉 decreases, while the total time t̃f that is
needed to obtain a complete state transfer increases. Even
if charge noise is highly suppressed in this limit, t̃f is high
enough such that spin dephasing is relevant, resulting in

100

200

t f
(n

s)

(a) (c)

0.0

0.5

1.0

1 2 3
EZ (μeV)

0.90

0.95F̃

(b)

5 10
tN (μeV)

(d)

FIG. 5. (a),(c) Fidelity, considering the FAQUAD protocol,
for the transfer |T−(1, 1)〉 → |S(1, 1)〉 in the presence of charge
noise and spin dephasing as a function of (a) EZ and tf with
tN = 5 μeV; (c) tN and tf with EZ = 1.17 μeV. (b),(d) F̃ cor-
responding to the dashed red lines shown in (a),(c). U = 2 meV,
λ2 = 0.02tN , λ1 = λ2/100, γ2 = 10−2 ns−1, �SD = 10−4 ns−1.

054090-5



FERNÁNDEZ-FERNÁNDEZ, BAN, and PLATERO PHYS. REV. APPLIED 18, 054090 (2022)

a decrease of the fidelity F̃ . Therefore, there is a com-
promise between these two limits for the magnetic field
intensity. With the parameters considered, the maximum
fidelity is obtained at B ∼ 15 mT, i.e., EZ ∼ 1.17 μeV.
This value corresponds to the optimal point of operation
for the state transfer.

We also analyze the dependence of F on the spin-
conserving tunneling rate, Figs. 5(c) and 5(d) in the pres-
ence of charge noise and spin dephasing. Here we fix the
ratio between the spin-flip and spin-conserving tunneling
rates at λ2/tN = 0.02. As the tunneling rate increases, the
crossing point moves farther from ε̃ + U = 0, so that the
ground hybrid singlet state is given by |SG〉 ∼ |S(1, 1)〉.
Then, |S(0, 2)〉 is not populated during the transfer result-
ing in low charge noise. In this case, increasing tN has
low effect on the total time t̃f . However, working with
large tN results in a increase of the detuning range 
ε ≡
ε(tf ) − ε(0) needed to obtain the same boundary condi-
tion of γ0 and γf . If the initial of the final detuning is high
enough, surpassing the lead barriers, new particles can
enter the system, modifying the results shown here. There-
fore, for a practical scenario in an experimental device, a
moderate tN is required.

IV. QUBIT-STATE INITIALIZATION

One of DiVincenzo’s criteria for the construction of
a quantum computer [75] is the ability to initialize the
state of the qubit. We use the singlet-triplet states to
map the computational basis as |0〉 ≡ |T−(1, 1)〉 and |1〉 ≡
|S(1, 1)〉. A general qubit state is written as

|�〉 = cos θ/2 |T−(1, 1)〉 + eiφ sin θ/2 |S(1, 1)〉 , (8)

where θ and φ are the polar and azimuthal angles, respec-
tively, defined on the Bloch sphere. To achieve a general
state, the qubit is first initialized at |T−(1, 1)〉 using spin-
selective operations on the DQD system. Another possibil-
ity of initialization is to let the system decay to its ground
state, which corresponds to |T−(1, 1)〉 in the limit ε < ε̃.
Our goal is to develop a protocol that can be applied to
evolve the system to an arbitrary value of the angles θ and
φ. When performing a FAQUAD protocol, we find that
varying tf from tf → 0 to tf = t̃f , which corresponds to
the first peak in the fidelity of the state transfer, the final
polar angle goes smoothly from θ → 0 to θ → π . Then,
the polar angle can be tuned by implementing a FAQUAD
pulse with a given tf that depends on the desired polar
angle. The acquired azimuthal angle during the process of
FAQUAD depends on the final polar angle, φFAQUAD(θf ),
which can be approximated by a second-order polynomial
function. To achieve the desired phase, one can do a rota-
tion around the z axis by letting the system evolve in the
large detuning limit. The phase during this waiting time tw
reads φw = 1/�

∫ tw
0 dt[ES(1,1) − ET−(1,1)] = −Ez/�tw. This

〉1),(1−T|

〉1),(1S|

〉1),(1−T|

〉1),(1S|
FAQUAD

θ

Wait

φ

)t(ε)t(Nt

tf tw

FIG. 6. Scheme for the state initialization protocol. The first
step consists of a FAQUAD pulse in the detuning ε, obtaining
the final polar angle θ . In the second step, the tunneling tN is set
to zero, and the system evolves acquiring a phase φ.

last expression is only valid if the coupling between the
states is low enough, which can be obtained using large
detuning, or simply turning off the tunneling rate and set-
ting tN = 0. The total phase after the waiting time is given
by φ = φFAQUAD(θ) + φw(tw). From here we can extract
tw, which depends on both φ and θ . This protocol is
schematically shown in Fig. 6.

V. NOT GATE

One of the main one-qubit gates in all quantum algo-
rithms is the NOT gate (also known as the X gate), repre-
sented by the σx Pauli matrix. The action of this gate is
a π rotation around the x axis. For instance, if the qubit
is initialized in |0〉, after applying the NOT gate the qubit
will be in the state |1〉, and vice versa. In our system, we
can implement a NOT gate by applying FAQUAD with
a total time tf = t̃f and a waiting time tw such that the
dynamical phase is corrected, which is almost insensitive
to the initial state. We define the fidelity of the NOT gate
as FNOT ≡ ∣∣〈�(0)| σx |�(tf )〉∣∣2, which is shown in Fig. 7
for different initial states. The fidelity achieved for differ-
ent initial polar angles (θ0) and azimuthal angles (φ0) is
always FNOT > 0.99, and the corresponding gate time is
73.37 ns. The average fidelity for all possible initial states
is FNOT = 0.995. Using other protocols such as LA or a
π pulse lower fidelity is obtained. The results for these
protocols are shown in the Supplemental Material [63].

VI. TWO-QUBIT GATES

Now we propose to implement a CNOT gate con-
sidering a linear array of two DQDs, as shown in
Fig. 8(a). The system is described by the Hamiltonian
H2Q = H (1)

0 + H (2)

0 + Hint, where H (1,2)

0 are the single-
qubit Hamiltonians for each DQD [see Eq. (3)], and
Hint = −∑

σ ,σ ′={↑,↓} tσ ,σ ′
(

c†
2σ c3σ ′ + h.c.

)
is the coupling

Hamiltonian between them, with tσ ,σ ′ = tN for σ = σ ′, and
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FIG. 7. Fidelity of the NOT gate implemented with FAQUAD,
as a function of the initial state of the qubit defined by the polar
angle θ0 and the azimuthal angle φ0. B = 5 mT, U = 2 meV,
tN = 5 μeV, λ2 = 0.25 μeV, λ1 = λ2/100, FAQUAD time t̃f =
69.16 ns, and waiting time tw = 4.21 ns.

tσ ,σ ′ = λ2 otherwise. Each qubit is defined by the singlet-
triplet hole spin in the corresponding DQD. In this section,
the hole spin states are labeled as |Sij 〉 and |T−

ij 〉 for the
singlet and the triplet states, respectively, with one hole in
each dot.

One DQD defines the target qubit on which a one-
qubit gate will be performed, while the other DQD is the
control qubit that governs whether the operation on the
target qubit will be performed. If the control qubit is in
the state |0〉, no operation applies to the target qubit, in
other words, the identity gate is applied leaving the target
qubit in its original state. On the other hand, if the con-
trol qubit is in the state |1〉, a NOT gate is performed to
the target qubit. The CNOT gate reads UCNOT = |0〉 〈0| ⊗ 1

+ |1〉 〈1| ⊗ σx.
In this case, the left-most DQD defines the target qubit,

while the right-most DQD controls the two-qubit gate. The
energy-level diagram against detuning between the two
left-most dots is shown in Fig. 8(b), while the detuning
between the two right-most dots remains constant. Due
to the coupling between the middle dots, the T−

12 − S12
avoided anticrossing location depends on the state of the
control qubit. Tuning a FAQUAD protocol to work near
the transition with the control qubit in the |S34〉 state
(ε12 + U ∼ 92 μeV), the dynamics of the target qubit is

Qubit 1 (target) Qubit 2 (control)

t12 t23 t34

70 80 90 100 110 120
ε12 + U (μeV)

