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Photons entangled in their position-momentum degrees of freedom serve as an elegant manifestation
of the Einstein-Podolsky-Rosen paradox, while also enhancing quantum technologies for communication,
imaging, and computation. The multimode nature of photons generated in parametric down-conversion has
inspired a generation of experiments on high-dimensional entanglement, ranging from complete quantum
state teleportation to exotic multipartite entanglement. However, precise characterization of the underly-
ing position-momentum state is notoriously difficult due to limitations in detector technology, resulting
in a slow and inaccurate reconstruction riddled with noise. Furthermore, theoretical models for the gener-
ated two-photon state often forgo the importance of the measurement system, resulting in a discrepancy
between theory and experiment. Here we formalize a description of the two-photon wave function in the
spatial domain, referred to as the collected joint-transverse momentum amplitude (JTMA), which incor-
porates both the generation and measurement system involved. We go on to propose and demonstrate
a practical and efficient method to accurately reconstruct the collected JTMA using a simple phase-step
scan known as the 2Dπ measurement. Finally, we discuss how precise knowledge of the collected JTMA
enables us to generate tailored high-dimensional entangled states that maximize discrete-variable entangle-
ment measures such as entanglement of formation or entanglement dimensionality, and optimize critical
experimental parameters such as photon heralding efficiency. By accurately and efficiently characteriz-
ing photonic position-momentum entanglement, our results unlock its full potential for discrete-variable
quantum information science and lay the groundwork for future quantum technologies based on multimode
entanglement.
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I. INTRODUCTION

The Einstein, Podolsky, and Rosen (EPR) paradox lies
at the heart of quantum mechanics [1]. Using the paradig-
matic example of two quantum particles sharing perfect
correlations (or anticorrelations) between their comple-
mentary properties of position and momentum, EPR pos-
tulated an inconsistency between local realism and the
completeness of quantum mechanics [2]. A physical real-
ization of the original EPR experiment proved challenging,
and much of the subsequent theoretical and experimental
work focused on a discrete version of the EPR paradox
postulated by Bohm and formalized by Bell’s inequality
[3–5]. While discrete-variable experiments such as ones
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based on polarization [6,7] have laid the foundation for
the quantum technologies of today, the exploration of con-
tinuous quantum properties in the vein of the original
EPR gedankenexperiment has recently flourished [8–13],
thanks to a series of experimental advances and several
practical motivations.

Pairs of photons produced in nonlinear spontaneous
parametric down-conversion (SPDC) provide a natural
platform for tests of EPR entanglement. Photons gen-
erated in SPDC are correlated or anticorrelated in their
position and momentum owing to the conservation of
energy and momentum that governs this process [14–19].
While this source was adapted for the earliest violations
of Bell’s inequality based on discrete-variable polarization
entanglement, the ability to harness its inherent position-
momentum correlations has led to a recent explosion of
interest in high-dimensional entanglement of photonic spa-
tial modes [20–22]—ranging from demonstrations of high-
dimensional Bell-like inequalities and witnesses [23–26],
composite quantum state teleportation [27], to exotic forms
of multiphoton entanglement [28–31]. High-dimensional
(qudit) entanglement also provides significant advantages
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over qubit-based systems in the form of increased infor-
mation capacity [32–37] and robustness to noise [38–42],
making it a very promising platform for next-generation
quantum technologies such as device-independent quan-
tum cryptography [43]. Thus, the ability to efficiently and
accurately characterize the underlying two-photon state
entangled in its continuous position-momentum degrees of
freedom is of paramount importance.

Modeling the generation of entangled photons in a
continuum of modes allows for the identification of the
effective number of entangled modes that are present
in the system [17,44]—the so-called generation band-
width. In addition, precise knowledge of the continuous
position-momentum correlations is crucial for accurately
tailoring spatial mode bases that maximize metrics rele-
vant to discrete-variable quantum information processing,
such as the entanglement of formation (EoF), entanglement
dimensionality, and the state fidelity. Experimental recon-
struction of a position-momentum entangled state presents
some unique challenges—detector technology limits one
to scanning through the position and momentum space
of interest with a single-mode detector, which inherently
introduces loss and involves very long measurement times
[45,46]. Recent work has pushed the capabilities of arrayed
single-photon detectors to reconstruct such states faster
[11–13,47]; however, these techniques still suffer from res-
olution limits, loss, and an associated large background
noise.

In this work, we formulate a theoretical model for the
two-photon position-momentum entangled state described
by its collected joint-transverse momentum amplitude
(JTMA). We show that the collected JTMA is charac-
terized by specific parameters that depend on the state
generation as well as the measurement system used in an
experiment. We propose and demonstrate a practical and
fast method to measure these parameters using a simple
π -phase step scan, akin to a classical knife-edge mea-
surement of a laser beam. Our method, referred as the
2Dπ measurement, allows us to characterize the collected
JTMA without prior knowledge of the optical system and
crystal properties. While here we implement our mea-
surement technique with programmable phase-only spatial
light modulators, its simplicity enables it to be performed
with low-cost components such as a microscope glass
slide. We demonstrate the versatility of our measurement
scheme by implementing it on two experiments in the
continuous-wave near-infrared and pulsed telecom wave-
length regimes. Finally, we discuss how accurate knowl-
edge of the collected JTMA enables us to generate tailored
discrete-variable high-dimensional entangled states that
maximize a desired property such as entanglement of for-
mation or entanglement dimensionality, or optimize exper-
imental measures such as photon heralding efficiency.
Our methods have significant potential implications for
entanglement-based quantum technologies as well as

fundamental tests of quantum mechanics, and can be trans-
lated to other continuous degrees of freedom such as time
frequency in a straightforward manner.

II. THEORY

A. Collected biphoton JTMA

As shown in Fig. 1(a), the process of SPDC results in
the generation of a two-photon state whose correlations in
momentum space can be well approximated by a function
that we call the joint-transverse momentum amplitude. In
Appendix A, we derive the full JTMA of the two-photon
wave function produced in pulsed, type-II SPDC by a
periodically poled nonlinear crystal designed to achieve
phase matching at degenerate frequencies in the collinear
configuration. At degenerate frequencies and imposing a
Gaussian transverse pump profile across the crystal, we
show how it approximates the well-known form [17,44]

F(qs, qi) = N1 exp
(−|qs + qi|2

2σ 2
P

)
︸ ︷︷ ︸

pump profile

× sinc
( |qs − qi|2

σ 2
S

)
︸ ︷︷ ︸
phase-matching condition

,

(1)

where qs (qi) is the transverse-momentum wave vector for
the signal (idler) photon and N1 is a normalization con-
stant. The first term in Eq. (1) incorporates the transverse
wave-vector components of the pump, while the second
term involves the phase-matching condition imposed on
the down-conversion process by the nonlinear crystal. The
pump width parameter σP depends on the 1/e2 beam radius
wp of the pump’s intensity profile at the crystal plane,
while the generation width parameter σS is determined by
the crystal length Lz and pump wave vector inside the
crystal kp . These parameters are defined as [48]

σP =
√

2
wp

, σS =
√

4kp

Lz
. (2)

The pump wave vector kp = nP2π/λP, where nP is the
refractive index of the nonlinear crystal at pump wave-
length λP. The interplay between the parameters σP and σS
determines the momentum correlations between the signal
and idler photons. In the case where σP < σS, the parame-
ter σP dictates the strength of the momentum correlations,
whilst σS represents the generation width of the JTMA
function [see Fig. 1(b)]. For instance, a very broad (plane-
wave) pump beam has σP � σS, and the approximation
σP → 0 can be made. Here, the pump contribution to the
JTMA approximates to δ(qs + qi), which results in per-
fect anticorrelations between the signal and idler transverse
momenta. In contrast, for a nonzero σP, the degree of cor-
relations decreases as σP increases. For very thin crystals
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(a) (b)

FIG. 1. (a) Spontaneous parametric down-conversion (SPDC): a nonlinear process where a coherent pump photon at wavelength λP
interacts with a nonlinear crystal (χ(2)) and generates two daughter photons (signal and idler) entangled in their position-momentum
degrees of freedom. (b) Joint-transverse momentum amplitude (JTMA): the density plot of a two-dimensional (2D) slice of the JTMA
[F(qsx = 0, qsy , qix = 0, qiy)]. The JTMA represents the transverse-momentum correlations between signal and idler photons and is
characterized by two parameters, σP and σS [see Eq. (2)]. The pump bandwidth parameter σP is inversely propositional to the beam
waist of the pump at the crystal plane (wP) and dictates the strength of the correlations, while the generation bandwidth parameter σS
is determined by the length of the crystal Lz and the wavelength of the pump λP, and determines the modal generation bandwidth of
the JTMA.

