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We propose a scheme to implement the phase-robust topological router based on a one-dimensional
dimerized superconducting circuit lattice with long-range hopping. We show that the proposed dimerized
superconducting circuit lattice can be mapped into an extended chiral-symmetric Su-Schrieffer-Heeger
(SSH) model with long-range hopping, in which the existence of long-range hopping induces a special
zero-energy mode. The peculiar distribution of the zero-energy mode enables us to engineer a phase-robust
topological router, which can achieve quantum state transfer (QST) from one site (input port) to multiple
sites (output ports). Benefiting from the topological protection of chiral symmetry, we demonstrate that
the presence of the mild disorder in nearest-neighbor and long-range hopping has no appreciable effects
on QST in the lattice. Particularly, after introducing another long-range hopping into the extended SSH
lattice, we propose an optimized protocol of the phase-robust topological router, in which the number of the
output ports can be efficiently increased. Resorting to the Bose statistical properties of the superconducting
circuit lattice, the input port and output ports assisted by the zero-energy mode can be detected via the
mean distribution of the photons. Our work breaks the traditional QST form with only one outport by the
zero-energy mode and opens a pathway to construct large-scale quantum information processing in the

SSH chains with long-range hopping.
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I. INTRODUCTION

The quantum Hall (QH) effect in two-dimensional (2D)
electron gas is a great discovery [1-3], which breaks
the iron rule of classifying different phases according to
Landau’s approach in condensed-matter physics. And fol-
lowing the profound study in the QH effect, an alterna-
tive classification paradigm named topological order [4]
is introduced. Generally, the QH effect needs to meet
two rigorous conditions: strong magnetic field and low
temperature, which limits its popularization and applica-
tion. Therefore, a looming problem of condensed-matter
physics appears to explore the QH effect in real materials
[5—7]. By combining the spin-orbit interaction and time-
reversal symmetry [8—11], topological insulators [12,13]
are one class of derivatives and achieve an electronic
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state with a similar physical phenomenon of QH effect.
Moreover, several interesting characters of topological
insulators have been recognized. For example, the electri-
cal edge states on the surface are protected by the energy
gap and they propagate in a single direction only along
the edge [12,14,15]. These edge states present robust trans-
fer properties, which are immune to the mild disorder and
perturbation added into the whole system [16—18]. Accord-
ingly, it has been shown that the topological edge states are
the promising candidates for implementing quantum state
transfer (QST) [19-26].

The QST is a crucial process, which allows the quan-
tum state of encoded information to be transferred between
remote nodes, and directly or indirectly determines the reli-
ability of quantum information processing (QIP) [27-31].
Recently, given the structural simplicity and the abun-
dant physical phenomenon concurrently, the Su-Schrieffer-
Heeger (SSH) model [32-34], as one of the simplest
topological insulator models, has been widely investigated
[24,26,35-39] towards utilizing the edge state to realize
QST. For instance, based on an odd-sized SSH model, a
single-qubit state has been accurately transferred from the
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left to the right edge in a one-dimensional (1D) supercon-
ducting Xmon qubit chain [26]. Notably, the QST with
only one output port seems to keep solidified, which is
not enough to build large-scale QIP. Motivated by mul-
tiple output ports in QST, Qi et al. [35] proposed a
scheme to implement the topological beam splitter in an
even-sized SSH chain, in which the particle at the right
edge can be transferred to the first two sites with equal
weight. After that, they also designed a topological router
with multiple output ports [39], which further expands
and deepens the research of QST by adding the specific
long-range hopping between odd sites in the SSH model.
We note that the above scheme for constructing large-
scale QST with multiple output ports focuses on only
the probability distribution of the gap state and ignores
the phase information. This may limit the application of
tasks related to phase information in QIP, such as quan-
tum interference [40,41] and quantum logical gate [42—44].
Besides that, the existence of the long-range hopping also
destroys the chiral symmetry, which results in the gap
state almost touches the bulk state and greatly weak-
ens the topological protection originating from the energy
gap [45-48].

To overcome these limitations, in this paper, we pro-
pose a scheme to realize the multiple output ports of QST
in a chiral-symmetric dimerized superconducting circuit
lattice with long-range hopping, namely, a phase-robust
topological router. We demonstrate that the introduction
of the long-range hopping with the same strength as the
intercell hopping added on the first site and all of the
other even sites (except the second site) cannot break the
chiral symmetry of the system, which further supports a
special topological zero-energy gap state in the extended
SSH lattice. We derive the wave function of the gap state
theoretically and analytically, which reveals that topologi-
cal gap state has the equal probability distribution at odd
sites (except the third site) accompanied with different
phase distributions. Via utilizing the probability distribu-
tion and phase distribution of zero-energy gap state, we
show that the topologically protected quantum channel can
be constructed, which realizes the function of the phase
topological router. To verify the robustness of the above
function, we examine the effects of different types of disor-
der on the phase topological router. We find that the present
scheme is immune to the mild disorder added in nearest-
neighbor and long-range hopping due to the topological
protection of chiral symmetry.

Significantly, we also demonstrate that the number of
output ports can be increased via increasing the long-
range hopping with the same strength as the intercell
hopping between the second site and arbitrary odd site
(except the first and the third site) in the previous extended
SSH model. Furthermore, we make a comparison of the
minimum energy gap versus the additional long-range hop-
ping that connects different sites. We find that, when the

additional long-range hopping is added on the second site
and the third site from the right edge, the phase-robust
topological router with N 4 1 output ports can be real-
ized due to the existence of gap state with a wide energy
gap. Meanwhile, we take into account the experimental
consideration, such as the implementation of the model
and realization of tunable couplings in the circuit-QED lat-
tice. In addition, we show that the input and output ports
assisted by the gap state can be detected via the mean
distribution of the photons.

The phase-robust topological router we proposed has
the following advantages. First, as the core resource
of implementing the phase-robust topological router,
the gap state possesses a unique zero-energy mode
and is strictly protected by chiral symmetry, which
provides a natural barrier against the mild disor-
ders and perturbations. Second, we investigate simul-
taneously the probability distribution and phase dis-
tribution of the gap state. These may promote the
applications that depend on quantum phase, such as
quantum logic gate and quantum interference. Finally,
the gap state is localized at more sites with the
same probability and the present scheme may con-
tribute to development of quantum communication
technology [49,50].

The paper is organized as follows: In Sec. II, we present
the extended SSH model of the 1D superconducting circuit
lattice with the long-range hopping and analyze the distri-
bution of the special gap state induced by the long-range
hopping. In Sec. I1I, we demonstrate that the phase-robust
topological router can be engineered via the gap state. In
Sec. IV, we show the experimental discussion of a phase-
robust topological router. Finally, a conclusion is given in
Sec. V.

