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Metamaterials composed of asymmetric elements have been shown to break reciprocity; permitting
the propagation of waves in one direction. The configuration of these metamaterials typically limits the
propagation of the wave to a single direction, speed, or occurrence with little or no tunability. Here we
present—theoretically, numerically, and experimentally—a simple design approach for reprogrammable
metamaterials, which allows for all of these parameters to be tuned, enabled, disabled, or reset. We present
a map of different geometries that allow for reciprocal and nonreciprocal wave propagation and attenu-
ation. We show how a single design can be programmed on demand to support wave propagation and
attenuation in both directions (reciprocal) or wave propagation in only one direction (nonreciprocal). In
addition, we demonstrate real-time control of the wave velocity, both in amplitude and direction, as it
propagates through the metamaterial. We show speeding up, slowing down, or complete reversal of the
propagating wave direction. Furthermore, we show that the waves maintain a constant velocity regard-
less of the impulse magnitude, and even along a curved path. Our metamaterial could open exciting

possibilities for designing nonlinear materials with exotic topological properties.
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I. INTRODUCTION

Reciprocity is often assumed for ordinary materials,
where wave propagation between two points within a
medium is the same in both amplitude and velocity
[1-3]. However, metamaterials have been recently shown
to achieve nonreciprocity [3—10], typically within cer-
tain nonlinear systems. However, nonlinearity does not
imply nonreciprocity, and in many systems also utilizes
some breaking of symmetry (such as time reversal or spa-
tial symmetry). For example, adding a defect to the edge
of a granular chain of nonlinear beads can break spa-
tial symmetry thus introducing nonreciprocity [11,12]. In
other cases, symmetry has been broken by engineering
bistability on the individual element level [9,13,14] or on
an entire structural level [15]. In such bistable metama-
terials, unidirectional transition waves can utilize stored
potential energy as a means of stabilizing a propagat-
ing topological soliton [7,13]. Acoustic metamaterials that
break reciprocity have been explored for potential appli-
cations such as acoustic wave guides [16,17], acoustic
logic elements [7,12,18], and acoustic topological insula-
tors [19—21]. Most of the current designs of nonreciprocal
metamaterials confine wave propagation to a fixed single
direction, velocity, or single occurrence with no or limited
tunability.
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II. RECIPROCITY BY DESIGN

In this paper, we present a dynamically tunable, or
reprogrammable, metamaterial that can support the prop-
agation of unidirectional transition waves in a variety of
directions and wave speeds. Our material is composed
of free-floating disks with embedded permanent magnets
confined in-plane with a programmable magnetic bound-
ary. The boundary is made out of four rows of embedded
permanent magnets that can slide past each other (e.g.,
through an Arduino and a 9-V motor) to change the bound-
ary’s magnetic field. The basic building block (i.e., unit
cell) is considered as a single disk surrounded by six per-
manent magnets in the boundary, four within the inner
boundary and two within the outer boundary [Fig. 1(a)].
We harness asymmetric bistability to allow the material’s
unit cells to support the propagation of topological soli-
tons in one direction. Our material can be tuned to change
the behavior of the soliton propagation between recipro-
cal, nonreciprocal, and no propagation within the same
metamaterial design. In addition, the direction of the tran-
sition wave can be reversed through a simple mechanical
adjustment that can easily be programmed [Fig. 1(b)].
Moreover, the released potential energy of the metamate-
rial can be restored through the same mechanism used for
programming its reciprocity.

III. ENERGY LANDSCAPE

We start our analysis by considering the energy land-
scape within our metamaterial. The potential energy of
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FIG. 1. Concept. (a) Schematic of the proposed metamaterial

composed of floated disks surrounded by two magnetic bound-
aries that can slide against each other by a programmable motor.
(b) The programmable potential-energy landscape of the same
unit cell with different boundary alignment. (c) The different
possibilities for transition waves through the metamaterials.

a given unit cell, of length L [Fig. 2(a)], can be calcu-
lated through the integration of the repulsion forces, F,
between the disks’ and the boundary’s magnets as PE, =
fOL —F,dx [Fig. 2(b)] [22,23]. To identify the nature of
the wave-propagation characteristics within a given lat-
tice, we calculate the necessary activation energy, £,, to
move a disk from its stable energy state (its current energy
potential well) to the next. In addition, we calculate the
amount of released energy due to a potential well switch-
ing, E;. Depending on the balance between the activation
and released energy E, and Ej, a lattice can allow four
scenarios for a transition wave to propagate [Fig. 1(c)]:
[24] (1) only to the left, (2) only to the right, (3) either
left or right, and (4) neither left nor right. To classify each
lattice-parameter combination, we find the x position with
the lowest potential energy, xmin, Which lies either to the
left or the right of the inner boundary’s magnet position, §.
Propagation in the forward direction occurs if the potential
energy of the disk is greater than the required activation
energy (E,1), for a value of x between § and x;,. Wave
propagation in the reverse direction occurs if PE4isx > Epn
for a value of x between x,;, and L.