−5

−4

−3

−2

E
( ε

12
)/

E
Z

|S12, S34

|S12, T
−
34

|T−
12, S34

|T−
12, T

−
34

(a)

(b)

FIG. 8. (a) Scheme of a quadruple QD array populated with
four HHs. Each pair represents one |S〉-|T−〉 qubit. (b) Energy-
level diagram versus the detuning between the two left-most
quantum dots ε12 ≡ ε2 − ε1, while the detuning between the
other dots is kept constant at ε34 + U = 50 μeV. B = 2.3 mT,
tN ,12 = tN ,34 = 10 μeV, tN ,23 = 5 μeV tF ,ij = 0.02tN ,ij , U =
2 meV.

reduced to the case of a single qubit, performing a NOT
gate. However, using the same pulse with the control qubit
in the |T34〉 state, there is no anticrossing in the working
detuning regime, so the target qubit remains in the same
initial state since the dynamic is diabatic. It is the shift in
energies between both anticrossings due to the coupling
between the second and the third QDs that makes this
protocol possible. The fidelity of the quantum gate will
increase with the difference in detuning for each anticross-
ing. Furthermore, we can also tune the FAQUAD protocol
to work near the other anticrossing (ε12 + U ∼ 102 μeV),
resulting in a quantum gate given by a NOT gate over the
control qubit, a CNOT gate, and finally another NOT gate
over the control qubit.

By tuning the total time of the protocol and the mag-
netic field intensity, we have control over the acquired
phases. Setting the total time of the FAQUAD protocol to
tf = 182.73 ns, and a waiting time of tw = 5.6 ns, the gate
applied corresponds to a pure CNOT. The explicit value of
the unitary transformation at the given total time is

UCNOT(tf ) =

⎛

⎜⎜⎜⎜⎜⎝

|0, 0〉 |1, 0〉 |0, 1〉 |1, 1〉
1 0.05 + 0.02i 0.01 0.02

−0.05 + 0.02i 0.99 −0.05 + 0.01i 0.05 − 0.01i

−0.01 −0.05 −0.03 0.99 − 0.12i

−0.01 0.05 + 0.01i 0.99 + 0.08i 0.03

⎞

⎟⎟⎟⎟⎟⎠
. (9)
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To compute the fidelity of the two-qubit gate we use
[76,77]

F2Q = 1
d(d + 1)

[
Tr

(
MM †) + |Tr(M )|2] , (10)

where d = 4 is the dimension of the computational space
and M ≡ U†

tarU(tf ) with Utar the target unitary evolution
matrix, i.e., the NOT gate defined above. Using our pro-
posed protocol we obtain a CNOT gate fidelity of FCNOT =
0.99. This two-qubit gate fidelity is comparable with
other proposals, which use electrons instead of holes (see
Ref. [39]).

For higher detuning values, near ε12 ∼ ε34 there is an
anticrossing between |S12, T−

34〉 and |T−
12, S34〉, see Fig. 9(b).

By applying FAQUAD at this avoided anticrossing we

can achieve a SWAPlike gate. A pure SWAP gate is a two-
qubit gate that interchanges the states of two qubits. We
refer to SWAPlike when nonzero phases are allowed for
nondiagonal elements. SWAP gates are also one of the
most used two-qubit gates for implementing quantum algo-
rithms since it allows distant qubits to be coupled by
sequentially transferring the quantum information between
neighboring dots

USWAPlike =

⎛

⎜⎝

1 0 0 0
0 0 eϕ1 0
0 eϕ2 0 0
0 0 0 1

⎞

⎟⎠ . (11)

Using a FAQUAD pulse during a total of tf = 38 ns, we
obtain the following evolution matrix:

USWAP(tf ) =

⎛

⎜⎝

1 −0.015 − 0.02i −0.004 + 0.002i 0
0.003 − 0.005i 0.061 − 0.051i −0.011 − 0.996i −0.008 + 0.011i
0.015 − 0.001i 0.993 + 0.082i −0.055 + 0.057i −0.007

0 0.008 0.011 − 0.008i 0.999

⎞

⎟⎠ . (12)