II. SYSTEM AND HAMILTONIAN

A. The extended SSH-type superconducting circuit
lattice with long-range hopping

The setup of the superconducting circuit lattice for engi-
neering the phase-robust topological router is illustrated in
Fig. 1(a). This lattice is composed of 2N + 1 resonators
and 5N flux qubits (the energy levels |e) and |g)), in which
the N is the total number of unit cells and we stipulate it
as even in the following. Each unit cell contains two res-
onators, labeled a, and b,, which are both coupled with
the flux qubit O;,. The resonators a,; and b, belong-
ing to the two nearest-neighbor unit cells are both coupled
with the flux qubit O, ,. Here, the intracell and intercell
coupling strengths are g; , and g, ,, respectively. The flux
qubit O, (Op.,) is embedded inside a, (b,) with the cou-
pling strength g,, (g».). Particularly, two resonators a;
and b,(n = 2,3,4,...,N) are connected by the flux qubit
(s, with the coupling strength g3 ,. Then, the system can
be dominated via the following Hamiltonian:
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where the first summation represents the free energy of the
superconducting resonators and qubits, the second summa-
tion is the external driving of the resonators with frequency
wq, and amplitude 2, (k= a,b), the third summation
represents the coupling between the resonators and the
embedded qubits, the fourth summation indicates the intra-
cell (intercell) hopping between two adjacent resonators
assisted via the intermediate qubits, and the last summation
represents the long-range hopping via the flux qubits.

In the rotating frame with respect to the external driv-
ing frequency wy, and qubit frequency wg;,, when all of
the qubits are prepared in their ground states [S1], the
Hamiltonian in Eq. (1) can be written as (see Appendix A)
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FIG. 1. (a) Schematic of the phase-robust topological router

in a chiral-symmetric dimerized superconducting circuit lattice
with long-range hopping. Each subsite contains a resonator and
an embedded flux qubit, labeled as a, (b,) and O, (Op)- TWo
adjacent resonators, a, and b, constitute a unit cell, which con-
nected by the flux qubit Q;,. While another two resonators,
ay+1 and b, belonging to different units can be connected by the
flux qubit O, ,. In addition, the two resonators a; and b, (n =
2,3,4,...,N) are both coupled with each other via the flux qubit
03,,. Their coupling strengths are set as g,.,(2s.1), &1.1> E2.1, and
3., respectively. (b) The extended SSH-type superconducting
circuit lattice with long-range hopping. Each color represents a
class of sites. The solid line in black describes the intracell hop-
ping amplitude J; between a, and b,. The dotted line in black
describes the intercell hopping amplitude J, between a,,; and
b,. The appointed long-range hopping in the green line con-
nects site a; and site b,(n = 2,3, ..., N) with hopping amplitude
T,(n=12,....,N—1).
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where Ay, = wp, — w4, is the detuning between the
resonators and external driving, A;, = wyin — wau (i =
a,b,1,2,3) represents the detuning of the qubits. Bene-
fiting from the fact that the coupling between resonators
and qubits or the detuning of qubits can be tuned indi-
vidually and adiabatically via the external control, e.g.,
the flux-bias line or the external coupling circuit [52—54],
we modulate the coupling strengths and detuning
as —(g1,)/(Agn) =J1 =J —cosb, —(g3,)/(Agpn) =
—(&3,)/(Dgzn) =Jr =J +cos0, (g2))/(Agar) =J1 +
N2, (g5)/ (Dgp1) = (2,0 (Dgan) = Iy + 2, and (g5,)/
(Agpn) =J1 + 2J,. After resetting the detuning of res-
onators A,, = A, as zero-energy point and further
implementing the standard linearization process (see
Appendix A), the final Hamiltonian becomes

N
H= Z (Jlazb,, —l—JzaZan + H.c.)
n=1
N—
+ (Tnaﬁbn+1 + H.c.) . 3)

n=1
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The above Hamiltonian implies that the coupling terms
between the resonator and the flux qubit can be removed,
leading to the superconducting circuit lattice is equiva-
lent to an effective coupled resonator lattice, as shown
in Fig. 1(b). The coupled resonator lattice is composed
of N unit cells (2N + 1 sites), each of the unit cell
contains two sublattice sites a, and b,, in which the
nearest-neighbor (NN) hopping amplitudes are defined
as Jy=J +cosb and J, =J —cosf. And, the long-
range hopping connecting the first a-type site a; and
b-type sites in the nth (n = 2,3, ..., N) unit cell accompa-
nied with the hopping amplitude 7, = J, =J — cos6(n =
1,2,...,N — 1). Apparently, the superconducting circuit
lattice can be completely mapped into the extended SSH
model with long-range hopping.

B. Chiral symmetry and the wave function of
zero-energy mode

The system with Hamiltonian A has chiral symmetry
[55], i.e., THT't = —H. Here, chiral operator I can be
written in a diagonal matrix form with

I =Diag[(-D° (-D. (-D%...,(=D*']. @)

The chiral symmetry results in the energy spectrum of
the extended SSH model is symmetric, each eigenvalue
E accompanied by a chiral symmetric partner with eigen-
value —E. Such symmetry indicates the existence of a
zero-energy eigenvalue that is paired with itself in the
present odd-sized extended SSH lattice, namely, 0, =
—0_ = 0. Resorting to the topological protection of energy
gap and chiral symmetry, the zero-energy mode is insensi-
tive to mild disorder and perturbation added into the whole
system.

In the basis of lattice sites, the wave function of the zero-
energy mode can be described by the following form:

|\IJE=0> = |w>a1 X |w>b1 ® |¢>a2 ® |1//>b2®
@ Vhay @ V)ey [V )ayy,
= |]/fa1a 1/fb1, waza szz ) wa}va waa waN+1>’ (5)

where £ = 0 represents the eigenvalue with zero energy,
V) = Pan€® (1¥,) = ppse'®) shows the probabil-
ity density and phase information of the eigenstate at a,
(by,) site. To illustrate the distribution of the zero-energy
eigenstate, we now turn to perform an analytical solu-
tions. Substituting Eqs. (3) and (5) into the eigenvalue
equation H|Wg_o) = E|Wg—¢), we obtain a series of cou-
pled equations about v, and v, at a-type and b-type sites,
respectively. For example, at b-type sites,

szbn +J1¢bn+1 =O(n: 1""9N_1)5 (6)

with the boundary condition Jiyy, + oy, + 2, +
L, + -+ Ny, =0 and Jr¢p, = 0. For the non-
vanishing hopping amplitude J; #20 and J, # 0, the
boundary condition determines i, = 0, which further
leads b-type probability density to satisfy pp, =0 (n =
1,2,...,N — 1). The results reveal that, the zero-energy
eigenstate has no probability distribution at all b-type sites,
with [We—o) = [¥4,,0,V4,,0,...,Vay,0,¥ay.,). To fur-
ther obtain the form of the zero-energy eigenstate, we need
to estimate the distribution of zero-energy eigenstate at a-
type sites. For a-type sites, they also satisfy a set of coupled
equations

J2Wa] +J1-‘/jan +J2l//an+1 =0(n=29"'3N)9 (7)
with the boundary condition J; ¥, + J2v,, = 0. Similarly,

for the nonvanishing hopping amplitude J; # 0 and J, #
0, the boundary condition J; ¥4, + J2¥,, = 0 ensures that

