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High-fidelity control of quantum systems is crucial for quantum information processing, but is often
limited by perturbations from the environment and imperfections in the applied control fields. Here, we
investigate the combination of dynamical decoupling (DD) and robust optimal control (ROC) to address
this problem. In this combination, ROC is employed to find robust shaped pulses, wherein the directional
derivatives of the controlled dynamics with respect to control errors are reduced to a desired order. Then,
we incorporate ROC pulses into DD sequences, achieving a remarkable improvement of robustness against
multiple error channels. We demonstrate this method in the example of manipulating nuclear spin bath via
an electron spin in the nitrogen-vacancy center system. Simulation results indicate that ROC-based DD
sequences outperform the state-of-the-art robust DD sequences. Our work has implications for robust
quantum control on near-term noisy quantum devices.
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I. INTRODUCTION

Dynamical decoupling (DD) is a well-established open-
loop quantum control technique [1] that has substantial
applications, such as protecting quantum coherence [2–6],
implementing high-fidelity quantum gates [7–10], prob-
ing noise spectrum [11,12], and quantum sensing [13–15].
In its basic form, a DD sequence comprises a series
of instantaneous pulses on the system of concern, sepa-
rated by certain interpulse delays. However, actual pulses
must have bounded strengths and hence cannot be really
instantaneous. Besides, there are inevitable pulse control
imperfections, including off-resonant errors and control
field fluctuations. These nonideal factors can cause a DD
scheme fail to achieve the expected performance [16]. To
overcome this problem, a commonly used approach is to
apply pulses along different spatial directions to let the
error of one pulse be compensated by other pulses [17–
19]. Also, one can combine DD with composite pulses
(CPs), which are robust against operational errors [20].
These efforts have yielded in the past decades a significant
number of robust DD sequences, such as the XY8 [17],
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CDD [21], KDD [22], UR [23], and random-phase [24]
sequences. However, since fighting against noise effects
on current noisy intermediate-scale quantum [25] devices
remains a compelling challenge, robust DD continues to be
a significant research problem of strong interest.

Generally, for establishing a well-behaved robust DD
sequence, several issues are particularly worth considering
[1,16]. First, a satisfactory control fitness profile against
imperfections resembles that shown in Fig. 1(a), i.e., the
central robust region should be as broad and flat as pos-
sible. Second, it is desirable that the DD sequence can
resist several types of imperfections simultaneously. This
is a natural requirement because in realistic situations var-
ious perturbations exist concurrently. Third, the widths of
the basic pulses need to be much shorter than the inter-
pulse delays. However, present DD sequences usually do
not meet all of these requirements. Take CP-based DD
as an example, representative CPs like CORPSE [26] or
BB1 [27] correct only a single error type, and concate-
nated CPs can correct simultaneously existing errors but
only at the price of larger pulse widths [28], hence the CP
technique does not easily lend itself to incorporating the
desired robustness features.

In this work, we show that combining DD with robust
optimal control (ROC) provides a general and effective
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FIG. 1. (a) Robustness against pulse imperfection. The higher
the level to which the derivatives of the fitness function with
respect to the imperfections are reduced, the better. (b) Typical
DD sequence structure combining a series of basic pulses with
arbitrary shapes.

way to enhance robustness for multiple pulse errors. Here,
ROC is in essence quantum optimal control [29] with the
additional robustness constraint requiring that the leading-
order effects of the imperfections are minimized. Our basic
idea is to replace the hard pulses in DD with robust shaped
pulses that are optimized via ROC algorithms [30]. The
whole DD sequence is able to exhibit much improved error
tolerance. As a demonstration, we apply this framework to
the problem of manipulating a spin network via a single
spin. In defect-based systems, such as nitrogen-vacancy
(N-V) center in diamond [13,31,32] and silicon-based
quantum dots [33,34], a frequently encountered control
scenario is to use a single probe spin to explore prop-
erties of a quantum spin network in the proximity. This
central spin can function as a polarizer, detector, or actu-
ator [35,36], often resorting to the DD technique. Here,
in particular, we focus on the task of nuclear spin detec-
tion and hyperpolarization by driving the electron spin
only. Our numerical simulations show that ROC-based DD
sequences outperform the other DD sequences available
so far.

