
PHYSICAL REVIEW APPLIED 18, 054028 (2022)

High-Resolution Quantitative Phase Microscopy with Second-Harmonic
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We propose a high-resolution label-free two-dimensional imaging method by introducing second-
harmonic generation (SHG) and structured illumination in quantitative phase microscopy (QPM), termed
S2QPM, which can achieve a fourfold lateral resolution improvement compared with normal incident illu-
mination for noncentrosymmetric structures. Unlike traditional QPM only obtaining information about the
optical path difference, S2QPM can additionally recover structural information from the χ(2) distribution.
Analytical solutions for SHG fields are obtained by solving the inhomogeneous and nonlinear Helmholtz
equation in the k-space in a both concise and accurate way. With the k-space SHG field solutions for
different structured illumination patterns, an object reconstruction model is developed to retrieve the
high-resolution normalized χ(2) distributions and quantitative phase maps. We simulate high-resolution
reconstructions of the normalized χ(2) distributions and quantitative phase maps using various resolution
targets. The lateral resolution improvement is quantified by synthesizing the object spectrum function and
profiling resolution targets.
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I. INTRODUCTION

In recent years quantitative phase microscopy (QPM)
has become an important label-free imaging technique
[1,2]. In QPM, the phase shift related to the optical
path difference (OPD) at each point across a specimen is
mapped through interferometry [3,4] or noninterferometry-
based phase-retrieval approaches [5,6]. QPM is suitable
for imaging transparent biological samples and profiling
fabricated materials structures [3,4]. Over the past decade,
many efforts have been made to improve the perfor-
mance of QPM, including increasing the spatial resolution
[7–9], enhancing the phase sensitivity [10,11], and adding
molecular specificity through computation and machine
learning [12,13]. Very recently, QPM has been applied
to many important biomedical studies, such as observa-
tion of cell organelles [14,15], characterization of cancer
cells [16–18], and classification of leukocyte types [19,20].
However, to further apply QPM for imaging of subcellular
structures and their dynamics in cells, the lateral resolution
is hindered by the diffraction limit to λ/NA under normal
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illumination, where NA is the numerical aperture of the
system.

To increase the lateral resolution in QPM, illumina-
tion angle scanning [9,21] and structured illumination
[7,22] have been proposed and demonstrated. However,
the spatial resolution is at most improved by a factor
of two to λ/2NA. Although fluorescence-based imaging
techniques can circumvent this limitation to allow struc-
tures that are smaller than 100 nm in size to be resolved
[23–25], additional sample preparation is required; further-
more, potential photobleaching and phototoxicity during
the observation restrict their application scopes [8,12,13].
Therefore, it is critical to explore new strategies to improve
the lateral resolution in QPM to retain its label-free advan-
tage. Second-harmonic generation microscopy (SHGM)
is a nonlinear and coherent imaging technique in which
the wavelength of the incident wave is halved during
the second-harmonic generation (SHG) conversion process
[8,26]. Using SHGM, label-free imaging of nonlinear bio-
logical specimens [27–29] or material samples [30–32] has
been demonstrated through mapping their χ(2) distribu-
tion [33]. It has been proposed that a fourfold or higher
improvement in resolution can be achieved by combining
structured illumination and second-order or higher-order
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nonlinear processes [34]. However, the physical process of
SHG field generation from nonlinear structures was largely
unexplored.

To fully understand the imaging process exploring SHG,
light-matter interactions in the nonlinear regime need to be
modeled and exact solutions of the scattered and unscat-
tered SHG fields are required. The scattered fields can be
solved following the conventional integral formulations in
three-dimensional (3D) space [35]. Recently, the k-space
formulation approach has been developed to efficiently
solve the wave equations and precisely reveal light-matter
interactions in coherent imaging systems, such as optical
diffraction tomography [36,37], low-coherence interferom-
etry [38], optical coherence tomography [39], and SHGM
[29]. Performing image reconstruction in the k-space also
offers many advantages over the spatial domain formula-
tion, as the fields can be naturally treated as plane waves of
different spatial frequencies, which can be processed more
effectively with Fourier transforms [40]. Image recon-
struction in the k-space has been utilized in structured
illumination microscopy (SIM) [41], confocal microscopy
[42], synthetic aperture microscopy [43], etc.

In this article, we propose to apply SHG and structured
illumination into QPM, namely S2QPM, to realize label-
free high-resolution imaging. A comprehensive k-space
formulation is proposed to accurately solve the SHG fields
under structured illumination. In the k-space formulation,
we first separate the total SHG field into scattered and
unscattered components and solve them from the inhomo-
geneous and nonlinear Helmholtz equation. The total SHG
fields, corresponding to different structured illumination
patterns, are then used to reconstruct the normalized χ(2)

distributions and quantitative phase maps of the specimen
in the k-space. The synthesized object spectrum reveals a
fourfold lateral resolution improvement potential. Apply-
ing the image reconstruction model on various resolution
targets, we further validate the resolution improvement in
the spatial domain.