1//02 = )ﬂ”ala
ol )Ln—Z —A
Va, = _‘//01 +A 1/fal + ﬁ l/’al
n=3,...,N+1). ®)
Here, A = —J;/J, represents the localization index. Obvi-

ously, the eigenstate of zero-energy mode at site a, (n =
3,...,N + 1) mainly exhibits an exponential behavior.
Specifically, for J; > J, (|A| ~ o0), the eigenstate at site
ap (n=3,...,N + 1)satisfies ¥, & A"~1 = A"3)y,, ~
Al Vg, Thus, when J; > J,, the zero-energy eigenstate
can be approximately expressed as

WD) = Wy, 0, AWy, 0, AN 1, 0,0V 90 ). (9)

The special distribution indicates that, when J; > J,,
the zero-energy eigenstate (after normalization) is mainly
localized at the rightmost site ay in an exponential way,
which just corresponds the distribution characteristics of
the topological right-edge state. However, when J; < J;
(IA] ~0), ¥4, and ¥, (n =3,...,N + 1) satisfy v, ~ 0
and v, ~ —¥,, due to the existence of exponential decay
factor. Thus, when J; < J,, the zero-energy eigenstate can
be expressed as

|lllé‘2=)()) = |1//a]90a 07 03 _-‘//01507 L) _walaov _]//al>'

(10)

The result clearly reveals that, when J; <« J,, the zero-
energy eigenstate (after normalization) is mainly localized
at the sites ay, as, - - -, ay, and ay; with the equal prob-
ability 1/N. Further, note that the zero-energy eigenstate
also has a 7 phase difference between site a; and other
sitesa, (n=3,...,N +1).
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According to the above analytical results, we can easily
infer that, whenJ; > J, =T, (0 € [0,7/2] U [37/2,27]),
the zero-energy eigenstate is mainly localized at the right
edge site, while whenJ; < J, = T, (6 € [7/2,37/2]), the
zero-energy eigenstate is mainly localized at the sites a,
as, -+, ay, and ay | uniformly.

III. THE PHASE-ROBUST TOPOLOGICAL
ROUTER ASSISTED BY THE ZERO-ENERGY
MODE

A. A phase-robust topological router with NV output
ports

In Sec. II B, we analytically work out the wave func-
tion of its topological zero-energy mode. Here, we further
verify the above inference and engineer the phase-robust
topological router assisted by the zero-energy mode. The
energy spectrum of the system and the distribution of the
zero-energy mode are shown in Fig. 2. For simplicity, we
choose L =2N 41 =13 as an example throughout the
paper. As shown in Fig. 2(a), the extended SSH model
possesses symmetric modes and exhibits a topological
zero-energy mode. The smallest space between the zero-
energy mode and the up band appears at the point 6 = /2
and 6 = 3w /2, where the topological zero-energy mode
may touch the bulk energy bands. Due to the symmetry
structure of the energy spectrum on both sides of 6 = 7,
one can focus on the distribution of the zero-energy gap
state within 6 € [0, ]. In Fig. 2(b), we can conclude that

a b
5( ) 13( ) 1.0
@ 2
wn
S g7 05
‘é : %‘ ®
q
-5 1 0.0
00 05 10 15 20 0.0 0.5 1.0
0/m 0/m
c d
,© (@)
& (10
= 5
201 205
o
& [aN]
[a W)
0.0 0.0
1 357 91113 1 357 91113

Lattice site Lattice site

FIG. 2. (a) Energy spectrum of the 1D extended SSH lattice
versus the parameter 6. The energy spectrum has a zero-energy
mode remaining unchanged when 6 € [0,27]. (b) Distribution
of the zero-energy mode versus the parameter 6 (6 € [0, 7]). (c)
Probability distribution of the zero-energy mode when 6 = .
(d) Phase distribution of the zero-energy mode when 6 = 7. The
size of the lattice is L = 2N + 1 = 13. Here, we take J =1 as
the energy unit.

the gap state is localized at the last site ay; within 6 €
[0, 7 /2] while it is distributed at odd sites ay, as, - - -, ay,
and ay4; within 6 € [7/2,7]. To make the distribution
of gap state more accurately, we plot probability distri-
bution and phase distribution with 6 = 7 in Figs. 2(c)
and 2(d). As shown in Fig. 2(c), the zero-energy gap state
has equal probability 1/N at sites a;, a3, ---, ay, and
ay+1. Besides, the zero-energy gap state at sites a3, aa,
-+, ay, and ay,1 possess the same phase with 7 while
at site a; possesses 0, as shown in Fig. 2(d). Obviously,
these results are consistent with the conclusion obtained
from Egs. (9) and (10), meaning that the analytical results
of the topological zero-energy mode are exact.

Note that, the localized distribution of zero-energy mode
at multiple sites is totally different from the traditional
distribution in the previous SSH model. The peculiar
distribution originates from the introduction of the long-
range hopping. Specifically, when 6 € [0, /2], the NN
and long-range hopping amplitudes satisfy J; > J, = T,
leading that the two sites (a, and b,) in one unit cell to
be paired and the last unpaired site ay; to be isolated.
Then, the zero-energy mode is localized at the site ay. i,
which just corresponds to the right-edge state, as shown
in Fig. 3(a). In contrast, when 6 € [7/2, ], the NN and
long-range hopping amplitudes meet J;, < J, = T,,. The
weak hopping amplitude J; and the strong hopping ampli-
tudes J, = T, lead to the lattice being divided into several
trimers composed by three sites ay, b,, and a,,; (n =
2,...,N), as shown in Fig. 3(b). In addition, there are two
sites b and a, that form a dimer with the strong hopping
amplitude J,. For the trimer, the strong hopping amplitudes
J> = T, indicate that the three sites, such as a;, b,, and
any1 (m=2,...,N) generate a domain wall [55], which
further induces the sites a; and a,,1 (n = 2,...,N) to be
isolated. As a result, the zero-energy mode is mainly local-
ized atsitesa; anda,+1 (n = 2,...,N)when6 € [7/2, 7],
namely, the sites @; and @, (n = 2,...,N) become the
special edge state. The peculiar distribution of the gap state
indicates that, the particle or quantum state initially pre-
pared at the right edge may be transferred to sites a; and
any1 (mn=2,...,N) with the equal probability 1/N when
the periodic parameter 6 varies from 0 to .

