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Some voltage sources are transient, lasting only for a moment of time, such as the voltage generated by
converting a human motion into electricity. Such sources moreover tend to have a degree of randomness
as well as internal resistance. We investigate how to put a number to how valuable a given transient source
is. We derive several candidate measures via a systematic approach. We establish an interconvertibility
hierarchy between such sources, where interconversion means adding passive interface circuits to the
sources. Resistors at the ambient temperature are at the bottom of this hierarchy and sources with low
internal resistance and high internal voltages are at the top. We provide three possible measures for a
given source that assign a number to the source respecting this hierarchy. One measure captures how
much “unitdc” the source contains, meaning 1 V dc with 12 internal resistance for 1 s. Another measure
relates to the signal-to-noise ratio of the voltage time series, whereas a third is based on the relative entropy
between the voltage probability distribution and a thermal noise resistor. We argue that the unitdc measure
is particularly useful by virtue of its operational interpretation in terms of the number of unit dc sources

that one needs to combine to create the source or that can be distilled from the source.
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I. INTRODUCTION

As the world seeks renewable and clean sources of elec-
tric energy, the importance of imperfect voltage sources
increases. For example, motion-energy-harvesting devices
converting human motion to electricity are expected to
play a crucial role in powering the Internet of Things with-
out wires and batteries [1,2]. Larger-scale examples of
transient sources range from regenerative braking and sus-
pension harvesting [3,4] to wind power [5,6]. A challenge
in the usage and design of such transient voltage sources
is that their voltage output often has variability, includ-
ing randomness, induced by the motion source behavior,
as well as significant internal resistance [7-9].

The undeniable rise in usefulness of such transient volt-
age sources raises the question of whether one can capture
the value of such a source in a single number, analogously
to how a battery comes with a single number stating how
much energy it can provide, or to the concept of free energy
in thermodynamics [10]. This is helpful both to fairly com-
pare different source alternatives and to guide design: what
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number(s) should be optimized to maximize the value of
a given source? One option in quantifying the value of a
source is to focus on observed averages such as root-mean-
squared voltage (Vims) [1,2]. This does not distinguish
between random or deterministic sources. Is this justified?
Should one and if so by how much, penalize unpredictabil-
ity as well? On one hand, thermal noise voltage should
arguably be counted as having no value, but on the other
hand, highly random sources with stronger noise can be
used as power sources [7] and should thus carry value.
Moreover, how can one incorporate the internal resistance
into the value assigned to the voltage source?

To tackle this question of how to value transient voltage
sources we make use of a conceptually clear paradigm for
quantifying resources in general, known as the resource
theory approach. In our case, the resource is the voltage
source. The resource theory paradigm has proven useful to
formalize thermodynamics [11] and is significantly used
in quantum information theory [12—14]. A key idea is to
define some interconversion operations as free, and con-
sider which resources can be converted to other resources
under these free operations, thus creating a hierarchy that
the measure for quantifying resources must respect. If
resource A can be converted into resource B with free oper-
ations, the number we assign to how useful 4 is, must be
at least as high as that of B.

© 2022 American Physical Society
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FIG. 1. Different transient voltage sources and their unitdc values are depicted. The sources are modeled as an internal time-
dependent source voltage V; (the circle) in series with an internal resistance R, (zig-zag lines). V is plotted as a function of time inside
the circle. We assume V; = S + r where S is a deterministic signal and » a Gaussian random variable. At the foot of each depicted
source is the (unitdc) value we assign to the given source (for a pulse duration of 1 s): unitdc = Rls (EIS 12 + |I[4]|r|2 — 2 ), where

E denotes the statistical average of the time average over the pulse duration 7, and [E|ry,|? is the variance of the noise corresponding
to the internal resistance R, being at the ambient temperature [see Sec. VIC, Eq. (9)]. For first and last sources, the noise corresponds
to the ambient temperature such that |IE|r|2 - Elrth|2| = 0. The second source has no noise and the third has Gaussian noise that is
greater than that of the ambient temperature. We show that if a source 4 has a higher unitdc value than another source B, conversion

from B to 4 is not possible with “free” passive operations.

Here the resources 4 and B correspond to voltage
sources and the free operations to interconversion circuits.
We treat a voltage source as a black-box two-terminal elec-
trical device and assume it can be given a (Thevenin)
equivalent circuit of a voltage source V(f) in series with
an ideal (noncomplex) resistor. Examples of such sources
are depicted in Fig. 1. Converting between transient volt-
age sources here means connecting an intermediate four-
terminal circuit to the harvester, with two terminals inter-
facing to the harvester and another two acting as the output.
To avoid the interface circuit adding value to the origi-
nal source, we want the intermediate circuit to be passive
(nonpowered). More specifically, we allow the interme-
diate conversion circuit to implement prechosen power-
preserving reversible operations such as voltage sign flips
and phase shifts [9]. At least some of those conversions
are plausible to implement [15—19]. We moreover take the
addition of thermal noise at some ambient temperature 7
as free.

Using this approach we derive three quantifiers of the
value of transient voltage sources: (i) one based on the
SNR of the voltage series, (ii) one which quantifies how
much 1 V dc at 12 for 1 s one may obtain from the source,
(ii1) one based on the relative entropy between the source
and a thermal source. We compare the three and conclude
that option (ii), which we term the “unitdc” value of the
source is particularly attractive due to its clear operational
interpretation. Examples of sources and their unitdc val-
ues are given in Fig. 1. The unitdc value moreover turns
out to match well with a method used by many energy-
harvesting experimentalists to quantify the performance of
a given harvesting setup, in terms of the energy dissipated
into an optimal load resistance. We also show that certain

alternative quantifiers, such as the peak power dissipated
into a matched load, may increase under free interconver-
sion operations and are thus arguably not good quantifiers
of the value of a transient voltage source.

We proceed as follows. We begin with describing the
resource theory approach concretely. Then we define the
models of transient voltage sources, and the free interfac-
ing circuits we use. We derive which resource quantifiers
respect the interconversion hierarchy and which do not.
We finally analyze how the value is increased under com-
position of sources, and how many unitdc sources can be
“distilled out” from a given source via free operations.

II. RESOURCE THEORY APPROACH

A resource theory is a systematic framework to quan-
tify resources at hand [14]. Resource theories are primar-
ily developed in the field of quantum information theory
and include the resource theory of quantum entanglement
[12], the resource theory of quantum thermodynamics
[11,20], the resource theory of asymmetry [21-23], and
the resource theory of coherence [24,25]. The scope of the
resource theory approach is not limited to the quantum case
only as our work here exemplifies.

Let the set of all states (in our case corresponding to
voltage sources) be denoted by Z. Let V € Z be an arbi-
trary state. Let the set of all operations on the states be
A . A resource theory comprises three basic ingredients
(not independent of one another): (1) A set of free states
F C 2, (2) a set of free operations Ay C .4, (3) sets of
resource states and operations (complementary sets to JF
and Ay, respectively). This is depicted in Fig. 2. The set
of free operations is chosen such that it cannot generate
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FIG. 2. High-level depiction of a resource theory. The set &
represents the set of all states while the set 7 C & represents the
set of free states. Let .# denote the set of all possible operations
on 2. Then, the free operations Ay C .#, map F into F. The
remaining states & \ F and the remaining operations .# \ As
are then called resource states and operations, respectively.

resource states from the free states [13]. A key purpose
of setting up a resource theory is to determine a resource
quantifier in a systematic manner. Any real-valued func-
tion R on the set of all states & is said to be a resource
monotone if it satisfies the following set of conditions:

(1) Faithfulness: R(V) = 0 if and only if V is a free
state, i.e.,,V € F.

(2) Monotonicity under free operations: R(Ay (V)) <
ROV)VV e 9.

Other conditions, e.g., concerning how the resource
monotone behaves under probabilistic combinations of
states, may also be added but are not needed here as we
do not include probabilistic combinations of sources.

III. OVERVIEW OF RESOURCE THEORY OF
TRANSIENT VOLTAGE SOURCES

(a) We identify states as voltage sources, correspond-
ing to a pseudorandom voltage time series V,(¢), placed in
series with a source resistance R;. Free states correspond
to resistors with thermal noise at the ambient temperature.

(b) Operations are defined as connecting four-terminal
circuits to the two-terminal source, such that the free
two terminals are associated with the voltage output. This
leads to a modified (Thevenin equivalent) source resistance
R and a modified (Thevenin equivalent) voltage source
V.(t). Free operations correspond to certain passive and
thermally noisy four-terminal circuits.

(c) We identify three resource quantifiers (monotones)
respecting the interconversion hierarchy, meaning that the
value the quantifier assigns to the source cannot increase
under the free operations.

Table I gives an overview of the resource theory and
shows the analogy with the well-known resource theory
of entanglement.

We now proceed to describe this resource theory con-
cretely, beginning with the states.