II. WORKING PRINCIPLE OF S2QPM

A. Conceptual illustration of S2QPM

The concept of S2QPM is illustrated in Fig. 1. A laser
beam at frequency ω0 forms a structured illumination,
which is s-polarized over the sample. After excitation,
the SHG signal at 2ω0 is generated from the sample
regions with nonzero nonlinearity coefficients and then
collected by an objective lens. The sample SHG field is
measured through an interferometer by adding a reference
SHG beam. A short-pass filter removes the beams at the
fundamental frequency. The interferograms correspond-
ing to different structured illumination orientations are
recorded by a camera. After processing the recorded inter-
ferograms, a fourfold resolution improvement is expected
to be achieved in S2QPM system when compared with

FIG. 1. A conceptual illustration of S2QPM. OL, objective
lens; SPF, short-pass filter.

the linear QPM system with normal illumination. Note
that all the structured illumination patterns are maintained
at s-polarization, which is possible by inserting a vortex
half-wave plate [44]. To generate interferograms at the
imaging plane, a linear polarizer is used to ensure the
reference beam and the sample beam are the same polar-
ization. Under each structured illumination, only certain
elements of the second-order nonlinear susceptibility ten-
sor ←→χ (2) (a total of 27 elements) contribute to the SHG
signal [45]. Therefore, the SHG process can be reduced
to a scalar wave equation (refer to Appendix A for a full
derivation that describes the vectorial SHG process). For
nonlinear samples with cylindrical symmetry (e.g., myosin
and microtubules [45–47]), an analytical expression for
χ(2) at each point is derived as χ(2) = a cos(α) cos2(ψ −
α)+ b cos(α)+ c cos(ψ) cos(ψ − α), where a, b, and c
are constants, ψ is the polarization angle with respect
to the x-axis, and α is the orientation angle of the sam-
ple with respect to the x-axis. A full description of the
image formation process and the physical model for high
resolution object reconstruction in S2QPM is provided in
Secs. II B–II D.

B. Solving SHG fields from the nonlinear Helmholtz
equation

Assuming an inhomogeneous medium, the nonlinear
Helmholtz equation under the undepleted pump approxi-
mation can be written as [26,29]

∇2u(r,ω)+ ω2 n2(r,ω)
c2 u(r,ω)

= −ω
2

c2 χ
(2)(r)[ui(r,ω)⊗ω ui(r,ω)], (1)

where u(r,ω) is the total field which contains the linear
field at ω0 and SHG field at 2ω0, n(r,ω) is the linear refrac-
tive index distribution of an inhomogeneous medium, ω is
the angular frequency of light, c is the speed of light in free
space, and r = (x, y, z) = (r⊥, z) represents the 3D spatial
domain. Assuming the system response is instantaneous,
the frequency dependence of χ(2)(r) can be dropped [26].
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The overall SHG process in a thin sample (i.e., thickness
much smaller than the photon mean free path to ensure sin-
gle scattering) can be treated as two subsequent processes,
i.e., the incident field first excites the sample to generate
the SHG field, namely u2ω0

SHG(r), which is then scattered
by the sample to generate u2ω0

s (r). Here, we only consider
the forward propagating fields at 2ω0, and each SHG field
component in the k-space can be solved as (details are
included in Appendix B)

U2ω0
SHG,f (k⊥, z) = iβ2

2

2γ2
eiγ2z ⊗z {χ(2)(k⊥, z)⊗k⊥

× [Ui(k⊥, z)⊗k⊥ Ui(k⊥, z)]}, (2a)

and

U2ω0
s,f (k⊥, z)

= iβ2
2

2γ2
eiγ2z ⊗z [χ(k⊥, z)⊗k⊥ U2ω0

SHG,f (k⊥, z)], (2b)

where U2ω0
SHG,f (k⊥, z) and U2ω0

s,f (k⊥, z) are the 2D Fourier

transforms of u2ω0
SHG(r) and u2ω0

s (r) with respect to r⊥, β2 =
2ω0/c = 4π/λ0 is the wavenumber of the SHG field in

free space, γ2 =
√
(n2

2β
2
2 )− |k⊥|2 with n2 being the spa-

tially averaged refractive index and n2 =
√
〈n2(r, 2ω0)〉r,

and χ(r) = n2(r, 2ω0)− n2
2 is the scattering potential of

the object. This result agrees with [29], where tomographic
reconstruction of nonlinear structures is demonstrated.

C. Solving the object function from SHG fields under
structured illumination

Assuming the incident field is a structured illumination
at frequency ω0, we have

Ui(k⊥, z) = [δ(k⊥ − kp)eiφ + δ(k⊥ + kp)e−iφ]eiγp z, (3)

where kp is the spatial frequency of the illumination pat-
tern, φ is the phase delay that can be adjusted, and γp =√
(n2

1β
2
1 )− |kp |2, with β1 = ω0/c, and n1 =

√
〈n2(r,ω0)〉r

being the spatially averaged refractive index at the fun-
damental frequency ω0. For a thin nonlinear structure
with a thickness of L (L is assumed to be smaller than
the wavelength), we assume the average χ(2)(r) distri-
bution along the z-axis as χ(2)(r⊥). The total SHG field
(only measured at one focus plane z = 0), summing both
the unscattered and scattered components under structured
illumination and considering the transfer function of the
imaging system, is derived as (details are included in

Appendix C)

U2ω0
tot (k⊥, z = 0) = H(k⊥) · {O(k⊥)⊗k⊥ G(k⊥)}, (4)

where G(k⊥) = 2δ(k⊥)+ δ(k⊥ + 2kp)e−2iφ + δ(k⊥ −
2kp)e2iφ , H(k⊥) = iβ2

2 L
2γ2

A0(k⊥) is the transfer function
of the imaging system, A0(k⊥) is the circular aperture
function of the objective lens, and O(k⊥) = χ(2)(k⊥)+
iβ2