To implement the above process, we should rewrite the
parameter 6 as time-dependent version, i.e., § = Qt, in
which € is the ramping speed of 6 and ¢ is time. In this
way, for the small enough €2, the initial state |\IJg:)0) will
evolve along the zero-energy gap state under the dom-
ination of i%l\llgz)o) =H |\IJJ(€1:)O). Ideally, when the time
reaches t = 7/, the initial state |\Ilgz)0) can be evolved

to the ideal final state |\1122:)0), indicating that the topo-
logical channel assisted by the gap state is effective to

implement the special state transfer between |\IJfEl:)0) and

|‘~Ifj(52:)0). Note that, due to the topological protection of the
energy gap and chiral symmetry, the evolution process of

054037-5



LI-NA ZHENG, YI, and HONG-FU WANG

PHYS. REV. APPLIED 18, 054037 (2022)

(a)
: @
J, J, N
(b)

@

FIG. 3. The physical mechanism of the distribution for the
gap state when 6 = 0 and 6 = &, where the gap state occurs
at the end of the extended SSH lattice and domain walls. The
top represents the NN and long-range hopping amplitudes sat-
isfy J; > J, = T, when 6 = 0 and the gap state can be localized
on a single site ay41. The bottom represents the NN and long-
range hopping amplitudes satisfy J; < J, = T,, when 6 = 7 and
the gap state can be localized on a superposition of sites a
and as (as4,as,...,ay+1). (The domain walls host zero-energy
eigenstates as shown in the pink shading.)

gap state is naturally immune to the mild disorders and
fluctuations in the system. To evaluate the robustness of
the special state transfer, we study the probability distribu-
tion and phase distribution of the evolved final state when
the disorder is added into the system. Here, the fidelity is
defined as F = [(¥;25|y/)], in which [W ) = ||W;2)]

represents the probability density for |‘~IJ§:)0) after ignoring
the phase information and |w/£) = ||y )| is the probabil-
ity density for evolved final state |,) after ignoring the
phase information. In this way, we can explore the effects
of the disorder on the probability distribution and phase
distribution, respectively.

Figure 4 shows the different effects when the system
is an imperfect lattice possesses the different-type disor-
ders. When the on-site disorder Hop = X, W((Sa,na:ga,, +

(Sb,,,b];bn) (W is the disorder strength while é,, and 6, are
the random number in the range of [—0.5,0.5]) is added
into the system, the fidelity F' versus the evolution speed 2
and on-site disorder strength W is shown in Fig. 4(a). Obvi-
ously, the probability distribution of evolved final state
|y ) infinitely approaches the ideal final state |\If}(322)0) with
F > 0.99 when the evolution speed satisfies log;,(£2) <
—2.5 and on-site disorder strength satisfies W < 0.5. The
numerical results reveal that, the probability distribution
of gap state is robust to the mild on-site disorder with
the reasonable evolution speed 2. Further, we depict the
detailed state transfer process of the initial state |\IJ1(51:)0)
with Q = 0.0001 and W = 0.2. As shown in Fig. 4(b), the
evolved final state possesses the equal probability 1/N at
sites ay, a3, - -+, ay, and ayy;. It shows that the proba-
bility distribution of evolved final state at different sites

is equivalent and the mild on-site disorder almost has no
effect in probability distribution. We also plot the phase
distribution of the evolved final state in Fig. 4(c). The
phase information at sites as, - - -, ay, and ay; possess 0
is different with the ideal final state | I(EZZ)O) whent =1/,
which means the phase information is destroyed with the
presence of the mild on-site disorder. The reason is that,
the existence of on-site disorder (diagonal disorder) leads
to the chiral symmetry break, namely, ['[H + Hop]['+ #
—[H + Hop]. In this way, the topological channel assisted
by the gap state is frail to implement the special state
transfer between |\IJg:)0) and |\If1(52:)0).

In Fig. 4(d), we consider the effects of evolution
speed €2 and NN hopping disorder Hyp = X, W§ [(aibn +
az +1bn) +Hee] on fidelity F. A similar conclusion is
obtained, the probability distribution of the gap state is
robust to the mild NN hopping disorder with W < 0.5 and
the ramping speed slow enough with log;,(£2) < —2.5. In
Fig. 4(e), we depict the state transfer process when Q =
0.0001 and W = 0.2. Obviously, the state transfer between
|111f51:)/0) and |\D,§2:)/()) can indeed be implemented, and the
sites ay, a3, - - -, ay, and ay possess the equal probabil-
ity 1/N. In Fig. 4(f), we investigate the phase information
of the evolved final state |y) when t = 7/ Q. The phase
distribution in site a; possesses 0 while in sites as, - - -, ay,
and ayy possess m. These results are completely consis-
tent with the ideal phase distribution [see Fig. 2(d)], indi-
cating that the phase information of gap state is insensitive
to the mild NN hopping disorder. Clearly, the existence of
mild disorder in NN hopping has no appreciable effects on
probability distribution and phase distribution of the gap
state due to the system with chiral symmetry. Then, the
special state transfer between |\Ifél:)0) and Illfézz)o) assisted
by the gap state is resilient to mild NN hopping disorder.
Further, in Figs. 4(g)4(i), we investigate the effects of
long-range hopping disorder Hip = X, W5 (alfbn + biay)
on the special state transfer, which reveals the similar con-
clusions with the NN disorder added into the system. The
mild long-range hopping disorder in the system keeps the
chiral symmetry, implying that the probability and phase
information for gap state are robust to the mild long-range
hopping disorder.

Combined with the above analysis, based on the topo-
logical protection originating from the energy gap and
chiral symmetry, the state transfer between |\IJ§:)0) and

|‘I’1(52:)o> assisted by gap state is naturally immune to the
mild disorders and fluctuations of NN hopping and long-
range hopping in the system. The robustness of the state
transfer provides much more convenience for the exper-
imental realization and the practical application of the
scalability or the large-scale distribution of the quantum
network. The special state transfer provides a certain dis-
tribution capabilities, which is analogous to a traditional
router. If we prepare the particle or quantum state at last
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FIG. 4. The evolution of the initial state I\I!g:)()) when the system is an imperfect lattice with random disorder. (a) The fidelity
between the evolved final state W_;) and the ideal final state |\IJ‘(52:)/0) versus the ramping speed €2 and on-site disorder with strength 7.
(b) The evolution of the initial state |lIJfEl=)0) with on-site disorder strength W = 0.2, in which the ramping speed 2 satisfies 2 = 0.0001.
The subgraph represents the probability distribution of evolved final state. (¢c) The phase distribution of the evolved final state in
Fig. 4(b). (d) The fidelity between the evolved final state |1//}) and the ideal final state |\IJ‘(52:)/O) versus the ramping speed €2 and NN
disorder with strength . (e) The evolution of the initial state |lIJg=)O) with NN disorder strength W = 0.2, in which the ramping speed
Q satisfies 2 = 0.0001. The subgraph represents the probability distribution of evolved final state. (f) The phase distribution of the
evolved final state in Fig. 4(e). (g) The fidelity between the evolved final state wa’) and the ideal final state |\lfé2:)’0) versus the ramping
speed 2 and long-range disorder with strength W. (h) The evolution of the initial state |\Pg:)0) with long-range disorder strength
W = 0.2, in which the ramping speed 2 satisfies 2 = 0.0001. The subgraph represents the probability distribution of the evolved final
state. (i) The phase distribution of the evolved final state in Fig. 4(h). The size of the lattice is L = 2N + 1 = 13. Here, we take J = 1
as the energy unit.

all a-type sites act as the output ports besides the site a;.
The reason can be traced back to Sec. IIl A that when

site ay+ initially [regard as input port], with the varying
of parameter 6 from 0 to 7, the initial particle or quan-

tum state will be finally transferred into the sites aj, a3,
-+, ayn, and ay4 with equal probability (regard as output
ports), namely, phase-robust topological router.