To explore the design space of our metamaterial, we
vary both the boundary separation distance, S, and the rela-
tive position of the inner boundary magnets, §, while keep-
ing the unit-cell dimensions, L = 40 mm and W = 15 mm,

(a) L ®) . ¥
W | \W R
w s A 4t
@ g 41 Lk,
& , L/
(s O d xmin L

Boundary Shift § (%)
525% 27% 29% 31% 33% 35% 37% 39%

iiirﬂlll
.

Channel Width s (mm) <

—

Backward Forward

m)

Position (m

-—

0 5 10 15 20 O 5 10 15 20 O 5 10 15

n
o

Time (s) Time (s) Time (s)

FIG. 2. Potential energy landscape. (a) Schematic of the unit
cell. (b) The potential energy of a single unit cell as a func-
tion of position. (c) Classification of wave behavior within the
metamaterial as a function of § and S. The inset displays three
examples of bistable metamaterials with reciprocal (blue), non-
reciprocal (magenta), and no propagation (orange) of transition
waves. Outside the bistable region, the monostable regions are
highlighted in gray. (d)}«f) Numerically simulated displacement
of each metamaterial case as a function of time in both the
forward and backward direction.

fixed [Fig. 2(a)]. The varying strength of the magnets,
position, and proximity to the disk can give rise to asym-
metric bistability in the disk’s potential energy landscape.
All considered configurations are asymmetric as 6§ # L/2.
However, bistability is not guaranteed for all configura-
tions despite the asymmetry. For example, for small § (<
26%), the potential energy landscape is monostable. Such
monostability arises from the close proximity of the inner
and outer boundary magnets, leaving no potential well for
the disk to rest between 0 and § [gray shaded regions in
Fig. 2(c)]. The direction of the preferred rest position of
the disk within a monostable configuration is a function
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FIG. 3. Wave speed tuning. (a) Schematic of the metamate-
rial with an inset showing the different parameters of the unit
cell. (b),(d) The programmed change of the position of the inner
boundary magnets as a function of time. (¢),(e) The displacement
of each disk as a function of time. The dashed red line shows the
original speed of sound in the metamaterial. The inset in (c),(e)
shows the onset of the change in the speed of sound.

of the distance between the inner and the outer bound-
ary, S. For lower values of S, the disk slides right, while
higher S values cause the disk to slide left instead (see
Supplemental Material [25]). Within the configurations
that are bistable, all four aforementioned different transi-
tion wave scenarios are possible through a simple change
in the unit-cell parameters [Fig. 2(c)—insets]: reciprocal
(blue), nonreciprocal forward or backward (magenta), and
no propagation (orange). More interestingly, for the same
design with fixed S, W, and L, a shift in the position of
the inner-boundary magnets, §, spans all four scenarios.
In other words, one can program the same metamaterial
design with any desired reciprocity or nonreciprocity traits
by a 10% relative shift between the boundaries.

IV. NUMERICAL SIMULATION

To verify our analytical predictions about the dynami-
cal characteristics of the different metamaterial designs, we
numerically simulate the propagation of the wave within
an array of 20 unit cells using the Verlet method [26].
We select three examples within the bistable parame-
ter map for (i) reciprocal propagation in both directions
[Fig. 2(d)], (i1) nonreciprocal propagation in one direction
only [Fig. 2(e)], and (iii) no propagation of the wave in
either direction [Fig. 2(f)]. We apply a relatively small
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FIG. 4. Nonreciprocity under different loads. (a) Metamaterial
schematic with forward and backward excitation. (b)~(d) Dis-
placement of each disk as a function of time for different impulse
intensities for both the forward (blue) and backward (orange)
directions. The black lines represent the propagating wave veloc-
ity for an impulse of 0.1 m/s (solid), 0.2 m/s (dashed), and 0.5 m/s
(dotted). The black lines for each lower excitation intensity are
kept on for each next panel as a reference.