We can see that the obtained two-qubit gate corresponds
to a SWAP gate with some additional phases in the off-
diagonal matrix elements. However, a pure SWAP gate can
be recovered with two additional local gates on each qubit.
The fidelity obtained with FAQUAD is FSWAP = 0.995,
beyond the error-correction threshold. In Fig. 9(b) we com-
pare the fidelity of the SWAP gate for different protocols
against charge noise. This noise source is modeled as a
pure dephasing mechanism whose strength is proportional
to the population of the double-occupied state. Here the
average gate fidelity is defined using the Haar measure
over the quantum states of two qubits [78]. We find that
the linear ramp is very sensitive to charge noise, since the
total time needed for the gate tf ∼ 69 ns is much larger
than for the other three protocols, FAQUAD, LA, and a π

pulse, with tf ∼ 38 ns. A detailed discussion on the effect
of systematic and stochastic errors on ε12 and tN ,12 can be
found within the Supplemental Material [63].

The parameters used in this section are selected such
that high-fidelity quantum gates are obtained. However, a
more exhaustive analysis can be performed to find even
higher fidelities. This detailed exploration can be obtained
with the help of numerical methods such as gradient-
descent algorithms, which explore the multidimensional
space spanned by the different parameters of the system,
e.g., the tunneling rates, the magnetic field intensity, or the
detuning between dots 3 and 4. However, this analysis is
beyond the scope of this work.

0 200 400 600
ε12 + U (μeV)
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−2

E
(ε

12
)/

E
Z

|S12, S34〉
|S12, T

−
34〉

|T−
12, S34〉

|T−
12, T

−
34〉

0 20 40 60 80 100
γ2 (ns−1)

0.8

0.9

1.0

F S
W

A
P

(a)

(b)

ε34 + U

FIG. 9. (a) Energy-level diagram versus the detuning between
the two left-most QDs ε12 ≡ ε2 − ε1. The colors represent
the population of the basis states in each instantaneous
eigenstate. (b) Fidelity of the SWAP gate obtained with
FAQUAD (solid blue), linear (dashed green), π pulse (dot-
ted dashed orange), and LA (dotted red) as a function of
charge noise. ε34 + U = 459 μeV, B = 5 mT, tN ,12 = tN ,34 =
10 μeV, tN ,23 = 4.8 μeV, λ2,ij = 0.02tN ,ij , U = 2 meV. The pro-
tocol times are (38, 69, 37, 39.6) ns and the waiting times are
(2.55, 2.46, 0.44, 1.16) ns for FAQUAD, linear, π pulse and LA,
respectively.
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VII. EXPERIMENTAL IMPLEMENTATION

During our work, we focus on the study of GaAs QDs.
However, our analysis can be extended to other semi-
conducting materials, such as Si or Ge, where the main
features of FAQUAD are still valid. It can be also imple-
mented in materials that present an inhomogeneous g
factor (see Supplemental Material [63]).

VIII. CONCLUSIONS

In this work, we propose a fast quasiadiabatic protocol
to implement the S-T hole spin qubit transition in a DQD.
As the dynamic follows the adiabatic trajectory in a fast
way, we are able to highly decrease charge noise by reduc-
ing the population of the double-occupied singlet state as
compared with other protocols. The reduced total time of
the protocol also makes it robust against spin dephasing.
By means of this all-electrical protocol, we can initialize
the qubit in an arbitrary state with high fidelity. Further-
more, we are able to perform a single-qubit gate, a NOT
gate, combining the FAQUAD pulse and a waiting period
to account for additional phases. We extend our scheme
to two DQDs, each DQD representing one qubit. Driv-
ing one of the qubits allows for a two-qubit gate, a CNOT
gate with 0.99 of fidelity. We also propose how to imple-
ment a two-qubit SWAPlike gate, achieving a fidelity of
0.995. In both cases, the obtained fidelity is beyond the
fault-tolerance error correction threshold. Finally, we com-
pare the fidelity of different experimentally used protocols
against the charge-noise strength.

Our results demonstrate the feasibility of the proposed
protocol for the implementation of one- and two-hole spin
qubit gates with high fidelity. These results are a step
towards the logic gates’ implementation with hole spin
qubits in semiconductor quantum dots.
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