2 L
2 χ(k⊥)⊗k⊥ [ 1

γ2
χ(2)(k⊥)] is the object function that

contains the object structural information. Note that to
obtain Eq. (4), we assumed a perfect phase matching con-
dition (details in Appendix C). As expressed in Eq. (4),
U2ω0

tot (k⊥) contains three shifted object spectrums, i.e.,
O(k⊥), O(k⊥ − 2kp), O(k⊥ + 2kp), each with a radius of
4πNAobj/λ0 = β2NAobj (NAobj is the numerical aperture
of the objective lens) and the shifted frequency amount of
2|kp |, which can reach at most β2NAobj. To decouple the
shifted spectrums, images are captured at three different
phase shifts, φ = 0, π/3, and 2π/3. Applying an inverse
Fourier transform over O(k⊥), we obtain O(r⊥) as (details
are included in Appendix C)

O(r⊥) = χ(2)(r⊥)+ iπn2β
3
2 Lχ(r⊥)

· {sinc(n2β2r⊥)⊗r⊥ χ
(2)(r⊥)}. (5)

Under the assumption of a phase object that exhibits weak
absorption, χ(2)(r⊥) can be treated as a real function
that can be retrieved from the real part of O(r⊥). Fur-
thermore, when the object has a small refractive index
variation relative to the mean at the second-harmonic fre-
quency, namely n(r, 2ω0)− n2 is small, we have χ(r⊥) ≈
2n2[n(r⊥, 2ω0)− n2]. Then, the phase distribution, defined
as ϕ(r⊥) = β2L[n(r⊥, 2ω0)− n2], can be retrieved from
the imaginary part of O(r⊥) as

O(r⊥) = χ(2)(r⊥)+ i2π(n2β2)
2ϕ(r⊥)

· {sinc(n2β2r⊥)⊗r⊥ χ
(2)(r⊥)}. (6)

Further applying paraxial approximation, i.e., γ2 ≈ n2β2
(with |k⊥| 
 n2β2), O(r⊥) can be simplified as

O(r⊥) = χ(2)(r⊥)eiϕ(r⊥). (7)

Therefore, χ(2)(r⊥) and ϕ(r⊥) distribution can be obtained
from the amplitude and phase of O(r⊥), respectively. From
this, the spectrums corresponding to different structured
illumination patterns can be obtained. After synthesizing
the spectrums of χ(2)(r⊥) and ϕ(r⊥) correspondingly for
all illumination patterns, an expanded spectrum with a
radius of up to 8πNAobj/λ0 = 2β2NAobj is obtained.
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D. Testing object reconstruction in a proposed S2QPM
system

Based on the SHG field solutions and object reconstruc-
tion model, we test the high-resolution object reconstruc-
tion process in S2QPM. A proposed experimental design
of S2QPM is shown in Fig. 2(a). A laser at λ0 = 800 nm
is used as the illumination source which is split into the
sample beam and the reference beam with a beam split-
ter, denoted as BS1. In the sample path, a grating, denoted
as G, is used to generate multiple diffraction orders, from
which the +1st and −1st orders are selected in the Fourier
plane with a spatial filter (SF) to form the structured illu-
mination at the sample plane. A vortex half-wave plate
is inserted after the SF to keep the s-polarization of the
patterns with respect to the incident plane [44]. Then the
generated SHG signal is collected by an objective lens
(OL). In the reference beam, a nonlinear crystal (NLC)
is used to generate the SHG signal, whereas a short-pass

0.0

FIG. 2. The object reconstruction process in a proposed
S2QPM system. (a) Proposed experimental design of S2QPM.
L1-L4, lenses; M1 and M2, mirrors; G, grating; SF, spatial filter;
BS, beam splitter; NLC, nonlinear crystal; OL, objective lens;
SPF, short-pass filter; VHP, vortex half-wave plate; P, polarizer.
(b.i) The χ(2)(r⊥) distribution and OPD map of the USAF tar-
get used as a sample. (b.ii) The simulated Fourier transform of
the interferograms recorded by the camera. The +1st order is
selected using a filter mask and moved back to the origin for sub-
sequent processing. (c) The individual object spectrums in (c.ii)
are retrieved from spectrums of interferograms under different
structured illumination patterns shown in (c.i). The spectrums are
used to synthesize an expanded spectrum as shown in (c.iii).

filter (SPF) is used to filter out the excitation light [29].
With a second beam splitter (BS2) and a polarizer, the
sample and reference SHG beams form an interferogram
at the final imaging plane, which is captured by a camera.
From the interferogram, the complex sample SHG field is
retrieved.

Assuming an inhomogeneous object structure, contain-
ing groups 10–12 of a USAF target, has a normalized
χ(2)(r⊥) distribution and an OPD distribution as described
in Fig. 2(b.i). OPD is defined as OPD = [n− nm]L =
ϕ/β2, where n is the refractive index of the sample and
nm is the average refractive index of the medium at λ0/2,
and L is the thickness of the sample. Using the pro-
posed experimental system, the interferogram that contains
the sample SHG field can be measured. From the spec-
trum of the interferogram, we select the +1st order as
illustrated in Fig. 2(b.ii). The+1st order contains the com-
plex SHG field under structured illumination as described
by Eq. (4). As illustrated in Fig. 2(c.i), in the selected
+1st-order spectrum, there are also the +1st-, 0th-, and
−1st-order spectrums due to the structured illumination,
which are decoupled using three measurements with phase
shifting amount of 0, π/3, and 2π/3. We repeat this