IV. MODEL FOR TRANSIENT VOLTAGE
SOURCE: THE STATES

We model a two-terminal voltage source as an ideal volt-
age source in series with a resistor. An ideal voltage source
alone yields, by definition [27], a voltage across its two

TABLE 1. Comparison of the resource theory of transient voltage sources and the well-known resource theory of entanglement.
S. No. Elements Resource theory of entanglement Resource theory of transient voltage
sources
1 States Positive matrices with trace one [26] (p(f)), R;) where p(f/) is a probabil-
ity distribution over source voltage time
series V, and R, the internal resistance
2 Operations Completely positive trace-preserving maps Stochastic transformations of the voltage
[26] time series, changes to internal resistance
3 Free states Separable states [12] Gaussian white noise with zero mean at
ambient temperature
4 Free operations Local operations and classical communica- Reversible energy preserving operations
tion (LOCC) [12] and addition of thermal noise at ambient
temperature
5 Resource states Entangled states Voltage sources that are not thermal
noise sources at the ambient temperature
6 Composition Tensor product V + V' (sources in series)
7 Typical resource monotones Relative entropy of entanglement, distillable MSNR, relative entropy and unitdc

entanglement, and entanglement cost
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terminals that is independent of what they are connected
to. This is an unphysical idealization and real devices,
such as real batteries [28], are often modeled as a volt-
age source with voltage Vs in series with a resistor with
resistance R;. A justification for this model is that physi-
cal circuits are known to be well represented by networks
of resistors, capacitors, and inductors (the lumped-element
model) and within that model, it can be shown that a two-
terminal circuit acts, at the black-box level, identically to
an ideal voltage source in series with an (in general com-
plex) impedance Z; [27]. Here we choose for technical
convenience Z, to be real [29].

The source voltage V; and resistance R; can be deter-
mined experimentally. If connected to a resistive load of
resistance R; then the voltage across the two terminals
equals (up to a sign) that across the load, namely V; =
IR, = Vs/(Rs + R)R, = V/(Rs/R + 1), where [ = V;/
(Ry + Ry) is the current through the load. One sees [ is
impeded by the internal resistance R,. That expression
for V; moreover justifies a method for experimentally
determining R, and V;: checking the voltage drop when
connecting a load. The open-circuit measured voltage Voc
is approximately the load voltage associated with R, — oo
so Voc = V;. Moreover, in a few lines, one sees R, =
Vi/I — Ry, = Vs/I — Vi /I for which all the terms in the
rhs are experimentally accessible with a voltmeter and
ammeter. This procedure is analyzed in the context of real
batteries, e.g., in Ref. [28]. V; moreover has an opera-
tional meaning in terms of the black-box voltage V; for
an optimized resistive load with resistance R;. It is in
fact common in experiments in energy harvesting [2] to
compare different harvesters by the energy dissipated in
an optimized resistive load, with R; chosen such that it
optimizes the power dissipated in the load: P; = V2/R;.
One can see that for all other parameters being equal,
P; is optimized for R; = R, by noting that V; = IR, =
VsRr/(Rs + R;) and setting dg, P, = 0. Thus V; evaluated
at R; = Rg obeys

VL|RL:RX = argmaxVLPL = % (1)
It follows that, up to a factor of 2, the internal source volt-
age V, may be thought of as the load voltage V; for an
optimized resistive load. Finally, we note that, in practice,
Vs will be sampled some N times at fixed time intervals
8t, yielding a vector V := (J1,. .., Vy)T, where 1 indicates
the transpose.

We allow for V to be probabilistic, such that a source is
characterized by two things: (i) the probability distribution
p (V) and (ii) the internal resistance R;. In other words, a
source is a 2-tuple (p (V), Ry). }

We now describe the model for p (V). The source volt-
age V(f) may depend on time and last for some specified
time interval. Secondly, V() may be noisy, a subtle notion.

From the perspective of a given agent, a time series may
be split, in line with the signal-processing paradigm, into
signal plus noise: V; = S; 4+ r;, where S; is deterministic
and 7; random and i labels the sample. For example we
may have a sinusoidal signal such that S; = sin(w?;) and 7;
being picked randomly from a normal distribution (Gaus-
sian) at each i. We allow for the signal to be a Fourier
series in general. For this class of generating models there
are thus well-defined vectors S := (Sy,...,Sy)  and 7 :=
(ri,y ..yt forﬁany run of an experiment. Mgreover the
distribution of V) is determined by those of S and 7. In
the example when the signal is sinusoidal and the noise
is Gaussian, S is distributed as

p@S) =[]piS) =[5 —sinwr), ()
where §(-) is the Dirac § function and the noise 7 as

g® =[]atn =]] lzexp[—i]. 3)

2
i /2mo; 20

Such noise is termed additive white Gaussian noise [“addi-
tive” because V; = S; + r;, “white” because the power
spectral density of 7(¢) turns out to be the same for all
frequencies], abbreviated as AWGN. This choice of a
Gaussian noise model is common, convenient, and in our
case particularly useful because we want the resource hier-
archy we establish to be consistent with thermodynamics,
such that thermal resistors at the ambient temperature 7" are
at the bottom of the hierarchy. Whilst for general sources V
may be independent of the internal resistance Ry, the volt-
age generated by thermal resistors, a special type of source,
is commonly modeled as being uniquely determined by
their resistance and the ambient temperature 7. A physical
resistor at temperature 7 is then modeled mathematically
as an ideal resistor in series with a voltage source Vr
sampled as additive white Gaussian noise (AWGN) with
variance given by [30—50]

0% = Af 4k TRy, 4)

where Af is the frequency bandwidth being sampled,
which can be thought of as a setting in an oscilloscope
and kp is Boltzmann’s constant. The subscript 7 in Ry
and V7 indicates that this is the resistance of a thermal
resistor and the voltage across that resistor respectively.
[Strictly speaking, Eq. (4) is an approximation that leads
to a variance that diverges in Af and more generally the
Planck distribution should be used [30].] Such thermal
resistors are depicted in Fig. 3. There may moreover be
Gaussian noise that comes not from a thermal process,
but, e.g., due to a variety of factors giving rise to Gaus-
sian noise via the (Lindeberg) central limit theorem for
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FIG. 3. Two ideal resistors with Gaussian voltage time series.
Each models a single physical resistor at some temperature. At
each time moment, a voltage value is selected from a Gaussian
distribution centred on 0 and whose standard deviation is pro-
portional (for some frequency window) to RT where R is the
resistance and T the temperature of the thermal resistor. Thus the
right resistor has a higher temperature than the left.

independent random variables [51]. In this case, we may
interpret the variance of the source voltage as giving rise
to an effective temperature of the noise. For many practi-
cal energy-harvesting applications, the genuinely thermal
noise is indeed insignificant. A 10k resistor at room
temperature has an open-circuit rms voltage of 1.3 uV,
measured with a bandwidth of 10 kHz [27], whereas the
output of hand-sized harvesters is often of the order of volts
or higher. Thus for many applications of the results here
we expect any noteworthy Gaussian noise not to be ther-
mal and the variance thus to be associated with an effective
temperature.

If the generating model is a priori not known, one may
rather repeat the experiment many, say 7 times to build up a
set {Vi};_,, assume it is generated by a distribution within
a family of models, and match the data to the “best” model
within that family via the maximum-likelihood method, as
described in Appendix G.

We take any resistor with resistance R at ambient tem-
perature T to be a free state. All other voltage sources,
including resistors at other temperatures, are taken as
nonfree states.

V. INTERCONVERSION OPERATIONS
We now describe the free interconversion operations

between sources that we allow.

A. Reversible energy-preserving operations

Motivated by basic physics and previous work [9] we
define one type of free operations as being ones which

are reversible and energy preserving (without changing
the internal resistance R,). Here reversible means that the
inverse operation is also allowed (and free). By energy pre-
serving we mean that the energy delivered to a resistive
load, V, - V. /NR;, is conserved, where N is the number
of sampled points. For fixed R; and R,, V; and V, :=
V' are proportional (recall ¥, = Vy/1 + R/Ry). Thus, the
demand that V; - V; is conservqed Lmder these operations is
equivalent to demanding that VV - ) is conserved.

Matrices, which preserve dot products, are orthogonal.
Modeling the operations as matrices implies that if sources
are added in series, the impact of the operation is the
same as if it had acted on each source individually. More-
over, multiplication by a factor commutes with applying
an orthogonal glatrixl so we may treat the matrix as act-
ing on either V or V, and choose the former, since we
opt to represent the source as the 2-tuple (p(V), R;). We
thus model these energy-preserving reversible operations
as orthogonal matrices O acting on V.

There is no measurement during the implementation of
the free operations. There may have been measurements
involved in characterizing the source’s probability distri-
bution (a process sometimes called tomography) but we
do not include the one-off cost of those.

A simple example of such operations is the (possibly
periodic) bias flip [9,52]. This is depicted in Fig. 4. If
the aim of the agent is, e.g., to outperform the diode
bridge for the task of rectifying the voltage with mini-
mal loss, the bias flip can, in principle, succeed provided
that the signal-to-noise ratio is not too high [9]. (Rectifi-
cation is further discussed in Appendix F.) Another simple
example is a phase shift, which shifts the time label along.

Transformed source

=
V. s
R, i

FIG. 4. Example of converting one source to another. There
is a nonideal random voltage source with associated resistance
Rg. There is a load, often taken to be purely resistive with
resistance R;. The source may be transformed by certain (in
principle) energy-preserving reversible operations such as flip-
ping V' — —V by switching the circuit architecture facilitated by
switches S; and S, as depicted.
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(a) (b) L

FIG. 5. The free operation of adding a thermal source. Sub-
figure (a) represents an open-circuit nonideal voltage source
modeled as an ideal voltage source V; connected in series with
a resistance R;. Subfigure (b) represents a closed circuit non-
ideal voltage source, which has thermal noise added to it, thus
becoming an alternative transformed source. The nonideal volt-
age source is modeled as an ideal voltage source V; connected
in series with a resistance R, and the thermal noise is modeled
as an ideal voltage source Vr connected in series with a resis-
tance Ry. Moreover, from the Johnson-Nyquist formula [Eq. (4),
Refs. [30,31]], we have E|V7|*> o R7T, where T is the ambient
temperature for the thermal noise. Subfigure (b) also depicts a
load resistance R;.