II. ROBUST DD

Consider a single spin as the system S coupled to a spin
network as its interacting environment E. In the resonantly
rotating frame of S, the free evolution Hamiltonian is
H = HSE + HE . In DD, control is acted on S alone, which
is implemented by a transversely applied time-dependent
field u(t) = (ux(t), uy(t)). Let Sα = σα/2 (α = x, y, z), σα

being the Pauli operators, then the control Hamiltonian
is HC(u(t)) = ux(t)Sx + uy(t)Sy . We assume the hierarchy
in the coupling strengths, HC � HSE � HE . As such, we
can just omit the weak term HE as it does not appear
in the DD problem to the lowest order [37]. The gen-
eral goal of DD is to find a suitable control sequence to
synthesize a target effective dynamics of interest. How-
ever, in the actual implementation, DD must take into

account control imperfections, as realistic pulse profiles
inevitably incorporate pulse-shaping errors due to finite-
power and finite-bandwidth constraints in hardware. Here,
we view these imperfections as perturbations and write the
perturbed Hamiltonian as

H(t) = HSE + HC(u(t))+
∑

i

εiVi(t), (1)

in which {Vi(t)} are noise operators, and {εi} are their
corresponding weights. Specifically, we consider in this
work mainly off-resonant and control amplitude errors, i.e.,
V1 = �maxSz and V2(t) = HC(u(t)), where �max represents
the maximum detuning. We note that this semiclassical
model for describing pulse imperfections has been com-
monly used in many robust DD studies [22–24]. Our goal
is to devise a robust DD protocol that realizes a given con-
trol target with sufficiently high accuracy for a broad range
of noise strengths.

We start from a typical DD sequence of the structure
shown in Fig. 1(b). The sequence is built based on a set of
basic pulses

{
uθ ,0(t) : 0 ≤ θ ≤ π

}
, here uθ ,0(t) represents

a control pulse intended to effect a single-qubit rotation
R0(θ) with angle θ and phase φ = 0. More specifically, the
sequence consists of sequentially combining n pulses from
the basic pulse set, each with a phase shift, into a DD block,
and then repeating this block for N times. The kth pulse in
the DD block is denoted as uk = uθk ,φk , obtained from uθk ,0
by a phase shift φk. Adjacent pulses are time separated by
τ , and we assume that for each pulse uθk ,φk , its pulse width
τuk is small compared with τ .

We want to quantify the control robustness of the con-
sidered DD sequence. First let us look into the errors
that arise in applying a single pulse uθ ,φ . The real con-
trolled time-evolution operator in the presence of per-
turbations is approximately e−iHSEτu/2Uθ ,φe−iHSEτu/2 with
Uθ ,φ = T e−i

∫ τu
0 dt(HC(t)+ε1V1+ε2V2(t)), where we allow only

for the first-order effect of HSE during the short period
of pulse control. The HSE evolutions can be incorporated
into the free-evolution operators, so they evolve for the
right amount of time. According to the Dyson perturbative
theory [38], Uθ ,φ can be expanded as the series

Uθ ,φ = Rφ(θ)+
∑

i1

εi1D
(1)
Uθ ,φ

(Vi1)

+
∑

i1,i2

εi1εi2D
(2)
Uθ ,φ

(Vi1 , Vi2)+ · · · , (2)

in which the mth- (m ≥ 1) order terms D(m)
Uθ ,φ

(Vi1 , . . . , Vim)

= (−i)mRφ(θ)
∫ τu

0 dt1 · · ·
∫ tm−1

0 dtmṼi1(t1) · · · Ṽim(tm) for
i1, . . . , im = 1, 2 are referred to as the mth-order directional
derivatives [30], characterizing the perturbative effects due
to the noise generators {Vi}. Here, Ṽi(t) = U†

C(t)Vi(t)UC(t)
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with UC(t) = T e−i
∫ t