0.0

FIG. 3. Illustration of the synthesizing process of the expanded
spectrum. Each illumination angle is considered separately first.
(a) Structured illumination pattern. The blue arrow indicates the
polarization direction. (b) Object spectrums of respective struc-
tured illumination patterns. (c) The average χ(2)(r) distribution
along the z-axis χ(2)(r⊥) obtained from the real part of Eq. (6).
(d) OPD maps obtained as imaginary part of Eq. (6) after filter-
ing them in Fourier space and real space according to χ(2)(r⊥).
Scale bar: 2 μm.
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process for 4 different structured illuminations to obtain
the corresponding +1st- and −1st-order object spectrums
as illustrated in Fig. 2(c.ii). To explain the imaging pro-
cess from Fig. 2(c.ii) to Fig.2(c.iii), the processing of
each angle while maintaining the s-polarization is shown
in Fig. 3. For each structured illumination pattern with
corresponding polarization shown in Figs. 3(a.i)–3(a.iv),
the synthesized object spectrums along the related direc-
tions retrieved according to our scalar model are shown in
Figs. 3(b.i)–3(b.iv). These expanded object spectrums are
synthesized from the individual object spectrums shown
in Fig. 2(c.ii). After taking an inverse Fourier transform
for each spectrum, O(r⊥) corresponding to each pat-
tern is obtained. According to Eq. (6) χ(2)(r⊥) can be
obtained as the real part of the corresponding O(r⊥) for
each orientation as shown in Figs. 3(c.i)–3(c.iv), whereas
the OPD maps in Figs. 3(d.i)–3(d.iv), are obtained from
the imaginary part of O(r⊥) with the knowledge of
χ(2)(r⊥). Finally, the isotropic resolution improvement of
χ(2)(r⊥) and OPD map can be achieved by synthesiz-
ing the spectrums of the images along different orien-
tations as shown in Fig. 2(c.iii). The spatial resolution
improvement on χ(2)(r⊥) and OPD maps are verified in
Sec. III.

0.0

0.0

(a
rb
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n
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s)

0.0

0.0

FIG. 4. Simulation of high-resolution imaging on an inhomo-
geneous USAF target. (a) The retrieved high-resolution OPD
map with S2QPM. (b) Line profile of the OPD map along the red
line in (a). (c),(d) High-resolution χ(2)(r⊥) distribution retrieved
with S2QPM and the line profile along the red line. (e)–(g) Spec-
trums for QPM, SQPM, and S2QPM, respectively. Scale bar:
(a),(c) 2 μm, (e)–(g) 2.5 μm−1.

III. SIMULATIONS OF HIGH-RESOLUTION
IMAGING

Simulations with λ0 = 800 nm and NAobj = 1 were per-
formed with the above-mentioned inhomogeneous USAF
target, a Siemens star object, and a lab logo. The USAF
target (group 10–12) as illustrated in Fig. 2(b.i) has struc-
tures with line widths between 490 nm and 80 nm. In the
simulation, a smaller shifted frequency amount 2|kp | =
0.9β2NAobj is used to mimic a practical experimental
situation (i.e., one may not be able to fully utilize the illu-
mination NA). Figures 4(a) and 4(c) show the obtained
OPD map and normalized χ(2)(r⊥) distribution from
S2QPM, respectively, which displays the isotropic resolu-
tion enhancement well. The spatial resolution is quantified
by analyzing the line profiles along the red line in Figs. 4(a)
and 4(c). The line profiles are plotted in Figs. 4(b) and 4(d),
from which we estimated that S2QPM achieves a spatial
resolution between 200 nm (line width of the 2nd element
of group 12 is 100 nm) and 220 nm (line width of the 3rd
element of group 12 is 110 nm). The resolution improve-
ment is consistent with our expectation, i.e., a factor of 3.8
improvement. Figures 4(e)–4(g) show the Fourier spec-
trums of QPM, SQPM, and S2QPM, respectively. When
generating the second-harmonic signal, the imaging wave-
length is halved, which explains the twofold improvement
when comparing QPM and SQPM. In S2QPM, the imple-
mentation of structured illumination further enhances the
spatial resolution by at most two times.

FIG. 5. Simulations of high-resolution imaging on a Siemens
star object and a lab logo with homogeneous χ(2) distribution.
(a.i) Siemens star object; (a.ii)–(a.iv) OPD maps corresponding
to QPM, SQPM, and S2QPM, respectively; (a.v) line profiles
along the white circular segment of (a.i) and (a.iv). (b.i) Lab
logo (LAMB); (b.ii)–(b.iv) OPD maps corresponding to QPM,
SQPM, and S2QPM, respectively. Scale bar in (a.i) and (b.i):
2 μm.
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The simulations on a Siemens star object and a lab logo
are shown in Fig. 5. Each object is set to have a homoge-
neous χ(2)(r⊥) distribution and a homogeneous OPD map,
as illustrated in Figs. 5(a.i) and 5(b.i). When comparing the
smallest features resolved in the Siemens star or in the lab
logo, the resolution improvement is apparent from QPM
under normal illumination [Figs. 5(a.ii) and 5(b.ii)] to
SQPM [Figs. 5(a.iii) and 5(b.iii)] and S2QPM [Figs. 5(a.iv)
and 5(b.iv)]. This finding is further quantified by pro-
filing along the white circular segments as indicated in
Figs. 5(a.i) and 5(a.iv). From the line profiles in Fig. 5(a.v),
it is found that S2QPM is able to resolve the peaks that are
separated by 260 nm, which are otherwise not resolvable
under QPM and SQPM. The simulations show a consistent
resolution improvement in S2QPM.