As toy examples of these, consider a voltage time series
YV = (V1, Vs, V3, Va). An example of the bias-flip transfor-
mation denoted by Ogr and a phase-shift transformation
denoted by Opg is given, respectively, by the following
4 x 4 orthogonal matrices:

1 0 0 0 0100
0 -1 0 0 00 1 0
Osr=1og o 1 o |2dOs=]g ¢ o 1|
0 0 0 —1 100 0

More generally, the voltage time-series transform under
the energy-preserving reversible operations as

Vi=) 05V, =2 058+ Oyri. (5)
J J J
where O is an orthogonal matrix.

B. Adding thermal noise

Adding a thermal resistor Ry at the ambient temper-
ature T will also be treated as a free operation. The
variance of such a resistor’s Vs is given by Eq. (4) and
is proportional to RyT. Thus the addition is modeled as
W), Ry) — (p’(V), R, + Ry), where p’ represents a pro-
cess where AWGN noise satisfying Eq. (4) has been added.
This free operation is depicted in Fig. 5.

VI. WHICH RESOURCE QUANTIFIERS RESPECT
CONVERSION HIERARCHY

We now use the resource theory paradigm to identify
quantities that respect the hierarchy associated with the

free operations. If one source can be converted to another
with free operations the latter source must not have a
higher number assigned to it. Quantities respecting the
conversion hierarchy in that sense are then reasonable
quantifiers of the value of transient voltage sources.

The value given by the quantifiers involves taking aver-
ages. To explain the notation we use, for example, a vector
= (uy,...,uy)". Assume it is sampled at N intervals
of 8t over a total time t = N§¢. It is natural to define
the time average E,(u) = (3_,u;86)/t = Y _;u;/N. Then,
for example, E;(u?) = # - 11/N. We moreover employ the
statistical average E, (1) = ), p (u)u. The statistical aver-
age of a time average will also appear, e.g., E,,(u?) =
E, @ - u/N) :=Elul.

We begin with discussing quantifiers that fail to respect
the hierarchy before giving three that respect it.

A. Maximal power dissipated does not respect the
hierarchy

A common measure in the literature on energy harvest-
ing turns out not to be a monotone under the free operations
of our resource theory. Suppose the experimenter tunes the
resistive load R; until maximum power is dissipated and
then records the power for the optimal resistance and also,
crucially, maximizes it over time, i.e., maxg, ; P;, where
Py = V%/RL. From Eq. (1) one then sees maxg, ;P =
max,(Vf(t)) /(4Ry). This quantity is not monotonic under
our free operations, however. For example, if V; = 1V for
1 s, then we allow for the free interconversion via orthog-
onal operations to ¥y = +/2¥ for half a second, which
would increase maxg, , P;. The construction of the orthog-
onal matrix achieving this interconversion is presented in
Appendix A (also see Fig. 6).

Moreover, recall that we allow adding thermal noise as
a free operation. This could increase maxg, , P; as well,
e.g., if initially Vs = 0. This addition would even increase
the energy delivered to a resistive load, I£, P, 7. Thus the
energy delivered to a resistive load is not a monotone
either. Similarly maxg, £,P; 7, also used in the energy-
harvesting literature is strictly speaking not a monotone,
except for, notably, being an approximate monotone in the
regime where thermal noise is insignificant relative to the
other voltages.

The above argument formalizes why we should deduct
the ambient temperature thermal noise from the signal
before evaluating the usefulness of the transient voltage
source: adding ambient temperature thermal noise should
not increase the source value. In what follows we give
three quantities that involve this deduction and are indeed
resource monotones (nonincreasing under free operations).

B. Modified signal-to-noise ratio

The standard SNR is defined as (EIS]?)/(E[F?) for
signal vector S and noise vector 7. SNR is widely used
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FIG. 6. Toy example of a free conversion that changes the
time-maximized power. The left parts of both subfigures [(a),(b)]
depict 1-V deterministic voltage source for a duration of T = 1
s. The right parts of both subfigures [(a),(b)] depict +/2V deter-
ministic voltage source for a duration of v = 1s.(a) In this case,
the source is sampled into intervals of 6z = 1/2s. Thus, the volt-
age vectors, in this case, for left and right subfigures are given by
2 x 1 vectors i = (1, )T and ¥ = v/2(1,0)%, respectively. The
Hadamard matrix H, which is an orthogonal matrix, is then used
to convert i to v, i.e., v = Hu (see Appendix A). (b) In this case,
the source is sampled into intervals of §¢ = 1/4 s. Thus, the volt-
age vectors, in this case, for left and right subfigures are given by
4 x 1 vectors o' = (1,1,1, Dt and ¥ = v/2(1, 1,0, 0)", respec-
tively. The 4 x 4 orthogonal transformation O such that v = OW’
is provided in Eq. (A3) of Appendix A.

in information processing and information theory so it
is arguably natural to consider whether a voltage source
resource quantifier can be built from it.

We firstly propose a modified SNR (MSNR), as a
possible resource monotone. Let

MW+EW—M%HT
RE|F|? ’

MSNR(p (V), Ry) := (6)

where 7y, is the thermal noise corresponding to R at ambi-
ent temperature, i.e., E|7#y|> = Af 4kgTR, using Eq. (4),
and the averages (I£) are taken as statistical averages of
time averages over the probability distributions of the
corresponding signal and noise sources as defined in the
beginning of the section. t is the pulse duration of the
source, which is natural to include since a longer pulse
with a given average source voltage should be expected
to be more valuable than a short one. The reason to include

the internal resistance R, is to ensure that our monotone
adds extra penalty on the sources that have higher internal
resistance. The 7y, term, associated with the ambient tem-
perature, ensures that resistors that are hotter and colder
than the ambient temperature resistors, remain nontrivial
sources. MSNR, given by Eq. (6), does satisfy the two
requirements we list for a resource monotone.

(a) Faithfulness: 1t immediately follows from the
definition that MSNR is zero for the free states (S =
0, 7 = 74) and vice versa, and is thus a faithful quanti-
fier. Resistors at a different temperature to the ambient one
have MSNR # 0 since, although S = 0, 7 # 7q,.

(b) Monotonicity under free operations: MSNR is con-
served, and thus nonincreasing, under orthogonal trans-
formations for which S; = > 04 and 7 =3, Oyry
where O is an orthogonal matrix. This can be shown as
follows:

Y& =YY 08 Y ous
i i k
= §Si=)_ S} (7)
Jk J

By the same argument, under orthogonal transformations
Y= > rioand )7 = > " ;- Moreover, since
adding thermal noise at the ambient temperature, the other
free operation, increases IE(]7|?) whilst not impacting the
signal, it is clear that MSNR will not increase under such
operations. Under addition of thermal noise at ambient
temperature it is easy to see that the monotone is non-
increasing. When adding a thermal resistor R in series
7> 7+ S, Fth —> Fn + St, and R — R + R, where sy,
is the thermal noise at ambient temperature correspond-
ing to resistor with resistance R. Then the MSNR value of
Eq. (6) becomes

o > > > > 12
IE:|$|2 + |E|V + Sth|2 — Efrg + Sth| |_L_
R + R) EfF + 5
_ EISP + |EF? - Effw |
T (Ry+ R E[F 45wl
_ EISP + [EFf? — EFFul?|
= R, E|7|?

®)

From Egs. (7) and (8) we see that the resource value
assigned by MSNR is nonincreasing under the action of
free operations and is hence a valid monotone.

MSNR may also be conveniently evaluated in several
cases. Table II gives the MSNR for different sources
O),Ry), with R; kept general with AWGN noise
[Eq. (3)] that has time-dependent variance.
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TABLE II. MSNR for different sources (p(f}),Ry). It s
assumed that signal dominates the noise term, E|S|> >
max(E[7|?, E[Fu|*) such that only the noise in the denomina-
tor needs to be included. The AWGN noise standard deviation
is allowed to depend on time, labeled as o;. The signal dura-
tion T = 1. The corresponding proofs are given in Appendix B.
Derivations of the MSNR value for broadband sources are also
given in Appendix B 2.

Quantity Value
_.i sin(a)ti)
7 Thermal AWGN, o}, at time #;
-1

MSNR <2RS limy oo & YN, a,f) [Eq. (B5)]
g,— sin(wt;) + cos(wt;)
7 Thermal AWGN, oy, at time #;

-1
MSNR (RS limy oo & S0, a,f) [Eq. (B8)]
S; > (f (o) sinw't; + g(w') cos w’t,-)
7 Thermal AWGN, o}, at time #;
MSNR (Zﬁcv:l [Zw, (f (o) sinw'ty+g(@') cos w’tk)]2)

-1
x (RYIL 02)  [Eq.(B7)]

We show that MSNR assigns values to sources in a way
that respects the hierarchy, and that it can be convenient
to calculate. However, when there is no noise (r = o ~ 0),
MSNR diverges even for finite R, suggesting the MSNR
value itself may not have a direct operational meaning,
such as the number of unit resources that can be distilled.
We therefore propose and investigate a second resource
monotone, which turns out to have such an operational
meaning.