0 dsHC(s). Noting that HC(uθ ,φ(t)) =
e−iφSz HC(uθ ,0(t))eiφSz , thus for any m and for any time-
ordered operators Vi1 , . . . , Vim , we can derive that

D(m)
Uθ ,φ
= e−iφSzD(m)

Uθ ,0
eiφSz . (3)

Thus there is
∥∥∥D(m)

Uθ ,φ

∥∥∥
2
=

∥∥∥D(m)
Uθ ,0

∥∥∥
2
, implying that we need

only to consider the robustness of the basic pulses.
Now, for the whole DD block, the real propagator goes

UDD = WnUθn,φnWn · · ·W1Uθ1,φ1W1, (4)

where Wk = e−i(HSEτ/2+ε1V1(τ−τuk )/2) is the free-evolution
operator, which has incorporated the HSE evolution. It is
then clear that the errors in UDD in Eq. (4) include detuning
errors in Wk as well as both detuning and control ampli-
tude errors in Uθk ,φk , up to first-order approximation with
respect to HSE . Hence, there are two feasible approaches
toward robust DD. On the one hand, DD seeks to use a
properly designed phase modulation strategy so that the
errors will cancel rather than accumulate. Notable exam-
ples include the two-axis XY family [17], the multiaxis
UR [23], and the random-phase [24] or correlated-random-
phase [39] sequences. On the other hand, by minimizing
the magnitudes of the directional derivatives D(m)

Uθk ,0
, the

robustness of the pulses uθk ,φk (t) are enhanced, and the total
error of the full sequence will be accordingly decreased.
Furthermore, if both approaches are taken simultaneously,
we anticipate that the DD robustness property will get
improved to an even larger degree.

A particularly effective approach for devising shaped
pulses that are robust to several simultaneously existing
perturbations is the ROC algorithm developed in Ref. [30].

In our subsequent numerical simulations, we generally
follow this approach. Basically, we attempt to solve the
following multiobjective optimization problem: for a given
target rotation angle θ , to optimize the shape of the
pulse u = uθ ,0(t) to (i) maximize the fidelity between the
unperturbed propagator and the target rotation R†

0(θ), and

meanwhile (ii) minimize
∥∥∥D(m)

Uθk ,0

∥∥∥
2

for m up to a certain
order. It is worth noting that the directional derivatives
can be effectively calculated by the Van Loan block differ-
ential equation formalism [30]; see Appendix for details.
One can employ either the known gradient-ascent pulse-
engineering algorithm [40] or gradient-free methods like
the differential evolution [41–43] algorithm to perform the
pulse search. Note that in the entire space of admissible
control functions, there may exist plenty of solutions that
can accomplish the same control goal. However, as a real-
istic pulse generator has limited bandwidth, we exclude
consideration of abruptly changing pulse shapes.

Now, we present some initial test results. In Fig. 2 we
show a typical result of robust pulse that we obtain for
realizing a π -rotational gate. It can be seen that our ROC
pulse has stronger robustness compared with the SQUARE
pulse and the composite pulses, including CORPSE and
BB1. Meanwhile, the ROC pulse shape is smoother, which
is favorable for experimental applications. We then put
our ROC pulse into DD and examine the robustness of
the whole sequence. Ideally, the overall effect of each DD
sequence is an identity operation. In reality, the inevitable
pulse imperfections will introduce errors that may accumu-
late during cycles of DD implementations. As described
above, to reduce this side effect, one can resort to a prop-
erly designed phase-modulation strategy or robust basic
pulse. Here, we incorporate different basic pulses into the
XY8 and the UR8 [23] sequences to illustrate this point, as

0 25 50 75 100
−25

0

25

t (ns)

A
m

p.
(M

H
z)

0 25 50 75 100
t (ns)

0 25 50 75 100
t (ns)

0 25 50 75 100
t (ns)

ux
uy

–20% 0 20%

–15%

0

15%

MW detuning (Ω−1
max)

A
m

p.
er

ro
r

(Ω
−

1
m

ax
)

–20% 0 20%

MW detuning (Ω−1
max)

–20% 0 20%

MW detuning (Ω−1
max)

–20% 0 20%

MW detuning (Ω−1
max)