IV. CONCLUSION

We have developed a comprehensive theoretical model
for achieving quantitative phase imaging with high res-
olution on thin specimens. Our model starts from solv-
ing the total second-harmonic field from the nonlinear
wave equation under structured illumination, which leads
to obtaining analytical expressions for χ(2)(r⊥) and the
phase maps. Our results have also shown that the χ(2)(r⊥)
and phase map can be obtained from real and imagi-
nary parts of the total field, respectively. Therefore, our
proposed S2QPM method can increase the information
capacity of QPM by not only providing fourfold resolu-
tion enhancement, but also obtaining sample nonlinearity
information from the χ(2)(r⊥) distribution. For our sim-
ulations, we considered perfect phase matching, which is
experimentally valid for uniaxial crystals and interfaces
[33,45]. However, under most practical scenarios, phase
matching is imperfect so that the efficiency of the SHG
conversion will drop. In our case, the SHG intensity will
be modulated by a factor of sinc[(2γp − γ2)L/2], where

γp =
√
(n1

2β2
1 )− |kp|2 and γ2 =

√
(n2

2β2
2 )− |k⊥|2 (see

Appendix C for details). Under imperfect phase matching,
the interpretation of the retrieved phase will be more com-
plex, which is why we limit our model to thin samples.
Overall, this proposed new label-free 2D imaging method
can be potentially implemented for high-resolution imag-
ing of thin material structures and thin biological speci-
mens by exploring both the linear and nonlinear sample
information.
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APPENDIX A: VECTORIAL SHG PROCESS

We first define a fixed x-y-z coordinate system, where z
is the optical axis of the imaging system. In the SHG pro-
cess, the second-order nonlinear susceptibility is treated as
a third rank tensor←→χ (2), where 18 out of the 27 elements
are independent. The second-order nonlinear polarization
field P(2)NL can be written as [45]

⎡
⎢⎣

P(2)NL,x

P(2)NL,y

P(2)NL,z

⎤
⎥⎦ = ε0

⎡
⎢⎣
χ(2)xxx χ(2)xyy χ(2)xzz χ(2)xyz χ(2)xxz χ(2)xxy

χ(2)yxx χ(2)yyy χ(2)yzz χ(2)yyz χ(2)yxz χ(2)yxy

χ(2)zxx χ(2)zyy χ(2)zzz χ(2)zyz χ(2)zxz χ(2)zxy

⎤
⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

u2
x

u2
y

u2
z

2uyuz

2uxuz

2uxuy

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

,

(A1)

where χ(2)jkl (j , k, l = x, y, z) is the component of the ten-
sor, and ux, uy , and uz are the components of the incident
field ui = uxex + uyey + uzez. As the structured illumina-
tion is kept at s-polarization for all different orientations,
the polarization axis is always parallel to the orientation
of the fringes. For a particular fringe orientation ψ with
respect to the x-axis (note that ψ = 0,π/4,π/2, 3π/4 for
the four different orientations), the incident vector field is
ui = ui[cos(ψ)ex + sin(ψ)ey] = uxex + uyey . Assuming a
nonlinear sample with cylindrical symmetry (e.g., myosin
and microtubules [46,47]), P(2)NL can be simplified to [45]

P(2)NL = ε0[aτ̂ (τ̂ · ui)
2 + bτ̂ (ui · ui)+ cui(τ̂ · ui)], (A2)

where τ̂ = cos(α)ex + sin(α)ey is defined along the sym-
metrical axis of the sample, which has an angle of α with
respect to the x-axis, shown in Fig. 6; here a, b, c are coef-
ficients related to the tensor elements in ←→χ (2). A linear
polarizer oriented at the x-axis is placed in front of the
camera, which will ensure that the x component of P(2)NL

is obtained. Based on Eq. (A2), P(2)NL,x(r, t) is formulated as

P(2)x (r, t) = ε0[a cos(α) cos2(ψ − α)+ b cos(α)

+ c cos(ψ) cos(ψ − α)]u2
i (r, t)

= ε0χ
(2)
ψ (r)u2

i (r, t), (A3)
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FIG. 6. A nonlinear sample with cylindrical symmetry and ori-
entation in the xy plane with an angle α with respect to the x-axis.
A x′-y ′-z′ coordinate is defined with z′ along the symmetry axis.

where χ(2)ψ (r) is the second-order nonlinear susceptibility
recovered in the simulations for each structured illumina-
tion pattern with fringe orientation ψ . The above formula-
tions provide a basis to reduce the vectorial nature of the
SHG process to a scalar description. Furthermore, Eq. (A3)
provides a possibility to obtain the values of a, b, c, and α
for every sample point by fitting this equation with mea-
surements at different ψ from 0◦ to 360◦. For more details
and discussions on retrieving the second-order nonlinear
susceptibility, refer to Ref. [46] and Appendix D.