B. A phase-robust topological router with NV 4 1
output ports

In the above subsection, we show the phase-robust
topological router with N output ports. Observably, almost

0 € [m/2, 7], the strong hopping amplitude J, impel the
site b and the site a, to be paired, which makes it impos-
sible to decouple from the pair and play an isolated site.
As a result, the topological zero-energy gap state does not
occur at the site a,.

Next, to break the above obstacle, we put emphasis on
the gap state localized at all a-type sites and implementing
an optimized phase topological router with N + 1 output
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FIG. 5. Schematic of an extended SSH lattice to implement
the phase-robust topological router with N 4 1 output ports. The
solid line in red describes the additional long-range hopping
between site a3 and b; with amplitude 7). Other parameters are
consistent with Fig. 1(b).

ports. We still consider the extended SSH lattice owns the
long-range hopping connecting the first a-type site @; and
b-type sites in the nth (n = 2,3, ..., N) unit cell. The dif-
ference of the optimized scheme lies in, we increase the
long-range hopping 7 between the site a; and the site b;.
As shown in Fig. 5, the extended SSH lattice chain can be
redescribed as

N
H=Y" (Jla;bn +hal by + H.c.)
n=1
N-1
+ (T,,alrbn+1 + H.c.) + Ty <a;rb1 + bIa3) ,

n=1
QY

where the additional long-range hopping amplitude 7}y sat-
isfies Ty = T, = J,. The present system also possesses
chiral symmetry and there is a zero-energy gap state in the
energy gap. Theoretically, when 0 € [r/2, ], the strong
intercell and additional long-range hoppings ensure that
three sites a,, b1 and a3 generate a domain wall. Then, the
site a, to be isolated and the gap state is localized at site
a, with a certain probability. In this way, the present gap
state with zero energy has great potential to realize a phase
topological router with N + 1 output ports.

To verify the inference mentioned above, we plot the
energy spectrum of the system and the gap-state distri-
bution in Figs. 6(a) and 6(b). For the energy spectrum, it
still possesses a zero-energy mode with the appearance
of the additional long-range hopping 7x. As shown in
Fig. 6(b), the gap state is occupied the last site ay; when
0 €[0,7/2] and concentrated near the sites aj, as,...,
ay, ay+1 when 0 € [/2,]. It should be stressed here
that the gap state in the site @, with a certain probabil-
ity. To validate that the gap state is equally distributed at
each a-type site, in Fig. 6(c), we perform simulation for
the probability distribution of the gap state. Clearly, the
gap state is distributed at sites aj,a,...,ay, and ay4;
with the same probability of 1/(N + 1). Lastly, Fig. 6(d)
depicts the corresponding phase information acting in 0
(at sites a; and ap) and 7 (at sites a3, ag,...,ay, and
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FIG. 6. Energy spectrum of the 1D extended SSH lattice ver-
sus the parameter 6. The energy spectrum has a zero-energy
mode remaining unchanged when 6 € [0,2x]. (b) Distribution
of the zero-energy mode versus the parameter 0 (6 € [0, ]). (c)
Probability distribution of the zero-energy mode when 6 = .
(d) Phase distribution of the zero-energy mode when 6 = 7. The
size of the lattice is L = 2N + 1 = 13. Here, we take J =1 as
the energy unit.

ay+1)- Generally, with the peculiar distribution of the gap
state induced by the long-range hopping 7y in the SSH
lattice, if we regard the last site ay.; as the input port
and regard the sites aj, as,..., ay, and ayy; as multiple
output ports, the state transfer process between |lIJg:)0) =
W 0,20, 0, AN 10, 0,0 ) and W) =
(Va5 0, V4,0, —Y4,,0,...,=V,,0,—,,) is actually
equivalent to a phase topological router with N 4 1 output
ports.

However, it is worth noting that the energy gap in
Fig. 6(a) is nearly closed when the additional long-range
hopping Ty is added into the system. Due to the correspon-
dence between the gap width and the relative robustness, a
narrower energy gap implies that the gap state is extremely
sensitive to the slight disorder. To show this, we plot the
evolution process of the initial state | W l(51=)0> versus the on-
site, NN, and long-range hopping disorders in Fig. 7. For
the on-site disorder, we can observe that the probability
distribution of the evolved final state is not uniform at all
a-type sites when the disorder strength satisfies W = (.2
and slow enough ramping speed satisfies 2 = 0.0001, as
shown in Fig. 7(a). The result indicates that the prob-
ability distribution of the gap state is sensitive to the
on-site disorder during the whole evolution process. Fur-
thermore, we plot the corresponding phase information
of the evolved final state when 6 = 7, the phase infor-
mation does not follow any distribution rules, as shown
in Fig. 7(b). Apparently, the present gap state possesses

054037-8



ENGINEERING A PHASE-ROBUST TOPOLOGICAL...

PHYS. REV. APPLIED 18, 054037 (2022)

b
1.0 0.1 ( )
& £
o5 0
‘3 =
3 ~ 0.1

0.0

1 357 91113
Lattice site

m

= 0.0
AT 13
Lattice site

Lattice site

357 91113
Lattice site

Lattice site

18

Lattice site

1 .
0.0 0.5 1.0 1
Qt/m

357 91113
Lattice site

FIG. 7. The evolution of the initial state |\IJb(-l:)0) when the sys-
tem is an imperfect lattice with random disorder. (a),(b) The

evolution of the initial state |\I!g:)0) with on-site disorder strength

W = 0.2, in which the ramping speed 2 satisfies 2 = 0.0001.
The corresponding phase distribution of the evolved final state
when 6 = 7. (c),(d) The evolution of the initial state |W\" ) with
NN disorder strength W = 0.2, in which the ramping speed €2 sat-
isfies 2 = 0.0001. The corresponding phase distribution of the
evolved final state when 8 = . (e),(f) The evolution of the initial
state |\I"(€1=)0) with long-range disorder strength W = 0.2, in which
the ramping speed 2 satisfies & = 0.0001. The corresponding
phase distribution of the evolved final state when 6 = 7. The
size of the lattice is L = 2N + 1 = 13. Here, we take J =1 as
the energy unit.

probability distribution and phase distribution is fragile to
the on-site disorder added into the system.

Similarly, we also verify the gap state of the system is
sensitive to the NN and long-range disorder. As shown
in Fig. 7(c), with the time-dependent Hamiltonian, the
evolved final state is unable to transfer to all a-type sites
with the same probability corresponding to the NN dis-
order strength W = 0.2 and ramping speed 2 = 0.0001.
Figure 7(d) shows the phase information of the evolved
final state, where the phase information does not keep 0
(at sites @ and a,) and 7 (at sites a3, aa,. . .,ay, and ayy1).
The result shows that the state transfer between |\I/f51:)0) and

|\Dé3:)0) cannot be achieved when the NN disorder added
into the system. Further, Figs. 7(e) and 7(f) illuminate the
fact to us that, the gap state of the system is sensitive to

(a) (b)
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)
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Moo &7 0.5
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q
=5 1 0.0
00 05 1.0 15 20 0.0 0.5 1.0
0/m 0/m
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.,© (d)
>
£ & 1.0
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FIG. 8. (a) Energy spectrum of the 1D extended SSH lattice

versus the parameter . The energy spectrum has a zero-energy
mode remaining unchanged when 0 € [0, 2x]. (b) Distribution
of the zero-energy mode versus the parameter 6 (6 € [0, 7]). (¢)
Probability distribution of the zero-energy mode when 6 = .
(d) Phase distribution of the zero-energy mode when 6 = 7. The
size of the lattice is L = 2N + 1 = 13. Here, we take J =1 as
the energy unit.

the long-range disorder. As the robustness against disor-
der is a characteristic feature of testing the practicality of
QST schemes, the phase topological router assisted by gap
state, which has N + 1 output ports, is fragile to the on-site,
NN, and long-range disorder. Thus, it is able to construct
the phase nonrobust topological router with N 4 1 output
ports.

