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Rotational Dynamics of a Looped-Tube Thermoacoustic Engine with a Flywheel
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In a flywheel thermoacoustic engine, the rotating motion of the flywheel is sustained by the recip-
rocal motion of the working gas confined in an externally heated thermoacoustic engine. In this study,
an equation of motion for the flywheel in the steady rotational state is derived and the key parameters
governing the rotation dynamics of the looped-tube thermoacoustic engine loaded with a piston-flywheel
assembly are investigated. We demonstrate that the relationship between the steady rotation frequency and
the heating temperature is determined by the real part of the acoustic impedance of the engine subsystem.
This result is in contrast to that of a conventional thermoacoustic engine with a linear load, where both the
real and imaginary parts of the acoustic impedance impact the operating condition. When the flywheel is
connected, the imaginary part of the acoustic impedance only affects the temporal fluctuation of the rota-
tion frequency. The attainable shaft power that can be extracted from the engine is also discussed based

on experimental results.
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L. INTRODUCTION

Combined oscillations of the pressure and velocity of
a gas column in a differentially heated flow channel can
lead to the execution of a thermodynamic cycle, result-
ing in the generation of acoustic power from heat [1-3].
Classic examples include self-sustained oscillations in a
Sondhauss tube [4,5] and in the He transfer tubes of a
cryogenic system (known as Taconis oscillations [6,7]),
where a steep temperature gradient along a gas-filled tube
creates spontaneous acoustic oscillations of the gas col-
umn. Based on an understanding of this stability prob-
lem from a hydrodynamics perspective [8], recent stud-
ies have explored the concept of thermoacoustic Stirling
engines [9—13] by using a regenerator and a pair of heat
exchangers, both contained in a gas-filled looped-tube
system. These engines simplify conventional mechani-
cal Stirling engines because the traditional solid pistons
are replaced with acoustic oscillations of the working
gas.

The output acoustic power generated through the ther-
modynamic cycle can drive an acoustic load such as a
linear alternator or an acoustic cooler [14—19]. These loads
are connected to the looped-tube engine via a branch tube.
The self-sustained oscillation occurs when a temperature
difference between the ends of the regenerator exceeds a
certain value. The oscillation amplitude increases with the
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temperature difference, whereas the oscillation frequency
remains almost a constant value that is the natural
frequency of the combined system consisting of the
looped tube and the load. Therefore, as the input heat
power to the engine is increased, the acoustic ampli-
tude is increased, leading to the elevation of the output
electrical power of a thermoacoustic electric generator
and the cooling power of a heat-driven thermoacoustic
cooler.

Previous studies have shown that the threshold temper-
ature difference, the frequency, and even the growth in
amplitude can be predicted from the temperature and fre-
quency dependencies of the acoustic impedances of the
subsystems at the connecting point [20—22]. The acoustic
impedance is defined as the ratio of the complex ampli-
tudes of the harmonic oscillations of the pressure and
volume velocity of the gas in the branch tube between
the looped tube and the linear load. We can then state that
the operating condition of the thermoacoustic engine with
a linear load is essentially reduced to the individual lin-
ear acoustic responses of the engine and load subsystems,
although nonlinear phenomena such as minor loss [23—
25] and chaotic oscillations [26,27] are encountered in the
high-amplitude oscillation regime.

In a recent study, we have successfully demonstrated
the operation of a thermoacoustic Stirling engine using a
piston-crank-flywheel assembly [28] in which the looped-
tube engine sustains the rotational motion of the fly-
wheel. When a sufficiently high temperature difference
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is created at the regenerator, the flywheel maintains its
rotational motion after an external excitation is applied by
hand. The rotational motion increases with the temperature
difference, whereas the oscillation amplitude is mechan-
ically fixed by the crank radius. We have numerically
investigated the rotational motion of the combined sys-
tem in a different study [29], where we have used the
relation between the pressure and volume-velocity fluc-
tuations in the time domain. This relation has been
obtained from the frequency dependence of the acoustic
impedance by applying a technique for system identi-
fication. The numerical results satisfactorily capture the
complicated dynamics of the piston-flywheel assembly,
which are essentially described by a nonlinear differential
equation.

