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We propose a free-space, inverse design of a nanostructure’s effective mode-matching fields via a back-
ward propagation of tightly focused vector beams to the pupil plane of an aplanatic system of high
numerical aperture. First, we study the nanostructure’s eigenmodes without considering any excitation
fields and then extract the modal near fields in the focal plane. Each modal field is then taken as the desired
focal field, the band-limited waves of which are backward propagated to the pupil plane via a reversal of
the Richards-Wolf vector diffraction formula. The pupil fields can be designed to be genuinely paraxial
by associating the longitudinal electric or magnetic field component with the radial one on the reference
sphere. The inversely designed pupil field in turn is propagated forwardly into the focal region to generate
the designed focal field, whose distribution over the nanostructure’s surface is used to evaluate the over-
lap between the designed focal field and the modal fields, i.e., the modal expansion coefficients. Studies
for a silicon nanodisk monomer, dimer, and tetramer demonstrate the ability of our inverse approach to
design the necessary tightly focused vector field that can effectively and exclusively match a certain eigen-
mode of interest. Compared with the forward beam-shaping method, the inverse design approach tends to
yield quantitatively more precise mode-matching field profiles. This work can have a significant impact
on optical applications that rely on controllable and tunable mode excitation and light scattering.
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I. INTRODUCTION

A strong local field in plasmonic or high-index dielec-
tric nanostructures is beneficial for boosting a variety of
optical effects, via an enhanced interaction between the
strong light field and nanostructures. In contrast to plas-
monic systems, high-index dielectric nanoparticles, such
as silicon nanodisks [1–4], do not suffer from strong
optical losses but still sustain deep subwavelength field
confinements [5]. Moreover, all-dielectric nanostructures
have been demonstrated to be versatile semiconductor-
compatible nanophotonic devices for directional scattering
[1], near-field mapping of optical modes [6], tailoring
second-harmonic [7–9] and third-harmonic [10] genera-
tions, anapole-enhanced Raman scattering [3], etc. With
recent advances, all-dielectric nanostructures form promis-
ing basic building blocks that complement or even replace
the plasmonic counterparts in modern nanophotonics [5].

At certain frequencies the local field enhancement
achieves maximum values (i.e., peaks), which is a phe-
nomenon described as optical resonance [5,11]. It is known
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that the resonance response can be tuned by varying the
size, shape, and dielectric environment of the nanostruc-
tures [12]. The resonance is commonly analyzed with
respect to a certain incident light field, such as a plane wave
used in previous studies [1,3,13], which, however, may
not probe all resonances [14]. Recently, it has been shown
that vector beams [15,16] with spatially varying polariza-
tion distributions can reveal otherwise hidden resonances,
such as the dark resonance detected by the radially or
azimuthally polarized cylindrical vector beams [17–19],
or the hybrid resonances by higher-order vector beams
possessing helical phase distributions [20,21].

The optical resonance response in nanostructures is
associated with the excitation of one or more modes [14]
that, strictly speaking, are independent of any external
excitation field and are hence intrinsically determined by
the optical properties of the nanostructure and surrounding
media. The resonance frequencies are generally isolated
poles in the complex frequency plane, a characteristic of
quasinormal modes [22]. At a fixed real-valued frequency,
however, a set of discrete eigenmodes [14,23] can be
defined. Modes in nanostructures have been investigated
by various approaches, including the electrostatic method
[24–26], and several rigorous full-wave analyses based on
the Fourier modal method [27–29], transfer matrix method
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[30], finite element method [22,31], Green’s tensor method
[32], boundary element method (BEM) based on the
surface integral equations (SIEs) [14,23,33,34], etc.
Among them, BEM proved to be efficient, particularly
in modeling the interaction between the focused vector
field and nanostructures [21,35,36], because the numeri-
cal discretization as well as the corresponding focal fields
evaluation are reduced to two dimensions for a general
three-dimensional (3D) problem.