Despite the above scheme of the additional long-range
hopping Tx introduced between site a3 and site b; is
only suitable for an ideal phase topological router (with-
out robustness). It is always demonstrated that generating
a domain wall is an effective path to construct the phase
topological router with more output ports. Therefore, fol-
lowing the thought of generating the domain wall, we
adjust the location of long-range hopping, in which the
long-range hopping Ty is added between site a4 and site
b. Similarly, when 6 € [7/2,7], a domain wall gener-
ated in other sites ap, b; and a4. Then, the gap state is
redistributed on site a, with a certain probability. Just to
verify the analysis, we first draw the energy spectrum of
the system with H = Y (Jyalb, + Jzalﬂbn +Hec) +
SN (Talbyyy + Hee) + Ty(alby + blay) in Fig. 8(a).
Similar to the presence of long-range hopping Ty (a;_bl +

bia;), the present energy spectrum also possesses gap state
in the whole energy gap and the gap state keeps the zero
energy. The energy gap between the gap state and the bulk
band in Fig. 8(a) exhibits an increasing behavior, which
indicates that the present gap state is more immune to mild
disorder due to the protection of topology. In Figs. 8(b)
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FIG. 9. The evolution of the initial state |lIJ‘(El:)0) when the system is an imperfect lattice with random disorder. (a) The fidelity
between the evolved final state |1pj£) and the ideal final state I\I/,?:):)) versus the ramping speed €2 and a random on-site disorder with
strength . (b) The evolution of the initial state |‘llgz)0) with on-site disorder strength W = 0.2, in which the ramping speed €2 satisfies
€2 = 0.0001. The subgraph represents the probability distribution of the evolved final state. (c) The phase distribution of the evolved
final state in Fig. 9(b). (d) The fidelity between the evolved final state |1//J£) and the ideal final state |‘~IJ‘(€3=)’0) versus the ramping speed
2 and a random NN disorder strength W. (¢) The evolution of the initial state |\I/g:)0) with NN disorder strength ' = 0.2, in which the
ramping speed 2 satisfies 2 = 0.0001. The subgraph represents the probability distribution of the evolved final state. (f) The phase
distribution of the evolved final state in Fig. 9(e). (g) The fidelity between the evolved final state |1/ff/-) and the ideal final state I\I/gz)/o)
versus the ramping speed 2 and a random long-range disorder strength . (h) The evolution of the initial state |\IJJ(91:)0) with long-range
disorder strength /' = 0.2, in which the ramping speed 2 satisfies £ = 0.0001. The subgraph represents the probability distribution
of the evolved final state. (i) The phase distribution of the evolved final state in Fig. 9(h). The size of the lattice is L = 2N + 1 = 13.
Here, we take J = 1 as the energy unit.

and 8(c), we plot the distribution of the gap state and the
corresponding probability distribution. We can conclude
that the gap state in 6 € [0, /2] is localized at site ay
while it is uniformly distributed at all a-type sites with the
same probability 1 /(N + 1) when 6 € [/2, ]. The phase
information is shown in Fig. 8(d). Figure 8 implies that the
gap state can be used as the topological channel to engineer
a phase topological router with N 4 1 output ports.
Similarly, to test the robustness of the phase topolog-
ical router, we further study the effects of mild disorder

on QST with N + 1 output ports in Fig. 9. First, we plot
the fidelity of the state transfer versus the ramping speed
Q2 and on-site disorder strength W, as shown in Fig. 9(a).
The numerical results reveal that, corresponding to the
small enough ramping speed log,,(£2) < —2.7, the mild
parameter W with W < 0.5 ensures that the state trans-
fer between ||lllél:)0)| and ||lllé3:)0) |=|\IJI(,;3:)/0) can be realized
with a high enough fidelity 7' = 0.99. Here, the absolute
value represents the probability density of the gap state
after ignoring the phase information. Figure 9(b) shows a
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detailed state transfer process, when the on-site disorder
strength is W = (.2 and the ramping speed corresponds to
€ = 0.0001. The numerical results show that the state ini-
tially prepared at the right edge site can be transferred at
N + 1 sites uniformly. And in Fig. 9(c), the phase infor-
mation in a3, ds,..., ay, ay4 is destroyed, meaning that
the present phase topological router with phase informa-
tion is sensitive to on-site disorder. We also show the
effects of the NN disorder on the state transfer and phase
information in Figs. 9(d) to 9(f). The numerical results
clearly reveal that, for the slow enough ramping speed
and the mild enough NN disorder strength, the probability
amplitude and the phase information of the gap state are
robust, which means that the mild NN disorder strength
does not break the chiral symmetry. With the topological
protection, the phase-robust topological router is naturally
immune to the mild NN disorders. Further, we investi-
gate the effect of long-range disorder on state transfer and
phase information in Figs. 9(g) to 9(i). Results are simi-
lar to those in Fig. 4, the off-diagonal disorder preserves
the chiral symmetry of the system and the gap state with
phase information is immune to the mild long-range dis-
order. Thus, via designing the long-range hopping term
between the site a4 and site b;, we can realize an opti-
mized phase-robust topological router with N + 1 output
ports, which greatly improves the scalability of topological
QST.

The additional long-range hopping 7y connecting dif-
ferent sites has different minimal energy gap. In Fig. 10,
we further plot the minimal energy space Ag (the Ag is
the minimal energy difference between the gap and the
bulk) versus the location of the additional long-range hop-
ping Ty when the size of the extended SSH lattice is
L =2N 4+ 1 = 13. The numerical results exhibit that the
width of minimal energy gap varies with the location of
the Ty. For example, the Ag; for the long-range hopping
Ty added on the site b; and site a3 is 0.0092. However,
the A, attains 0.2318 when the long-range hopping Ty
is added on site b; and site as. More clearly, adding the
long-range hopping 7y between site b; and site ay, Ay =
0.3932 tends to be maximum. It is well known that a
wide energy gap means that the gap state is more naturally
immune to the mild perturbations and disorders. Therefore,
when the additional long-range hopping Ty is introduced
between the site b; and the site ay, an optimized phase-
robust topological router with N + 1 output ports is put
forward.