(Lz → 0), the generation width of the momentum corre-
lation tends to infinity (σS → ∞). However, as shown in
Ref. [49], this approximation breaks for small beam waist
wp , revealing the importance of a finite value of σS and σP
in reality.

Thus far, we have only discussed the generated two-
photon state, which solely depends on the pump and
crystal parameters σP and σS. However, the measured
momentum correlations also depend on the configuration
of the detection system. Photonic spatial modes are rou-
tinely measured in the laboratory via a combination of
a holographic spatial light modulator (SLM) and single-
mode fiber (SMF) that together act as a spatial-mode
filter [50,51]. To model the effects of such a spatial-
mode filter on the JTMA, we first consider the effect of
phase-only SLMs placed in the Fourier plane of the non-
linear crystal. By implementing a diffractive hologram, a
SLM can be used to apply an arbitrary amplitude and
phase function �(x)(x) on an incident light field, which
is then projected onto the Gaussian single mode of the
collection fiber. Collection modes have been considered
in the context of spatial-mode entanglement [44]. For
convenience, we choose to work in momentum space at
the crystal plane, so the collection mode takes the form
C(q|σC) = (

√
πσC)

−1/2 exp{−|q|2/σ 2
C}, characterized by a

collection bandwidth σC in transverse angular momentum
units. However, since the collection mode commutes with
the SLM holograms, here we incorporate it into the state
itself. We can then model all the properties of the state
that we can access and manipulate with SLM holograms

by considering the collected biphoton JTMA:

G(qs, qi) = C(qs|σC)× C(qi|σC)× F(qs, qi)

= N1√
πσC

exp
(

− |qs|2
σ 2

C

)
exp

(
− |qi|2

σ 2
C

)
︸ ︷︷ ︸

collection widths

× exp
(−|qs + qi|2

2σ 2
P

)
︸ ︷︷ ︸

correlation strength

sinc
( |qs − qi|2

σ 2
S

)
︸ ︷︷ ︸

generation width

.

(3)

The choice of σC (relative to σS and σP) limits the entan-
glement dimension and collection efficiency that can be
achieved. In practice, σC can be carefully set through
a choice of the optical system parameters (discussed in
detail in Sec. II B). As can be seen in Fig. 2(a), the effect
of including Gaussian collection modes with a specific
σC suppresses the sinc sidelobes of the generated JTMA
[Fig. 1(b)]. We can then write the collected two-photon
coincidence (joint) probability of detecting the signal and
idler photons when displaying the hologram functions �s
and �i, respectively, as

Pr(�s,�i) =
∣∣∣∣
∫

d2qs

∫
d2qi�s(qs)�i(qi)G(qs, qi)

∣∣∣∣
2

.

(4)
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(a) (b)

FIG. 2. Collected JTMA. (a) The density plot shows a 2D slice
of the collected JTMA [G(qsy = 0, qsx, qiy = 0, qix)] from Eq.
(3), where the Gaussian distributions on the axes qsx and qix
represent the collection modes C(qn|σC) that suppress the sinc
sidelobes of the generated JTMA F(qs, qi) shown in Fig. 1(b).
(b) Collected JTMA under the collection-limited (CL) approx-
imation, which is valid if σS �

√
2σC, resulting in the double-

Gaussian form shown in Eq. (8).

B. The 2Dπ measurement

To characterize the collected JTMA of a two-photon
state, one requires knowing the parameters σP, σS, and σC.
While these parameters can be calculated from the optical
system properties, one would practically need to be able to
measure them independently and verify that an experimen-
tally generated state is indeed close to what theory predicts.
Additionally, this capability is of particular relevance when
the optical system is complex, unknown, or inaccessible.

Here, we introduce a simple measurement scheme that
we call the 2Dπ measurement, which allows us to esti-
mate the parameters σP and σC, as well as the center of the
state (the axis origins, q = 0) and obtain an accurate two-
photon JTMA. This measurement is related to the classical
knife-edge measurement routinely used to measure the
transverse profile of a laser beam [52]. The 2Dπ mea-
surement can be thought of as a two-photon phase-only
knife edge, where a π -phase step is scanned across both
the signal and the idler photons, resulting in a 2D function
containing information about the two-photon JTMA. The
π -phase step is easily implemented via phase-only SLMs
placed in each path. The choice of using a phase edge over
amplitude edge or slit prevents high photon loss during the
measurement, making the 2Dπ measurement an efficient
alternative to knife-edge or postselection slit-based experi-
ments [45,53–58]. Here, we assume the apparent rotational
symmetry of the JTMA in the joint (qx, qy) planes, and
scan the π -phase discontinuous profiles for both signal and
idler SLMs along the x axis.

In particular, as illustrated in Fig. 3(b), the SLMs display

�n(qnx; an) =
{

1, qnx < an,
−1, qnx > an,

(5)

where n ∈ {s, i} (signal and idler). By applying the holo-
gram functions �s and �i, the two-photon coincidence
probability in Eq. (4) can be expanded to

Pr(as, ai) =
∣∣∣∣
∫

dqsydqiy

[ ∫ as

−∞
dqsx

∫ ai

−∞
dqixG(qs, qi)

+
∫ ∞

as

dqsx

∫ ∞

ai

dqixG(qs, qi)

−
∫ as

−∞
dqsx

∫ ∞

ai

dqixG(qs, qi)

−
∫ ∞

as

dqsx

∫ ai

−∞
dqixG(qs, qi)

]∣∣∣∣
2

.

(6)

Because of the sinc dependence in Eq. (3), the integrals
in Eq. (6) do not have any known closed analytic forms.
Under certain approximations of σP and σS, one can fur-
ther simplify the expression in Eq. (6) to ease its numerical
evaluation and data fitting. For instance, the approximation
of a nearly plane-wave pump beam (σP → 0) simplifies
Eq. (6) to an integral that can be solved straightforwardly.
However, the finite apertures in any optical system lead to
a nonzero uncertainty in the momentum of the pump, thus
resulting in an invalid approximation in practice. Here, we
discuss a more practical approximation that accounts for
the effect of collection optics and is thus justified from
an experimental point of view. We assert that, when the
generation bandwidth parameter σS is sufficiently large
compared to the collection bandwidth parameter σC (whilst
σP remains relatively small), we can replace the sinc argu-
ment in Eq. (3) with a Gaussian function. Furthermore, this
ensures that the spectral correlations are minimized, jus-
tifying the approximations in Appendix A, and keeping
the resultant biphoton transverse-momentum state close
to pure. This relies on a comparison of the Gaussian
envelopes determined by σC and the sinc envelope deter-
mined by σS. In particular, transforming to the sum and
difference coordinates, q± = (qs ± qi)/

√
2, we have the

collected JTMA

G(q+, q−) = N1√
πσC

exp
{−|q+|2

σ̃ 2
P

}
exp

{−|q−|2
σ 2

C

}

× sinc
(−2|q−|2

σ 2
S

)
, (7)

where σ̃P = (
1/σ 2

C + 1/σ 2
P

)−1/2 and, for σP relatively
smaller than σC, σ̃P ≈ σP. We then approximate the prod-
uct of the Gaussian envelope (σC) and the sinc argu-
ment (σS) to a Gaussian, which is valid if σS �

√
2σC

(see Appendix B). Under this collection-limited (CL)
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approximation, the collected biphoton JTMA (GCL) reads

G(q+, q−) ≈ GCL(q+, q−)

= N1√
πσC

exp
{
−|qs + qi|2

2σ̃ 2
P

}
exp

{
−|qs − qi|2

2σ 2
C

}
.