≤ 0.9

0.95

1.00

FIG. 2. Comparison of pulse shapes and robustness profiles for realizing a π -rotational gate R0(π) under pulse amplitude error and
microwave (MW) detuning error. From left to right, the tested pulses are SQUARE, CORPSE, BB1, and ROC, respectively.
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FIG. 3. Fidelity of XY8 and UR8 as an identity operation under pulse detuning and amplitude errors. The DD sequences employ
different basic pulses, including SQUARE, CORPSE, BB1, and our ROC. Here, the control errors are measured in terms of the
maximum Rabi frequency 
max. All DD sequences contain N = 100 cycles and have equal total time length of 3.2 ms.

shown in Fig. 3. We find that for the same basic pulse, UR8
outperforms XY8. This reveals that the phase-modulation
strategy of UR8 is more robust, as expected in Ref. [23].
Then, fix the same phase-modulation strategy, our ROC
pulse performs even better. This indicates that the designed
ROC pulse is particularly effective for resisting the con-
sidered pulse imperfections for robust DD. In the next
section, we study the applications of our optimized robust
DD sequences.

III. APPLICATIONS

A. Robust detection of nuclear spins

Consider the system of an electron spin S (S = 1/2)
of an N-V center in diamond and surrounding nuclear
spins I (I = 1/2). The system is under a static magnetic
field applied along the N-V axis, which is, by conven-
tion, defined as the ẑ axis. The electron spin is subject to
intermediately applied microwave control field u(t). In a
rotating frame with respect to 
SSz, the Hamiltonian after
the secular approximation reads

H =
∑

j


I I j
z +

∑

j

Sz(Aj
zzI

j
z + Aj

zxI j
x )+ HC(u(t)),

in which 
S (
I ) denotes the electron (nuclear) Larmor
frequency, Azz and Azx are the hyperfine coupling strengths.
In our numerical studies, we assume the existence of a
minimum switching time tmin = 1 ns for pulse modula-
tion and require all control amplitudes to be bounded by

max = 2π × 25 MHz. Three common pulse imperfec-
tions, namely detuning, control amplitude error, and finite
pulse width, are under consideration.

First, we investigate the detection of nuclear spins via
the central electron spin. Nuclear spins exist naturally

in abundance in N-V center systems, providing possi-
ble additional quantum resources [15,44,45]. A prerequi-
site to exploit this potential is to detect and characterize
them, usually with the aid of the electron spin. Ideally,
the j th nuclear spin with the effective Larmor frequency
ω

j
I = 
I + Aj

zz/2 can induce a sharp electron signal in the
observed spectrum, by applying a multipulse DD sequence
on the electron spin with the interpulse delay τ = kπ/ω

j
I

(k is odd) [13]. Nevertheless, addressing and controlling
nuclear spins is challenging as the spins are generally
embedded in noisy spin bath, and the inevitable pulse
imperfections can induce spurious peaks [46] and distor-
tion of the spectrum [47]. To avoid false identification,
many robust DD sequences were proposed [22–24,47,48].
However, when the pulse imperfections are relatively large
and exist simultaneously, we find that the performance of
the present robust DD sequences can be further improved
by using ROC pulses.