amount of damping in the simulations to ensure the con-
vergence of the disks to their equilibrium positions (see
Supplemental Material [25]). In each of the considered
cases (i)—(iii), we apply a load at the rightmost unit cell
and record the propagation of the transition wave in the
forward (i.e., applied load) direction. In a separate simula-
tion, we apply the same load at the leftmost unit cell and
record the propagation of the wave in the backward (i.e.,
opposite of the original applied load) direction. The non-
reciprocal design allows wave propagation in the forward
direction only, while the initiated wave in the backward
direction immediately dies out [Fig. 2(e)]. The transition
wave propagates in neither direction for the metamaterial
with expected no propagation. [Fig. 2(f)]. It is worth not-
ing that the wave velocity as well as its penetration depth
varied between the different simulated designs and even
between forward and backward propagation for the same
design (Fig. 7).

To further explore the variation in the velocity of the
propagating wave, we consider a metamaterial array com-
posed of 100 unit cells. We numerically simulate an
impulse excitation at the leftmost unit cell of the meta-
material triggering a transition wave moving forward
[Fig. 3(a)]. The wave travels at a constant speed of approxi-
mately equal to 83.5 mm/s. While the wave is propagating,
at t = 20 s, we apply a shift to the outer boundary of the
metamaterial changing § for each unit cell by +1.6 mm
[Fig. 3(b)]. The shift causes an on-the-fly increase of the
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FIG. 5. Experimental excitation with different impulses. (a)
Image of a section of the experimental sample. (b)—(d) Displace-
ment of each disk as a function of time for different impulse
intensities for both the forward (blue) and backward (orange)
directions.

wave velocity as it propagates through the metamaterial
[Fig. 3(b)]. The dashed red line in Fig. 3(c) shows the
original velocity of the wave. The same tuning parame-
ter is used to slow the speed of the propagating wave by
changing § by —1.6 mm [Fig. 3(e)].

To capture the effect of the impulse amplitude on the
velocity and penetration depth of the transition wave, we
consider the nonreciprocal configuration of our metama-
terial [Fig. 2(e)] under different loading conditions. For
different impact velocities, the nonreciprocity of the meta-
material is not altered, i.e., the transition wave can still
propagate only in the forward direction [Figs. 4(b)}—4(d)].
In the backward direction, however, the number of acti-
vated unit cells, or the wave penetration depth, varies
depending on the impact velocity (two unit cells for 0.1
m/s, three for 0.2 m/s, and four for 0.5 m/s). In the for-
ward direction, the wave propagates through the entire
metamaterial array, but reaches the end at different times
[indicated by markers on Figs. 4(b)}4(d)], as the initial
wave speed varies significantly depending on the inten-
sity of the impulse. However, in every case the wave speed
decays eventually reaching a constant speed (i.e., steady
state) of approximately equal to 83.5 mm/s [indicated by
black lines in Figs. 4(b)—4(d)]. Therefore, we can conclude
that the magnitude of impulse does not affect the steady-
state wave velocity in the system. It is also worth noting
that for higher amplitude impulses, as the wave reaches
its steady-state propagation speed, a portion of the wave
energy is reflected in the backward direction [Figs. 4(c) and
4(d)]. However, due to nonreciprocity, the energy reflected
in the backward direction does not persist.
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FIG. 6. Reprogramming. (a) Counterclockwise excitation of
a wave through the ring when configured for counterclockwise
wave propagation. Diagram representing two positions (poten-
tial wells), which are labeled in the diagram. (b) Clockwise
excitation of a wave through the ring when configured for only
counterclockwise wave propagation. (c¢) Clockwise excitation of
a wave through the ring when configured for clockwise wave
propagation. (d) Counterclockwise excitation of a wave through
the ring when configured for only clockwise wave propagation.
The final images in each case show the system after steady state
has been reached while the time represents how long it took for
the final disk to cross the potential energy barrier.