(8)

Note that instead of σS, σC now determines the width
of the JTMA [see Fig. 2(b)]. Even though we have got-
ten rid of the sinc dependence in the collection-limited
approximation, there is no analytic expression for the 2Dπ
measurement. Still, we can derive some contributions ana-
lytically, from which we can recover σP and σC. One
must first determine the centers of the collected JTMA on
the SLMs, which can be achieved by fitting Pr(a, −∞)

and Pr(−∞, a) (Appendix C). Then we can retrieve the
function Pr(a, −a), which is given as

Pr(a, −a) =
∣∣∣∣N − N ′ exp

(
− 2a2

σ 2
C

)∣∣∣∣
2

, (9)

where N and N ′ have absorbed all the constants that are
independent of a. The expression Pr(a, −a) provides infor-
mation about the collection width parameter σC. Finally, a
function that retrieves σP is Pr(a, a), which is given as

Pr(a, a) = A
[√

2σPe−2a2(1/σ̃ 2
P+1/σ 2

C) − 2
√
π |a|e−2a2/σ 2

C

× erfc
(√

2|a|
σ̃P

)
− πσC

2
√

2

{
1 − 2erf

(√
2|a|
σC

)}]2

,

(10)

where erfc is the complementary error function. By fitting
Eqs. (9) and (10) to the experimental data corresponding
to Pr(a, −a) and Pr(a, a), we can obtain σC and σP that
describe the collected JTMA, which subsequently char-
acterizes the spatial correlations produced in spontaneous
parametric down-conversion. For detailed calculations of
Pr(a, −a) and Pr(a, a), see Appendix C.

III. EXPERIMENT AND RESULTS

To demonstrate the versatility of the 2Dπ measurement,
we perform an experimental implementation at two dif-
ferent pump wavelengths (cw 405 nm and femtosecond
pulsed 775 nm). The general setup is the same for both
wavelengths [see Fig. 3(a)]. A laser is shaped by a tele-
scope (L1 and L2) to pump a 5-mm-long periodically poled
nonlinear periodically poled potassium titanyl phosphate
(PPKTP) crystal that generates a pair of down-converted
photons (for 405 nm → λs1, λi1 = 810 nm, for 775 nm →
λs2, λi2 = 1550 nm) entangled in their transverse position-
momentum degrees of freedom via type-II SPDC. After
removing the pump with a dichroic mirror, the generated

photons are separated with a polarizing beam splitter and
made incident onto two phase-only spatial light modula-
tors (SLMs and SLMi) placed in the Fourier plane of the
crystal via lens L3 (f = 250 mm). The spatial field at the
SLM plane is directly related to the transverse momentum
space at the crystal plane via q = 2πx/f λ, where f is the
focal length of L3 and λ is the signal or idler wavelength.
We perform the 2Dπ measurement using diffractive holo-
grams displayed on the SLMs [Fig. 3(b)], together with
the collection of SMFs, allowing for arbitrary spatial-mode
projective measurements to be performed on the incoming
photons.

The optical system parameters (lenses L1–L5 and A) are
judiciously chosen. First, in order to obtain a highly cor-
related JTMA, the telescope system of lenses L1 and L2
is chosen to maximize the pump radius wP at the crystal
plane, thus minimizing the pump width parameter σP for
the strength of the momentum correlation, while ensuring
that the pump beam is not truncated by the crystal aper-
ture. Next, consider the back-propagated beam from the
SMF to the PPKTP crystal [shown in red in Fig. 3(c)].
The aspheric lens A and the optical system of lenses
L3–L5 are chosen such that the collection width param-
eter σC meets the condition σS �

√
2σC, allowing us to

work under the collection-limited JTMA approximation
(see the previous section). The telescope system L4 and
L5 has also been referred to in our previous work as an
“intensity-flattening telescope” as it effectively broadens
the back-propagated Gaussian envelope of the collection
mode such that higher-order modes associated with the
edges of the JTMA are measured efficiently, while the
lower-order modes are suppressed [51].

The photons are detected by single-photon-avalanche
photodiodes for λs1, λi1 = 810 nm and superconducting
nanowire detectors for λs2, λi2 = 1550 nm, which are con-
nected to a coincidence counting logic with a coincidence
window of 0.2 ns. We characterize the collected JTMA
at the Fourier plane of the crystal located at the SLM
planes. The plots in Figs. 4(a) and 4(e) show the data
obtained for the 2Dπ measurement performed at both
wavelengths (λs1, λi1 = 810 nm and λs2, λi2 = 1550 nm),
while the reconstructed JTMAs are shown in Figs. 4(d)
and 4(h). We obtain σC and σP by fitting the closed-form
expressions of Pr(a, −a) and Pr(a, a) [Eqs. (9) and (10)]
to the experimental data. It is worth noting that the fea-
ture corresponding to σP is also present in the visibility
of Pr(a, −a), which is shown in the fitting curves in Figs.
4(b) and 4(f) [refer to Eq. (C6)]. Those features, there-
fore, provide a sensitive measure of the correlation strength
σP even when the resolution of the scan is coarse, unlike
slit-based measurements that present finite slit apertures,
thereby suffering from low count rates and resulting in
the trade-off between the slit size and photon flux. The
2Dπ measurement allows for high count rates as in the
measurement of tilting gratings (tilt-basis measurement).
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(a) (b)

(c)

CC

FIG. 3. Experimental setup. (a) A laser is used to pump a nonlinear periodically poled potassium titanyl phosphate (PPKTP) crystal
to generate a pair of photons entangled in their transverse position-momentum via type-II SPDC. Our experiment is performed on two
parallel setups with a continuous-wave laser diode pump at 405 nm and a pulsed Ti:sapphire pump at 775 nm. The pump photons
are filtered by a dichroic mirror (DM) and the down-converted photons are separated with a polarizing beam splitter (PBS). We
rotate the polarization of the reflected idler photon from vertical to horizontal using a half-wave-plate (HWP). The signal and idler
photons are incident on two phase-only spatial light modulators (SLMs) that are used for performing the 2Dπ measurement in the
transverse position degree of freedom. The filtered photons are collected by a combination of telescopes (L4 and L5) and aspheric
lenses (A) coupling to single-mode fibers (SMFs), followed by detection through either single-photon-avalanche photodiodes (for
λs1, λi1 = 810 nm) or superconducting nanowire detectors (for λs2, λi2 = 1550 nm). A coincidence counting (CC) logic is used for
recording time-coincident photon detection events within a coincidence window of 0.2 ns. (b) Examples of diffractive computer
generated holograms implemented on the signal and idler SLMs for performing the 2Dπ measurement in the x direction. (c) Two-
dimensional profile of the experimental setup showing the relevant parameters wP and wC. The pump beam radius (wP) at the crystal
plane determines the pump width parameter σP [Eq. (2)]. The back-propagated collection mode radius (wC) at the SLM determines the
collection width parameter (σC) at the crystal, which depends on the single-mode fibers and optical collection system lenses used.