APPENDIX B: SOLVING THE SHG FIELDS FROM
THE NONLINEAR WAVE EQUATION

Considering an inhomogeneous medium, the scalar
wave equation can be written as [26]

∇2u(r, t)− n2(r)
c2

∂2u(r, t)
∂t2

= μ0
∂2PNL(r, t)

∂t2
, (B1a)

where u(r, t) is the total field, c = 1/
√
ε0μ0 is the speed

of light in free space, μ0 is the magnetic permeability in
free space, ε0 is the electric permittivity of free space,
and PNL(r, t) is the nonlinear polarization field. Consider-
ing only the second-order polarization field component in
accordance with Appendix A, we have

PNL(r, t) = ε0χ
(2)(r)u2(r, t), (B1b)

where χ(2)(r) is a function related to the second-order
nonlinear susceptibility tensor elements and the orienta-
tion angle of the sample and illumination patterns, which
is a constant in time when assuming an instantaneous
response. Note that, the subscript ψ is omitted in the
following derivation when considering a particular linear
polarization and illumination pattern. Under this assump-
tion, the nonlinear polarization field only depends on the
instantaneous value of the electric field [26]. Transforming
Eq. (B1a) into the (r,ω) domain, we have

∇2u(r,ω)+ ω
2n2(r,ω)

c2 u(r,ω) = −μ0ω
2PNL(r,ω),

(B2a)

PNL(r,ω) = ε0χ
(2)(r)[u(r,ω)⊗ω u(r,ω)], (B2b)

where n(r,ω) is the linear refractive index of the inho-
mogeneous media, ω is the angular frequency of light,
and ⊗ω denotes the convolution operator with respect
to ω. For SHG under the undepleted pump approxi-
mation [26], only the incident light at the fundamental
frequency, namely ui(r,ω = ω0)δ(ω − ω0), contributes to
the nonlinear polarization field, thus making PNL(r,ω) =
ε0χ

(2)(r)[u2
i (r,ω = ω0)δ(ω − 2ω0)]. The δ function con-

forms to the normalization principle:
∫ +∞
−∞ δ(ω)dω = 1. As

a result, the total field u(r,ω), as described in Eq. (B2a),
can be separated into the linear field and SHG field com-
ponents as u(r,ω) = u(r,ω = ω0)δ(ω − ω0)+ u(r,ω =
2ω0)δ(ω − 2ω0). Then, Eq. (B2a) can be rewritten as

[∇2 + ω
2n2(r,ω)

c2 ][u(r,ω = ω0)δ(ω − ω0)

+ u(r,ω = 2ω0)δ(ω − 2ω0)]

= −μ0ε0ω
2χ(2)(r)[u2

i (r,ω = ω0)δ(ω − 2ω0)]. (B3)

Considering only the SHG field (ω = 2ω0) components in
Eq. (B3) we have

[∇2 + ω
2n2(r,ω)

c2 ][u(r,ω = 2ω0)δ(ω − 2ω0)]

= −μ0ε0ω
2χ(2)(r)[u2

i (r,ω = ω0)δ(ω − 2ω0)]. (B4)

Integrating over ω for both sides of Eq. (B4) results in

[∇2 + (2ω0

c
)2n2(r,ω = 2ω0)]u2ω0(r)

= −
(

2ω0

c

)2

χ(2)(r)u2
i (r), (B5)

where u2ω0(r) denotes the total SHG field at 2ω0. We
define β2 = 2ω0/c as the wavenumber of the SHG field
in free space. Then, Eq. (B5) can be rewritten as

∇2u2ω0(r)+ β2
2 n2(r,ω = 2ω0)u2ω0(r)

= −β2
2χ

(2)(r)u2
i (r). (B6)

Equation (B6) is consistent with the result in [29]. The total
SHG field u2ω0(r) can be split into the unscattered SHG
field and scattered SHG field components, i.e., u2ω0(r) =
u2ω0

SHG(r)+ u2ω0
s (r). This is because the light-matter interac-

tion process involving the SHG fields can be treated as two
processes, i.e., the incident field first excites the sample
and generates the SHG field, namely u2ω0

SHG(r), which is then
scattered by the sample to generate u2ω0

s (r), so Eq. (B6) can
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be separated into two equations to describe each process as

∇2u2ω0
SHG(r)+ n2

2β2
2 u2ω0

SHG(r) = −β2
2χ

(2)(r)ui
2(r), (B7a)

∇2u2ω0
s (r)+ n2

2β2
2 u2ω0

s (r)=−χ(r)β2
2 [u2ω0

SHG(r)+ u2ω0
s (r)],

(B7b)

where n2 =
√
〈n2(r, 2ω0)〉r is the spatially averaged refrac-

tive index and χ(r) = n2(r, 2ω0)− n2
2 is the scattering

potential of the medium. Assuming the scattered SHG
field is much weaker than the unscattered SHG field, i.e.,
u2ω0

s (r)
 u2ω0
SHG(r), then we have

∇2u2ω0
s (r)+ n2

2β2
2 u2ω0

s (r) = −β2
2χ(r)u

2ω0
SHG(r). (B7c)

To solve the SHG fields, we first take the Fourier trans-
forms with respect to r over Eqs. (B7a) and (B7c) as

(n2
2β2

2 − k2)U2ω0
SHG(k) = −β2

2 [χ(2)(k)⊗ Ui(k)⊗ Ui(k)],
(B8a)

(n2
2β2

2 − k2)U2ω0
s (k) = −β2

2 [χ(k)⊗ U2ω0
SHG(k)], (B8b)

where k = (kx, ky , kz) = (k⊥, kz), and⊗ is the convolution
operator over the k domain. Then the SHG fields are solved
as

U2ω0
SHG(k) =

−β2
2

(n2
2β2

2 − |k⊥|2 − k2
z )

× [χ(2)(k)⊗ Ui(k)⊗ Ui(k)]

= β2
2

2γ2

(
1

kz − γ2
− 1

kz + γ2

)

× [χ(2)(k)⊗ Ui(k)⊗ Ui(k)], (B9a)

U2ω0
s (k) = −β2

2

(n2
2β2

2 − |k⊥|2 − k2
z )

[χ(k)⊗ U2ω0
SHG(k)]