The excitation efficiency of an eigenmode scales with
the overlap between the modal and the applied incident
field profiles, as well as the corresponding eigenvalue [14].
An eigenmode’s near field in optical nanoantennas is vec-
torial and localized such that it may vary considerably
within a subwavelength scale, which is a fact that poses
a challenge to the choice of an excitation field with an
effective mode-matching profile. A free-space approach
to obtain such a mode-matching vector field is to shape
a focal field that is to match with the modal field, by
focusing a paraxial vector beam in an aplanatic system
with high numerical aperture (NA). A forward design
approach has been shown to yield spatially varying field
distributions for efficient hybrid mode excitations [21],
but a forwardly designed focal field is limited to a qual-
itative mode matching due to energy exchanges between
the radial and azimuthal field components in the focusing
process, and then a deviation of its field profile from the
designed pupil field’s. Alternatively, an inverse design is
versatile in shaping focal fields that potentially bring more
refined and effective mode-matching fields. The desired
focal field can be made to match directly the eigenmode’s
near field in a certain plane in the inverse design approach.
However, in the forward design method we can only match
the incident pupil field with an eigenmode’s near field. The
desired incident pupil field changes its distribution dur-
ing the tight focusing process due to the exchange of the
radial and azimuthal field components and the designed
focal field will not be the same.

In previous work of the inverse problem in a high-NA
aplanatic system, interest has mainly focused on the focal
field total intensity or a single component from which the
complex pupil field is retrieved. For instance, the depth
of focus can be optimized after determining the abbera-
tion and amplitude functions in a high-NA imaging system
[37], or even retrieving the birefringence from four focal
field intensity distributions generated by pupil fields of dif-
ferent polarization states [38]. A focal field with a null
longitudinal component is generated by azimuthally polar-
ized light [39]. Needle-, tube-, and bubble-shaped focal
field intensity distributions [40], a perfect polarization vor-
tex focal field [41], as well as a focal field of arbitrary
homogeneous polarization [42] are also investigated. How-
ever, a mode-matching focal field generally involves more
than one or all field components to be effectively matched
with both the amplitude and phase distributions of the

modal field, which has not been considered in previous
work.

In this work, we present an inverse design of the desired
focal field for effective mode excitation in optical nanoan-
tennas by taking into account all modal field components
and the inherent dependencies of all electric and magnetic
field components in the designed beamlike pupil, refer-
ence, and focal fields. Independent of any excitation field,
the eigenmodes are fully determined by the nanostructure’s
optical properties themselves and thus they are studied via
a BEM mode solver implemented through the Müller for-
mulation of the SIEs [43]. The modal fields in the focal
plane are evaluated via the Stratton-Chu surface integral
[44], and the extracted focal fields are propagated back to
the pupil plane by reversing the tight focusing process. The
best possible incident paraxial beams before focusing are
then obtained from solving an inverse problem governed
by the Richards-Wolf vector diffraction formula.

This work is organized as follows. In Sec. II, we study
the eigenmodes in nanostructures, where we review the
SIEs, describe the eigenvalue problem based on the Müller
formulation, and analyze the eigenmodes in a silicon
nanodisk monomer, dimer, and tetramer. In Sec. III, we
describe the forward and backward tight focusing pro-
cesses that are governed by the Richards-Wolf vector
diffraction formula. The degrees of freedom and strategies
in our inverse design are then discussed through a system-
atic study of the mode-matching field design in a silicon
nanodisk monomer, dimer, and tetramer. In Sec. IV, we
analyze the quality of the designed focal field in terms
of modal expansion coefficients, i.e., the overlaps between
the designed focal field and all the first twelve eigenmodes
considered in each nanodisk oligomer. Finally, conclusions
and perspectives are given in Sec. V.

II. EIGENMODES IN NANOSTRUCTURES

A. Surface integral equations

We first describe the eigenmode problem in optical
nanostructures using the SIE formulation. Without loss of
generality, the SIE formulation is reviewed for the case
of a single arbitrarily shaped 3D nanostructure, since it
is readily extended to more general cases of nano-object
ensembles. As shown in Fig. 1, the nano-object occu-
pying domain �1 contains a homogeneous and isotropic
medium with permittivity ε1 and permeability μ1. The free
space in domain �0 has optical properties ε0 and μ0. The
monochromatic electric and magnetic fields of harmonic
time dependence e−iωt in the scatterer and free space are
denoted by {E1, H1} and {E0, H0}, respectively, where ω is
the angular frequency.