As an initial demonstration, let us consider the situ-
ation of detecting a single 13C nuclear spin. The sim-
ulated spectra with using four representative robust DD
sequences are shown in Fig. 4(a). For conventional XY8
sequence, there exist miscellaneous errors in the signal,
including the tilted baseline that causes severely reduced
contrast, the phase-distorted resonant peaks, and the spuri-
ous peaks appearing due to finite pulse width and detuning
effects [46], so the spectrum is hard to analyze and iden-
tify. Substituting the square-shaped π pulses with BB1 in
XY8 (BB1-XY8) [27], or using the UR8 sequence [23],
improves the signal, but still does not solve the spurious
peak problem. A recently proposed random-phase XY8
(RP-XY8) sequence [24] can largely suppress the spuri-
ous peaks and maintain the signal contrast, but still induce
dense small miscellaneous peaks near the baseline. It is
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FIG. 4. Simulated spectra of detecting nuclear spins, where the control imperfection parameters are set as detuning 8%×
max,
amplitude error 8%×
max, and π pulse with a limit width 1/(2
max) = 20 ns. The number of cycles for (a), (b), and (c) are 96, 32,
and 64, respectively. (a) Signal from a single spin with ωI = 2π × 441.91 kHz detected by various DD sequences. The results for XY8,
UR8, BB1-XY8, RP-XY8, and their ROC counterparts are presented. Clearly, using our ROC pulses excellently solves the baseline
distortion problem and eliminates the spurious peaks (green marker) that are located at 2ωI /k and 4ωI /k (k is odd) [46]. (b) Signal
from six spins (see simulation parameters in the Appendix). The miscellaneous peaks appeared in applying XY8 greatly hamper the
identification of each spin, but can be circumvented by ROC-XY8. (c) Signal from two spectrally close spins with ω1

I = 2π × 441.91
kHz and ω2

I = 2π × 437.53 kHz. It can be seen that, the ROC-based sequence shows better robustness against imperfections in
resolving the two spins.

found that, for all these sequences, if implemented with
our ROC pulses (tROP = 80 ns), then the errors almost
disappear, giving a rather clean spectrum close to the
ideal one.

Next, we consider detecting multiple 13C nuclear spins.
The case of six nuclear spins is presented in Fig. 4(b).
As can be seen from the spectrum, a bunch of spurious
peaks exist, making it a difficult task to identify the spins.
This gets even worse when the cycle number N is large.
Again, combining XY8 with our ROC pulses suppresses
all the unwanted peaks to a satisfactory extent. As an addi-
tional demonstration example, we consider the problem
of detecting two spectrally close nuclear spins. This sit-
uation demands good selectivity of the control sequence
in addressing the nuclear spins individually. Recently,
Ref. [49] proposed an effective soft temporal modulation
sequence named Gaussian AXY8, which has better selec-
tivity than conventional XY8. However, when taking into
account pulse imperfections, distortions occur in the tran-
sition probabilities of the spins, leading to off-resonant side
peaks and hence reducing the signal contrast, as shown in
Fig. 4(c). We thus test with our ROC pulses, finding that
the side peaks around the spin resonances are all removed,
and consequently the two spins are well resolved. Clearly,
our approach is of great benefit when fitting dense signals
for many close nuclear spins, especially when spurious
resonances exist.

B. Robust dynamical nuclear polarization of the
nuclear spins

Now, we turn to the application to dynamical nuclear
polarization (DNP) of the nuclear spins. DNP aims to
transfer the almost perfect polarization of the optically
initialized electron spin to its surrounding nuclear spins;
see Fig. 5(a). This could result in an enhancement of the
nuclear signal by several orders of magnitude, which is
crucial for a variety of quantum technologies, such as
magnetic resonance imaging [50]. The goal of achiev-
ing high-efficiency DNP in N-V centers in diamond has
attracted a lot of interests in recent years but remains tech-
nically challenging. Key factors affecting effective polar-
ization, include the large spectral random orientation of
the N-V center axes and Rabi power imperfection. For
example, conventionally DNP uses the Hartmann-Hahn
resonance [51], the corresponding NOVEL sequence [52]
works only in a narrow frequency range. Hence, there
have been efforts made in devising more robust DNP
protocols [51,53,54]. A significant advance was made by
Ref. [55], which put forward a Hamiltonian engineering-
based approach termed PulsePol, featuring both fast polar-
ization and excellent robustness. Yet, we find that the
results presented in Ref. [55] can still be improved, with
using our ROC-shaped pulses.

For simplicity, we consider a single electron coupled to
a single nuclear spin. The PulsePol sequence, as shown in
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FIG. 5. (a) Schematics of the MW pulse sequence on the elec-
tron spin for pulsed polarization transfer to the surrounding
nuclear spins. (b) The PulsePol sequence. As stated, the pulse
duration should not take a large fraction of the free-evolution
time. (c) Comparison of error resistance of four different PulsePol
sequences.

