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When two identical periodic structures are stacked at a series of discrete rotation angles, the resulting
moiré pattern brings an extreme flat band with transport enhancement. It provides insights into the fasci-
nating physics of insulating states and unconventional superconductivity with delocalization-localization
transitions and commensurable-incommensurable phases. However, the exploration of symmetry- and
geometry-independent flat-band physics with moiré patterns is still rare, limited by the stringent require-
ment in high dimension. Here, we experimentally observe the localized flat-band state by mapping a
moiré model into a one-dimensional photonic lattice using a femtosecond laser direct writing technique.
By accurately controlling the external periodic field, we construct moiré photonic lattices with different
moiré band structures. We successfully observe the photon-walker evolution from splitting with disper-
sion to nondispersive propagation with larger localization in the input ports as the result of a flat band
induced by moiré patterns with larger period. Our approach to engineering moiré model, together with the
integrated photonic implementation, establishes a powerful tool for exploring the effects accompanying
the transition from commensurate to incommensurate phases.
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I. INTRODUCTION

A moiré pattern consists of two superimposed copies
of a periodic structure with a slightly twisted angle [1].
The periodicity of such a moiré pattern leads to moiré
Bloch bands [2]. For a discrete set of magic angles, the
lowest moiré band flattens, which induces commensurable-
incommensurable transitions and topological defects [3],
insulating states [4], superconductivity [5,6], the quantum
Hall effect [7], and the realization of non-Abelian gauge
potentials [8]. Moiré patterns have been usually produced
in a high dimension, using graphene aligned to hexag-
onal boron nitride [9,10], twisted multilayer graphene
[11,12], and graphene on silicon carbide [13]. The cus-
tomary approach to access the flat band with moiré pat-
tern mainly focuses on fabricating accurate magic angles
[14–16] or applying high external pressure in a graphene-
based system [17–19]. However, it is still challenging to
realize the flat band with moiré pattern because of the
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stringent requirement with once-determined formation in
high dimension.

Two periodic ingredients of a moiré pattern can come
from inherent crystalline order and periodic external field
[20]. A one-dimensional moiré system with different moiré
patterns [21], corresponding to commensurable and incom-
mensurable phases, is considered as a potential candidate
to access the flat band for exploring the rich moiré physics
[22–24]. Moiré patterns, corresponding to the incom-
mensurate phase, may enable the localization of light
because of the existence of extremely flat bands [25,26],
which strongly links to the structural periodicity proper-
ties instead of the traditional highly symmetrical geometry
[27,28].

Recently, photonic integrated waveguide systems have
provided a versatile platform to explore various artifi-
cial structures and different topological models [29–32].
The manipulation and manifestation of the wave func-
tion and band modes can be appropriately mapped to
certain observables in real space with appropriate exci-
tation conditions [33,34]. Highly designable capabilities
and physical scalability of the photonic lattice [35–37]
enable it to meet the challenging requirements of the moiré
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photonic lattice with the hidden physics of flat bands. The
mapping between band states and photonic lattices can
be extended to highly complex artificial structures, which,
fascinatingly, can make it possible to directly observe the
flat band states in a moiré model.

In this work, we successfully observe compact local-
ized state based on flat band in a one-dimensional moiré
photonic lattice using a femtosecond laser direct writing
technique [38,39]. With the modulation of the external
periodic field, we are able to construct photonic lattices
of the moiré system, which induces commensurable and
incommensurable moiré patterns. For a large-period moiré
system, we observe the photon-walker evolution from dis-
persive propagation to dispersionless, and from splitting to
higher confinement in input ports.

II. MODEL

The moiré system is based on a one-dimensional model
with nearest-neighbor coupling, as shown in Fig. 1(a). The
Hamiltonian of the moiré system can be described by

H0 =
M∑

m=1

[ N−1∑

n=1

J (c+
m,ncm,n+1 + H.c.)

+ c†
m,N cm+1,1 + H.c. +

N∑

n=1

Anc+
m,ncm,n

]
, (1)

where c+
m,n (cm,n) is the bosonic creation (annihilation)

operator at site n in the mth unit cell and J represents the
nearest-neighbor coupling strength. Spatially modulated
on-site potential An = (−1)nV cos(πn/n0) is commensu-
rate with the moiré period N = 2n0, which is different from
the Aubry-André model based on quasiperiodic on-site
potential, as shown in Fig. 1(b). The model is a uniform
chain modulated by a cosinusoidal-period external field,
making high-dimensional system map to one dimension.