Applying the field equivalence principle [44–48] to the
scatterer, we are interested in the fields {E1, H1} in domain
�1 and thus the fields elsewhere are not of interest. In
this regard, the fields {E0, H0} in domain �0 can take any
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FIG. 1. An arbitrarily shaped 3D scatterer in free space. The
scatterer that occupies domain �1 has permittivity ε1 and perme-
ability μ1, whereas domain �0 is free space with optical prop-
erties ε0 and μ0. The electric and magnetic fields are {E0, H0}
in free space and {E1, H1} in the scatterer. Two domains’ sur-
faces are correspondingly denoted by ∂�0 and ∂�1, and their
directions are determined by normal vectors n̂0 = n̂ and n̂1 =
−n̂. Equivalent electric and magnetic surface current densities
{J0, M0} and {J1, M1} are mathematically introduced on ∂�0 and
∂�1, respectively.

values, while the fields in �1 are kept fixed, which in
turn implies that the tangential fields over surface ∂�1 of
domain �1 should be unchanged, according to the unique-
ness theorem [48–50]. In the equivalent problem for the
scatterer, making the fields in �0 trivial, {E0 = 0, H0 = 0},
leads to an arbitrariness in the ε0 and μ0 values, and a
convenient choice is to take the same values as in the
scatterer with ε0 = ε1 and μ0 = μ1, i.e., the full-space
medium is homogeneous and isotropic. However, to main-
tain the tangential fields over ∂�1, equivalent electric
and magnetic surface current densities must be introduced
mathematically:

J1 = n̂1 × H1, (1)

M1 = −n̂1 × E1. (2)

Applying the Stratton-Chu equation [44] in the equivalent
problem for the scatterer, the fields of interest at a point in
the scatterer (r ∈ �1) can be evaluated by

E1(r) = iωμ1

∫∫
∂�1

[J1(r′)G1(r, r′)]dS′

− 1
iωε1

∫∫
∂�1

[∇′ · J1(r′)∇G1(r, r′)]dS′

+
∫∫

∂�1

[M1(r′) × ∇G1(r, r′)]dS′, (3)

H1(r) = −
∫∫

∂�1

[J1(r′) × ∇G1(r, r′)]dS′

+ iωε1

∫∫
∂�1

[M1(r′)G1(r, r′)]dS′

− 1
iωμ1

∫∫
∂�1

[∇′ · M1(r′)∇G1(r, r′)]dS′, (4)

where G1(r, r′) = exp(ik1|r − r′|)/(4π |r − r′|) is Green’s
function in the whole space of the equivalent problem, and
k1 is the wave number with k2

1 = ε1μ1ω
2.

In the equivalent problem for free space, the fields at a
point r ∈ �0 can be evaluated similarly by

E0(r) = E(i)
0 (r) + iωμ0

∫∫
∂�0

[J0(r′)G0(r, r′)]dS′

− 1
iωε0

∫∫
∂�0

[∇′ · J0(r′)∇G0(r, r′)]dS′

+
∫∫

∂�0

[M0(r′) × ∇G0(r, r′)]dS′, (5)

H0(r) = H(i)
0 (r) −

∫∫
∂�0

[J0(r′) × ∇G0(r, r′)]dS′

+ iωε0

∫∫
∂�0

[M0(r′)G0(r, r′)]dS′

− 1
iωμ0

∫∫
∂�0

[∇′ · M0(r′)∇G0(r, r′)]dS′, (6)

where the extra terms E(i)
0 and H(i)

0 account for the inci-
dent fields in �0, J0 = n̂0 × H0 and M0 = −n̂0 × E0 are
the equivalent electric and magnetic surface current den-
sities that are introduced mathematically to maintain the
tangential fields on ∂�0, and G0 is the full-space Green
function where the corresponding wave number is k0 with
k2

0 = ε0μ0ω
2.

To summarize, the fields in each region are compactly
written as

El = δl0E(i)
l + DlJl − KlMl, (7)

Hl = δl0H(i)
l + KlJl +

(
εl

μl

)
DlMl, (8)

where δl0 is the Kronecker delta and the integro-differential
operators are defined as

{Dlf(r′)}(r) = iωμl

∫∫
∂�l

[f(r′)Gl(r, r′)]dS′

− 1
iωεl

∫∫
∂�l

[∇′ · f(r′)∇Gl(r, r′)]dS′, (9)
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{Klf(r′)}(r) = −
∫∫

∂�l

[f(r′) × ∇Gl(r, r′)]dS′, (10)

with l ∈ {0, 1} the domain index. Therefore, for a given
point on the scatterer’s surface, we have, after taking the
operation n̂l× to Eqs. (7) and (8),

Jl = δl0J(i)
l + n̂l ×

[
KlJl +

(
εl

μl

)
DlMl

]
, (11)

Ml = δl0M(i)
l − n̂l × [DlJl − KlMl], (12)

where the current densities M(i)
l = −n̂l × E(i)

l and J(i)
l =

n̂l × H(i)
l are due to the incident fields in free space.