C. unitdc

There exists a resource monotone whose value, we
show, can be interpreted as the number of unit dc sources
(1 V at 1Q for 1 s) contained within the source. We
accordingly denote this quantifier by unitdc. We let

EIS|? + [E[F2 — Effp?| .

unitde(p (V), R,) := -

)

where & is the signal, 7 is the noise part in the signal, R,
the internal resistance of the source, 7y, is the thermal noise
corresponding to R at ambient temperature and the aver-
ages (IE) are taken as statistical averages of time averages
over the probability distributions of the corresponding sig-
nal and noise sources as defined in the beginning of the
section. T is the pulse duration of the source. The physical
unit of unitdc is energy (J). It can be seen easily that unitdc
is a monotone.

(a) Faithfulness: By inspection unitdc(p(f/),Rs) =0if
and only if  has no signal and noise is only thermal at
ambient temperature: S = 0 and 7 = 7. This is true for
our free states. It is also clear that for a hotter_or cooler
than ambient temperature resistor, even though S = 0, the
unitdc # 0 as [7? # [F]?. )

(b) Monotonicity under free operations: unitdc(p (V),
Ry) is conserved, and thus nonincreasing, uPder orthog-
onal transformations since they preserve |S|?, |7|%, and
[7n|? [see Eq. (7)]. The other free operation is to add ther-
mal noise at the ambient temperature, which is equivalent
to adding a resistor R in series at the ambient tempera-
ture. Thus, the modified internal resistance becomes R, =
Ry + R > R,. Such a resistor adds an independently dis-
tributed Gaussian noise sy, whose variance is proportional
to RkgT. Thus, we have

unitde(p (V), R, + R)
_ EISP + [EFF +Sul — Effu +5al’|
Ry +R)
_EISP + [EFP - Effwl] .
Ry +R)
< unitde(p (V), Ry).

(10)

Thus, adding thermal noise at the ambient temperature
does not increase unitdc(p (V), R,) and we conclude that
unitdc(p (V), R,) is indeed a monotone under free opera-
tions.

The value of unitdc(p(f)),Rs) can be evaluated using
similar techniques described above for MSNR.

A motivation for using unitdc(p(V),R;) over other
monotones is that it can be interpreted as the amount
of “unit dc” sources within the source. These are 1-V
dc sources with internal resistance R, = 1€2, pulse dura-
tion T = ls, thermal noise corresponding to 1€2 resistance
at the ambient temperature, and are represented as an N
length time series

Vie = &+ Fun, (11)
N
el ,—/‘ R . . .
where e = (1,...,1)T such that the probability distribution

p(€) =[], 8(e; — 1). For such a source,

unitde(p Vao), 1) = EJe]?
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FIG. 7. Plot of the logarithm (with base e) of monotones

for a sinusoidal voltage time series, denoted by {Si}gzg,
versus the logarithm of the internal resistance R, which
is monotonically related to the thermal noise at the ambi-
ent temperature. We take S; = s1n(25i) and the noise to
be the thermal noise corresponding to its internal resis-

tance R;. The MSNR is given by MSNR ((P(S‘ + ?th),RS)> =
3120 sin? (£1) /(800ksTASR?) [see Eq (B3)]. The unitdc is
given by unitdc ((P(g +7th),Ry)) 200R 239(9) sin ( i) [see
Eq. (9)]. The relative entropy is given by R ((P(S + 7)), RS)> =
g1 sin® (J51)

T00R; 22i=0 TGTAR [see Eq. (19)]. Moreover, we take the pulse

duration T = s, T = 300 K, Af = 10° MHz, and R; is taken to
vary in the range of 1 to 10'2Q. Those expressions imply that
when T is close to zero (i.e., no noise), the monotones MSNR
and relative entropy diverge while unitdc is finite. This can be
seen in the figure by noting that there is a logarithmic scale and
the unitdc values are negative whereas the other two monotones
have positive values for small R, (implying exponential increase
as R, decreases.).

We show in Sec. VII C below that from many copies of the
given source (B(V),RS) one can by free operations distill
out unitdc(p (V), Ry) unit dc sources per original source.
unitde further has the desirable property of not diverging
for finite R; whereas MSNR does diverge, as exemplified
in Fig. 7.

Finally, we note that unitdc can be written in sev-
eral forms, including unitdc = 7 (% + ANk Ty — T |>,
where [E; denotes a time average over the pulse duration
7, Af is the bandwidth under consideration (a setting in
an oscilloscope), kz Boltzmann’s constant, 7' the ambient
temperature, and 7 the effective source noise temperature.

D. Relative entropy between the noisy and the free
source

Relative entropy-based monotones such as relative
entropy of entanglement in the resource theory of

entanglement [12] are widely used in resource theories.
Relative entropy measures how different two probability
distributions are, therefore, we now introduce and analyze
a relative entropy-based measure in our resource theory
here.

Let P and Q be two probability distributions defined
on the same probability space £ with probability densi-
ties p(x) and g(x), respectively, then the relative entropy
or Kullback-Leibler divergence between P and Q is
defined as

&)

13
ot (13)

D (P||Q) —fdxp( ymn

The above expression is finite only when ¢g(x) = 0 implies
px) =0[53]. We let

R(p(V),Ry) :=

R, (14)

where P = p(f/) is the probability distribution for the
noisy signal and Q = ¢()) is the probability distribution
for the noise corresponding to the internal resistance R;
at the ambient temperature. 7 is again the pulse duration
of the source, such that longer pulses can be more valu-
able than shorter ones. N is the number of time steps in
the voltage time series, i.e., V = (J1,..., )t Dividing
by N counteracts divergence under faster sampling rates
(higher N). Dividing by R is to ensure the monotone
decreases under the addition of resistance. It is immedi-
ate from Eq. (14) that the value of the monotone for a
hotter or cooler than the ambient temperature resistor is
non-negative. We now show that R(p (V), R,) is a resource
monotone.

(a) Faithfulness: The relative entropy D (P||Q) is zero
if and only if P = Q implying that for thermal noise cor-
responding to resistance R, at the ambient temperature,
R(p(V) Ry) = 0 and vice versa. Thus, R(p(V) Ry) is a
faithful resource quantifier.

(b) Monotonicity under free operations: The orthogo-
nal transformations reversibly map different voltage series
with the same 2-norm to each other, thus acting as per-
mutation matrices on the vectors p(V) whose entries are
probabilities of different voltage distributions. Permuta-
tion matrices are doubly stochastic (rows and columns
sum to 1 and entries are in the range 0 to 1). Moreover,
the internal resistance R,, by definition, remains invari-
ant under orthogonal transformations and therefore, Q is
also invariant. Now, the data-processing inequality for rel-
ative entropy (see Appendix D), which holds for stochastic
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matrices, applies here.

T
NR,

T
> ED MPIIMQ)

R ((p(V),R)) = 1D (PIIQ)

. T
" NR,

=R ((pO).R)), (15)

DMPIIQ)

where M is a column stochastic matrix and Vs
obtained after the orthogonal transformation on V. Thus,
R@V),R;) is nonincreasing under reversible energy-
preserving operations. Further, for any noisy source,
adding thermal noise corresponding to some resistance R
at ambient temperature does not increase the value of the
monotone. The reason is as follows. Note that adding ther-
mal noise will amount to changing 7+ 7+ Sgq, Fn >
7th + S, and Ry — R, + R, where sy, is the thermal noise
at ambient temperature corresponding to a resistor with
resistance R. Thus, adding thermal noise is equivalent
to a convolution of probability distributions of the sig-
nal and noise by a same probability distribution. From
Appendix D2 we see that the relative entropy is nonin-
creasing under convolution. Therefore, based on the above,
we conclude that the relative entropy of resource is a
faithful resource monotone for our case.

For the case of an arbitrary noisy signal V=3S8+ 7, where
S is a deterministic signal and is defined by

pS =[]pS =[]sS-s». (16

while 7 is satisfying Eq. (3), we have

. 1 Vi— 1)
P(V)=l—[pi(V[) =1_[ ~ eXp [—Q}

2
i \/2mo; 20;

(17

Also, let the distribution of the thermal noise correspond-
ing to the internal resistance R; at the ambient temperature
be given by

- 1 V2
QW) =[]0 =]]——=exp [——12} . (18

i \/27r7512 %

Then, for such a voltage source, we prove in Appendix D 3
that

, 24 2 2
R(p(V),R,) = 2];& Z (“l ;; % n <2—2> _ 1).
(19)

VII. COMPOSED SOURCES

Composed sources are also sources, and they can be
given (Thevenin) equivalent circuits with one voltage
source and one internal resistance. One reason com-
posed sources are of interest is that we argue that the
unitdc(p (V), Ry) corresponds to the fraction of unit dc
sources one can gain from many composed copies of the
given voltage source. Another is that energy harvesters
may have different subcomponents, e.g., piezos with differ-
ent resonance frequencies, as in Ref. [52]. We first discuss
how to compose sources, go on to derive results on how
the resource quantifiers behave under the composition of
sources and then focus on how many unit dc sources are
needed to compose a given source and vice versa how
many unit de sources one can distill from the source.