In this study, for a more intuitive understanding of
a thermoacoustic engine driving a piston-crank-flywheel
assembly, we simplify the equation of motion for the rota-
tional motion of the piston-flywheel assembly to derive
an energy-balance equation between the power supplied
from the engine subsystem and the power loss of the load
subsystem that consists of a piston and flywheel. We also
use this equation to determine the relation between the
rotational speed and the rotation angle, which provides
a phase portrait of the rotation dynamics in the steady-
rotation state. These relations are studied by the exper-
iments individually designed for the looped-tube system
and the piston-crank-flywheel assembly. The experimen-
tal results confirm the validity of our analysis on the
rotational dynamics of the combined system. This study

main tube ]

()

C-HEX

reg

:RH -HEX
heater wire

Tc
Ty

= cooling-water pipe

p
}branch tube —
feedback tube

cylinder

| —piston

connecting rod
gJ/

rotary encoder

crank radius \

flywheel

engine subsystem

can help thermoacoustic scientists to design and build
thermoacoustic engines capable of generating shaft power
suitable for electricity conversion [30].

II. FLYWHEEL THERMOACOUSTIC ENGINE
MODEL

Figure 1(a) shows a schematic of the flywheel thermoa-
coustic engine used in this study. It consists of two subsys-
tems: one is the engine subsystem, which is a looped-tube
thermoacoustic engine, and the other is the load subsystem,
consisting of a piston-crank-flywheel assembly. These two
subsystems are connected via a short branch tube.

To describe the reciprocal motion of the piston and the
rotational motion of the flywheel, we use the rotation angle
0; 6 is directed in a clockwise direction, as shown in Fig.
1(b), and & = 0 when the piston is at the bottom of the
cylinder. The axial coordinate is directed upward, opposite
to the gravitational acceleration g. The piston displacement
X, is given by

X, =1—rcosf, (1)

where / is the length of the connecting rod and r is the crank
radius (I > r).

The equation of motion for the rotational motion of the
load subsystem is expressed as

(I + M? sin 0)6 + Mr*6% sin 6 cos 6 + Mgrsin 0
= —rSp sinf — rF,sinf sgn(f sinf), )

FIG. 1. (a) A schematic
illustration of the flywheel
thermoacoustic engine pro-
totype. (b) The definition
of the rotation angle 6, the
angular frequency w, and

load subsystem the displacement x.
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where p is the excess pressure exerted on the piston and F;
is a constant that represents the friction losses in the piston-
crank-flywheel assembly; M is the piston mass and S is the
cross-section area of the cylinder. Equation (2) is essen-
tially the same as Eq. (7) in our previous study [29]. For
the current analysis, we simplify the equation of motion
by replacing tanh(x) with the sign function sgn(x), where
sgn(x) = 1 when x > 0 and sgn(x) = —1 when x < 0,
whereas sgn(x) = 0 when x = 0.

Consider the case when the combined system is in a
steady rotational state. The angular velocity 6 can be
expressed as 6 = @ + ', where @ denotes the temporal
average and ' represents the temporal fluctuation. For
simplicity, w is assumed positive throughout this study,
although the negative value is also possible in the real
system.

When ' is sufficiently smaller than @, we can state that

=0t 0 =0, 0 =w. (3)

In the piston-flywheel assembly configuration used in
this study, we can safely ignore M?sin’6, because
Mr? sin®> @ < I. Furthermore, when harmonic oscillations
are assumed for the working gas in the looped-tube
engine, we can consider the acoustic impedance to be
Z=P/V,, where P and V, are the complex ampli-
tudes of the acoustic pressure and volume velocity in
front of the piston head, respectively. The positive V), is
directed to the loop. Because the piston velocity is u, =
ro sinwt = Re[rw exp i(wt — 7 /2)], the complex ampli-
tude of the volume velocity (= Su,) is expressed by V), =
rSwexp (—in/2). Therefore, the acoustic pressure p =
Re[P exp i(wt)] is determined from the complex amplitude
P

P =2V, = |Z|rSo expli(® — 7/2)], 4)

where @ represents the phase angle of Z.
These assumptions lead to the first-order ordinary differ-
ential equation for ', which can be stated as

—2

T + sin 2wt + Mgr sin ot
S$)’w|Z
= % [cosRuwt + P) — cos D]
— rF; sinwt sgn(sin wt). (5)

Equation (5) can be solved by integrating it over time. The
solutions w and o' are (see the Appendix for the derivation)

1 5 »
——(rSw)°Re[Z] = 4rF;— (6)
2 21

and
Mgr
o' (0) = —cos9
( (rS)zlrn[Z]> o
41
2
((FS) Re[Z 021—) sin20,  (7)

where Re[Z] and Im[Z] denote |Z]|cos ® and |Z]|sin D,
respectively.