= β2
2

2γ2

(
1

kz − γ2
− 1

kz + γ2

)
[χ(k)⊗ U2ω0

SHG(k)],

(B9b)

where γ2 =
√
(n2

2β2
2 )− |k⊥|2 and 1/(kz − γ2) and 1/

(kz + γ2) represent forward and backward propagation,
respectively. In the proposed S2QPM system, we only con-
sider the forward scattering fields, denoted as u2ω0

SHG,f and

u2ω0
s,f , thus only selecting the 1/(kz − γ2) component. Note

that F−1(1/kz − γ2) = ieiγ2zsgn(z), where sgn is the sign

function. Next, we take the inverse Fourier transform of
the forward components with respect to kz that results in

U2ω0
SHG,f (k⊥, z) = iβ2

2

2γ2
eiγ2z⊗z{χ(2)(k⊥, z)⊗k⊥

× [Ui(k⊥, z)⊗k⊥ Ui(k⊥, z)]},
(B10a)

U2ω0
s,f (k⊥, z) = iβ2

2

2γ2
eiγ2z⊗z

× [χ(k⊥, z)⊗k⊥ U2ω0
SHG,f (k⊥, z)],

(B10b)

where⊗z represents the convolution over the z-dimension.
In the next step, we derive the SHG fields in the context of
structured illumination.

APPENDIX C: DERIVING THE TOTAL SHG
FIELD UNDER STRUCTURED ILLUMINATION

The structured illumination at the fundamental fre-
quency, as the sum of the +1st and −1st diffraction orders
from the grating, can be described as

Ui(k⊥, z) = [δ(k⊥−kp)eiφ + δ(k⊥+kp)e−iφ]eiγp z, (C1)

where kp is the spatial frequency of the pattern which
is related to the grating period, φ is the phase delay
that can be adjusted by translating the grating, γp =√
(n1

2β2
1 )− |kp|2 is the longitudinal wavenumber, β1 =

ω0/c, and n1 =
√
〈n2(r,ω0)〉r is the spatially averaged

refractive index at the fundamental frequency. Using this
expression for ui(k⊥, z) as described in Eq. (C1), the
convolution of the input fields in Eq. (B10a) results in

Ui(k⊥, z)⊗k⊥ Ui(k⊥, z)

= [δ(k⊥−2kp)e2iφ + δ(k⊥+2kp)e−2iφ + 2δ(k⊥)]e2iγp z.
(C2)

To simplify the following formulations, define

G(k⊥) = G0(k⊥)+ G1(k⊥)+ G−1(k⊥), (C3)

where G0(k⊥) = 2δ(k⊥), G1(k⊥) = δ(k⊥ + 2kp)e−2iφ ,
and G−1(k⊥) = δ(k⊥ − 2kp)e2iφ . Substituting Eq. (C2)
into Eq. (B10a), the SHG field can be written as

U2ω0
SHG,f (k⊥, z)

= iβ2
2

2γ2
eiγ2z ⊗z{e2iγp z [χ(2)(k⊥, z)⊗k⊥ G(k⊥)]}. (C4)

For a thin nonlinear structure with a thickness of
L, we assume the χ(2)(r) distribution after averag-
ing over the z-axis as χ(2)(r⊥). Considering only the
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G0(k⊥) component in Eq. (C4), the convolution with
respect to z can be processed as eiγ2z⊗z[e2iγp zχ(2)

(k⊥, z)] = eiγ2z
∫ L/2
−L/2 χ

(2)(k⊥, z′)ei(2γp−γ2)z′dz′ = eiγ2zχ(2)

(k⊥)
∫ L

2
− L

2
ei(2γp−γ2)z′dz′. Note that:

∫ L
2
− L

2
ei(2γp−γ2)z′dz′ =

Lsinc[ (2γp−γ2)L
2 ] ≈ L. Then, Eq. (C4) can be expressed as

U2ω0
SHG,f (k⊥, z) = iβ2

2L
2γ2

eiγ2zχ(2)(k⊥)⊗k⊥ G(k⊥). (C5)

Substituting Eq. (C5) into Eq. (B10b) and noting that the
convolution along z is evaluated as eiγ2z⊗z [χ(k⊥, z)eiγ2z] =
eiγ2zχ(k⊥)L, the forward scattered SHG field is then
expressed as

U2ω0
s,f (k⊥, z) = iβ2

2L
2γ2

eiγ2z
{

iβ2
2L
2
χ(k⊥)⊗k⊥

×
[

1
γ2
χ(2)(k⊥)⊗k⊥ G(k⊥)

]}
. (C6)

For an imaging system, the aperture function A0(k⊥)
determines the maximum detectable spatial frequency.
We assume A0(k⊥) as a circle function with a radius of
2πNAobj/λem, where λem is the emission wavelength, and
for SHG λem = λ0/2. The total SHG field at the imaging
plane (z = 0), is a summation of the SHG field and the
scattering field and can be described as

U2ω0
tot (k⊥, z = 0)

= iβ2
2L

2γ2
A0(k⊥)

[
χ(2)(k⊥)⊗k⊥ G(k⊥)+ iβ2

2L
2

× χ(k⊥)⊗k⊥

[
1
γ2
χ(2)(k⊥)⊗k⊥ G(k⊥)

]]
. (C7)

To provide the total SHG field with an explicit physical
meaning, we rewrite it as

