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Topological crystalline insulators (TCIs) capable of supporting topological states protected by spatial
symmetries have given rise to a promising platform for wave manipulation due to their robustness. Unfor-
tunately, the methods to control the group velocity of topological states in classical wave systems are
rarely discussed, which is an important issue in practical applications. In this work, we propose a method
to change the frequency and propagation speed of topological edge states through on-site potential and
realize a prototype of topological rainbow concentrator in a resonant acoustic system at subwavelength,
which can separate different frequency components of propagating sound waves. The concepts of classi-
cal wave systems are combined with condensed matter physics, and the rigorous correspondence of TCIs
and their analogs in acoustic resonant systems is demonstrated to design topological acoustic devices.
Further, the implementation of controlling the group velocity of topological states precisely in a two-
dimensional Su-Schrieffer-Heeger model is presented in detail, which can be extended to other TCI models
and higher dimensions. We hope this work will enlarge possible applications of topological phenomena

and the manufacture of acoustic devices.
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I. INTRODUCTION

Originating from condensed matter physics, topological
phases of matter that support robust one-way edge states
have rendered possibilities for dissipationless wave manip-
ulation in classical wave systems [1—6]. More recently,
the concept of topological crystalline insulators (TCls)
supporting higher-order topological states has greatly
broadened the material search for classes of topological
insulators [7—12]. Distinct from conventional topologi-
cal insulators, the topological phases of TCIs are pro-
tected by certain spatial symmetries of the bulk lattice and
originate from the boundary-induced filling anomaly of
fractional charges [13,14]. So far, TCIs have been success-
fully implemented in optics [15-21], mechanics [22,23],
microwaves [24], circuits [25,26], and acoustics [27—36].

For the class of spinless and time-reversal invariant
topological crystalline insulators, the topological states
characterized by bulk polarization are relatively easier
to implement in classical wave systems, which naturally
provide an ideal platform to trap the wave with specific
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energy (frequency) robustly at the boundaries or the cor-
ners of the structure. However, although a lot of careful
researches demonstrate the topological states in TCIs theo-
retically or experimentally, the propagation properties such
as the group velocity of the topological state are rarely
discussed, which is an important problem in practical
applications of TCIs. An example is utilizing topological
states to implement rainbow-trapping. Rainbow-trapping,
which separates and traps waves with different frequen-
cies at different spatial positions, has been presented in
electromagnetic wave systems [37—47], acoustic systems
[48—50], and mechanical systems [51-56]. In these works,
researchers use various methods to control the dispersion
relationship of waves in different systems, so that waves
can be localized at different locations in space. Some recent
works have implemented rainbow-trapping in topological
states [57—62]. The in-gap mode is slowed without reduc-
ing the bulk band gap, which remains protected against
strong disorder. However, existing methods often require
an additional region or changes to the lattice in bulk. From
an application point of view, a method that can directly
control the propagation velocity of topological states at the
boundary is needed.

The purpose of this work is to present a method of
controlling the propagation velocity of sound waves in

© 2022 American Physical Society
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FIG. 1.
(d) The boundary-localized state isolated in the lower gap. (e) The

the topological states of TCIs at different frequencies in
order to achieve acoustic rainbow-trapping. Based on a
two-dimensional (2D) Su-Schrieffer-Heeger (SSH) model,
we demonstrate the rigorous correspondence between the
impedance of classical wave systems and the hopping and
on-site terms of tight-binding models, which reveals that
instead of adding deformation to the bulk, the frequencies
and the group velocities of edge states can be precisely
and independently controlled by merely tuning the sur-
face impedances of metamaterials. This feature naturally
provides a promising platform for topologically protected
wave trapping, and a prototype of a subwavelength topo-
logical rainbow concentrator is experimentally presented.
In particular, we show that the trivial environment is not
actually required, which reduces the volume of the entire
structure.

II. THE ACOUSTIC TOPOLOGICAL
CRYSTALLINE INSULATOR AND ITS
ON-SITE POTENTIAL

We focus on linear classical wave systems and start with
a typical 2D SSH model as depicted in Fig. 1(a). The
inset shows the corresponding acoustic structure, which
simulates atoms with cavities and hoppings with tubes.
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(a) Schematic of the 2D SSH model. (b) Energy spectrum of the periodic structure. (¢) Energy spectrum of the finite structure.

“zero-energy” corner-localized state degenerate with bulk states.