Together, they provide the beam parameters that are cru-
cial for designing accurate projective measurements (Sec.
IV) on both SLM and its Fourier planes, i.e. the centers
and diameters of the beams, and the strength of quantum
correlation.

The measured values of the pump and collection width
parameters (σmeas

P , σmeas
C ) obtained from the 2Dπ measure-

ment are reported in Table I and agree with their predicted
values (σ pre

P , σ pre
C ), which are calculated from our knowl-

edge of the optical system parameters. The predicted value
of the pump width parameter σ pre

P for both wavelengths
is calculated from the 1/e2 pump radius at the crystal
plane [Eq. (2)], and the predicted collection width param-
eter σ pre

C is calculated by back propagating the width of
the fundamental Gaussian mode of the SMFs to the crystal
plane [Fig. 3(c)]. The error propagation is analyzed by tak-
ing into account ±0.5 mm uncertainties of the measured
distances between lenses and focal lengths.

IV. TAILORING HIGH-DIMENSIONAL
ENTANGLEMENT

Once accurate knowledge of the continuous position-
momentum two-photon state characterized by the JTMA

has been obtained, one may want to discretize such a
state for use in quantum information applications based on
discrete variables [25,37,59,60]. For instance, to har-
ness discrete variable high-dimensional entanglement, one
needs to choose an appropriate modal basis in which to
work. The design of such discrete modal bases is often
informed by the Schmidt decomposition of the entire
biphoton wave function [61,62]. However, at the expense
of lower count rates one can design modal bases to opti-
mize for more general figures of merit such as EoF, herald-
ing efficiency, and measurement fidelity, while taking into
account the types of devices used (for example, phase-only
SLMs).

We begin with a theoretical treatment of how our contin-
uous two-photon state is discretized via specific projective
modal measurements. In practice, we display holograms
{�s(qs)}a and {�i(qi)}b (where |�s(qs)| ≤ 1) on the SLMs
to generate a subnormalized postselected state |ψ(PS) 〉 in
the standard discrete modal basis {| ên 〉}a:

|ψ(PS) 〉 =
∑

ab

Tab | êa
s 〉 | êb

i 〉 (11)
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(a) (b) (d)

(e) (f)

(g)

(h)

(c)

FIG. 4. Experimental results: 2Dπ measurement [CoPr(as, ai)] for (a) λs1, λi1 = 810 nm and (e) λs2, λi2 = 1550 nm, where Co is
proportional to two-photon coincidence count rates. We obtain σC and σP by fitting Pr(a, −a) (b),(f) and Pr(a, a) (c),(g). Panels (d)
and (h) show the experimentally determined collected JTMA at both wavelengths, where (d) for λs1, λi1 = 810 nm, σC = 103.2 ±
1.8 rad/mm and σP = 7.45 ± 1.51 rad/mm, and (h) for λs2, λi2 = 1550 nm, σC = 72.5 ± 2.3 rad/mm and σP = 3.85 ± 0.31 rad/mm.

with the complex elements Tab given by

Tab =
∫

d2qs

∫
d2qi�

a
s (qs)�

b
i (qi)G(qs, qi). (12)

Here, G(qs, qi) is the collected JTMA (collection limited
in our case) whose form can be obtained via the 2Dπ
measurement described in the preceding sections. The
holograms�a

s (qs) and�b
i (qi) can be constructed in a man-

ner that ensures that the associated discrete modal bases are
orthonormal (see Appendix D).

Now we can determine the probabilities associated
with measuring generalized projectors (arbitrary coherent

superpositions) in both the two-photon and single-photon
cases. We can measure an arbitrary normalized vector
| �vs 〉 = ∑

a v
a
s | êa

s 〉 by constructing hologram��v
s (qs) given

by

��vs
s (qs) = A�vs

∑
a

va
s�

a
s (qs) (13)

with A�v chosen such that maxq |��v
s (q)| ≤ 1. The preceding

condition ensures that a hologram does not increase energy
and can only add loss. The two-photon coincidence prob-
ability for measuring our state in modes | �vs 〉 and | �vi 〉 is

TABLE I. Predicted and measured parameters describing the generated and collected JTMA obtained from the 2Dπ measurement.
The predicted pump width and generation width parameters (σ pre

P and σ pre
S ) are obtained from the pump waist wp and crystal length

according to Eq. (2). The predicted collection width parameter (σ pre
C ) is calculated from measurements of the optical collection system

(see the main text for details). The measured parameters (σmeas
P and σmeas

C ) are obtained from the 2Dπ measurement performed on the
two-photon state. Both predicted and measured values of σC meet the condition σS �

√
2σC that allows us to operate under the CL

approximation [see Eq. (8)].

λ wp σ
pre
P σmeas

P σ
pre
S σ

pre
C σmeas

C
(nm) (μm) (rad/mm) (rad/mm) (rad/mm) (rad/mm) (rad/mm)

810 188 ± 5.3 7.52 ± 0.21 7.45 ± 1.51 151.1 ± 3.1 106.5 ± 12.6 103.2 ± 1.8
1550 450 ± 5.3 3.14 ± 0.04 3.85 ± 0.48 106.7 ± 2.1 76.7 ± 8.01 72.5 ± 2.3
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given by

Pr(�vs, �vi) = (A�vsA�vi)2| 〈 �vs | 〈 �vi | |ψ(PS)〉 |2. (14)

Similarly, the probability of measuring a signal photon
(inclusive of a possible idler photon) in mode | �vs 〉 depends
on the collection mode of only the signal [C(qs|σC)] and is
expressed as

Pr(�vs) =
∫

d2qi

∣∣∣∣
∫

d2qs�
�vs
s (qs)C(qs|σC)F(qs, qi)

∣∣∣∣
2

,

(15)

where the product of the generated JTMA F(qs, qi) and the
signal’s collection mode C(qs|σC) can be further simplified
as discussed in Appendix B [see Eq. (B4)].

With knowledge of the collected JTMA (G(qs, qi)) and
the preceding framework, one can design modal bases
[corresponding to holograms �a

s (qs) and �b
i (qi)] and

choose which measurements to make in a given basis to
tailor the state properties freely. Here, we refer closely
to the example of disjoint discrete spatial modes (similar
to the “pixel basis” [60]) defined by macropixels in the
SLM plane to exemplify the design process. In this case for
example, the size and shape of each pixel, their positions
and the spacing between them, and the size of the complete
pixel mask are important parameters to take into account
in the basis design. Though, as we will see in a proceeding
example, one can tailor these properties for entirely gen-
eral holograms. Whilst one may freely design holograms
that achieve arbitrary states, Tab, count rates, and efficien-
cies, it is often advantageous to address the following key
figures of merit.

Schmidt basis: A standard discrete basis for the posts-
elected two-photon state [Eq. (11)] can be designed such
that it corresponds to the Schmidt basis where the coin-
cidence crosstalk between modes is minimized, and thus
suppressing the off-diagonal elements of Tab (Tab → 0 for
all a 
= b). In the case of the pixel basis, this corresponds
to choosing the spacing between pixels to be at least equal
to the pump width parameter (appropriately propagated
to position coordinates at the SLM plane), which deter-
mines the JTMA correlation strength σ (x)P = f λ/2πσP (see
Fig. 5).

Entanglement dimensionality: When constructing a
standard discrete basis, there is a limit on the entangle-
ment dimensionality—the maximal number of correlated
modes that can be considered whilst remaining in the
Schmidt basis. Information about this can be deduced from
the JTMA: the accessible number of generated entan-
gled modes, related to the reciprocal of the marginal state
purity (often known as the Schmidt number [63]), can be
estimated through σP and σS [17]. However, as we have
shown here, σS is often constrained by the collection width
parameter σC, knowledge of which can be used to estimate

the perhaps more relevant number of collected entangled
modes. Therefore, the reasonable measure of entangled
modes is the collected Schmidt number (Kc) defined for
G(qs, qi) [63], and is given as

Kc = 1
4

(
σP

σC
+ σC

σP

)2

. (16)

For the pixel basis, this involves an optimization of the
number of correlated macropixels one can fit within the
collected area, while having appreciable count rates.