IV. EXPERIMENTAL DISCUSSION OF A
PHASE-ROBUST TOPOLOGICAL ROUTER

A. The experimental consideration of the circuit-QED
system

We construct the circuit-QED system to implement a
phase-robust topological router, the possible experimental
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FIG. 10. The minimal energy space Ag versus the location of
the additional long-range hopping 7y added on the site b, and the
site a,(n = 3,4,5,6,7). The size of the lattice is L = 2N + 1 =
13. Here, we take J = 1 as the energy unit.

setup in the space is presented in Fig. 1(a). The existing
circuit-QED technology of the qubit-resonator chain sys-
tems provides an useful platform for our scheme [36,56].
The flux qubit is a superconducting circuit made up of
Josephson junctions or/and capacitance [57] and behaves
quantum mechanically. Depending on the flexible des-
ignability of the superconducting circuit lattice, the energy
levels of flux qubit can be controlled by the magnetic flux
provided by the flux-bias line, which have been achieved
in experiment [54]. In general, the typical qubit levels
can be modulated in the range of 100 MHz to 15 GHz
[58]. Thus, the detuning of qubits and the external driv-
ing can be tuned adiabatically via the external control. In
addition, in order to achieve the extended SSH model,
the tunable couplings among qubits and resonators are
also required (see Appendix A). Note that the coupling
strengths between the flux qubit and the resonators can
be individually controlled through using superconducting
quantum interference (SQUIDs) devices and changing the
external magnetic fluxes applied on the SQUID loops. The
existing technology of the coupling between the supercon-
ducting resonator and qubit can be tuned in the range of
0—400 MHz [59], which provides a considerably wide tun-
ing range for the amplitudes of the NN and long-range

hopping.

B. The detection of the zero-energy gap state

The superconducting circuit lattice is general and fully
applicable for realizing efficient simulation for the Bose
system. Compared to the Fermi system, the bosonic
photons can occupy one particular eigenstate at the same
time, which provides the essential application for the topo-
logical features of topological states [35,60]. Utilized by
the lattice-based cavity input-output process [61], we can
detect the distribution of the gap state via the mean distri-
bution of the photons. The expectation value of photons in
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the resonators can be expressed as (see Appendix A)

— K -1,
R =-— A—}—M—z? Q, (12)

where R = [(a1), (b1), .., {an), (bw), lav )] repre-
sents the column vector composed by the mean value of
the steady state for resonator, A = Diag[A, 1, Ap1,...,
Aa,Na Ab,Na Aa,N—H] = Diag[AR, AR, ey AR, AR, AR] is the
diagonal matrix originating from the detuning of the res-
onators, M is the coefficient matrix owning the same form
as the Hamiltonian in Eq. (3) [with N output ports], K =
Diag[a,, ks - > Kays Kby s Kay,, ] TEPresents the diagonal

matrix caused by the decay of the resonators, and G =
[Q01, .15+ Qun> v, Lan11]” is the external driv-
ing.

To detect the gap state, one needs to firstly excite the
system to occupy the gap state. When using the external
driving G = [0,0,...,0,0,2,n41]" to excite the right-
most resonator in a certain range of driving frequency,
the distribution of the photons in the resonator array is
plotted in Fig. 11(a). Obviously, when the scanning fre-
quency reaches resonance with the gap state, we find the
final photons of steady state mainly gather into the last
resonator, which is consistent with the distribution pat-
tern of the right-edge state. Similarly, when using external
driving & = [241,0,...,0,0,0]" to excite the leftmost
resonator within a certain range of driving frequency, the
distribution of the photons in the resonator array is plotted
in Fig. 11(b). The results reveal that, when the scanning
frequency reaches resonance with the gap state, the final
photons of steady state now mainly gather into the res-
onators a,, a3, ds, - - -, and ay; uniformly (with N output
ports). In this way, the input and output signals of the
phase-robust topological router can be detected via the
distributions of photons.

C. The adiabatic evolution of the zero-energy gap state

We propose to use a time-dependent Hamiltonian pro-
cedure to complete the protocol of the phase-robust topo-
logical router, where the ramping speed 2 is always to be
emphasized during the evolution of the zero-energy gap
state. The appropriate adiabatic parameter 2 ensures the
evolution process against the influence of the bulk state.
According to the adiabatic theorem requires that +/Q <
Apg [26], the Agp determines a safe range of the ramp-
ing speed Q2. In Fig. 12(a), we plot the minimal energy
space Ag versus the different sizes of the lattice L when
the long-range hopping T is added on site b, and site ay
(mentioned in Sec. III B). Analysis from the trend of the
minimum energy gap Ag, the Ag in this paper is larger
than Ref. [39] under the same size L with N + 1 output
ports, perhaps the present phase topological router is more
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FIG. 11. The detection spectrum. (a) The external driving
excites the last resonator ay;. The photons mainly gather into
the rightmost resonator with the resonant excitation. (b) The
external driving excites the first resonator a;. The photons mainly
gather into the resonators ay, as,..., ay, and ay4; with the res-
onant excitation. The size of the lattice is L =2N + 1 = 13.
The decay of the resonator ki, (k = a, b) is 0.1 and the driving
amplitude is Q,y4+1 = 2,1 = 1.

advantageous. In Fig. 12(b), we also plot the fidelity of
9, 13, 17, and 21 sites versus the ramping speed Q2 with
the additional long-range hopping Ty is added on the site
by and the site ay. We observe that there is a platform,
labeled by F' = 1, that are fit any size for the appropriate
evolution parameter 2. The longer lattice corresponds a
narrower range of the ramping speed 2 with fidelity being
close to 1, which induced the operation time for large-scale
phase topological router to be prolonged. Here, in order to
further prove the rationality of the large-scale phase-robust
topological router, we take the longer lattice L = 21 as an
example to carry out relevant calculations. As shown in
Fig. 12(b), if the 2 < 0.006, the fidelity stays almost 1,
which indirectly guarantees that the evolution of the gap
state follows the adiabatic evolution condition if it is car-
ried out in the parameter range 2 < 0.006. Then, with
a typical coupling strength of J /2w = 250 MHz and the
ramping speed 2 = 0.006, the operation time for phase
topological router with N + 1 output ports can be achieved
in Ty—p; = w/Q ~ 3us, which is much shorter than the
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FIG. 12. (a) The minimal energy space AFE versus the different
sizes of the lattice L when the additional long-range hopping Ty
is added on site b; and site ay. (b) The fidelities of the phase-
robust topological router versus the ramping speed €2 when the
additional long-range hopping Ty is added on site b; and site ay
with the different sizes of the lattice L. Here, we take J = 1 as
the energy unit.

decoherence times of the superconducting qubit [54] and
superconducting resonator [62,63].