Figure 1(b) shows its band structure for the parameters
a. =30 mm, [, = 120 mm, /, =20 mm, r, = 1.5 mm,
and r, =4 mm. Here, the intra- and interlattice induc-
tances connecting the cavities are defined as L,, and L,,
while the capacitance of the cavities is C, which can be
obtained according to the geometrical parameters of the
structure. w is the angular frequency of the Bloch wave
function. For the bulk lattice, the wave equation in the form
of the Schrodinger equation in the momentum space can be
written as
A = W, (1)
where Wy, = [V/1, ¥, V3, ¥4]7 is the Bloch wave function
in the bulk lattice and
G = —Qw +2v) 44 + I, (2)
where w and v are the intra- and interlattice hopping
terms, respectively, and l44 is the unitary matrix. 7
is a Hermitian matrix where J¢13 = J0, = w + ve™ and
Sy = IG5 =w+ ve~ ™ and the others are zero compo-
nents. In the present model, the rigorous correspondence

between the hopping terms and the impedances can be
directly obtained as w = —1/L,,C and v = —1/L,C. Here
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(a) The ribbon structure truncated in the y direction and periodic in the x direction. The outermost tubes are marked in blue.

(b) Energy spectrum of the ribbon structure. (¢) Sound pressure field distribution of topological edge states when ka = 0. (d) The
spectrum of edge states with different / of the ribbon structure. (e) The group velocity of the edge state at 279 Hz as a function of /.

w=—251 x10° Hz> and v = —8.17 x 10° Hz? (see
Supplemental Material [63]).

The higher-order topology of the nth band protected
by C4 symmetry can still be characterized by the dipole
moments 2" = (PN, yy(")), where [64]

1\2
nm _ _ / 2
P = <_27'r> leZ Tr[. x1d°k, 3)

where [ ;11 = —i(Y; |8 |¥) (G =x,p) is the non-
Abelian Berry connection, p and ¢ running over the occu-
pied bands. The “1BZ” represents the first Brillouin zone.
In addition, a corner-induced topological quadrupole index
can also be defined as [65]

Dy =Y PNPD. (4)

n=1

For two occupied bands condition, ) = 2V = 2, =
0.5 when v > w indicates that the topological edge states
and corner states are predicted to emerge at the boundaries
and corners of a finite structure with open boundaries, as
shown in Figs. 1(c)}-1(e).

One intrinsic consideration of the theoretical models
is that chiral symmetry is perfectly preserved even if
in the open-boundary condition, and therefore boundary-
localized modes are predicted to be pinned to zero energy
(midgap); even in much of the experimental studies, on-
site potential is always considered independent. Neverthe-
less, as demonstrated in Eq. (2), the on-site potential is
strongly coupled with the hopping terms in real physical
systems. Therefore, for a finite structure, if without rigor-
ous compensations in the boundary lattices, chiral symme-
try breaking of the corresponding lattices will inevitably
result in the shift of the on-site potential [12]. For example,
for a Cy-symmetric acoustic system with absolute hard-
wall boundary condition or optical system with perfect
magnetic conductorlike boundary condition, the surface
impedance being Z = oo yields these terms in the bound-
ary lattices to be £2%€° = —2w — v, while the on-site poten-
tial of the atoms in the corner lattices is ™" = —2w.
What is more, under the same conditions, the lengths of
the outermost tubes directly determine their impedance. In
the Supplemental Material, we deduce the mathematical
relationship between the two [63]. From this point of view,
we can change the length of the tube at the corresponding
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(a) The lengths of the outermost tubes / vary with their sites ina 7 x 7 structure. (b) Eigenfrequency spectrum of the rainbow

concentrator. Movement of the boundary-localized states with frequencies of (c) 268 Hz, (d) 408 Hz, (e) 534 Hz, and (f) 615 Hz.

position in the acoustic model to change the on-site poten-
tial of a certain position.

III. CHANGE THE GROUP VELOCITY OF
TOPOLOGICAL EDGE STATE

Crucially, we argue that the intrinsic chiral symmetry
breaking is the key to shift the frequencies of the topo-
logical states and change their group velocities. Although
the emergence of the topological states is determined by
the bulk topology, due to the natural property of the edge
states and corner states that these states trapped within
the boundary lattices exponentially attenuate into the bulk,
the energy (frequency) of the topological states mainly
depends on the on-site potential of the surface atoms in
the boundary lattices; namely, the topological states and
the trivial bulk states are independent of each other, even
if they can be degenerate. As a result, this particular feature
indicates that, by controlling the on-site potential, i.e., the
surface impedances in the classical wave systems, of the
boundary lattices, the frequencies of the edge states and
corner states can be shifted precisely and freely.