U2ω0
tot (k⊥, z = 0) = H(k⊥) · {O(k⊥)⊗k⊥ G(k⊥)}, (C8)

where H(k⊥) = iβ2
2L

2γ2
A0(k⊥) is the transfer function of the

imaging system, and O(k⊥) = χ(2)(k⊥)+ iβ2
2L
2 χ(k⊥)⊗k⊥

[ 1
γ2
χ(2)(k⊥)] the object function. Equation (C8) con-

tains the object spectrum that is shifted to O(k⊥−2kp),
O(k⊥+2kp), and O(k⊥), which can be solved with
three image acquisitions at three different phase shifts.
By shifting the spectrum back to its original posi-
tion, one can reconstruct the object spectrum func-
tion with an expanded cutoff spatial frequency of
4πNAobj/λ0 + 2|kp | = 2β2NAobj along the illumination

pattern direction. Next, applying the inverse Fourier trans-
form over O(k⊥), we have

O(r⊥) = χ(2)(r⊥)+ iβ2
2L
2
χ(r⊥)F−1

{
1
γ2
χ(2)(k⊥)

}
.

(C9)

For the inverse Fourier transform of 1/γ2,

F−1{ 1
γ2
} = 1

n2β2

∫∫
1√

1− ( |k⊥|n2β2
)

2
eikxx+iky ydkxdky

= 2π
n2β2

∫ n2β2

0

1√
1− ( k⊥

n2β2
)

2
J0(k⊥r⊥)k⊥dk⊥

= 2πn2β2

∫ 1

0

1√
1− q2

J0(n2β2qr⊥)qdq

= 2πn2β2sinc(n2β2r⊥). (C10)

Here |k⊥| = k⊥ =
√

k2
x + k2

y , |r⊥| = r⊥ =
√

x2 + y2, q =
k⊥/n2β2. For the inverse Fourier transform of 1/√

1− (|k⊥|/n2β2)
2, it is assumed that |k⊥| < n2β2, which

is reasonable, because only the far field is considered.
According to the integration:

∫ 1
0

qJ0(qy)
(1−q2)1/2

dq = sinc(y)
[48]. Then, Eq. (C9) becomes

O(r⊥) = χ(2)(r⊥)+ iπn2β
3
2 Lχ(r⊥)·

{sinc(n2β2r⊥)⊗r⊥χ
(2)(r⊥)}. (C11)

Equation (C11) is the most accurate form that describes
the object function. Next, we look at the object function
under special assumptions that are often used in practical
situations.

(i) When the object is transparent, namely a phase object
that exhibits nearly no absorption, χ(2)(r⊥) is approxi-
mated as a real function. It is also true that the refractive
index fluctuations are small relative to the mean at the sec-
ond harmonic frequency, n(r, 2ω0)− n2 is typically small,
so χ(r⊥) ≈ 2n2[n(r⊥, 2ω0)− n2]. Then Eq. (C11) can be
rewritten as

O(r⊥) = χ(2)(r⊥)+ i2π(n2β2)
2ϕ(r⊥)·

{sinc(n2β2r⊥)⊗r⊥χ
(2)(r⊥)}. (C12)

From Eq. (C12), χ(2)(r⊥) can be obtained as the real part
of O(r⊥), while the phase term ϕ(r⊥) = β2L[n(r⊥, 2ω0)−
n2] can be obtained from the imaginary part of O(r⊥).

(ii) On the basis of (i), when the imaging system
deploys low-NA optics (NA < 0.7 [49]), |k⊥| is small that
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γ2 ≈ n2β2. Then, we can further simplify O(r⊥) as

O(r⊥) = χ(2)(r⊥)+ iβ2
2 Ln2[n(r⊥, 2ω0)− n2]·

F−1
{

1
n2β2

χ(2)(k⊥)
}
= {χ(2)(r⊥) · [1+ iϕ(r⊥)]}.

(C13)

Further, with the assumption of a thin object, eix ≈ 1+ ix
when x 
 1 (i.e., β2L[n(r⊥, 2ω0)− n2]
 1), we have

O(r⊥) = χ(2)(r⊥)eiϕ(r⊥). (C14)

From Eq. (C14), we can see that χ(2)(r⊥) and φ(r⊥) dis-
tributions can be obtained from amplitude and phase parts
of O(r⊥), respectively.

APPENDIX D: DISCUSSION

Here we further discuss the meaning of the coeffi-
cients a, b and c. When uz = 0, only three elements
χ(2)xxx ,χ(2)xxy ,χ(2)xyy matter in the calculation of P(2)NL,x(r, t). With
the coordinate transformation to account for the sample
orientation with respect to the xyz coordinate system [45],

⎡
⎢⎣
χ
(2)
y ′y ′z′

χ
(2)
z′y ′y ′

χ
(2)
z′z′z′

⎤
⎥⎦ =

⎡
⎣

2g g d
f − h −h h
−2g d g

⎤
⎦
−1 ⎡

⎣
χ(2)xxx
χ(2)xxy
χ(2)xyy

⎤
⎦ , (D1)

where χ(2)y ′y ′z′ , χ
(2)
z′y ′y ′ , and χ

(2)
z′z′z′ are the tensor elements

in the local nonlinear sample coordinate system, g =
sin2(α) cos(α), h = cos2(α) sin(α), d = cos3(α) and f =
sin3(α). With this transformation, Eqs. (A1), and (A3), the
form of a, b, and c can be expressed based on χ(2)j ′k′l′ :

a = χ(2)z′z′z′ − 2χ(2)y ′y ′z′ − χ(2)z′y ′y ′ , (D2a)

b = χ(2)z′y ′y ′ , (D2b)

c = 2χ(2)y ′y ′z′ . (D2c)

These equations show that a, b, and c can be regarded as
local constants independent of the polarization of the field.
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