The N-Müller formulation [14,43] yields stable solu-
tions even at a low-frequency limit and it can be obtained
by combining the above two equations with weights μl and
εl, as well as taking into account the tangential field conti-
nuity at the interface (i.e., J = J0 = −J1 and M = M0 =
−M1),

(μ0 + μ1)J = (μ0n̂0 × K0 + μ1n̂1 × K1)J + μ0J(i)
0

+ (ε0n̂0 × D0 + ε1n̂1 × D1)M, (13)

(ε0 + ε1)M = −(ε0n̂0 × D0 + ε1n̂1 × D1)J + ε0M(i)
0

+ (μ0n̂0 × K0 + μ1n̂1 × K1)M. (14)

This can be further written in the compact form

(Z0 + Z1)x = b (15)

with the vector x = [J, M] containing the equivalent sur-
face current densities to be solved with the knowledge
of the tangential components of the incident fields b =
[μ0J(i)

0 , ε0M(i)
0 ]. We also invoked the matrix notation

Zl =
[
μl 0
0 εl

]
+ n̂l ×

[−μlKl −εlDl
εlDl −μlKl

]
. (16)

B. Eigenmodes

In the absence of an incident field b = 0 holds, and the
system may have nontrivial solutions at certain frequencies
(usually complex valued), each of them being associated
with a resonance mode of the optical system [14,22,23,33].
The resonance frequencies are generally isolated poles in
the complex frequency plane. At a fixed real-valued fre-
quency, however, we can find the scatterer’s eigenmodes

[14,33] by solving

(Z0 + Z1)x(m) = λ(m)x(m). (17)

Rewriting Eq. (17) in the form of Eq. (15), we have

(Z0 + Z1)
x(m)

λ(m)
= x(m). (18)

Comparing Eqs. (15) and (18), it is seen that an incident
field x(m), which is the mth eigenmode, yields a scattered
field x(m)/λ(m). In addition, an eigenmode associated with
a smaller eigenvalue λ(m) yields a stronger scattered field
x(m)/λ(m) when the scatterer is excited by an incident field
of x(m). Therefore, 1/λ(m) can be viewed as the scattering
strength associated with the mth eigenmode.

For a given eigenmode x(m) = [J(m), M(m)], we can
calculate its electric and magnetic fields E(m) and H(m)

everywhere, by invoking Eqs. (7) and (8),

E(m)

l (r) = DlJ
(m)

l − KlM
(m)

l , (19)

H(m)

l (r) = KlJ
(m)

l +
(

εl

μl

)
DlM

(m)

l , (20)

where the subscript l denotes the domain where the field at
a given point r ∈ �l is evaluated. Far fields can be obtained
by making the far-field approximation to the above equa-
tions, i.e., the scalar Green function’s exponential term is
factored into a stationary term and an oscillatory term [48].