Equation (6) represents the energy balance of the com-
bined flywheel thermoacoustic system, where the left-hand
side represents the acoustic power emitted from the loop
VVloop’

VVloop = —%(I’SE)ZRC[Z], (3

which travels from the engine subsystem to the load sub-
system when Re[Z] < 0. Here, rSw is the volume-velocity
amplitude. The right-hand side represents the power loss
Wioss» Which is the power dissipation in the load subsystem
and is defined as

w
Wioss = 4rFg—. )
2w

The physical meaning becomes clear by noting that the
factor 4r denotes the total displacement of the reciprocal
piston per cycle, F is the frictional force (assumed to be a
constant), and w/(2m) is the number of rotations per unit
time. The right-hand side of Eq. (9) thus depends on the
friction model applied. If we adopt a more sophisticated
friction model [31], the expression should be different.
Indeed, the measured W), exhibits a different behavior
from that of the simplified model defined by Eq. (2), as
discussed in Sec. IV B.

Equation (7) describes the phase portrait of the rotat-
ing motion [32] on the w-6 plane, where w = @ + «'.
The temporal fluctuation @’ depends on both Re[Z] and
Im[Z], although Im[Z] has no impact on the energy-
balance equation given by Eq. (6) that determines . The
objective of this study is to describe the combined fly-
wheel thermoacoustic system using Egs. (6) and (7). For
this purpose, we determine Wioop, Wioss, and the unknown
parameters Z and F; in Sec. IV.

III. EXPERIMENTAL SETUP

The flywheel thermoacoustic engine in Fig. 1 is built
for the experimental verification of our analysis. The
engine subsystem consists of a main tube with an inner
diameter of 40 mm and a feedback tube with an inner
diameter of 12 mm. The length of the loop is 672 mm
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FIG. 2. The real and imaginary parts of the measured acoustic
impedance as a function of the frequency f : (a) Re[Z]; (b) Im[Z].
The curves are drawn for a temperature difference AT over the
range from 0 K to 250 K.

along the centerline. The regenerator is constructed using
a 35-mm-long stack of 30-mesh screens (0.22 mm wire
diameter). The heat exchangers consist of parallel plates
that are 15 mm in length and 0.5 mm in thickness. The
plates are evenly aligned (1-mm spacing). The hot heat
exchanger, located below the regenerator, is wrapped in
electrical heater wire, whereas the cold heat exchanger at
the top of the regenerator is wrapped by a cooling-water
pipe. The cooling-water pipe is also used below the hot
heat exchanger to avoid excess heating of the main tube
near the branch-tube connection point. The working gas is
air at atmospheric pressure. The gas temperature is main-
tained at ambient temperature, except in the region near the
hot heat exchanger. Temperatures 7 and 7¢ at the sides of
the regenerator are measured by thermocouples inserted in
the main tube.

The load subsystem consists of a glass piston, a connect-
ing rod, and a flywheel. The piston weighs M = 0.16 kg
and measures 36 mm in diameter. It moves smoothly in
a glass cylinder having a cross-section area S = 1.02 x
1072 m?. The connecting rod links the piston to a crankpin
fixed on the flywheel. The crank radius 7, indicating the
distance between the crankpin and the rotation axis of
the flywheel, is adjustable (5 mm, 10 mm, or 20 mm).
The displacement amplitude of the reciprocating piston
is set equal to ». The flywheel is a cylindrical brass disk
weighing 0.24 kg and its mass moment of inertia is / =
1.39 x 10~* kg m?.