The evolution of photons in the photonic lattice is
governed by the Schrödinger equation, which is mathe-
matically equivalent to the paraxial wave equation (see
Appendix A for the derivation of evolution equation for
photonic lattice):

i∂zψi(z) =
∑

j

H TB
ij ψj (z), (2)

where z corresponds to the evolution distance in the
propagation direction of the photonic lattice. The one-
dimensional moiré model, only considering the nearest
coupling, well matches the tight-binding model. Therefore,
the exquisitely designable photonic lattice of the moiré
system makes it possible to explore the rich moiré physics.

III. FLAT-BAND STATE

Considering a periodic boundary condition cM+1,1 =
c1,1, the Hamiltonian can be diagonalized by Fourier trans-
formation cm,n = 1/

√
M

∑
k eikmck,n:

H0 =
∑

k

[ N−1∑

n=1

J (c+
k,nck,n+1 + H.c.)

+ c+
k,N ck+1,1eik + H.c. +

N∑

n=1

Anc+
k,nck,n

]
, (3)

where k = 2lπ/M , l = 0, 1, . . . , M − 1. The above Hamil-
tonian has N = 2n0 bands, and each band gives a spectrum
versus k. We select two bands around zero energy of the
one-dimensional moiré system with moiré period N =
60, 100, 200, and 400, shown in Figs. 2(a1)–2(d1). As the
moiré period N increases, the slope of the band gradually
becomes lower and tends to zero. Here, for the larger moiré
period, two different energy bands degenerately merge to
one zero-energy mode in the middle of the band structure.
The nearly extreme flat band can be obtained in the case
of moiré period N = 400. The appearance of the flat band
is related to commensurate periodicity with moiré physics
applied by the external field in lower-dimensional system
rather than the requirement of high symmetry with highly
symmetric points [27,28,35].

We further extract the two midgap wave functions in
a single moiré unit cell with k = 0, as shown in Figs.
2(a2)–2(d2) and 2(a3)–2(d3). The width of the wave
packet relatively decreases as the moiré period increases
and the overlap between two adjacent wave packets totally
disappears at moiré period N = 400. At the same time,
the state becomes a separate Gaussian wave packet with
the center located at the point n0/2 and 3n0/2 with zero
potential energy.

The flat band with narrow bandwidth is a completely
nondispersive band in the spectrum [40], which is accom-
panied by the significant feature of a compact localized
state [41,42]. With injecting the desired input state into
the middle site with zero on-site potential of the photonic
lattice, we simulate the result of outgoing photon distribu-
tion in one-dimensional moiré photonic lattices, as shown
in Figs. 3(a)–3(e). When setting the moiré period at 60,
the photon state experiences obvious wave-packet split-
ting and diffraction-range broadening with two separated
parts and two local peaks far from the input ports, which
is governed by the dispersion band in small moiré periodic
patterns [see Fig. 3(a)]. As the moiré period increases, the
two separated photon states move toward each other and
show the process of moving and merging, resulting in a
Gaussian wave packet with the center located at the input
ports. Due to the large moiré period (from N = 400 to N =
1000) with the existence of extreme flat band, the propaga-
tion of photons remains more confined than for the case of
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FIG. 1. Constructing a one-dimensional moiré system on a photonic chip. (a) Schematic illustration of the photonic lattice. A one-
dimensional moiré system consists of two ingredients with slightly different periods for on-site potential. The adjacent coupling strength
is J = 1 mm−1. (b) The on-site potential distribution is spatially modulated as An = (−1)nV cos(πn/n0), which can be realized by a
cosinusoidal function cos[(1 + 1/n0)πx] when n = INT(x). Here the moiré period N = 60 and V = 1. (c) Cross section microgram
of the photonic lattice and experimental setup. The marker is designed to record the excited site. The photons are injected into the
photonic chip using a 10× input lens (NA = 0.16) and the output distribution is captured by a 16× input lens (NA = 0.25) and a
charge coupled device (CCD). QWP, quarter-wave plate; HWP, half-wave plate; PBS, polarization beam splitter.

small moiré period at the input ports, which visualizes the
midgap flat band with localized wave functions.