Maximal entanglement: Optimizing the standard dis-
crete basis such that the coincidence probability for each
mode is equal (while remaining in the Schmidt basis)
imposes the condition that Tab is proportional to the iden-
tity matrix and thus a maximally entangled state. This
maximizes entropic quantifiers of entanglement such as
EoF and can be achieved, for instance, by optimally vary-
ing pixel size as a function of radial distance from the optic
axis (see Fig. 5 for a detailed example).

Basis-dependent efficiency: One can find bases where
all the holograms can be efficiently realized by maximizing
A�v for all elements of a basis. For instance, with disjoint
pixels, all bases mutually unbiased to the standard basis
obtain A�v = √

d for all elements. This ensures that all mea-
surements maximize photon flux, thus drastically reducing
measurement times [60].

Heralding efficiency: The heralding efficiency, or the
probability that the detection of a photon in one mode (sig-
nal) indicates a photon in the other (the heralded photon or
idler), is normally studied in a symmetric configuration,
i.e., the same collection parameters apply to both pho-
tons [64,65]. The inherent multimode nature of the JTMA
opens up an alternate way to tune heralding efficiencies
in an asymmetric manner, i.e., with different collection
parameters and resultant heralding efficiencies for each
photon [66]. We can define a one-sided heralding effi-
ciency in this case, where measuring the signal photon in
mode | �vs 〉 heralds the presence of an idler photon in mode
| �vi 〉 with an efficiency

ηs→i = Pr(�vs, �vi)

Pr(�vs)
. (17)

Therefore, designing holograms ��v
i (qi) to maximize Eq.

(17), and choosing bases such that A�vi is large can lead to
high one-sided heralding efficiency (see Appendix D). For
instance, increasing the size of the idler pixel relative to
that of the signal optimizes the heralding efficiency, result-
ing in a larger overlap of heralded photons on the idler
side.

We have recently implemented some of the above
techniques experimentally in order to rapidly certify high-
fidelity entangled states with entanglement dimension-
alities up to d = 55, entanglement of formation up to

054006-8



CHARACTERIZING AND TAILORING SPATIAL. . . PHYS. REV. APPLIED 18, 054006 (2022)

(a) (b) (c)

(d) (e) (f)

FIG. 5. Optimizing Tab for the 810-nm two-photon state by tailoring the pixel mask in 31 dimensions. Panels (a)–(c) [(d)–(f)] show
the collected JTMA, pixel mask holograms, and resulting state coefficients Tab before (after) optimization. The square regions in the
JTMA plots in (a) and (d) indicate the values of qsx and qix used to generate the pixel masks holograms in (b) and (e). The green
square regions represent the pixels that are correlated (Taa elements), while the red ones are responsible for crosstalk between them
(Tab elements for all a 
= b). Note that, while the 2D JTMA (x dimension) is shown here, calculating all the elements of Tab requires
integration over the entire 4D expression for the JTMA [Eq. (12)], i.e., qsx, qsy , qix, and qiy . The green dashed circles represent the
maximum size of the detectable areas, which is further constrained by the finite collection bandwidth parameter σC. In (a) and (b),
the pixels are set to the same size with a fixed spacing between them, and the resulting state (c) shows significant crosstalk between
discrete spatial modes. The dimensionality of entanglement (dent) is calculated to be 26 in the Hilbert space of d = 31 pixels [26]. In
(d) and (e), we show how one can tailor the pixel mask from knowledge of the JTMA such that the coincidence probability Pr(�s,�i)

is equal for all pixels, while minimizing the crosstalk between them at the expense of total counts. This ensures that the state shown
in (f) is optimized to be in the Schmidt basis while also being close to maximally entangled. Consequently, the dimensionality of
entanglement is increased to its maximal value of dent = 31.

EoF = 4 ebits [60], and to violate high-dimensional steer-
ing inequalities in dimension up to d = 15 [67]. These
experiments were performed in the pixel basis, where
through knowledge of the JTMA obtained via the 2Dπ
measurement, a postselected state closest to a maxi-
mally entangled state was realized. The SLM holograms
were designed to minimize the crosstalk between modes,
while simultaneously equalizing photon count rates for
all discrete modes across σC (in a manner similar to
the procedure discussed in Fig. 5). Furthermore, high-
dimensional entanglement witnesses exploiting only bases
mutually unbiased to the standard pixel basis ensured high

basis-dependent efficiencies and minimized measurement
times.

While the above examples have used the disjoint and
discrete pixel basis, knowledge of the JTMA can be used
to optimize other spatial mode bases such as the Laguerre-
Gaussian (LG) basis, which plays a significant role in
classical and quantum optics [20]. In the LG basis, correla-
tions in both the azimuthal and radial components depend
on the relationship between the pump and the down-
converted signal and idler mode waists [69,70], indicating
the effective number of detectable Schmidt modes that are
entangled in the full transverse field [48,61]. The ability to
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(a) (b)

FIG. 6. LG radial-mode entanglement. (a) Knowledge of col-
lected JTMA [G(qs, qi)] determines the maximum size of the
mode waist [blue dotted circle in (b)] to witness entanglement
in seven dimensions in p = 0, . . . , 10 radial LG modes [68].

determine the collected JTMA allows us to experimentally
adjust σP and σC such that the correlations are maximized.
While the degree of correlations relates to σP, information
of σC sets a limit on the size of modes we can optimally
measure (see Fig. 6), which is of particular importance
when dealing with modes that have radial dependence.
Taking these considerations into account, we were able to
recently certify entanglement dimensionalities of up to 26
in a 43-dimensional radial and azimuthal LG space [68],
demonstrating the potential of the JTMA in harnessing the
full capabilities of high-dimensional entanglement.

V. CONCLUSION AND DISCUSSION

In our work, we have studied the spatial wave function
of position-momentum entangled biphoton states gener-
ated in collinear type-II SPDC. We define the collected
JTMA, a function that characterizes the biphoton state
in the momentum degree of freedom while incorporat-
ing the effects of the measurement system. We propose a
method to efficiently and accurately characterize the col-
lected JTMA using phase-only modulated holograms, and
experimentally demonstrate it on two identical entangle-
ment sources at different wavelengths. From knowledge
of the collected JTMA, we discuss how one can tai-
lor discrete-variable high-dimensional entangled states via
projective measurements in several spatial mode bases.
Our techniques can be used to generate high-fidelity, high-
dimensional entangled states of light, which can be further
optimized for properties such as maximal entanglement
and single-photon heralding efficiencies. The utility of
our characterization methods is evident in some recent
works, where we have used knowledge of the JTMA to
tailor diverse kinds of high-dimensional entangled states
of light with record quality and dimensionalities in device-
dependent [60,68] as well as one-sided device-independent
platforms [42,67].