For the measurement of the acoustic pressure, we use
a pressure transducer (DD104, JTEKT) placed on the
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FIG. 3. (a) The temporal change of the rotation frequency
observed in the freely rotating state of the piston-flywheel assem-
bly. (b) Close-ups of the (bl) w-t and (b2) 6-¢ relations for
the 10-mm curve, respectively. (c) The power consumption
derived from the temporal behavior as a function of the rotation
frequency. The curve-fitting results are shown by dashed curves.

branch-tube wall. The rotation angle 6 and angular veloc-
ity @ =6 are measured using a rotary encoder module
(MG-30, Microtech Laboratory Inc.) having a circular disk
with 360 slits, a pulse counter (CNT723, Cocoresearch
Inc.), and a frequency-to-voltage converter (KAZ-Mighty,
Cocoresearch Inc.). The analog output voltages of the
pressure-transducer amplifier, the pulse counter, and the
frequency-to-voltage converter are recorded using a mul-
tichannel analog-to-digital converter connected to a per-
sonal computer. The signal from the rotary encoder is also
monitored. The maximum rotation frequency used in this
study is 15 Hz, because the mechanical vibrations become
excessive above this frequency.

IV. DERIVATION OF MODEL PARAMETERS

A. Acoustic impedance

To measure the acoustic impedance Z, the flywheel
thermoacoustic engine is maintained in a thermal steady
state by steady heat input via the hot heat exchanger and
cooling water at the cold heat exchanger. The cold heat
exchanger temperature 7¢ is maintained at 296 K dur-
ing the experiment. The crank radius is set to » = 10 mm
for this measurement. The flywheel shaft is connected to
an external motor using a pulley-belt combination. The
flywheel is driven by the motor at a constant angular fre-
quency, leading to gas oscillations in the looped tube at the
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same frequency. Temporal changes in crank angle 6 (¢) and
acoustic pressure p(f) are recorded. These measurements
are repeated for various values of motor speed by ele-
vating the temperature difference AT = Ty — T¢ between
the hot and cold heat exchanger temperatures from 0 K
to 250 K.

The piston displacement x,, (¢) is derived by inserting the
measured value of (¢) into Eq. (1). From the sinusoidal
curve fitting of p(#) and x,(f), the oscillation frequency
/. the respective amplitudes |P| and |X,| of p(#) and
x, (1), and the phase lead of p(7) relative to x,(¢) (= ® +
m/2) are determined. The obtained displacement ampli-
tude |X, | is very close to the nominal value (» = 10 mm),
with a relative error of less than 1%. The amplitude |V, |
of the volume velocity v,(f) is determined by |V,| =
27fS1X,|. Finally, we obtain the acoustic impedance Z =

|P/V,| exp(i®) for various sets of f/* and AT.

Figure 2 depicts the plots of (a) Re[Z] and (b) Im[Z]
as functions of /* parametrized using AT. The real part of
Z, Re[Z], is consistently positive when AT = 0 K because
of energy dissipation due to thermoviscous losses in the

FIG. 4. The power supplied from the
looped tube Wy, and the power consump-
tion Wi in the flywheel as a function
of the rotation frequency when the crank
radius is set to (a) 5 mm, (b) 10 mm,
and (c) 20 mm. The power supply Wigop
is determined for temperature differences
AT from 0 K to 250 K; W 1S the result
of the curve fitting described in Sec. IV B.
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looped tube. With increasing AT, Re[Z] becomes negative,
meaning that the output power resulting from the ther-
moacoustic energy conversion in the regenerator region
overcomes the energy dissipation in the looped tube. The
imaginary part of Z, Im[Z], is consistently negative and
inversely proportional to /', almost independent of AT,
indicating that the looped tube can be regarded as an acous-
tic compliance rather than an acoustic inertance [33]. By
using the derived acoustic impedance Z, we can estimate
the acoustic power Wiy, from Eq. (8) in addition to Re[Z]
and Im[Z].

B. Loss parameters of the flywheel

Here, we consider the load subsystem alone, without
any connection to the engine subsystem. The mechanical
energy E of the load subsystem is given by the sum of the
kinetic energies of the piston and flywheel and the potential
energy due to gravity:

1 1
E = SM(rosin 0) + Elwz + Mg (I —rcos). (10)

044079-5



WATANABE, SHOJI, BIWA, and PENELET

PHYS. REV. APPLIED 18, 044079 (2022)

(a) 15 | | | i
‘e
— AT T
10~ Aghe-C ¢
~ A .‘.
=~ (4
5+ ¢ -
0 | | |
(b) 15 I I I ]
Y
- _Ae
~ 10 — ,A.’r." 1
2
51 A® _
0 | | |
| | |
(¢) 15— —
<10+ /,50—"‘( e -
z A°
= 51 A® —
0 | | |
50 100 150 200 250
AT (K)
FIG. 5. The rotation frequency f as a function of the tempera-

ture difference AT: (a) » = 5 mm; (b) » = 10 mm; (¢) » = 20 mm.
The solid circles represent the frequencies observed in the com-
bined flywheel thermoacoustic engine, whereas the triangles
show the frequencies deduced from Fig. 4.