To explain this, based on the theoretical model discussed
above, we construct a ribbon structure truncated in the
x direction and periodic in the y direction with the unit
cell in Fig. 2(a). We deliberately add additional on-site

potential to the up-and-down boundaries by changing the
lengths [ of the outermost tubes as shown in Fig. 2(a).
The nontrivial properties of the bulk lattice determine that
there will be gapless edge states on the upper and lower
boundaries as shown in Fig. 2(b). The sound pressure field
distribution of topological edge states in the two gaps
is shown in Fig. 2(c). However, the differences in on-
site potential at the boundaries cause their frequencies to
shift. Correspondingly, the frequencies of the edge states
in the first gap with different / are presented in Fig. 2(d).
It is clear to see that the edge states will always exist
in the first gap, but their frequencies will shift with /.
Analogous to condensed matter physics, this acoustic phe-
nomenon arises from the effect of on-site potential on
topological states, which is clearly demonstrated in the
Supplemental Material through the analytical solution of
topological states in a 1D SSH model [63]. This result also
indicates that the topologically trivial environment is not
essential.

In this way, the edge states can be tuned precisely to
trap the waves with specific frequencies without impacting
the bulk topology. Such property indicates the promising
application of TCIs as topologically protected frequency
concentrators. In fact, the energy band in Fig. 2(d) is
the dispersion relation of the edge state, from which we
can calculate the group velocities ¢, of the edge state
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blue dots are the locations of sound sources.

through ¢, = dw/dk. For example, Fig. 2(e) shows the
group velocity of the edge state at 279 Hz as a function
of [. It is worth noting that when / approaches 80 mm
at 279 Hz, the group velocity gradually tends to 0. In
this case, the sound wave is in a stationary state, which
means that the energy of the sound wave is localized
in a certain position. At different frequencies, the group
velocity ¢, = 0 corresponds to different /. This provides a
theoretical basis for us to achieve the separation of differ-
ent frequencies in an acoustic rainbow. Another essential
feature of the 2D SSH model is that the nontrivial topol-
ogy exists only when v/w > 1. When |v| is much larger
than |w|, the gaps are wider and the edge states exponen-
tially attenuate into the bulk faster; crucially, the coupling
oscillations of the atoms within the lattices can be approx-
imately neglected. Therefore, for large v/w, the shift of
the on-site potential of the paired interlattice atoms would
hardly affect the other pairs, which implies that the topo-
logical states trapped within the corresponding lattices can
be tuned independently (see Supplemental Material [63]).

IV. THE IMPLEMENTATION OF TOPOLOGICAL
RAINBOW-TRAPPING

Rainbow-trapping, which refers to separate different
frequency components of a wave at different spatial posi-
tions, is designed by controlling the dispersion in com-
posite materials. Recently, interesting research achieved a
topological rainbow concentrator of photonic crystals

using synthetic dimensions in scattering-type photonic
crystals [59]. By comparison, in our design the acoustic
TCls are based on resonant systems, which allow size of
the structures to be much smaller than the wavelength.
Further, our model strictly corresponds to the discrete
2D SSH model, which makes the process more conve-
nient. We can determine the parameters in the Hamiltonian
such as hopping and on-site potential according to the
required frequency range. Then, according to these param-
eters in theoretical models, the impedances of the required
acoustic structures can be calculated, and finally the geo-
metric size of the actual sample such as the volumes of
the cavities and the lengths and radii of the tubes can be
determined.