Information about the JTMA could be used for imple-
menting and optimizing arbitrary spatial-mode projective
measurements and generalized unitaries [51,71], which
are required for violating Bell-like inequalities proposed
for high-dimensional systems. Additionally, knowledge
of the JTMA can be used for tuning one-sided photon
heralding efficiencies [42,72–74], which play a significant
role in device-independent tests of quantum mechanics
and the related field of device-independent quantum key
distribution. The ability to control the correlations and
anticorrelations of an entangled pair of photons using the
measured JTMA parameters could enable the engineering
of quantum states with tailored spatial and spectral prop-
erties [18], which could be used to boost the performance
of quantum-enhanced imaging and metrology [75,76]. In
addition, our methods for characterizing the JTMA can
be translated to other degrees of freedom such as time
frequency [77–79], and could enable the characterization
of the full spatiotemporal biphoton wave function, which
would have a wide-ranging impact on entangled-based
quantum technologies.
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APPENDIX A: JTMA OF TYPE-II SPDC WITH
PERIODIC POLING

We consider the case of type-II SPDC (whereby the
pump, signal, and idler are polarized on the e, e, and o
axes, respectively) for periodically poled crystals designed
to achieve phase matching at degenerate signal and idler
frequencies in the collinear configuration. To account for
all these contributions, we derive an expression for the
entire biphoton state, and apply approximations to arrive
at the JTMA stated in the main text [Eq. (1)]. Following
the conventional asymptotic fields approach, the first-order
nonlinear Hamiltonian in the backward-Heisenberg pic-
ture, H NL(t) (see Ref. [80] for a detailed account) takes
the form∫

H NL(t)dt ∝
∫

dt
∫

d3ki

∫
d3ks

∫
d3kp

×
∫

d3x exp (i(ks + ki − kp) · x)χ(2)(x)

× exp (i[ω(ks)+ ω(ki)− ω(kp)]t)αp(kp)â†
s (ks)

× â†
i (ki)+ H.c. (A1)
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The temporal integral can be extended over all time, leading to the energy-matching term,
∫

dt exp (i�ωt) = δ(�ω) =
δ[ω(ks)+ ω(ki)− ω(kp)]. The d3x integral over a crystal of dimensions L⊥

x × L⊥
y × Lz, situated about the origin can be

evaluated as
∫ L⊥

x /2

−L⊥
x /2

dxx

∫ L⊥
y /2

−L⊥
y /2

dxy

∫ Lz/2

−Lz/2
dxz exp (i(ks + ki − kp) · x)χ(2)(x)

= sinc
(

L⊥
x

2
(qsx + qix − qpx)

)
sinc

(L⊥
y

2
(qsy + qiy − qpy)

)
sinc

(
Lz

2
�kz

)

≈ δ(qs + qi − qp) sinc
(

Lz

2
�kz

)
, (A2)

where we introduce notation qn for the transverse components of kn (for n = s, i, p), and the longitudinal wave-vector
mismatch, �kz (to be defined), contains a contribution from the periodic poling structure with period 
. The final
approximation will hold for crystals with transverse extents (L⊥

x , L⊥
y ) that are sufficiently large.

Using the approximations above, the integral in Eq. (A1) can be written as∫
H NL(t)dt ∝

∫
d3ki

∫
d3ks

∫
d3kpδ(�ω)δ(qs + qi − qp)

× sinc
(

Lz

2
�kz

)
αp(kp)â†

s (ks)â
†
i (ki)+ H.c. (A3)

The frequency of each field is dependent only on the modulus of the wave vector (and its polarization, assuming close to
colinear propagation). Furthermore, we need to consider fields only with positive z components, which invites a change
of integration variables from Cartesian components of k to transverse wave vector, q, and the modulus of the wave vector,
|k|. Note that such a coordinate change results in a lack of clear correspondence of the mode operators to their strictly
orthonormal counterparts; however, this mathematical convenience remains suitable for obtaining a description of the
biphoton state. Hence, we can express the z components of the k in terms of their modulus and transverse components,

kz =
√

|k|2 − |q|2 = |k|
√

1 − |q|2
|k|2 � |k|

(
1 − 1

2
|q|2
|k|2 − 1

8
|q|4
|k|4 + O

( |q|6
|k|6

))
, (A4)

where we make use of a close-to-colinear approximation, |q| � |k|. Differentiating with respect to |k|, we have

dkz =
(

1 − |q|2
|k|2

)−1/2

d|k| �
(

1 + 1
2

|q|2
|k|2 + O

( |q|4
|k|4

))
d|k|, (A5)

allowing the transformation

d3k = d2q dkz ≈ d2q d|k|
(

1 + 1
2

|q|2
|k|2

)
. (A6)

The phase-matching contribution arising from the longitudinal wave-vector mismatch can now be expressed as

�kz = ksz + kiz − kpz + 2π



=
√

|ks|2 − |qs|2 +
√

|ki|2 − |qi|2 −
√

|kp |2 − |qp |2 + 2π



= |ks|
√

1 − |qs|2
|ks|2 + |ki|

√
1 − |qi|2

|ki|2 − |kp |
√

1 − |qp |2
|kp |2 + 2π




≈ |ks| + |ki| − |kp | − 1
2

[ |qs|2
|ks| + |qi|2

|ki| − |qp |2
|kp |

]
+ 2π



. (A7)

To proceed, we make use of the dispersion relations for the various fields, for which we make first-order expansions (no
group velocity dispersion) about the degenerate, energy-matched frequencies ω0 := ωs0 = ωi0 = ωp0/2, so that, for the
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pump field,

|kp | = k(e)p (ωp) � k(e)p (ωp0)+ (ωp − ωp0)
1
vgp

= kp0 + ω̃p

vgp
= kp0 + k̃p , (A8)

where k(e)p (ωp) is the dispersion relation for polarization on the extraordinary axis expanded about ωp0 (the central pump
frequency), ω̃p = (ωp − ωp0) is the frequency offset, and vgp and kp0 are the group velocity and wave vector of the pump
field at ωp0, polarized accordingly. Similarly, for signal and idler fields,

|ks| = k(e)s (ωs) � k(e)s (ω0)+ (ωp − ω0)
1
vgs

= ks0 + ω̃s

vgs
= ks0 + k̃s,

|ki| = k(o)i (ωi) � k(o)i (ω0)+ (ωi − ω0)
1
vgi

= ki0 + ω̃i

vgi
= ki0 + k̃i.

(A9)

This allows us to consider the wave-vector mismatch for colinear generation (q → 0) at degeneracy (ω̃ → 0),

�kz0 := ks0 + ki0 − kp0. (A10)

Thus, rewriting �kz at degeneracy as

�kz = �kz0 + 2π



. (A11)

For sources optimized in this regime, periodic poling of the crystal is used to cancel this contribution, thereby achieving
phase matching (�kz = 0). Thus, we set the poling period, 2π/
 = −�kz0.

Noting that we may write the energy-matching term as δ(�ω) = v−1
gp δ(vgsk̃s/vgp + vgik̃i/vgp − k̃p), then imposing the

condition that the pump field may be expressed as a separable function of q and k̃ so that αp(k) ≈ αp(q)α̃p(k̃), and using
the approximation made in Eq. (A6), we can perform the integrals d3kp in Eq. (A3) to arrive at the form

∫
H NL(t)dt ∝

∫
d2qidk̃i

∫
d2qsdk̃sv

−1
gp

(
1 + 1

2
|qs|2

(ks0 + k̃s)2

)(
1 + 1

2
|qi|2

(ki0 + k̃i)2

)

×
(

1 + 1
2

|qs + qi|2
(kp0 + vgsk̃s/vgp + vgik̃i/vgp)2

)

× sinc
(

Lz

2

(
k̃s + k̃i −

(
vgs

vgp
k̃s + vgi

vgp
k̃i

)

− 1
2

[ |qs|2
ks0 + k̃s

+ |qi|2
ki0 + k̃i

− |qs + qi|2
kp0 + vgsk̃s/vgp + vgik̃i/vgp

]))

× αp(qs + qi)α̃p

(
vgs

vgp
k̃s + vgi

vgp
k̃i

)
â†

s (ks)â
†
i (ki)+ H.c. (A12)