Fig. 5(b), consists of N cycles each with four π/2 pulses
and two π pulses, and operates for a choice of pulse spac-
ing τ = lπ/ωI for odd l. Ideally, it produces an effective
flip-flop Hamiltonian as Heff = αAzx(S+I− + S−I+), where
S± = Sx ± iSy , I± = Ix ± iIy . As such, full polarization
transfer is achieved at time 2Nτ = 1/(αAzx). However,
because real pulses take a finite time, the free evolutions
between the pulses need be adjusted according to τfree =
τ − 4tπ/2 − 2tπ , where tπ/2 and tπ denote the time length
of the π/2 and π pulses. As a consequence, the number
of cycles N required for full polarization transfer varies
depending on the specific pulses used. In our simulations,
we compare the robustness performance achieved from
using four different realizations of the rotations, namely
squared, CORPSE, BB1, and our ROC pulses. The sim-
ulations are implemented with the coupling strength Azx =
0.03 MHz, the resonance l = 5, and the same cycle num-
ber N = 29. The results are shown in Fig. 5(c). First, we
clearly see that the robustness of PulsePol for using rect-
angular pulses is the worst. Then, the performance can be
improved against detuning errors for CORPSE or against
Rabi frequency errors for BB1. Finally, the best results are
achieved with our ROC pulses. There is a rather large flat

central area of the robustness profile: the flat region satis-
fying f ≥ 0.99 covers the entire error range of ±5 MHz
detuning and ±10% Rabi frequency deviation.

IV. CONCLUSION

We present a flexible and effective framework for inte-
grating DD with ROC. Unlike hard pulses, shaped pulses
produced by ROC with smooth constraints are friendly
to hardware implementation. In principle, ROC pulses
can be incorporated into any DD sequence for robustness
improvement. This is confirmed in our test examples of
nuclear spin-bath detection and hyperpolarization on N-
V center systems. Our method is ready to be exploited
in many other spin-network-related problems, such as
creating collective quantum memory [56], probing ther-
malization [57], exploring condensed-matter phenomena
[58], and studying magnetic dynamics of nanoparticles
[59]. ROC-based DD sequences can resist multiple errors
simultaneously. This is especially useful for near-term
noisy quantum devices. For instance, recent benchmark
experiments in superconducting qubits have identified real
coexisting error channels as well as their respective contri-
bution [60,61], which are to be compensated for realization
of high-fidelity quantum computing. Therefore, a mean-
ingful extension of the current work is to explore how to
achieve the best robustness given knowledge of error chan-
nels and their weights. Lastly and of note, future research
could explore alternative ROC strategies that can deal with
time-dependent perturbations, which is a key ingredient to
allowing robust DD to find a broader range of application
scenarios [62,63].
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APPENDIX A: VAN LOAN BLOCK
DIFFERENTIAL EQUATION FORMALISM

In our applications, we denote the pulse detuning error
and amplitude error as V1 = �maxSz and V2 = HC(u(t)),
respectively. A typical DD sequence consists of a series
of π -rotational pulses with different phases. According
to our analysis, we need only to search a robust π -
rotational pulse with phase 0. For simplicity, we denote

054075-6
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UC ≡ Uθk ,0. To effectively calculate the directional deriva-
tives D(m)

UC
(Vi1 , . . . Vim), we follow the method in Ref. [30].

As an example, we show how to compute the first- and
second-order directional derivatives. Concretely, the Van
Loan block differential equations are constructed as fol-
lows (i1, i2 = 1 or 2):

V̇(t) = −i

⎛

⎝
HC(t) Vi1(t) 0

0 HC(t) Vi2(t)
0 0 HC(t)

⎞

⎠ V(t).

Its time-evolution solution is, according to the Van Loan
integral formula, given by

V(τu) = T exp

⎡

⎣−i
∫ τu

0
dt

⎛

⎝
HC(t) Vi1(t) 0

0 HC(t) Vi2(t)
0 0 HC(t)

⎞

⎠

⎤

⎦

=

⎛

⎜⎝
UC(τu) D(1)

UC
(Vi1) D(2)

UC
(Vi1 , Vi2)

0 UC(τu) D(1)
UC

(Vi2)

0 0 UC(τu)

⎞

⎟⎠ .