When the load subsystem is allowed to rotate freely after
the initial manual rotation, £ decreases with time, obeying

dE
E = - I/Vloss~ (1 1)
Therefore, the measurement of w and 6 allows us to esti-
mate the temporal change in £ and then determine Wy
without relying on a specific friction model. It should be
noted that Eq. (6) states the energy balance between the
time-averaged power supply and loss. Hence, we deter-
mine W using

Eioi —E;_
VVloss = _H—], (12)
li+1 — -1

where # is the jth time when 6 reaches a certain angle 6*

and £; denotes the mechanical energy £ when ¢ = #;.
Figure 3(a) shows the temporal changes in @ and 6 for

7 =15 mm, 10 mm, and 20 mm, observed experimentally

in the load subsystem. Figures 3(b1l) and 3(b2), respec-
tively, represent the magnified views of the w-f relation and
the simultaneously determined 6-7 relation for » = 10 mm.
Additionally, the times #; and #;+; when 6™ is set to 270° are
shown. The values of @ at #; 1+ are adopted in the derivation
of E; 1 using Eq. (10).

The power loss W) is depicted as a function of the rota-
tion frequency /' = @/(2m) in Fig. 3(c) for » = 5 mm, 10
mm, and 20 mm. The angle 6* is chosen from 0°, 90°,
180°, or 270°. The results indicate that the experimental
derivation of W is almost independent of the choice
of 6*, as the curves appear to generally follow the uni-
versal curve specific to the corresponding crank radius 7.
Although Eq. (9) indicates that W), is a linear function
of f, the experimental W), increases nonlinearly with f.
This result indicates that the proposed model oversimpli-
fies the actual friction mechanism. We apply a curve fitting
analysis on the results and find that the curve

Wioss = a].f + a3.f3 (13)

yields satisfactory results with the fewest modifications
[34]. The fitting results are shown by the dashed curves in
Fig. 3(c). The parameter F; is determined from the coef-
ficient a; of the fitting results. The experimental W), and
F, values thus obtained can then be used to analyze the
energy balance and the w-6 relation.

V. RESULTS AND DISCUSSION
A. Energy balance

The energy balance between Wi,.p, the power supplied
from the loop, and W, the power consumed by the
piston-flywheel assembly, is plotted against the rotation
frequency f in Figs. 4(a)4(c) for the cases with crank
radius » = 5 mm, 10 mm, and 20 mm. It should be noted
that Wisop and Wi, are determined individually using the
experiments described in Secs. IV A and IV B. We find that
Wisop gradually increases with the temperature difference
AT and reaches a maximum at a certain /. We also observe
that W.s monotonically increases with f, as shown in
Fig. 3. More importantly, these curves have crossing points
where the energy balance Wioop, = Wiess 1s satisfied.

We now focus on a crossing point when A7 = 170 K
and » = 5 mm as an example. The frequency f; = 11 Hz
at that point yields the steady-rotation frequency of the
present flywheel thermoacoustic engine. If the rotation
frequency is below f, the engine will speed up because
Wioop > Wioss, meaning that the excess power supply
increases the rotation frequency. However, if the frequency
is above f;, the engine slows down until f = f; is reached
because Wioop < Wiess. The frequency f; represents the
stable rotation frequency of the flywheel thermoacous-
tic engine because the rotation frequency approaches f;
after some time. Figures 5(a)-5(c) summarize the relation
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FIG. 6. The experimental w-6 relation observed in the combined flywheel thermoacoustic engine when AT is changed: (a) r =

5 mm; (b) » = 10 mm; (c) » = 20 mm.

between f; and AT and also illustrate the steady-rotation
frequency versus AT that is experimentally obtained in the
present flywheel thermoacoustic engine. We observe good
agreement between f; and the measured steady-rotation
frequency, which provides experimental evidence that the
rotation frequency of the flywheel thermoacoustic engine
is determined through the energy-balance equation given
by Eq. (6).