Even for relatively broadband fields we have k̃ � k0 for the pump, signal, and idler, so we can approximate k̃ + k0 ≈ k0

in the sinc quotients, and for close to colinear generation, |qi|2/(ki0 + k̃i)
2 � 1, so we can neglect polynomial terms in

front of the sinc of the order O(|q|2/k2
0) and above, to obtain

∫
H NL(t)dt ∝

∫
d2qidk̃i

∫
d2qsdk̃s

× sinc
(

Lz

2

(
k̃s + k̃i −

(
vgs

vgp
k̃s + vgi

vgp
k̃i

)
− 1

2

[ |qs|2
ks0

+ |qi|2
ki0

− |qs + qi|2
kp0

]))

× αp(qs + qi)α̃p

(
vgs

vgp
k̃s + vgi

vgp
k̃i

)
â†

s (ks)â
†
i (ki)+ H.c. (A13)
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At degeneracy, where k̃s = k̃i = 0, we have
∫

H NL(t)dt ∝
∫

d2qidk̃i

∫
d2qsdk̃s sinc

(
Lz

4

[ |qs + qi|2
kp0

− |qs|2
ks0

− |qi|2
ki0

])

× αp(qs + qi)â†
s (ks)â

†
i (ki)+ H.c. (A14)

To simplify further, we define a scaled transverse momenta

q̃s :=
(

kp0

ks0
− 1

)1/2

qs := csqs, (A15)

and analogously for the idler. We write ε := 1 − 1/csci and express the product of the sinc function and pump profile αp
as

F(qs, qi) ∝ sinc
(

Lz

4kp0
[(2 + ε)|q̃−|2 + ε|q̃+|2]

)
αp(qs + qi), (A16)

where |q̃±| := |csqs ± ciqi|/
√

2. We define the above expression as the JTMA.
For λs = 1550 nm, we have cs = 0.9677, ci = 1.0139 and, for λs = 810 nm, cs = 0.9979, ci = 1.047. We approximate

ε ≈ 0 because ε = −0.0193 at 1550 nm and ε = 0.043 at 810 nm. Under this approximation, the JTMA can be simplified
to

F(qs, qi) ∝ sinc
(

Lz

2kp0
|q̃−|2

)
αp(qs + qi). (A17)

We see that colinear type-II phase matching with periodic poling deviates somewhat from the idealized JTMA in the
main text [Eq. (1)] owing to the nonunit cs, ci, and the nonvanishing ε. However, this discrepancy becomes increasingly
benign for the collection-limited systems in consideration where the sinc contribution becomes dominated instead by the
collection optics.

Rewriting the normalized JTMA for cs = ci ≈ 1 (and remaining at degeneracy λs = λi), we impose a Gaussian
transverse pump profile across the crystal, to obtain

F(qs, qi) = N1sinc
( |qs − qi|2

σ 2
S

)
exp

(
−|qs + qi|2

2σ 2
P

)
, (A18)

where σS = √
4kp0/Lz and N1 is a normalization constant. Here the transverse pump momentum profile αP(qp) is a

Gaussian, where wP is the pump radius in position space, so that σP = √
2/wP.

Transforming to the Fourier plane with a 2f -lens configuration, we have (q → 2πx/f λ),

F(xs, xi) ∝ sinc
(

1
σ 2

S

∣∣∣∣ 2π
f λs

xs − 2π
f λi

xi

∣∣∣∣
2)
αp

(
− 1

2σ 2
P

∣∣∣∣ 2π
f λs

xs + 2π
f λi

xi

∣∣∣∣
2)

. (A19)

APPENDIX B: COLLECTED JTMA TO COLLECTION-LIMITED JTMA

We introduce the effect of the collection mode in F(qs, qi) by considering collected JTMA G(q+, q−) given in Eq.
(7). To approximate the collected JTMA to the collection-limited JTMA, the product of the sinc term and the collection
Gaussian envelope,

f (|q−|) = N exp
{−|q−|2

σ 2
C

}
sinc

(
2|q−|2
σ 2

S

)
(B1)

with N a normalization factor, is approximated by the Gaussian function

g(|q−|) = N ′ exp
{−|q−|2

σ 2
C

}
. (B2)
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FIG. 7. Comparison between the product of the sinc and Gaussian term (f (|q−|)) and the collection Gaussian envelope (g(|q−|)).
For σS �

√
2σC, the product of the sinc term and Gaussian envelope can be approximated by a Gaussian with width σC.

These terms have inner product

∫
d2q−N exp

{−|q−|2
σ 2

C

}
sinc

(
2|q−|2
σ 2

S

)
N ′ exp

{−|q−|2
σ 2

C

}
≥ 0.99 (B3)

for σS > 1.4161σC �
√

2σC (as shown in Fig. 7). A slightly looser approximation sees an inner product of 0.95 achieved
at σS > 3σC/2

√
2.

Furthermore, in the case of calculating the single count rates in Eq. (15), in which only the herald photon imparts a
collection envelope, we have a mildly stronger condition for the approximation to hold,

N exp
{−|q−|2

2σ 2
C

}
sinc

(
2|q−|2
σ 2

S

)
≈ N ′ exp

{−|q−|2
2σ 2

C

}
, (B4)

leading to an additional factor of
√

2 arising in the equivalent conditions above, i.e., σS � 2σC implies a greater than 0.99
inner product.

APPENDIX C: CALCULATIONS OF Pr(a, −a) AND Pr(a, a)

For convenience, the expression for the two-photon coincidence probability in Eq. (6) can be written in the reduced
form

Pr(as, ai) = |G++ + G−− − G−+ − G+−|2. (C1)

For the signal photon, subscript “+” represents the integration performed in the [as, ∞) interval and subscript “−”
corresponds to the integration performed in the (−∞, as] interval (same for the idler).

To calculate Pr(a, −a), we expand the integral for Pr(a, −a) in terms of integrals over regions GCL
++, GCL

−−, GCL
−+, and

GCL
+− [see Fig. 8(a)]. From symmetry, we have GCL

−− = GCL
++, and with Eq. (C1) we write Pr(a, −a) as

Pr(a, −a) = |N − 4GCL
−−|2, (C2)

where N = GCL
−− + GCL

++ + GCL
−+ + GCL

+− = π
√

2πN1σ
3
Cσ

2
P/(σ

2
C + σ 2

P). Assuming the σP � σC in the bow-tie region
formed by GCL

−− and GCL
++, the factor exp{−(qsx − qix)

2/2σ 2
C} is approximated by exp(−2a2/σ 2

C), which reduces the
expression in Eq. (C2) to

Pr(a, −a) ≈
∣∣∣∣N − 4

∫ a

−∞

∫ −a

−∞
GDG(qsx, qix; a)dqsxdqix

∣∣∣∣
2

, (C3)

where

GDG(qsx, qix; a) ∝ exp
(

− (qsx + qix)
2

2σ̃ 2
P

)
exp

(
− 2a2

σ 2
C

)
, (C4)
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for which there exists a simple analytic solution

Pr(a, −a) ≈
∣∣∣∣N − N ′ exp

(
− 2a2

σ 2
C

)∣∣∣∣
2

,

N ′ :=
√

2πN1
πσ 3

Cσ
3
P

(σ 2
C + σ 2

P)
3/2

,

(C5)

given in Eq. (9). One can write the expression for the visibility V in terms of N and N ′ as

V = |N |2 − |N − N ′|2
|N |2 + |N − N ′|2 ≈ σ 2

C − |σC − σP|2
σ 2

C + |σC − σP|2 for σP � σC. (C6)

For a fixed value of σC, obtained from the fit of Pr(a, −a), one can also get the pump width parameter σP from Eq. (C6),
given the visibility of the experimental data.