A. How to compose sources

We follow the standard paradigm for composing volt-
age sources in electronics: composition in series is allowed
for any source and composition in parallel is allowed for
identical sources. We do not consider what will happen if
nonidentical sources are connected in parallel [54];

V!e denote composition in series as (p(V),R;) o
(» (V), Ry). Under this composition, the voltages and resis-
tances add. It is natural to define the sum of two deter-
ministic signals as the signal of the composite system
and similarly the addition of the two noise vectors as the
modified noise vector.

B. Resource quantifiers under composition of sources

We see quickly what the MSNR and unitdc are when
composing identical sources. Note that the sum of two
independent centered Gaussian variables each with stan-
dard deviation o has standard deviation o’ = +/20 [since
0”? =E@r +r)? =02 +0?%]. Thus, letting o denote
composition in series, we have

MSNR((p(V),Ry) o (p(V), Ry))
1 E(281) + 2 [E[f]? — Eff]?|

~ 2R, 2E(7F2)
— MSNR(p V),R,) — 1 w (20)
B 2R E(I7?)

Similarly, for the resource monotone unitdc, we have

unitde((p (V), Ry) o (p(V), Ry))

B8P + 2 |EfF? - Bl

= ", T

— 2unitde(p(V), Ry) — 1% B —EfFal?]. 1)
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Thus except for the case of 7 = 7y, composing two iden-
tical sources lowers the value per source. This is actually
to be expected intuitively since the composition in series
will lead to some of the random noise cancelling, and is
less optimal than firstly rectifying and then composing, as
discussed in Appendix F.

For the case when 7 = 7, we see that MSNR has the
strange feature of not increasing undef composition of two
identical sources whereas unitdc(pﬁ(V),Rs) doubles. This
again speaks in favor of unitdc(p (), R;) as a measure of
the usefulness of a source.

C. Composing many identical sources

When many identical sources are connected in series,
the resulting composed source can see the Gaussian noise
effectively cancelling due to the law of large numbers.
Consider n noisy voltage sources, with the same internal
resistance Ry, given by V = S + 7 with p(V) = [, p:(V)),
where V; are components of f} and p;(V;) is given by

Vi—sp)?

1
_— /Pr(Si = 5;) exp |:— 5
,/2710.2 20;

where Pr(S; = s;) is the distribution of the signal, which
in the deterministic case is just a § function. These n
noisy sources can be considered as n independent identi-
gall}i distribgted vector valued random variables, namely,
V1, Vo, ..., V,. Therefore, given any small number € > 0
and § > 0, from weak law of large numbers [53], we have
for sufficiently large n
< 6) >1—e.

Pr(%éf&—l@(ﬁ)

This means that the source 1/n) ., f/i is very close to

pi(V) =

the source £ <f)> in probability. Therefore, we can con-
sider 1/n )", Vi~ E (f/) in large n limit. Here [ (9) =
EV),E(V),...,E(Vy) and foralli=1,...,N

1
(V) = [ viar,
2r0}?
(Vi — si)*
X /Pr(Si =s)exp|————— |ds
20
= /ds,-Pr(S,» = S,’)Si = ESI
—_—

Thus, (V +---+ V) correspond to n (ESi,...,ESy)
voltage vectors, each with internal resistance Ry, for large

n. In particular, when S is a deterministic signal then
n copies of (p(V),R;) simply corresponds to a source
(nS, nRy), for large n.

D. How many unit dc sources in a given source

We now consider the question of how many unit dc
sources are “contained” in a single source. For example,
2 sof 1 V at 1 internal resistance should intuitively be
equivalent to 2 unit dc sources (recall a unit dc source is
1 s of 1 V with 1€ internal resistance at ambient tempera-
ture). This process is more generally termed distillation of
standard resources (see, e.g., Ref. [12]). It is an appealing
property of a resource monotone if it can be interpreted as
the number of distillable standard resources. In our case, as
discussed above, the natural standard resource is the unit dc
source. Thus in our distillation protocol, we are interested
in adding n noisy voltage sources and hope to obtain m 1-
V dc sources, where m is as large as possible. This may be
written as

n
e ———
>, Free

> ”_,_/ﬁ_,
V+--4+V) — (e+---+e),

Operations

m

(22)

where ¢ is 1-V dc voltage source (or voltage time series)
with internal resistance R = 12 [see Egs. (11) and (12)]. It
is commonly the case that such transformations are iden-
tified only in the asymptotic limit of # — oco. The law
of large number effects can then be employed to cancel
out fluctuations away from the desired state in the asymp-
totic limit as described above. The distillation rate is thus
commonly defined as lim,,_, o, m/n.

We now seek the optimal distillation rate: how many
unit dc sources can we distill from a given source, per copy,
via free operations?

Consider firstly, for simplicity, the case of the source
having thermal noise at the ambient temperature, plus
some signal. Then the unitdc value of n sources in series
has the neat form nd where d is the unitdc value of a single
source. It is possible to convert these n sources in series
to m = nd unit dc sources via the free orthogonal opera-
tions provided that m = nt[E|S|?/R, = nd [see Egs. (11)
and (12)]. This corresponds to the forwards transforma-
tion of Eq. (22). Thus one can distill unitdc units per
source via free operations. We give heuristic arguments
in Appendix F that, in the reverse direction, free trans-
formations can convert m unit sources into nd copies of
the original source. Thus the unitdc is an achievable and,
we believe, optimal rate for sources where the noise is
thermal.

We also believe the unitdc is the optimal rate for the
case where the sources have Gaussian noise that is not at
the ambient temperature. In this case adding the sources
in series is not an optimal distillation protocol but rather
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one should apply a rectifying operation first. This neces-
sitates expanding the set of free operations to include a
rectifying operation. We give a possible idealized rec-
tifying operation that can reasonable be called free in
Appendix F. It takes free states to free states. Under this
operation we show heuristically that unitdc((p (V), Ry))
should indeed be the optimal rate for such sources
as well.

VIII. CONCLUSION AND FUTURE DIRECTIONS

We consider transient voltage sources and how to rank
them according to their usefulness. We took a so-called
resource theory approach to define an interconversion hier-
archy. We defined a resource theory for transient voltage
sources. We took power-preserving reversible operations,
as well as the addition of ambient-temperature Gaussian
noise as free interconversion operations. We gave three
measures of usefulness that respect the interconversion
hierarchy induced by the free operations, and show that
some measures currently used do not respect it. One of
our proposed measures, the unitdc, has the interpretation
of how many 1-V dc over 1 s, 12 internal resistance volt-
age sources can be distilled per source. The results show
that noise that is not from the ambient temperature does
carry value and specify how much so.

We hope this measure may prove useful in comparing
different voltage sources fairly and in guiding the opti-
mization of energy harvesting. The results suggest several
directions for further development are likely to be fruit-
ful: (i) the quantifiers can be applied to place value on a
range of imperfect voltage sources, (ii) the approach can be
developed further by extending the set of states (e.g., more
rich noise models) and free operations (many more con-
verting circuits should be possible), (iii) the choice of free
operations to apply for a given conversion is an appeal-
ing application of machine-learning techniques, leading
to what may be called intelligent energy harvesting, (iv)
the efficiency of energy harvesters can be quantified in
terms of the amount by which they decrease the resource
value of the original, e.g., mechanical source, by convert-
ing it into electrical output, (v) the law-of-large-numbers
approach taken here should more generally be replaced
with single-shot approaches similar to what is being done
in information theory and statistical mechanics, and the
agent’s risk-reward profile should be taken into account
when assigning value to a resource, and (vi) it will be inter-
esting to apply the same approach to quantum coherent
electronics.
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APPENDIX A: ORTHOGONAL MATRICES FOR
INTERCONVERSION OF CERTAIN
DETERMINISTIC VOLTAGE SOURCES

Given a 1-V deterministic voltage source for a duration
of T = 1s, we can sample it N times in the increments §¢ =
7/N = 1/Ns. Then this deterministic voltage source can
be represented by an N length vector V(N) = (1,..., Dt.
When N is even, we can rewrite V(N) as

vy = (4,0 e, =T 2) @ ),

where ® is the Kronecker product. Further, for the even N
case, consider another +/2V deterministic voltage source
for a duration of 7/2 = 1/2 s sampled in the intervals of
8t =1/N = 1/N s. Such a source then can be represented
as an N length vector

N/2 N/2
N P ———
UN) =~2(1,...,1,0,...,0)".
It is clear that 17(N)TI7(N) = U(N)TU(N) = N. There-
fore, there will always exist an orthogonal matrix O

such that Z](N )= Of/(N ). Such an O can be con-
structed as follows. First, note that using the Hadamard

matrix
I (1 1
A
which is orthogonal, we get
1 1
H <1) =2 (0) . (A2)

Now, let us consider a matrix
0 = H% QR H,
where I, is the n x n identity matrix. Using O’, we obtain

V' (N) := O'V(N)

= VIN/2) ® (*{?)

—— = ~ =,
=+/2(1,0,'1,0,...,'1,0)".
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It is not difficult to see that after applying a suitable per-
mutation matrix to V(N ) we obtain U(N ). In particular,
let the cycle Q); = (ij) denote a permutation matrix such
that it exchanges indices i andj and leaves all other indices
intact. Then the orthogonal matrix

0= Q;vfl N/2Q§V73 Nj2—1 """ Q/5,3Q/3,2
- HN/Z 1Q21+1 i+1
gives U(N) = OV (N) = (QO)V(N). Therefore, the

desired orthogonal transformation is given by O = QO'.