It is worth noting that a secondary crossing point can
be found in Fig. 4(b) when f, = 3 Hz and AT = 81.5 K.
If f is slightly greater than f,, then f* increases because
Wisop > Wioss; if f is slightly less than f,, f decreases
because Wigop < Wiess. That is, f moves away from f, in
both cases and the engine eventually ends up spinning at
a rotation frequency of f; or reaches its rest state when
f = 0. Therefore, this point identifies the unstable rota-
tion frequency. Indeed, a corresponding temporal change
is observed in the flywheel engine, as reported in our
previous study [28].

The energy balance shown in Fig. 4 provides a hint of
how to increase the shaft power that can be extracted from
the present flywheel engine. The shaft power is given by
AW = Wieop — Wioss When the external load is connected
to the shaft of the flywheel. When AT = 250 K, the max-
imum shaft power AW = 18 mW is achievable for » =
5 mm at f = 8.9 Hz. For the cases involving » = 10 mm
and 20 mm, the values of the maximum shaft power AW
are 82 mW and 340 mW, respectively, at f = 8.9 Hz. Thus,
the attainable shaft power can be estimated before per-
forming real experiments with an external load. Therefore,

the energy-balance plot serves as a guide for selecting the
most suitable external load.

B. w-0 relation

Figures 6(a)-6(c) present the 6 dependence of the
instantaneous angular velocity @ for » = 5 mm, 10 mm,
and 20 mm, respectively. The measurements are made
using the flywheel thermoacoustic engine shown in Fig. 1,
operated in the steady-rotation mode. The temporal aver-
age of w increases with AT as shown in Fig. 5. In addition,
the fluctuation of the instantaneous angular frequency w
is greater for » = 20 mm compared to that for » = 5 mm.
We also note that a local maximum appears at 6 =
when » = 20 mm, whereas a minimum is found at = 7
when » = 5 mm. Such rotational dynamics are correctly
described by Eq. (7).

For comparison, we reproduce the w-0 relation shown
in Fig. 7 by inserting the experimentally obtained param-
eters Z and F; into Eq. (7). The offset value is deduced
from the average of w in Fig. 6. The w-6 relations in Fig.
7 are very close to those shown in Fig. 6, meaning that
the rotation dynamics are essentially governed by Eq. (7),
which is derived from the equation of motion. Investiga-
tion of each term on the right-hand side of Eq. (7) indicates
that the term proportional to cosd is dominant when w is
small and the term proportional to cos 26 becomes domi-
nant when @ becomes large. The local maximum at 6 =
when » =20 mm reflects the enhancement of the term
Mr?*@/(41) cos 26 by a factor of 72
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FIG. 7.

The w-6 relation estimated by using Eq. (7), for various AT values: (a) » = 5 mm; (b) » = 10 mm; (¢) » = 20 mm. The

experimental results observed in the flywheel thermoacoustic engine are replotted using pale colors for comparison.

We can now state that the rotation dynamics of the fly-
wheel thermoacoustic engine are described well by Egs.
(6) and (7). In contrast, the working conditions of the ther-
moacoustic engine with a linear load are specified by the
following relation:

(14)

Zloop = Zioad>

where Zj,,q denotes the acoustic impedance of the linear
load [20,21]. This relation originates from the continuity
of the volume velocity and pressure at the connecting point
of the looped tube and the linear load. Because the acous-
tic impedance is a complex quantity, Eq. (14) requires
that Re[Zioop] = Re[Zioad] and Im[Zjyop] = Im[Zjgaq]. The
first equation can be interpreted as the energy balance
between the looped tube and the linear load. The sec-
ond equation indicates that the working conditions are not
determined solely by the energy balance. Therefore, one
needs to adjust the inertance and compliance of the acous-
tic load. For a flywheel thermoacoustic engine, the energy
balance is the necessary condition for the engine to operate.
Therefore, an important quantity is Re[Z] in the flywheel
thermoacoustic engine. When Im[Z] changes, ' changes
accordingly without changing the average rotation fre-
quency ®. Therefore, one can concentrate on Re[Z] when
designing an engine subsystem using a looped tube. Such
a difference may lead to a different looped-tube design
based on whether it is connected to a linear or rotational
load.