Therefore, for Pr(a, a), we follow the same steps as Pr(a, −a) of writing the complete integral as the sum of integrals
over several regions [see Fig. 8(b)]. Here, the integrals GCL

−+ and GCL
+− are equal (GCL

+− = GCL
−+ ≡ R̃). We aim to partition

the space into areas that have closed-form integral solutions and a bow-tie region that can be well approximated under the
previous reasoning. We expand R̃ = Ẽ + F − (F̃1 + F̃2), where the contributions are given as

Ẽ =
∫∫

L
GCL(q+x, q−x)dq+xdq−x, (C7a)

F = 1
2

∫ 3a

a

∫ a

−a
GDG(qsx, qix; a)dqsxdqix, (C7b)

F̃1 = 1
2

∫ a

−∞

∫ −a

−∞
GDG(qsx, qix; a)dqsxdqix, (C7c)

F̃2 = 1
2

∫ ∞

3a

∫ ∞

a
GDG(qsx, qix; a)dqsxdqix, (C7d)

(a) (b) (c)

FIG. 8. Illustration of the regions in collected JTMA to approximate Pr(a, −a) and Pr(a, a). (a) For Pr(a, −a), the shaded regions
GCL

++ and GCL
−− are equal due to the symmetry about q+x = 0 (green, dashed). (b) Similarly, for Pr(a, a), the regions GCL

−+ and GCL
+−

are equal due to symmetry across q−x = 0. In (c) GCL
+− = R̃1 + R̃2 + R̃3, which is calculated from various integrals [see Eqs. (C7) and

(C8)].
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where GCL(q+x, q−x) is integrated over the region L ∈ (q−x ≤ √
2x). The rationale behind this expansion can be seen

when we further express each terms in the sum of R̃ into the regions shown in Fig. 8(c),

Ẽ = R̃2 + R̃3 + R̃4 + R̃6, F = 1
2 (R̃1 + R̃2) = R̃1, (C8a)

F̃1 = 1
2 (R̃5 + R̃4) = R̃4, F̃2 = 1

2 (R̃7 + R̃6) = R̃6, (C8b)

R̃ = Ẽ + F − (F̃1 + F̃2) = R̃1 + R̃2 + R̃3. (C8c)

We solve for N − 4R̃ with the help of integral tables given for error functions and the fact that Pr(a, a) is an even function,
and we get

N − 4R̃ = A
[√

2σPe−2a2(1/σ̃ 2
P+1/σ 2

C) − 2
√
π |a|e−2a2/σ 2

Cerfc
(√

2|a|
σ̃P

)

− πσC

2
√

2

{
1 − 2erf

(√
2|a|
σC

)}]
. (C9)

To fit Pr(a, −a) and Pr(a, a), one requires the estimated location of the origin from the experiment data, which we can
obtain from

Pr(a, −∞) ∝
∣∣∣∣erf

(√
2(a − as)

σC

)∣∣∣∣
2

, Pr(−∞, a) ∝
∣∣∣∣erf

(√
2(a − ai)

σC

)∣∣∣∣
2

, (C10)

where Pr(a, −∞) is minimum for a = as [Pr(−∞, a) is minimum for a = ai]. Hence, the location of the origin coincides
with the locations of the respective minima (qsx = as, qix = ai).

APPENDIX D: MODE BASIS DESIGN AND HERALDING EFFICIENCY DETAILS

To produce a postselected state experimentally, we project holograms {�s(qs)}a and {�i(qi)}b on the SLMs
with an additional constraint |�s(qs)| ≤ 1. This results in a state characterized by the complex elements Tab
given by

Tab =
∫

d2qs

∫
d2qi�

a
s (qs)�

b
i (qi)G(qs, qi). (D1)

The subnormalized postselected state, |ψ(PS) 〉, which is defined on the corresponding normalized discrete mode basis
{| êa

s 〉}a is given by,

|ψ(PS) 〉 :=
∑

ab

Tab | êa
s 〉 | êb

i 〉 , (D2)

where, to ensure {| êa
s 〉}a are normalized, we write

|〈êa
s |êa

s 〉|2 = 1 = N a
s

∣∣∣∣
∫

d2qs�
a
s (qs)C(qs|σC)

∣∣∣∣
2

= N a
s

∣∣∣∣
∫

d2qsM a
s (qs)

∣∣∣∣
2

(D3)

with N a
s a normalization factor (similar for the idler). We construct the holograms so that | êa

n 〉 (n = s, i) are orthogonal
and form the discrete mode basis, which can be easily achieved by, for instance, making {�s(qs)}a disjoint (pixels). The
resultant state can be understood as the full biphoton state filtered through the collection mode apertures defined by L̂s and
L̂i,

L̂s :=
∑

a

1√
N a

s
|êa

s 〉〈êa
s |,

|ψ(PS) 〉 := L̂sL̂i |ψ(bi)〉 .

(D4)
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FIG. 9. Heralding of the idler photon state by projection onto
a signal photon. The signal photon is projected onto the mea-
surement mode Ms(qs) = �s(qs)C(qs|σC) (turquoise, left axis)
determined by the collection mode Cs (red, left axis) and a pixel
hologram�s, of diameter d1. The resultant heralded idler photon
state ψ�s

i (qi) (blue, bottom) is determined by the projection of
Ms(qs) onto the JTMA (contours) [see Eq. (D7)], which, owing
to the relative size of σC, can be approximated by the correla-
tion term (density plot) (see Appendix B). The finite width of
the JTMA leads to contributions arising from regions F0 and F2
that result in a heralded photon with a width larger than d1. The
idler measurement mode, Mi(qi) = �i(qi)C(qi|σC) (blue region,
lower plot axes) is chosen to have an increased pixel diameter
d2 > d1, leading to an increased coincidence probability given
by the inner product 〈M�s

i ,ψ�s
i 〉 [Eq. (D9)], whilst the (inclu-

sive) singles probability of the signal detection is 〈ψ�s
i ,ψ�s

i 〉
[Eq. (D7)], independent of d2. Hence, an increased d2 leads to
an increase in the one-sided heralding efficiency [Eq. (17)].

When measuring arbitrary vectors in this subspace, for
instance | �vs 〉 = ∑

a v
s
a | êa 〉, with |〈�vs|�vs〉| = 1, one con-

structs the holograms as

��v
s (qs) = A�v ∑

a

va�
a
s (qs) (D5)

with A�v chosen so that maxq |��v
s (q)| ≤ 1. These holo-

grams result in the measurement statistics

Pr(�vs, �vi) = (A�vs
A�vi
)2| 〈 �vs | 〈 �vi | |ψ(PS) 〉 |2. (D6)

The choice of A�v results in an effective change in the posts-
election probability. Similarly, the probability of obtaining
a (inclusive) single signal photon when measuring these

states is

ψ
�s
i (qi) :=

∫
d2qs�

�vs

s (qs)C(qs|σC)F(qs, qi), (D7)

Pr(�vs) =
∫

d2qi|ψ�s
i (qi)|2

= (A�vs
)2

∫
d2qi| 〈 �vs | 〈qi | L̂s |ψbi 〉 |2, (D8)

with ψ
�s
i (qi) describing the pure heralded idler photon

state after heralding with ��vs
s on the signal. The coinci-

dence probability can be written similarly in terms of this
heralded idler photon state,

Pr(�vs, �vi) =
∣∣∣∣
∫

d2qiM
�s
i (qi)ψ

�s
i (qi)

∣∣∣∣
2

. (D9)

The one-sided heralding efficiency is given by

ηs→i = Pr(�vs, �vi)

Pr(�vs)
, (D10)

which can be optimized by ensuring that the idler mode
basis has large overlap with the heralded photons from the
signal, as well as choosing measurements for which A�vi

may be large. In Fig. 9 we depict the increased heralding
efficiency associated with increasing the size of one party’s
pixel relative to the other.
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