V. EXPERIMENTAL VALIDATION

After the transition wave propagates, the disk in each
unit cell shifts from a high- to a low-energy state, render-
ing the system a single use only. The same method that we
utilize for tuning the metamaterial properties, i.e., shifting
the outer boundary, can be used to reset all the unit cells
at once. However, for a metamaterial with equal length of
inner and outer boundaries, there exist only a finite num-
ber of available resets in one direction. In addition, each
time a reset takes place, the metamaterial is shortened by
one unit cell. In other words, the inner or outer bound-
aries of the finite system can slide only so far before they
become completely separated. To overcome these limita-
tions in an experiment, we design and fabricate a circular
boundary for our materials, which is infinitely periodic.
Such a metamaterial configuration can be reset an infi-
nite number of times (see Supplemental Videos [25]). We
start by testing the implication of the curvature on the
nonreciprocal behavior of the metamaterials. We design a
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circular metamaterial with 22 unit cells that allows tran-
sition waves to propagate only in the clockwise direction.
The disks are floated on an air bearing within the x-y plane
[27-32] (same as the arcade game, air hockey) to mini-
mize friction [Fig. 5(a)]. We apply an impulse of various
intensities in both clockwise (CW) and counterclockwise
(CCW) directions using an impactor. We track the disk
motion using digital image correlation engine (DICe) soft-
ware as a function of time [Figs. 5(b)-5(d)]. The wave
propagates only in the forward (CCW) direction regardless
of the impact velocity. In the backward direction, the wave
stops after penetrating at different depths (1-5 unit cells)
depending on the impact velocity, validating our analyti-
cal and numerical predictions. We further test the validity
of our programming of the metamaterial by first aligning
its boundaries to allow the wave to propagate in the CCW
direction [Fig. 6(a)], but not the CW direction [Fig. 6(b)].
Then, we shift the outer boundary of the metamaterial to
set the CW direction into the new direction of propagation
[Fig. 6(c)]. This in turn prevents the wave from propa-
gating CCW [Fig. 6(d)]. Both CW and CCW propagating
waves have the same propagating velocity (arrive within
F0.015 s of each other).

VI. CONCLUSION

We study analytically, numerically, and experimentally
a metamaterial with reprogrammable wave-propagation
characteristics. Our metamaterial is composed of a lattice
of repelling magnetic disks confined within a magnetic
boundary. Depending on the surrounding magnetic field,
the system can be either reciprocal or nonreciprocal, allow-
ing transition waves to propagate in both directions, in
one direction, or in neither direction. We validate our sys-
tem’s performance under different loading conditions. We
numerically observe two different wave velocities, tran-
sient, and steady state, for a propagating transition wave
as a function of the applied load. In addition, we can
program the magnetic field to significantly increase or
decrease the velocity of the propagating wave. Due to the
simplicity of the system, a programmable shift or slide
within the boundary can cause the system to change wave-
propagation velocity, direction or both. Moreover, the shift
in the boundary can be used to recharge or reset the
entire system all at once. Our findings can prove useful
in designing nonlinear materials with exotic topological
properties that can be tuned in real time, opening the door
for advanced functional devices.

APPENDIX A: ANALYTICAL MODEL

The repulsive force between two magnetic dlpoles
can be written as [22,23] Fi; = po/47V - [m; -y /1P —
3(m; - F) - (mj -7)/r ], where 11 is the permeability of the
medium, m; and m; are the magnetic moments between

magnets i and j, and 7 is the separation vector between the
magnets. Because m; and 7 are orthogonal in our design
[27-30] and m; and m; are parallel, the equation can be
rewritten as F, ij = 3pom;m; JAmrt = Ar~*. We consider a
nearest-neighbor interaction model between the unit cells.
The equation of motion of disk » along the x direction, x,
can be written as

2 01/2
| l’ll|

i=0

2

ZA1|D,U| n Z

k=

SZ B/2
(s Y

where D,y = (x, —x()) is the relative distance between
disk n and magnet (.), 4, and A, are the coefficients of
repulsive force between magnets pairs, 1.0935 x 10712
and 9.6170 x 1071°, respectively. The values o = —4, and
B = —3.036 correspond to the experimentally measured
exponential coefficient of F(r) with a separation distance
r. The length of the unit cell L, is defined as the dis-
tance between the corner magnets along the x direction.
The width of the unit cell w, is the distance between the
inner-boundary magnets directly across the channel.

|an|

(AT)