C. Silicon nanodisks

1. Monomer

For the purpose of demonstrating the eigenmodes in all-
dielectric nanostructures, we study a silicon nanodisk in
air. The nanodisk has a thickness of h = 220 nm and a
diameter of d = 480 nm and it is situated at the origin
of the Cartesian coordinate system, as shown in the inset
of Fig. 2. The eigenvalues are solved in the wavelength
range [850, 1750] nm and the twelve dominant eigenmodes
are shown in Fig. 2. The eigenmodes sharing the same
1/|λ(m)| values are degenerate modes, whose fields are
of identical distribution but distinctively oriented. Treat-
ing the degenerate eigenmodes together, we observe seven
unique eigenmodes showing different resonance responses.
Mode M1 (M2) has a resonance wavelength around 1330
nm. Mode M3 (M4) does not show clear resonance as its
scattering strength value is flattened over a relatively wide
spectral range. Mode M5 is a nondegenerate mode show-
ing resonance scattering at 1675 nm. Mode M6 (M7) has
a relatively weak resonance near 1200 nm. Resonances
at two shorter wavelengths 970 and 1070 nm are associ-
ated with modes M8 (M9) and M11 (M12), respectively.
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FIG. 2. The reciprocal of absolute eigenvalues 1/|λ(m)| of the
first twelve leading eigenmodes in a silicon nanodisk in air as
a function of the wavelength. The nanodisk has a thickness of
h = 220 nm and a diameter of d = 480 nm and it is situated at
the origin of the Cartesian coordinate system (shown in the inset).
Each eigenmode is labeled M1 to M12, respectively. In the case
of degeneracy, one of the two degenerate eigenmode labels is
bracketed. These twelve eigenmodes are ranked by their 1/|λ(m)|
values at wavelength 1300 nm (the dashed line). In the filled gray
area below the zero horizontal line, the scattering cross section
(σsca) in arbitrary units is shown as the black curve when the
nanodisk is illuminated by an x-polarized plane wave.

Finally, mode M10 is weakly resonant across the entire
spectral range of interest. At this point, we emphasize that
the resonance wavelengths determined from the scattering
strength values are the genuine resonance wavelengths that
do not depend on any external incident field.

The calculated scattering cross section in arbitrary units
from the nanodisk when illuminated by an x-polarized
plane wave propagating along the z axis is shown as the
black curve in the filled gray area. The scattering cross
section under the illumination of a linearly polarized plane
wave shows a resonance peak near 1300 nm (the dashed
line), at which we have ranked the aforementioned eigen-
modes by their scattering strength values 1/|λ(m)|. It is
worth emphasizing that the excitation field is a plane wave,
which effectively matches and thus excites mode M1 (M2)
but no other eigenmodes. Therefore, the excitations to
other eigenmodes by the plane-wave field are weak and
the resonances associated with other eigenmodes do not
manifest themselves in the scattering cross-section spec-
trum. This also implies that we need to design the incident
vector fields to excite eigenmodes that are not observable
under a plane-wave excitation.

The corresponding near and far fields of the eigen-
modes at wavelength 1300 nm are inspected in Fig. 3, and
only one of degenerate eigenmodes, if any, is considered.
For visualizing both the electric and magnetic near fields
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FIG. 3. Near fields including the instantaneous electric ẽ(m)
n

(first row) and magnetic h̃(m)
n (second row) fields on the nan-

odisk’s surface, and far fields (third row) of a few leading
eigenmodes at wavelength 1300 nm for the same silicon nan-
odisk as in Fig. 2. Each column is for one eigenmode with its
1/|λ(m)| value given at the top.

with balanced amplitudes [51,52], we introduce the scaled
instantaneous electric and magnetic fields as

ẽ(m)(r, t) = √
ε0Re{E(m)

0 (r)e−iωt} (21)

and

h̃(m)(r, t) = √
μ0Re{H(m)

0 (r)e−iωt}, (22)

respectively, where t is a time instant, r ∈ ∂�0, and Re{·}
denotes the real part. Note that the instantaneous elec-
tric and magnetic energy densities will be written as half
of the square of the scaled instantaneous electric and
magnetic fields, i.e., we = [̃e(m)]2/2 and wh = [̃h(m)]2/2,
respectively [53]. On the nanodisk’s surface, the nor-
mal component of the scaled field ẽ(m)

n = n̂ · ẽ(m) at time
instant t0 is shown for the eigenmode’s electric field, and
the magnetic counterpart is shown by h̃(m)

n = n̂ · h̃(m) at a
π/2-phase-delayed time instant t′0 with ω(t′0 − t0) = π/2,
at which time the magnetic field generally reaches its
maximum.