From this solution, the first- and second-order directional
derivatives can then be directly extracted. The higher-order
directional derivatives can also be computed in a similar
way.

APPENDIX B: GRADIENT-BASED ALGORITHM

We describe how the gradient-based algorithm works
for searching ROC pulse. To maximize the fidelity and
minimize the magnitudes of the directional derivatives, we
define a fitness function

�(u) =
∣∣∣Tr

(
UC(τu)R

†
0(θ)

)∣∣∣
2

−
mmax∑

m=1

2∑

i1,...,im=1

μ
(m)
i1,...,im

∥∥∥D(m)
UC

(Vi1 , . . . Vim)

∥∥∥
2

,

in which mmax is the maximum order of directional deriva-
tives involved, μ

(m)
i1,...,im > 0 are a set of weights specifying

the relevance of the associated objective function and are
often adjusted during optimization.

The gradient ascent pulse-engineering (GRAPE)
algorithm proposed in Ref. [40] is a standard gradient-
based numerical method for solving quantum optimal
control problems. GRAPE works as follows:

(1) start from an initial pulse guess u[l], l = 1, . . . , L;
(2) compute the gradient of the fitness function with

respect to the pulse parameters ∂�/∂u[l];
(3) determine a gradient-related search direction p[l],

l = 1, . . . , L;
(4) determine an appropriate step length α along the

search direction p;

(5) update the pulse parameters: u[l]← u[l]+
α × p[l];

(6) if � is sufficiently high, terminate; else, go to step 2.

APPENDIX C: BASIC PRINCIPLES AND
SEQUENCE PARAMETERS FOR SPIN

DETECTION

In the N-V center system, through applying a subtle mul-
tipulse DD sequence on the electron spin, the weak signal
of a specific nuclear spin can be amplified, meanwhile
all the other nuclear spins can be dynamically decou-
pled from the central electron spin. As such, we can
resolve and coherently control the nuclear spins. Specif-
ically, the electron spin is firstly prepared at ρ = |+〉〈+|
with |+〉 = (|0〉 + |1〉)/√2 and a DD sequence then fol-
lows. Finally, the resultant electron spin state ρt is attached
to a Rπ/2(π/2) rotation and measured in the basis |0〉, thus
we can obtain the transition probability P = Tr(ρf |0〉〈0|).
We use Rφk (θ) to represent a θ rotation around the axis
Sφk = cos(φk)Sx + sin(φk)Sy .

When the interpulse delay τ = kπ/ωI (k is odd num-
ber), the corresponding nuclear spin with effective Lar-
mor frequency ωI can induce a sharp resonant dip in the
observed signal (time domain) [13]. This basic unit is usu-
ally cycled L times to enhance the signal. The position and
amplitude of the dip are then used to infer the hyperfine
couplings between the electron spin and the sensed nuclear
spin. Equivalently, we can transform this signal to fre-
quency domain, i.e., a sharp resonant peak with detection
frequency ω = ωI/k, for clearly acquiring the spectrum
information. In the realistic case, many common pulse
imperfections can severely hinder the detection process.
Finite width of the π pulses, marked as tπ , will shift the
resonant positions to τ ′ = kπ/ωI − tπ/2. Detuning and
pulse amplitude error can cause spurious peaks and dis-
tortion of the baseline. Thus, robust DD sequences that
can resist these pulse imperfections are highly in demand.
In this work, we consider the following representative DD
sequences (
max = 25 MHz).

(1) XY8 sequence. The phases of the basic pulses are
φXY8

k = {0, π/2, 0, π/2, π/2, 0, π/2, 0}. The resonant posi-
tions are τ ′ = kπ/ωI − tπ/2 with tπ = 20 ns.

(2) UR8 sequence. The phases of the basic pulses
are φUR8

k = {0, π/2, 3π/2, π , π , 3π/2, π/2, 0}. The reso-
nant positions are τ ′ = kπ/ωI − tπ/2 with tπ = 20 ns.