APPENDIX B: VARIABLE PROPAGATING
VELOCITY

Our metamaterial can be designed to have large
direction-dependant variations within the wave-propa-
gation velocities. For example, we design a metamaterial
that supports the propagation of topological solitons both
in the forward and reverse directions. However, the transi-
tion wave travels at half the speed in the reverse versus the
forward direction. The unit cell length is L = 42 mm with
a channel width of w = 15 mm. The separation distance
between the boundary magnets is S = 2.63 mm and a shift
of § = 29%L (Fig. 7). The damping coefficient used in the
simulation is (1073 N s/m). The potential energy landscape
of the unit cell shows high asymmetry [Fig. 7(b)]. How-
ever, such asymmetry is not the only requirement for the
wave to propagate in one direction but not the other, as
we demonstrate in the paper’s main text. We simulate an
impulse load in the forward direction, and in a separate
simulation we apply the same load in the reverse direc-
tion. We plot the displacement of each disk as a function
of time [Fig. 7(c)]. The speed of the wave in the reverse
direction is roughly half that of the forward. It is worth
noting that the disks oscillate in their potential wells at the
same frequency, but in the reverse direction, the neighbor-
ing disk does not change potential wells until the second
oscillation; where in the forward direction the excitation of
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(a) Metamaterial schematic with forward and backward excitation. (b) The potential energy of a single unit cell as a function

of position. (¢) Displacement of each disk as a function of time for both the forward (blue) and backward (orange) directions. The
black vertical lines represent the time where the wave reaches the end of the lattice. The difference in speed Av is highlighted by the
red arrow. (d) An enlarged view for the first few seconds in the simulation of the propagating wave in both the forward and backward

directions.

the neighboring unit cell occurs immediately after the first
oscillation [Fig. 7(c)]. The parameters of the unit cell can
also be tuned or modified for a different desired behavior
depending on the application.

APPENDIX C: EXPERIMENTAL METHODS

The unit cells are composed of a free floating disk with
an embedded cylindrical permanent magnet (diameter, d =
2 mm and height, # = 1 mm) surrounded by six cylindri-
cal permanent magnets in the boundary, four within the
inner boundary (d = 2 and 4 = 1 mm) and two within the
outer boundary (d = 3 and 4 = 3 mm). All magnets are
aligned in the same orientation acting as monopoles in the
x-y plane. The repulsion force between two 2-mm mag-
nets is £ = 1.09 x 10712 x »=* and between the 2- and
3-mm magnets is F =961 x 10710 x 73936 where r is
the separation distance between the magnets. The prop-
agation of the transition waves is simulated numerically
using the Verlet method [26]. The damping coefficient used
in the simulations is (1073 N s/m). The metamaterial is
fabricated out of a 3-mm-thick acrylic sheet. The disks

are floated on an air bearing (New way S1030002). The
fabricated circular boundary is composed of four concen-
tric rings of embedded magnets with diameters 224, 235.3,
268.6, and 280 mm. The disk mass is 0.118 g. The track-
ing is done through a computer vision camera (Blackfly S
USB?3) and the captured images are analyzed using DICe.
The disks and boundaries of the metamaterials are fabri-
cated using a laser cutter (Spectrum Pro-series 24). All the
embedded permanent magnetic dipoles are oriented in the
same direction (i.e., north-seeking pole pointing up) caus-
ing the disk magnets as well as boundary magnets to act
as monopoles in two dimensions. Both the inner bound-
ary and disks in the system use the 2 by 1 mm (diameter
and height, respectively) magnets whose centroids are all
in plane with one another. The outer ring uses a 3 by 3 mm
magnet whose centroid is raised slightly higher than that of
the other magnets due to its larger height [Fig. 8(b)]. We
assume a repulsive force with negligible difference from
what would be found if all magnets were perfectly in plane.
The disks are floated on top of an air bearing to reduce fric-
tion. To ensure a minimal amount of friction, we attach
a glass slide at the bottom of each disk [27,31,32]. For
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FIG. 8. Images showing various components of the experi-
mental setup. (a) The linear actuator motion is shown as a motor
driven arm extends and retracts with enlarged insets. (b) The cir-
cular boundary with the magnets embedded within. (c) A single
disk decorated with a speckle pattern for better digital image cor-
relation tracking. The embedded magnet within is outlined by
superimposed dotted lines.

impulse excitation, we utilize a reciprocating linear actua-
tor (BEMONOC) driven by an electric motor at a constant
rotational speed [Fig. 8(a)]. The rotation driven arm has
a sinusoidal velocity, with the reported velocity in Figs.
5(b)-5(d) being the recorded velocity at the time of the
impact with the excited disk. The floated disks are tracked
using the DICe. To help DICe track the disks, we place a
circular-shaped paper with a unique speckle pattern at the
top of each disk [Fig. 8(c)].
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