IV. MAPPED MOIRÉ PHOTONIC LATTICES

To experimentally observe the flat-band states, we fab-
ricate moiré photonic lattices by mapping the Hamiltonian
with moiré patterns into a 20 × 50 × 1 mm borosilicate
glass by a femtosecond laser direct writing technique [see
Fig. 1(c)]. Each photonic lattice contains 201 waveguides,
with modulation of periodic cosinusoidal on-site potential
of different moiré period N . On-site potential of the moiré
model is realized by modulating the refractive index of the
waveguide, which can be tuned by scanning velocity or
laser power [43]. We accurately control the on-site poten-
tial by tuning the laser power to achieve the accessible
wide range from −1 to 1 mm−1 of An. The spacing between
adjacent waveguides is designed as 7.73 μm correspond-
ing to coupling strength of J = 1 mm−1 (see Appendix B
for the modulation details of coupling strength and on-site
potential). The middle site is set as the zero-energy poten-
tial point. A Gaussian wave packet with a width of five
waveguides is injected into the middle site of the photonic
lattice. After propagating through 50 mm, the outgoing
light distribution is captured by a CCD camera.

We experimentally image the photon evolution patterns
for four moiré periods (N = 60, 100, 200, and 400), as
shown in Figs. 4(a)–4(d). The photons propagate disper-
sively with two separated local parts far from the input

sites in the case of moiré period N = 60. There are almost
no photons confined in the input region. It is obvious that
the photons become concentrated in the input region in
the case of larger moiré period N . For a moiré period of
400, we observe the higher confinement of photons stay-
ing inside the input regions, which reveals the moving
and merging of the two separated photon wave packets
governed by the nondispersive flat-band states.

The corresponding outgoing intensity distribution is
normalized, shown in Figs. 4(f)–4(i). To further quan-
tify the confinement of photons in the given input region
for the zero-energy state, we introduce the generalized
return probability defined as: ξ = ∑j +d

i=j −d Ii/
∑n

i=1 Ii [44].
It characterizes the probability of photons staying inside a
small injected region from the injected point j . Here d = 2
corresponds to the width of the injected Gaussian wave
packet. I is the intensity of the photons in site i and n is
the total number of sites in the lattice.

For a range of relatively small moiré periods, the gen-
eralized return probability rapidly increases as the moiré
period becomes larger. When the moiré period reaches
N = 400, the generalized return probability becomes sta-
bly high, indicating the existence of the extreme flat-
band state. The experimental quantity is ξN=60 = 0.0384,
ξN=100 = 0.0995, ξN=200 = 0.1276, and ξN=400 = 0.1338.
The consistency with the expected simulation shows the
gathering of photons in the input sites as the moiré period
becomes larger. The experimental results are further statis-
tically analyzed and verified by considering the fabrication
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FIG. 2. Spectrum of moiré lattice with localized flat-band state. (a1)–(d1) Selected spectra around zero energy and (a2)–(d2) and
(a3)–(d3) midgap wave functions for the moiré system with moiré period N = 60, 100, 200, and 400. We present the midgap wave
functions in a single moiré unit cell with k = 0. As the moiré period N increases, the midgap band becomes a nearly nondispersive
band [(a1)–(d1)]. At the same time, the width of the wave packet decreases, and the overlap between two adjacent wave packets
disappears [(a2)–(d2) and (a3)–(d3)]. The parameters of the moiré system are V = 1, J = 1 mm−1, and M = 100.

fluctuation of photonic lattices [see Fig.4(e)]. The uncer-
tainty originates from the fluctuation of focus position
and laser power of the femtosecond laser, and resulting
spacing fluctuates around l = 7.73 ± 0.15 μm (disorder
c ± 0.05 mm−1) and power fluctuates around w ± 0.05
mW (β ± 0.05 mm−1).

The comparison of the experimental photon patterns and
numerical simulation can be characterized by similarity,
defined as F = ∑

i
√

siti, where s and t are the theoretical
and experimental intensity distributions, respectively. The
calculated similarity is FN=60 = 0.8328, FN=100 = 0.8382,
FN=200 = 0.7975, and FN=400 = 0.7661, which indicates
that we observe the tendency of photon behaviors from

dispersive evolution to nondispersive evolution with the
existence of flat band when the moiré period increases.
Therefore, we successfully demonstrate the observation
of localized flat-band states for large moiré period in a
mapped moiré photonic lattice.