For N = 2 case, the desired orthogonal transformation
is given by the Hadamard matrix itself [see Eq. (A2)]. For
the N = 4 case, the matrix O’ is given by

11 0 0
, 1 {1 -1 0 o
O=Lel="31g ¢ 1 1

0 0 1 -1

The matrix Q is given by

1

Q=Q/3,2=E

S OO =
SO~ OO
SO = O
—_ o O O

The desired orthogonal matrix O is then given by

1 1 0 O
; 0 0 1 1
0=00="7[1 -1 0 o (A3)
0 0 1 -1
It is easy to verify that

1 1 0 0 1 1
L fo 0 1 1 1 1
Ll -1 0 0 1 =2 0
0 0 1 -1 1 0

For the case when N is odd, we can obtain the desired
orthogonal transformation O satisfying v = Ou, where
u'u = v'v, as follows. First note that since both vectors
have same length, we can normalize them to make them
unit vectors. Then using Gram-Schmidt procedure, we
can create two orthonormal basis sets B; = {it',-}?i , and
B, = {U;}Y,, where i) = and U, = ¥. Then the orthog-
onal matrix O achieving ¥ = Ou is defined by the equation
Ov; = u; forallj € {1,...,N}. Or the matrix elements O;;

of O in the basis B, are given by ¥, O, = v, 1.

APPENDIX B: PROOF OF THE RESULTS IN THE
MAIN TEXT CONCERNING MSNR MEASURE

Everywhere, in this Appendix, we assume that the noise
in the voltage sources is given by the thermal noise at the
ambient temperature, i.e., 7 = 7y and T = 1.

1. Modified signal-to-noise ratio for noisy sinusoidal
signals

The MSNR in this case is given by [see Eq. (6)]

EISP
MSNR Ry) = Bl
00).R) = . (B1)
First, let us calculate E|S|.
| N
E32=—f---/§2 5(Sk — sin wi)dS,
ISP = ||g<ksmwk)k
Ly S25(S, i S
:NZ 0 (S — sin wty)dSy
k=1
_ 1 - 12 2
= NZsm wty. (B2)
k=1
Similarly,
2
Bt = [ [ f[l EF
rT = — I"k
N k=1 1/271(7,C
N 1 N
1 2 1 27 1 5
S L EEE o
k=1 o} k=1
Therefore, from Eq. (B1), we have
. 1SV gin? ot
MSNR(p(V), Ry) = _M_ (B3)

N
Ry pIp "kz

Let us further assume the voltage time series contains
entries at times #; = k(t)/N. Then, we get

1 & 1 & wkt
. 2 _ . 2 it
v ,;_1 sin” wt; = N kE_l sin ( Ir ) .

Next, we use the Riemann sum to definite integral formula,
which looks like the following:
1 k) .

b
/ F @) =
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Now, by choosing a =0, b = wt, and f (x) = sinx in

above formula, we get

1 wT

k
— sin® xdx = lim —Zsm <a) T)
wT Jo N—ooco N

Solving the left-hand side of the above equation, we get

k 1 wT
lim —Zs (w t) —/ sin® xdx
N—oo N wT Jo
= —. (B4)

Combining the above equation with Eq. (B3), we have

1
MSNR(p (V), Ry) = . (BY)
2R, limy_ oo + ¥ Zk | 0}
Foro,=o forallk=1,...,N, we have
MSNR(p(V), Ry) = (B6)

2R,02’

2. Modified signal-to-noise-ratio for voltage sources
containing more than one periodic term

In the previous subsection, we consider probability dis-
tribution of input voltages with only a single frequency. In
the following, we consider the set of all states as before,

ie., V=38 + 7, except the signal S contains multiple
frequen01es and is distributed according to

p(g) = 1_[8 (Si — Z (f (@) sin't; + g(@') cos a/t,)),

for real functions f (') and g(w'), allowing numerous
frequencies. The MSNR for such a source is again given by
1 E|SP?
R E|F|?
B Zﬁ:’:l [Zw/ (f (@) sinw't + g (o) cos a)/tk)]z
= N
Ry oy 0

MSNR,, =

El

(B7)

where use of a subscript “b” denotes that this MSNR
corresponds to a broadband source.

Case 1. When f (o) = §(0 — w)
we have following proposition.

= g(«’). In this case

Proposition 1. For a voltage time series V=38 +7 with
p(S) =[],8(Si —sinwt; — coswt;) and q(F) satisfying

Eq. (3), we have

1 1
MSNR; = 2 MSNR =
R th%OO N Zk 19

7 (B8)

Here MSNR and MSNR, are the signal-to-noise
ratios divided by the internal resistance R; when

p(S) [1;8 (S — sinwty) andp(S) [1;8 (S — sinwt;

— cos wt;), respectively.

Proof :
we have

Putting /' (o) = §(0’ — w) = g(«') in Eq. (B7),

1 Y0, (sinwty 4 cos wiy)?
Ry Y1 f
1 N+ 1sm(2a)tk)

R, Y1 0F

Taking #; = ky;, we get

MSNR,, =

N

1K 1 . [ 2wkt
~ ; sinwty) = ~ ; sin N .

Now, using Riemann sum formula, we have

1 [ 2wkt
— 2x dx = 1 — . (B9
sin2x dx = lim 251 ( v ) (B9)

wT Jo N—oco N

Solving the left-hand side of the above equation, we get

N

2wk 1 wt
lim —Zsm( @ T) —/ sin2x dx = 0.
N—oo N wT Jo

Thus, we have

1

MSNR,;, =
R limy o0 3 N Zk 19

7 (B10)

Using Eq. (BS5), we complete the proof of the proposition.
|

Case 2. When [ (o) = §(0' — w1) + 8(0' — @) and
g(w') = 0. In this case we have the following proposition.

Proposition 2. For a voltage time series V= a- g)§ +
gr with p(S) =[1,8(S; —sinwt; — sinwyt;) and q(7)
satisfying Eq. (3), we have

sin((w1 —@7)7) + sin((@1+7)7)
1 (w]—wn)T (w1+w)T

MSNR, = — 5
R limy_, oo 4 ¥ Zk:l o}

(B11)
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Proof : Putting f (o) = (' — w1) + §(0' — w,) and g(w') = 0 in Eq. (B7), we have

1 Z;Ll (sinw; tx + sin waty)?

MSNR,, = -
Rs Y1 0F
1 |:ZQ/=1 sin? it + sin® waty 4 Zk_l cos((w; — w2)t) — cos((w; + a)z)tk):| (B12)
~ n N
R Y1 0F Zk 10}
Now, taking #, = k% and using Riemann sum formula, we have
lim L ZC (w1 — wz)kT _ sin((w1 — @)7)
N—oo N (w1 —m)T
and
im L Z . <(a)1 + a)z)k‘[> _ sin ((w1 + a)z)t).
N—oo N (w1 + w)T
Using above in Eq. (B12), we complete the proof of the proposition. |
3. Modified signal-to-noise ratio for general broadband sources
From Eq. (B7), we have
1 Y (f (@) sinw'ty, + g(w') cosw't :
MSNR, = - 2= (X0 (f (@) sine't + g(@) ol (B13)

N
Ry D=1 sz

Let us define

2
|:Z (f (@) sinw't 4+ (@) cos w tk)i|

Q
M

Z (a)’) sinw'ty + g(w') cos a)’tk) (f (w) sin wt;, + g(w) cos wty)

”Mz TTMz

Z (f (@"f (w) sin @'ty sin wty + g(@')f (w) sin wty cos w tk)

N
+ Z Z (f (@)g(w) sin o'ty cos wity + g(w')g(w) cos o'ty cos wiy)

k=1 w0’

=G+ G+ G+ Ga.

In the following we compute each term divided by N in the limit N — oo.