VI. CONCLUSIONS

To conclude, we derive the equation of motion for the
flywheel under the assumption of a steady-rotation state
and transform it into two equations: one for the energy
balance and the other for the relation between the rotation
speed and rotation angle. These equations are verified by
the experimental results separately obtained for the engine
and load subsystems. Specifically, the steady rotational
frequency is determined by the real part of the acoustic
impedance Z of the engine subsystem independent of the
imaginary part of Z, whereas the imaginary part of Z only
affects fluctuations in the rotational speed. The equation
of motion given by Eq. (2) can also be used to discuss
the libration motion [28] of a flywheel thermoacoustic
engine. A more comprehensive study including a transition
from libration motion to rotation motion is left for future
research.
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APPENDIX
We integrate Eq. (5) with respect to time, focusing on

the sign reversal of sgn(sin #). The results are as follows:

W' (f) = A(t) — A(0) + B(D) + ' (0) (A1)
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for0 <t < m/w and

/ _ _ z / z
W' (f) = A(f) — A (5) L CU) +w <w> (A2)
form/w <t < 2m/w, where
Mr*o _ Mgr
A = cos 2wt + —— cos wt
wl
rSZ| .
i sin(Qwt + ), (A3)
2
B(t) = —Mat + Ii—dr(cosat — 1), (A4)
21 wl
2
Cit) = —M(Et —7)+ @(— cosat — 1).
21 wl

(AS)

To obtain Eq. (6), we use the continuity of @'(f). By letting
t=n/winEq. (Al) and t = 27/ in Eq. (A2), then

o (%) =4 (%) —A(0)+ B (%) +@(0)  (A6)
and
E)2)
we(Z)+a (D). @

respectively. Adding the equations and using «'(0) =
o' 2r/w) and A2n /w) = A(0) yields

2
B (Z) e (é) —0. (A8)
w w
Using Eqgs. (A4) and (AS5), we find that
T 2
5(Z)=c(%)

(rS)’Re[Z] Fur

=——F7"7—-2—

21 wl
=0, (A9)

from which we obtain Eq. (6).

To obtain Eq. (7), we use the relation

2n /@
/ @' () dt=0
0

and determine «’'(0) and (7t /). Inserting Egs. (A1) and
(A2) into the relationship above yields

(A10)

[—A(O) W (0)—4 (%) to (2)] n

®
/o 2w /o
+/ B(¥) dt—i—/ C(H)dt=0. (A11)
0 /o
It is possible to show that
T/® 21w [w
f B(?) dt—i—/ CHdt=0 (A12)
0 /o

after some calculations using Egs. (A4) and (AS5), and
using Eq. (A9). Therefore, we are left with
o (2) — A(0) — ' (0) + 4 (Z) (A13)

) D)

From a comparison with Eq. (A6), we can state that

@' (0) = 4(0), (Al4)
such that
TN (T
JE@)=aE) e
Finally, Egs. (A1) and (A2) can be rewritten as
F, 2wt
o' (f) = A®t) + _—dr (coswt -1+ i) (Al6)
ol b4
for0 <t < 7w /w and as
F, 2(wt —
W' (6) = A(t) + =2~ [— cos@t — 1 + M] (A17)
ol b4

form/w <t <2n/w.

Figure 8 presents the functions G;(f) = coswt—
14+ 2wt/r (0 <t<m/w) and G,(f) = —coswt — 1 +
2@t —m)]/7w (r/w <t <2m/w). It is found that two
functions defined in different regions can be approximated
by a single function of z. In this study, we use D sin 2wt,
where D = 0.21 is determined by least-squares fitting.
Therefore, the fluctuating part ' can be expressed as

/ Mgr _
w'(f) = — coswt + cos 2wt
wl
(rS)*|Z|
4]

o Fgr .
sin(Qwt + &) + 0.21 =7 sin 2wt,
1)
(A18)

which can be transformed into Eq. (7).
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FIG. 8. The functions G;(f) and G,(f) (solid curves). The

dashed curve shows the sine-fitting result.
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