V. CONCLUSION

In conclusion, we experimentally observe localized flat-
band states for a large enough moiré period N . By con-
structing a one-dimensional photonic moiré lattice, we
successfully demonstrate an artificial simulator access
to the flat band by controlling the period of the moiré
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FIG. 3. Simulation results of localized flat-band state. The simulated outgoing intensity distribution of photons (top row) and the
cross section of the simulation result (bottom row) for a photonic lattice according to the one-dimensional moiré model with moiré
period (a) N = 60, (b) N = 100, (c) N = 200, (d) N = 400, and (e) N = 1000. The evolution distance is 50 mm. The blue region
marks the input position.
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FIG. 4. Experimental results of observing localized flat-band state. (a)–(d) Experimentally output images for four typical moiré
periods N = 60, 100, 200, and 400, respectively. (f)–(i) The outgoing intensity distribution of (a)–(d). The intensity distribution is
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region shows one standard deviation away from the averaged localization level obtained from 100 random simulations with disorder
c ± 0.05 mm−1 and β ± 0.05 mm−1. The values of generalized return probability ξ and similarity F are shown in (f)–(i).

system. Our work experimentally presents an easily
accessible approach to explore the transition between
dispersive and nondispersive physics through accurately
controlling the periodic external field.

In the future, combined with the successful mapped
moiré system with flat bands in this work and the possi-
ble introduction of extended Bose-Hubbard Hamiltonian
[45,46] for the photonic lattices, it may pave the way to
explore superconductivity, correlated insulators, and other
exotic quantum phases [47,48] in the photonic integrated
system. Taking full advantage of superposition of com-
pact localized states based on flat bands, it is of great
interest to demonstrate image transmission without dis-
tortion in such a photonic lattice [49,50]. Furthermore,
this approach has promising potential to explore other
topological phenomena, such as topological phase-enabled
protection [51].
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APPENDIX A: EVOLUTION IN PHOTONIC
LATTICE

In this appendix, we give the detailed derivation of
the equation in the main text describing the evolution

Evolution
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FIG. 5. Coupling strength. (a) The output photon patterns
under different coupling lengths when the waveguide spacing is
10 μm. (b) Schematic diagram of the photonic chip for measur-
ing the coupling strength. (c) Experimental measurement of the
coupling strength c.
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of photons in our system. The propagation of a light
field through a medium can be described by the scalar
Helmholtz equation [52]:

∇2E + k2
0n2(x, z)E = 0. (A1)

By inserting the solutions E(x, z) = ψ(x, z)ei(βz+ωτ),
where β = n0k0, we can obtain

i
∂ψ(x, z)
∂z

= − 1
2k0n0

∇2ψ(x, z)− k0(n2 − n0
2)

2n0
ψ(x, z),

(A2)

where n = n0 +	n is the refractive index of the waveg-
uide. 	n is the refractive index change caused by process-
ing. Ignoring the quadratic term of 	n, we obtain

i
∂ψ(x, z)
∂z

= − 1
2k0n0

∇2ψ(x, z)− k0	n(x, z)ψ(x, z).

(A3)

The obtained paraxial wave equation, Eq. (A3) (describing
the evolution of photons in integrated waveguide arrays),
is similar to the Schrödinger equation (describing the time
evolution of electrons, which is equivalent to the evolution
of photons along the propagation direction z in a photonic
lattice) as [53]

i�∂tψ = − �2

2μ
∇2ψ − U(x, y, z)ψ(x, y, z). (A4)

( m)( m)
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FIG. 6. The relationship of coupling strength c and waveg-
uide spacing l. The green circle corresponds to coupling strength
c = 0.0697 mm−1 at the next-nearest-neighbor distance l =
15.46 μm.

For Eq. (A3), ignoring the quadratic term of ∂ψ(x, z)/∂z,
we obtain

i
∂ψ(x, z)
∂z

= − 1
2k0n0

∂2ψ(x, z)
∂x2 − k0	n(x, z)ψ(x, z).