N
.1 .1 , o
lim —G, = I\}I_I)Iéo N Z Zf (0")f () sin @'ty sin wty,

N—oo N e
= i, NE 1;: ;}:f (@"f (@) (cos ( w)kt) — cos (%))

= % /OT dx gf (@"f () cos(w — w)x — % /Or dx gf (@)f (@) cos(@ + w)x
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. ’ / 1 . /
= Zw;f (@)f (w)—w)f sin(o’ — )T — Zf @) @) 3y @ + o
_ Zf () (w) <sin(a)’ o)t sin(w’ + a))r)
B (0 — )T (0 +w)t )’

w,w

N
. 1 / . /
Nll_l‘)l’olo —Q’2 hngO v ,;_1 E /g(a) )f (@) sin wty cos 'ty

N»ooNz Zzg(w)f(w) (51 ( +w)kr>+sin(w_T‘”)kT>)

k=1 w0’

= % fof dx ;g(w’)f (o) sin(w + o' )x — % /Or dx a%;g(w/)f (@) sin(w — o)x

_ Z g(@)f (w) (l —cos(w + o)t n 1 — cos(w — a)’)t)

~ (w+ o)t (w— )T

(0 + w)T (0 — w)T

B Z g(@f (w) (1 —cos(w' +w)t 1 —cos(w — a))r)

N

. 1 1
Nh_r)lgo ]v% hm — Z Zf (@) g(w) sin @'ty cos wiy

k 1 w,0

= Jim 3 LSS @ (sm ( i wV”) i (w—Tw)kr»

k=1 w0

1 T , ) , 1 T / . /
= Z/o dx %f(w )g(w) sin(w’ + w)x — ;/0 dxwa:/g(a) ) (@) sin(e’ — w)x

B Zf(w/)g(w) (1 — cos(w + w)T N 1 — cos(w' — w)r)

(0 + w)T (0 — w)T

. 1
Nh_{lgo ﬁ@; hm — Z Zg(w )g(w) cos 'ty cos wiy

k 1 w,o
+ w)kt o — w)kt
=A}meN§;§g(w )g(w) (cos( N ) + cos (T))

—1/IdZ<’)<) <’+)+1/rdZ<’><) (@ — )
=2 ), /x ,ga)ga)cosw w)x 2 ), x /ga)ga)cosw w)x

B Z g(@)g(w) (sin(a)’ + w)T N sin(w’ — w)r)

(0 +w)t (0 — w)T
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Combining the above equations, we get

lim
N—ooo N

lg _ Z (g(a)’)g(a)) —f("f (60)) sin(w’ + w)T n <g(a)’)g(a)) +1 ("f (60)> sin(w’ — w)T
B P 2 (0 + o)t 2 (@ — o)t

" Z (g(a)’)f () +f (a)’)g(a))) 1 —cos(0' 4+ w)T " (f (@)g(w) — g(&)f (60)> 1 —cos(0' — w)T
oo 2 (0" + )T 2 (0 —w)t

Let us consider a special case when o takes values from the set {€2,2€,...} and ) — fo:l. Further, choose f (w) —
f (m) =0 and g(w) — g(m) = 1/m. This arises in the following Fourier series:

.|t >, cosmQt
—In(2 = _— Bl14
n( sin 7 n; - (B14)
Then,
o1 )g(w) (sin(w —w)t  sin(0 + w)T =1 sin(m —n)Qt  sin(m +n)Qt
fim Lg_ Y @@ (S o)t sinw/ for) g (m—mQr |, sinim+mQr
N—oo N ~ 2 (0 —w)T (0 4+ w)T - 2mn (m —n)Qrt (m+n)Qt

Thus, we have

00 1 sin(m—n)Qt sin(m+n)Qt
1 Zn,m:l 2mn ( (m—n)Qt + (m+n)Qt )
MSNR,, = — , —
RS thﬁoo N Zk:l O'k

APPENDIX C: COMPUTATION OF UNITDC FOR VARIOUS VOLTAGE SOURCES

In this Appendix again, we assume that the noise in the voltage sources is given by the thermal noise at the ambient
temperature, i.e., 7 = 7, and T = 1. For a voltage time series V = S + 7 with arbitrary distribution of the signal part and
noise distribution ¢(7) satisfying Eq. (3), the unitdc and MSNR are related simply as follows:

N
unitde(p (V), Ry) = MSNR(p (V), R,) (% > a,3> . (C1)
k=1

Let us consider the broadband case, where signal contains multiple frequencies and is distributed according to

p(é) = 1—[ 5 (Si - Z (f (o) sinw't; + g(w') cos w’t,»)) .
In this case, we have

N N ol / / / 2
— ’ s w't, Cosw't,
wnitde, = it [Zr (0 @) o e+ g(@) cosalt)] (©2)

where the subscript “b” again denotes the broadband case. In the following, we present unitdc for various choices of the
frequencies in the signal part.

Case 1. When [ («') = §(0/ — w) and g(w') = 0, i.e., when there is only single sinusoidal term in the signal. In this
case, using Eq. (B2), the unitdc is given by

1 .
R Z sin® wty. (C3)
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When taking N — oo limit, we get

unitdc =

(C4)
Case 2. When [ (o) = §(0' — w) = g(«'). In this case,
using Eq. (B8), we have (in N — oo limit)

unitdc, = 2 unitdc = —
Case 3. When f (o) =68(0 —w1)+ 6(«0 —wy) and
g(@) = 0. In this case, using Eq. (B11), we have (in
N — oo limit)

(©5)

unitdcy
B l (1 N sin ((w; — w2)7)  sin ((wq + a)z)’T))
TR (w1 — )T (0 +0)T )

(Co)

Here 7 can be time period of any of the signal component
or any other constant. Similarly, one can write unitdc for
the most general case following Sec. B 3.

APPENDIX D: DATA PROCESSING INEQUALITY
FOR RELATIVE ENTROPY AND PROOF OF EQ.
19)

1. Data processing inequality for relative entropy

Let us consider two probability distributions P = {P;}
and © = {9} and M a column stochastic matrix. Let P’ =
MP and Q' = M Q. Now,

’P/

D(P'|Q) = ZP’lna

lkpk
B Z ZM}P fn szk

P
“2(zm)reg
= D(P||Q). (DD

In the above we use Log-sum inequality [53], which states
that

Za, ln—l > (Za,) In ] J (D2)
Therefore, if M is a column stochastic matrix, then
DMP|MQ) < D(P||1Q). (D3)

2. Relative entropy under convolution of probability
distributions

Let us consider two probability distributions p and
q corresponding to some random variable X. Let Y be
another random variable with probability density ». Then
the probability densities corresponding to X + Y := Z will
be given by P := p xr and Q := g * r for the cases when
X is distributed by p and g, respectively. In particular,

P(z) = /p(x)r(z —x)dx, Q(z)= /q(x)r(z — x)dx.

Now,

B P(2)
D(P||0) = / dzP(z) In 00

= /dz </p(x)r(z — x)dx)

(f p)r(z — x)dx)
([ qx)r(z — x)dx)
rx)

S/dz/dxp(x)r(z—x)ln?
/dxp(x)ln&

(x)
= D(pllg),

X In

where the inequality in line 3 comes from the contin-
uous analog of the Log-sum inequality [53]. Thus, the
relative entropy is nonincreasing under the convolution of
probability distributions.

3. Proof of Eq. (19)

The relative entropy between the probability distribu-
tions of our interest is given by

D(PI1Q)

Hpj( )

dvy---dvy [1p:(V) In
= [ fan vITr (H Q(V))
_[.. v pi ;)
R

(V)
= dV.p; In
Z/ VeV In (Q(V)>

Note that, we have

(D4)

pitV) =

exp |:—(V 5)° ], (D5)

2
27TUi2 20'l~
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and
2
oy = —— [——’} D6
( ) 27T§l»2 P 2512 ( )
Then
pi(Vi))
dVipi(Vy) In | —+
/ e H(Q(V»
=1In (g’)/dvf (V)
O
2o (Vi —si)?
/del(V) |:2$’2 20_12 i|
=1In (§> + 1 — Iy, (D7)
O
where
L ¢.)2 <2
_ 1 /dVi(V’ 251) exp[—(V’ 2Sz) ]zl
/27'[(7,-2 20; 20; 2
(D3)
and

Vi — Si)2:|

1 V2
Lh=—— | dViz5exp|— 5
\J2mo? 2§ 20;
2
( 20 y —f—sl)
2

- =/ LT R

i2 1 2
=ﬁ§2/dyyey +f2$2/dye

02 s2

AT

(D9)

Combining Egs. (D4), (D7), (D8), and (D9), we get
2

y 2
D(PIIQ)=%Z<O";S —In (Zz) 1). (D10)

i=1

Therefore, the relative entropy of the resource is given
by

§ 240 2
R(pV)R) = 53 ("’ i <‘;—2> - 1).
S =1 i i
(D11)

In the previous paragraph, we consider signals S with
arbitrary distributions, which are given by p (S,-)ﬂz 8(S; —
s;). In the general broadband case, the signal S contains
multiple frequencies and is distributed according to

p(S) 1—[8 (S Z(f(w)smwt —i—g(a))cosa)t))

i=1

allowing numerous frequencies.
Eq. (D11), we have

In this case, using

R, =
» 7 2NR,

i=1

where use of a subscript “b” denotes the broadband source.

APPENDIX E: ADDITION OF TWO
NONIDENTICAL NOISY SOURCES

We now give an example of adding to two noniden-
tical noisy sources. Let us consider two voltage sources

(POV)V,R,) and (P(V)@, R,) as given by VW = S®W
7 where u = 1,2 and SW is distributed according to

p <§(“)> = 1_[8 (Si(“) — sin w“”t,-) , (E1)

1

T Z (crl.2 + [Zw, (f () sinw't; + g(@') cos a)/ti)]z

(D12)

(

while 7 is distributed according to

1
7Y —
1) H ,/Znai(“)z

Here 7 is considered as thermal noise at ambient tem-
perature. If we add these sources in series thgn the com-
bjned source yvill have voltage given by V = S + 7, where
S=8D 48 and 7 =7V 47 Moreover the inter-
nal resistance will become R; + R;. From the convolution
theorem, the probability distribution of S is given by

exp [—r§“>2 /20,,("“)2] . (E2)
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P(g) =[1,p(S), where

o0
P(Sl) = / dx; 8 (S, — Xx; — sin a)(z)t,‘) 1) (xi — sin w(l)t,-)

o0

=38 (S; — sinwVt; — sin a)(z)ti) .