(3) BB1-XY8 sequence. The phases of the basic pulses
are φBB1-XY8

k = {0, π/2, 0, π/2, π/2, 0, π/2, 0}. Each
Rφk (π) is realized by the BB1 composite pulses,
namely Rφk (π) = �4

i=1Rφi(θi) with θ1 = θ3 = π , θ2 = 2π ,
θ4 = π ; φ1 = φ3 = φk + accos(−1/4), φ2 = 3φ1 − 2φk,
φ4 = φk. The resonant positions then become τ ′ =
kπ/ωI − tBB1/2 with tBB1 = 5tπ = 100 ns.
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(4) RP-XY8 sequence [24]. The phases of the basic
pulses are φRP-XY8

k = φXY8
k + φn, φn ∈ rand[0, 2π ], n = 1,

2, . . . , N . That is, the eight basic pulses in each unit are
attached to a random global phase. The resonant positions
are τ ′ = kπ/ωI − tπ/2 with tπ = 20 ns.

(5) GAXY8 sequence [49]. The phases of the basic
pulses are φGAXY8

k = {0, π/2, 0, π/2, π/2, 0, π/2, 0}. Each
basic π rotation is then realized by the five-pulse compos-
ite AXY8 sequence [47]. Further, each AXY8 sequence
employs a different amplitude but keeps the same in a DD
unit. In this way, the soft modulation can be resembled
as the Gaussian shape λ(t) = λ0 exp

[−t2/
(
2σ 2

)]
by the

sequence of hard π pulses, we set σ = T/(4
√

2) with λ0 =
0.271, T = 4Lτ . The resonant positions are τ ′ = kπ/ωI −
tAXY8 with tAXY8 = 5tπ = 100 ns.

APPENDIX D: SIMULATION DETAILS OF SPIN
DETECTION

Here, we supplement some details of Fig. 4 in the main
text.

1. Detection of a single nuclear spin

The hyperfine couplings and the effective Larmor fre-
quency [Fig. 4(a) in the main text] are A1

zz = 2π × 27 kHz,
A1

zx = 2π × 17 kHz, ωI = 2π × 428.41 kHz. As analyzed,
the kth-order resonant peak appears at the location ωI/k
with k being odd. For brevity, we show only the resonant
peaks up to third order.

2. Detection of six nuclear spins

The detailed coupling constants between the N-V elec-
tron spin and the surrounding six nuclear spins [Fig. 4(b)
in the main text] are listed in Table I. We show a spectrum
range containing up to eighth-order resonant peaks of the
six spins. It is worth noting that the spectrum will be hard
to resolve with the XY8 sequence when the cycle number
L becomes much larger, while our ROC-based DD leads to
a relatively clean spectrum.

TABLE I. The hyperfine couplings and the effective Larmor
frequency for the six nuclear spins used in our simulation; the
data are from Ref. [13]. The Larmor frequency for each nuclear
spin is 
I = γI B with γI = 2π × 1.071 kHz/G and B = 401 G.

Spin An
zz (kHz) An

zx (kHz) ωn
I (kHz)

1 2π × 78.234 2π × 30.031 2π × 468.59
2 2π × 40.703 2π × 23.500 2π × 449.82
3 2π × 32.328 2π × 44.496 2π × 445.64
4 −2π × 12.958 2π × 13.896 2π × 422.99
5 −2π × 22.081 2π × 24.525 2π × 418.43
6 2π × 15.796 2π × 19.506 2π × 437.37

3. Detection of two close nuclear spins

In Fig. 4(c) in the main text, we use two spectrally close
spins with couplings A1

zz = 2π × 27.02 kHz, A1
zx = 2π ×

16.91 kHz, ω1
I = 2π × 441.91 kHz A2

zz = 2π × 18.28
kHz, A2

zx = 2π × 54.26 kHz, and ω2
I = 2π × 437.53 kHz.

In our demonstrations, we minimize only the norm of the
directional derivatives up to the second order. We antic-
ipate that the visible gap between our results and the
ideal spectra can be gradually bridged with higher-order
minimizations of the directional derivatives.
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