(A5)

To describe the evolution of photons in the waveguide sys-
tem, we can employ the tight-binding approximation to the
result for the waveguide system, and we obtain

i
∂ψn

∂z
= − 1

2k0n0

(
ψn−1 − 2ψn + ψn+1

d2

)
− k0	n(x, z)ψn

= − 1
2k0n0d2 (ψn−1 + ψn+1)− (k0	n(x, z)

− 1
k0n0d2)ψn

= −c (ψn−1 + ψn+1)− βψn

= Ḣψn, (A6)

where c is the coupling strength between the adjacent
waveguides and β is the propagation constant, correspond-
ing to the on-site potential. Thus, we finish the derivation
of the evolution equation from the Helmholtz equation.
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APPENDIX B: MODULATION OF COUPLING
AND ON-SITE POTENTIAL

In this appendix, we demonstrate how to modulate
the coupling strength and on-site potential. Consider the
evolution of photons in a two-waveguide system [54]:

−i ∂ψa
∂z = βaψa + cψb

−i ∂ψb
∂z = βbψb + cψa.

(B1)

For the same propagation constant (βa = βb = β):

ψa(z) = [cos(cz)ψa(0)+ i sin(cz)ψb(0)]e−iβz

ψb(z) = [cos(cz)ψb(0)+ i sin(cz)ψa(0)]e−iβz. (B2)

If the waveguide a is excited alone, the initial states
ψa(0) = 1 and ψb(0) = 0. The probabilities of photons
distributed in waveguide a and waveguide b are |ψa(z)|2 =
| cos(cz)|2 and |ψb(z)|2 = | sin(cz)|2, respectively. Accord-
ing to the trigonometric relationship, we obtain

|
a(z)|2 − |
b(z)|2
|
a(z)|2 + |
b(z)|2

= cos2(cz)− sin2(cz)
cos2(cz)+ sin2(cz)

= cos(2cz).

(B3)

The relationship between the oscillation period of the pho-
ton intensity evolution in the two waveguides and the
coupling strength c is T = π/c.

We measure the outgoing light spots of the two waveg-
uides under different coupling lengths, as shown in Fig.
5(a). We substitute the processed outgoing spot intensities
|ψa(z)|2 and |ψb(z)|2 into Eq. (B3), and then fit the curve
to get the period. Then the coupling strength c is obtained
[as shown in Fig. 5(c)]. Further, by testing the coupling
strength under different waveguide spacing l, we can find

that as the waveguide spacing l increases, the coupling
strength c decays exponentially, as shown in Fig. 6:

c = 14.382e−0.345l. (B4)

For different waveguide propagation constants (	β =
βa − βb �= 0):

ψa(z) = [cos(κz)+ i
	β

2κ
sin(κz)]ψa(0)

+ [i
c
κ

sin(κz)]ψb(0)

ψb(z) = [cos(κz)− i
	β

2κ
sin(κz)]ψb(0)

+ [i
c
κ

sin(κz)]ψa(0), (B5)

where the global phase factor e−iβzeiδβ/2 is ignored. And
κ =

√
(	β/2)2 + c2 is the effective coupling coefficient

when 	β �= 0. If waveguide a is excited alone, the photon
probability distribution of waveguide b is

|ψb(z)|2 = c2

κ2 sin2(κz) = c2

2κ2 − c2

2κ2 cos(2κz). (B6)

The propagation constant is realized by modulating the
refractive index of the waveguide, which can be tuned by
scanning velocity or laser power. We accurately control
the propagation constant by tuning the laser power. A laser
power of 190 mW is set as the base power. Taking a change
of 10 mW as an example, as shown in Fig. 7(a), we mea-
sure the intensity of the outgoing light spot under different
coupling lengths. And then we obtain the parameters in Eq.
(B6) (x = c2/2κ2, y = 2κ) by fitting the probability of the
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outgoing light intensity distribution of waveguide b. Then
the propagation constant difference can be calculated by

	β = (1 − 2x)y2. (B7)

Further, by changing the laser power, we obtain that the
propagation constant difference changes linearly with the
laser power, as shown in Fig. 7(b):

	β ∼ 0.10 ×	P. (B8)

APPENDIX C: SIMULATION WITH DISORDER

Figure 8 shows a comparison of experiment and simula-
tion, in which the experimental results (the red circle) are
consistent with the simulation (the blue curve). The shaded
region indicates one standard deviation away from the
averaged localization level (the red circle) obtained from
100 simulations with disorder c ± 0.05 mm−1 and β ±
0.05 mm−1, as shown in Figs. 8(a) and 8(b), respectively.
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