We construct a finite 7 x 7 structure, in which the
lengths of the outermost tubes vary with their sites as
shown in Fig. 3(a), to demonstrate the ability to dwell
sound waves at a specific frequency in the gap. The eigen-
frequencies of this structure are shown in Fig. 3(b). It can
be seen that a series of edge states appear in the forbidden
band from 150 to 620 Hz. In our design, the location where
the sound waves stop varies with frequencies, as shown
in Figs. 3(c)-3(f). As illustrated in Fig. 4(a), we make a
sample with 3D-printing technology to confirm this point.
In order to place the sound source or measure the sound
field at a certain position, the cavity at the correspond-
ing position is perforated in which to place the speaker
or microphone. The sound source is placed at different
positions on the boundary, and the frequency response at
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(a) The lengths of the outermost tubes / vary with their sites. The sound source is placed in the cavity at site 1. The inset

shows the experimental configuration. (b) The propagation of sound waves of different frequencies. (c) Sound pressure field map at

different frequencies.

the adjacent cavity is measured by sweeping the frequency.
Figure 4(b) shows the measured intensity spectra of
different sites. For a certain position, if the group
velocity of the sound wave is zero at a certain frequency,
then the energy of the sound wave is localized at that posi-
tion. Thus, a peak of intensity occurs at that site and at that
frequency. The peak of energy intensity moves with fre-
quency f* and site number » and then forms the bright strip
in Fig. 4(b). This strip should be consistent with the curve
formed by all points (n,f) in Fig. 4(b) satisfying c(n,f) =
0, where ¢, is regarded as a function of frequency f* and
site number n. The curve satisfying c,(n,f) = 0 also can
be obtained from the simulation results in Fig. 3. In the
simulation calculation for solving the eigenmode, each
eigenmode corresponds to a frequency f and a site num-
ber n where the sound energy density is the largest, and
these points (n, f) form the blue line in Fig. 4(b). This line
is in the bright strip in Fig. 4(b), which is consistent with
our expectation. In order to determine the eigenmode of
the actual structure, we excite the sound source at the cor-
responding location (blue dots) and at the corresponding
frequency (268, 408, 534, and 615 Hz), and measure the

sound field in all the cavities, as shown in Figs. 4(c)—4(f).
Figures 4(c)-4(f) indicate that the measured sound fields
match the simulation results in Figs. 3(c)-3(f).

According to Fig. 4(b), once the surface impedances are
continuously distributed in a gradient at the boundaries,
topologically protected broadband rainbow-trapping can
be realized [37—39]. The ability of acoustic rainbow local-
ized sound waves of different frequencies is shown under
the excitation of a fixed sound source. We used 5 x 15 unit
cells to design a nontrivial interface with the relationship
between the lengths / and the positions of the outermost
tubes as shown in Fig. 5(a). The sound source is placed
in the cavity at site 1. We measure the acoustic energy of
the cavity at the boundary at a frequency ranging from
275 to 295 Hz. The propagation of sound waves in the
boundary lattice of different frequencies is shown in the
Fig. 5(b). It can be seen that the propagation distance of
sound waves of different frequencies is different. For exam-
ple, we measure the sound field distribution of the entire
structure at different frequencies (275, 285, and 295 Hz) as
shown in Fig. 5(c). As we can see, the higher the frequency,
the farther the sound waves travel. This allows the sound
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waves of different frequencies to be separated, forming an
acoustic rainbow.

Compared with other works on this topic, we directly
change the group velocity of the edge state, operating only
on the boundary without changing the bulk lattice. Most of
the entire structure does not need to be changed when reg-
ulating rainbow-trapping. The rainbow-trapping occurs at
the boundary of a nontrivial structure and does not require
additional regions. Besides, our model is based on reso-
nance rather than scattering, which facilitates the design
of subwavelength structures. All parameters of the model
can be calculated using acoustic parameters, which facili-
tates the design of structures given the expected working
frequencies.

V. CONCLUSION

In conclusion, we propose that the frequency and group
velocity of topological edge states can be controlled by the
on-site potential, and realize broadband rainbow-trapping
based on a prototype of an acoustic topological concen-
trator. We link the concepts in classical wave systems
with condensed matter physics theory, and demonstrate
that tuning the surface impedance of an acoustic topologi-
cal insulator at the boundary is an effective way to control
the topological state, which in the theoretical model cor-
responds to tuning on-site potential at the boundary. We
obtain a rigorous mathematical relationship between the
geometrical parameters of the structure and the Hamil-
tonian in the theoretical model, which helps to design a
specific acoustic device more efficiently. Based on these
considerations, topological rainbow-trapping is achieved.
Topological properties of edge states make it robust com-
pared to traditional methods, while the resonant nature of
the structure makes subwavelength and broadband opera-
tion easier to achieve. We hope this work can be helpful
for acoustic devices related to spatial modulation and pro-
vide a versatile platform for the design and application of
topological materials.
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