Similarly, the probability distribution of 7 is given by
q(7) = [1;q(r), where

r) = — [ i }
r) = exp | ——
K 2ol b 201'2

()2 . From Eq. (Bl1) of previous

2)2

and o? =0, +0

section, we get

MSNR (), R) 0 (1), Ry) )

1
(R +Ry)
Sin((w(l)—w(z))T) sin((a)(l)+w(2))T>
M _(2) M4 @)
« (w N T (@ +')T ) (E3)

- N 12 2)2
limy_ o0 % D et (O’k( 24 ak( ) )

Similarly, one can compute unitdc for such a combined
source and we have

unitde ((p(f))“),Rl) o (p(ﬁ)@,Rz))
_EISP
(R +R)

S (sinM it + sin a)(z)tk)2 E4)
B N(R; + R>) ‘

For the case of relative entropy, note that y=3804
D+ S@ 1 7@ is distributed as

1 V. — sinwVt, — sin @1,
p(V,)=l_[ eXp|:( i 212 l) ,
i \/2no? Oi

where 07 = oi(m + Gi(z)z. Let the distribution of the ther-
mal noise corresponding to the internal resistance R, (a =
1,2) at the ambient temperature be given by

- 1 V2
) =] exp |~ |
=) l_[ 2 ED? o [ 251-(“)2}

Then, the distribution of the thermal noise corresponding
to the internal resistance R; + R, at the ambient tempera-
ture be given by

where &2 = S,»(m + gi(z)z. Now, using Eq. (D11), and 7 =
1s, we have
R (D, R) o (p(N)P,Ry))

1
"~ 2N(R, +Ry)

i (af + (sinwMt; + sinw®@1;)?
x
=1

£2
O’i2
“n(5)-1)

where 02 = 0" + 6®% and g2 = M2 4 @2,

(E5)

APPENDIX F: DISTILLATION AND FORMATION
OF UNITDC FROM NOISY VOLTAGE SOURCES

In this section we discuss, in a mixture of rigorous and
heuristical arguments, how much unitdc one can distill
from noisy sources.

1. Distillation of unitdc via rectification of many copies

How can one distill unitde from, e.g., a hot resistor,
and how much can be distilled? A hot resistor is a case
of the Gaussian noise having higher variance than that
corresponding to the ambient temperature:

E[7? > Elfr,,|* = Elfnl. (F1)
We can say sources respecting Eq. (F1) have “hot” noise.
We now initially assume we have a hot noise source rather
than a cold noise source. We let 7 denote Gaussian random
variables and S deterministic ones so that a source is writ-
ten as (S + 7, Ry). For example, a resistor with resistance
R, and temperature T} is then written as (0 + 77, R;).

How can this distillation of unit dc sources be achieved?
Orthogonal transformations cannot do the job, since the
source voltage is randomly positive and negative and
orthogonal transformations by inspection cannot turn that
into a deterministically positive number. For example in
three dimensions one can visualize that if a vector might be
pointing in any quadrant—the agent does not know which
one—no orthogonal transformation chosen by the agent is
guaranteed to make it point into the positive quadrant.

In practice people use rectifiers (e.g., diode bridges) to
achieve guaranteed positive voltage output. Let us there-
fore try to define an idealized rectifier that could in princi-
ple be allowed. For a voltage source V, it should satisfy two
conditions, (i) rectification, i.e., V' + | V] — V}, where V}, is
the penalty associated with potential barriers in the diodes,
(i) take an ambient thermal source to another ambient ther-
mal source (the second law of thermodynamics demands
this, assuming the diode is not changed by the operation
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[9]). Real diodes do have internal resistance but for sim-
plicity let us firstly see if we can satisfy the two conditions
without such resistance. We thus define the source resis-
tance to be invariant, R, — R, where the arrow again
indicates the modification of the source by the addition of
the diode.

We can consider defining an idealized rectifier operation
acting on hot-noise sources [see Eq. (F1)] as

1

p(N = NEIVP —Eliall2, (BFal)®),  (F2)
and R, being unmodified. \V (a, b) here means normal dis-
tribution with mean a and standard deviation b. E|7,|?|'/?
can be interpreted as the penalty term, the lowering of the
voltage due to the rectification. Condition (i) of rectifica-
tion is then satisfied in the regime where thermal noise
is insignificant (V2 > E|7y|?), since in that regime the
idealized rectification would take V' +> |V]. Moreover the
output voltage is generally lower than |V], even though
it does not have the exact form |V] — V};, (an expression
which anyway should not be taken too seriously as it could
be negative). Condition (ii) is moreover satisfied since

N 1 - - 1 - 1
N©O,E[Fnl*2) = N(EFnl> — E[Fal*12,(ElFnl*)?).

Let us then accept Eq. (F2) as a possibly, in principle,
realizable rectifier and go on to use this idealized rectifier
operation and see how many unit dc sources we can distill
out of a transient source.

Given a source (S + 7, R;) we then see that the rectifier
turns the voltage distribution into

N(EISP + E[f2 — Efful?12), Effn ).

Now we allow for one more tool to achieve the distilla-
tion: composition of many independent identical copies
of the source. Consider many, n, such sources in series.
By the law of large numbers, the total voltage is then
approximately deterministic with value

2 - - ool
Vou = nEIS|* + E[F* — El[Ful*|2.

How many unit dc sources is this equivalent to? A unit dc
source can we written as (S 47, R,) = (1 + ry, 1). Here
we have instead (Vou + 7, Rs). More generally, suppose
we want to create (c, R), a constant voltage ¢ and internal
resistance R from unit dc sources meaning (1, 1). Recall
that two voltage sources with identical emfs connected
in parallel have a net emf equivalent to one emf source,
however, the net internal resistance is less (1/Ryet =
> 1%). Consider the following protocol: connect in series
¢ sources each with resistance R/c and voltage 1. We can
create each such elementary source by putting ¢/R unit
dc sources in parallel. Thus we would end up using ¢?/R

unit dc sources to mimic the target source. One reason to
believe this is optimal is that it is the same number of unit
dcs that would give the maximum power, with the maxi-
mization over resistive loads for the target source (c?/R).
We therefore conjecture and henceforth assume (we call
it a conjecture because we did not describe a protocol for
breaking an arbitrary source into unit dc sources) that (c, R)
can in principle be converted to and from ¢?/R unit dc
sources.

Accordingly, the source (Vou, Rs) composed out
of hot-noise sources is equivalent to V2,/(nR) =
n(IE|‘§|2 + E|#)?> — E|7n|?)/R, unit dc sources. Dividing
by the number of sources 7, the unit dc we can distill out
via the rectifier operation and combination in series is then

E|SP + EJ72 — Elfgl®
R,

per source. For the example of a hot resistor we have S=0
and E[7|? = E|77,,|*, and the number of unit dc sources we
can distill out should be (E|77, |> — E[#n]?)/R.

2. Formation of noisy sources from unit dc sources

In the reverse direction, suppose we want to transform m
unit de sources to, e.g., n hot resistors with 7 > Tambient :=
Tamb, as an useful case. This can in principle be achieved
by using the unit dc sources to amplify the thermal fluctua-
tions of (free) thermal resistors with the same resistance as
the target source and at temperature Tomp. Thermal noise is
in fact normally amplified in order to be detected [30], so
amplifying Gaussian noise is feasible in practice. For this
combination of the unit dc sources and the thermal resis-
tors to be a free operation, it is natural to require that it
cannot increase the power that can be delivered to a load. m
unit dc sources can deliver m joules into a resistive load at
most (for a matched load). The original » thermal resistors
on their own deliver

E[7n|?

P,=n
[0} RS

b

power and the » target sources should deliver

Ef77|?
R

PT:I’I

power. Thus the missing power, which naively equates to
the required m unit dc sources, is P,, = n(E[r7r|> — E[7n|?)
/R, and

m _ Effr* — Effg|?

no R ’
Thus the number of unit dc sources needed matches the
value of the monotone unitdc of the target source as
desired.
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APPENDIX G: MODELING NOISY VOLTAGE
SOURCES GIVEN EXPERIMENTAL DATA

One method of distilling out the signal from the noise
is the averaging method, which works for AWGN by
the law-of-large-number arguments used in the distilla-
tion section. The averaging function is built into many
oscilloscopes [27].

In general one can use the maximum-likelihood
approach. We now show how this can be used to justify
a simple formula for determining the standard deviation of
the AWGN noise from the observed data. Let us consider
that we are given with a data, say some microvoltages X =
{x;},. The aim is to single out a signal S and noise 7 from
this data. To do so, we take the approach of maximum-
likelihood estimation [53]. Let us assume that the noise is
modeled as additive white Gaussian noise with mean zero
and standard deviation o . Further, let us say that the actual
signal is S = {S;}_,.

Proposition 3. For AWGN with mean zero and standard
deviation o, the maximum-likelihood estimation of o for
the proposed signal S and data X is given by

(GI)

where 7 =X — Sand? = (r\,...,ry)".

Proof : By assumption, the dataX = S + 7. Then, assum-
ing the noise to be an additive white Gaussian noise, the
probability distribution P(X, o) is given by

. G —(x = S)?
P(F,0) = — .
.9 11:! V2mo? P [ o ]

(G2)

The maximum-likelihood approach selects the maxi-
mally likely distribution, which can be found by setting
0P(x,0)/d0 = 0, which implies

SN =82 [FF
o=, =,/—.
N N

This completes the proof of the proposition. |

(G3)
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