V. CONCLUSION

In conclusion, we propose a model of a chiral-symmetric
dimerized superconducting circuit lattice with long-range
hopping. The existence of the long-range hopping induces
a zero-energy gap state, which establishes the special topo-
logical channel to implement the phase topological router
with N or N + 1 output ports. We demonstrate that, based
on the chiral-symmetric protection of the system, the phase
topological router is robust to the mild off-diagonal disor-
der such as the disorder in NN and long-range hopping.
Furthermore, we show the phase topological router and
the detection of the input port or the output ports can be
realized in the superconducting circuit lattice. Our scheme
supplies a viable prospect with large-scale QST via the
special zero-energy gap state induced by the long-range
hopping in a chiral-symmetric system, and we think that
the gap state owning the phase information may further

supply useful application for the logic gate or quantum
interference.
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APPENDIX A

Now we give the detailed derivation from Eq. (1) to
Eq. (3). The Hamiltonian of the 1D dimerized super-
conducting circuit lattice with the long-range hopping is
shown in Eq. (1). After performing a rotating frame with
respect to the external driving frequency w,, and qubit fre-
quency @y ,, the Hamiltonian in Eq. (1) can be rewritten
as

t/otal = Z (Aa,nazan + Ab,nbibn)

n

2
8
+ Z |:Aa,n (|€>qa,n(e|anai -
- ga,n

2
gb,n
Aqb,n

12) ganiglalan)

+ (|e>qb,n<e|bnbi - |g)qb,n<g|b:gbn):|

2
g
+> [ o (le)gaelanal, — 18)g1n(glalan
" ql,n
+le)g1n{elbub] — 12)g1.0 (g1} DY)
2

&2,
+4 2” (l€)g2.n(elbub] — |€)g2.(g1b] by
q N

Hle)alelanialy — 18)aaglal )]

2
gl,n
+ Z [ A (ledginlelalb, — |2)g1.0(gIblan)

2
gZ,n
AqZ,n

— 18)g2n(glblani1) + H.c.]

+222 (le)ganlelal , by

M 2
& i T
+y a,, (dslara) = lg)p el

+le)ganlelbub] — 12)g3.(g1b]bw)]

2
&5, T
+> Aq3’fn(|e>q3,n<e|a1bn

— 18)galglbla)) + He.]

+ Y (Quatt) + Qoab] + He.) . (A1)
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In the dispersive regime, when all of the qubits are pre-
pared in their ground states, then we can get Eq. (2).
After engineering the coupling strength between resonator
and the nearest-neighbor qubit as —(glz,n)/ (A1) =1,
—(g3,)/ (D) = —(g3,)/(Ag3.0) = Jo, the Hamiltonian
becomes

2
ga,l

qa,l

2

8h1

+ Ay — —
( bLTOA

Helﬁ = (Aa,l — +Ji + NJ2> allral

+J1+ J2> lerbl

qb,1
gZ
+y |:<Aa,,, -+ +J2) ala,
1 qa,n
g2
+ Ab,n — Zbn +Ji+ 2., bj,bn
Aqb,n

+ 3 (iblan +hal, by + He)
n

+ ZJZ (bial + aibn)

+ ) (Quna] + Quub] + He). (A2)

And, when the coupling strength between resonator
and the embedded qubit further satisfies (gfl,l) [(Dga1) =
Ji +NJ, (gg,l)/(Aqb,l) = in)/(Aqa,n) =Ji +J,, and
(gg,n) /(Dgpn) =J1 + 2J, the above Hamiltonian can be
written as

Heg =Y (Aanalan + Apablb, + Hee.)

n

+3° (J1 bla, +ha!, b, + H.c.)

+ ZJZ (bZal + afbn)

+ ) (Quna] + Qab] +He).  (A3)

Note that, the effective dynamics of the superconducting
circuit lattice can be described by the quantum Langevin
equations [ignoring the input noise], i.e., 0, = i[Hes, on] —
(kp,)/(2)p,. Here, p, (p = a,b) represents the annihila-
tion operator of resonator, «,, is the decay rate of the
resonator. Thus, we can obtain a set of dynamic equations

of operators

Gy = —i (Aa,,, - /%) ay — iSrbp_1 — iJyby — i,

Bn = —i <Ab,n — leﬁ) b, —iha,
—iS1a, — ihan 1 — i,
(n=2,3,...,N), (A4)
with the boundary condition a; = —i(A,; — iK”Tl)al -

iiby —iJy(by + b3+ -+ by) — 12,1, by = —i(Ap) —
i%)bl —iJiay —iJhar — i1, and ay = —i(Agn1 —
iKa];“ Yay+1 — ioby — i, n+1. Under the condition of
the strong driving amplitudes, we can implement the stan-
dard linearization process via rewriting the operators as the
summation of the mean value and quantum fluctuations,
i.e., p, = (o) + 8p,. After that, the quantum fluctuations
of the operators satisfy

Siy = —i (Aa,n . iK;” ) Say — iJ28by_; — iJ;8by,

8by = —i (Ab,n . ibi” ) 8by — ia8a) — iJ8ay — iJabaniy
n=2,3,...,N), (AS)
accompanied with the boundary condition Sa, = —i(Ag

— i(Kal)/2)8a1 — iJ18b1 - iJz (81)2 + 8b3 +--- 4+ (SbN),
8by = —i(Apy — ilkp,)/2)8b) — iJ18ar — iJr8a, and
Sany1 = —i(Agnt1 — i(kay,,)/2)8an+1 — iJ28Dy. Obvi-
ously, if removing the notation “§”” and deriving the Hamil-
tonian inversely, the linearized Hamiltonian describing the

intrinsic interactions of the quantum operators can be given
by

H = Z[Aa,nazan + Ab,nbzbn

n

+ (ibla, + Jal, b, + He!]

+ ZJQ (bZal + awlLb,,) .

If we further set the detuning of the resonators A,, =
Ap, = Ag as the zero point of the energy, the above
Hamiltonian has the identical form as the Hamiltonian in
Eq. (3).

Besides the quantum fluctuations of the operators, the
mean value of the operators also satisfies a set of differen-
tial equations

(A6)

: Ka, , . .
() = =i (B = 12) (an) = ialby1) = i1 (by) = i

(ba) = =i (Ao i"zb") (ba) — i {ar) — iy (ay)

_U2<an+l)_i9b,n (n:2a39"'7N)9

(A7)
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with the boundary condition ( (ay) l(A 1 —i(kq;) /2)
(ar) — iJi(by) —iJa ((b2) + (b3) + -+ (bn)) —iSu,1,
(by) = —i (Ab1 — i(kp,)/2) (b1) — lJ1 (1) — ir(az) —

iQp1, and (ay41) = —i (Agns1 — i(Kay,,)/2) (ans1) —
iJo(by) — i€2,x+1. For the superconducting resonator pos-
sessing the external driving and decay simultaneously, the
injected photons and the leaked photons may reach bal-
ance, making the system enter the steady state, namely,
(p) = 0. Thus, under the assumption of steady state, we
have

— K -1,
R=—(A+M-—-i— Q, (A8)

2

where R = [(1), (b1), ..., {ax), (by), (ans1)]7  repre-
sents the column vector composed by the mean value of
the steady state for resonator, A = Diag[A, 1, Ap1,-..,
Aa,N; Ab,Ns Aa,N+l] = Diag[AR, AR, ..., ARr, Ap, AR] is
the diagonal matrix originating from the detuning of
the resonators, M is the coefficient matrix owning
the same form as the Hamiltonian in Eq. (3), K=
Diag[ka,, ks - > Kay»>KbysKay. ;] TEPresents the diagonal

. -2
matrix caused by the decay of the resonators, and 2 =
(41, .15 -+ > Qans v, Lunt1]? is the external driv-
ing.
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