For a nanodisk monomer, the surface normal near fields
ẽ(m)

n and h̃(m)
n are shown in the first and second rows, respec-

tively, of Fig. 3, and the eigenmodes’ corresponding far
fields are shown in the third row. Each column displays
the near and far fields for one eigenmode with its 1/|λ(m)|
value given at the top of each column. As can be seen from
the radiation patterns, eigenmode M1 is a dipolar mode
showing a typical doughnut shape. Furthermore, the near
fields show that mode M1 is of magnetic dipole with a
strong transverse magnetic field, which is denoted MD ↓
with the down arrow representing a field vector in the
transverse plane. In the second column, M3 has a smaller
1/|λ(3)| value, and the radiation pattern and near fields
indicate that it is an electric dipolar mode, which is denoted
ED ↓. Under a similar observation, it turns out that M5 is
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FIG. 4. Near and far fields of eigenmodes M1–12 at 1600 nm in a dimer consisting of two identical silicon nanodisks (same as in
Fig. 2) with a center-to-center gap of 480 nm.

a magnetic dipolar mode that differs from M1 by a dom-
inating z magnetic field component, denoted MD� with
“�” implying a field vector along the positive z axis. Mode
M6 emerges from a magnetic quadrupole lying in a plane
parallel to the z axis, which is denoted MQ�

⊗, where “⊗”
implies a field vector along the negative z axis that is π

out of phase with respect to the “�” field vector. Mode M6
is distinct from another magnetic quadrupolar mode M11
where the quadrupole resides in the x-y plane, denoted
MQ−+

+−, where “−” and “+” represent negative and pos-
itive field extremes, respectively. An electric quadrupolar
mode, denoted EQ−+

+−, is observed in mode M8. Finally,
mode M10 is an electric dipolar mode, denoted ED⊗, with
a dominating electric z-field component.

2. Oligomers

In silicon nanodisk ensembles, i.e., nanodisk oligomers
consisting of several nanodisks, further local field
enhancements and mode hybridization happen via opti-
cal near-field coupling. Here, we also investigate the
near fields of a few leading eigenmodes in nanostruc-
ture assemblies that consist of two and four identical
nanodisks, the so-called nanodisk dimer and tetramer,
respectively.

The eigenmodes’ near and far fields of a dimer at
1600 nm are shown in Fig. 4. Modes M1 and M2 are
hybridized from two longitudinal magnetic dipolar modes,
where the former arises from two parallel longitudinal
MD modes, and the latter is due to two antiparallel lon-
gitudinal MD modes. Transversal magnetic modes include
M7–10 that are due to the subsequent hybridization of
two y-oriented antiparallel transversal MD modes, two x-
oriented antiparallel transversal MD modes, two x-oriented
parallel transversal MD modes, and two y-oriented par-
allel transversal MD modes. The electric counterparts of
magnetic modes M7–10 are observed in transversal elec-
tric modes M3–6. In detail, M3 is hybridized from two
x-oriented antiparallel transversal ED modes, M4 is due
to two y-oriented antiparallel transversal ED modes, M5
arises from two y-oriented parallel transversal ED modes,
and two x-oriented parallel transversal ED modes yield
hybrid mode M6. Additionally, two transversal EQ modes,
when arranged differently, hybridize into two distinct
modes M11 and M12.

In a tetramer, modes hybridization leads to more types
of eigenmodes as a result of more near-field coupling
channels. Near and far fields of twelve eigenmodes with
leading scattering strengths 1/|λ(m)| at 1600 nm are shown
in Fig. 5. It is clear that mode M1 arises from four
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FIG. 5. Near and far fields of a few leading eigenmodes M1–12 at 1600 nm in a tetramer consisting of four identical silicon nanodisks
(same as in Fig. 2) with the center-to-center gap of two opposite neighboring nanodisks being 480 nm.
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parallel longitudinal magnetic modes, whereas the longitu-
dinal magnetic fields in every two neighboring nanodisks
in M4 are π out of phase with respect to each other. Modes
hybridized from four transversal ED modes contain M7
where the ED moments are π out of phase along the radial
direction between every two neighboring elements, M8
where the ED moments are π out of phase between every
two neighboring elements along the azimuthal direction,
M9 with radially in-phase ED moment in each element,
and M12 with in-phase ED moment in each nanodisk along
the azimuthal direction. Hybridization of transversal MDs
leads to mode M10 with the MD moments being along
the radial direction and π out of phase between the neigh-
boring nanodisks and M11 with azimuthally in-phase MD
moments. In addition, M10 and M11 are the magnetic
counterparts of modes M7 and M12. It is not straightfor-
ward to gain physical insight into the origins of hybridized
modes M2, M3, M5, and M6 without future investigation,
and determining the near-field coupling channels for these
modes is less important and not further discussed in this
work.

As can be seen from Figs. 3–5, an eigenmode is asso-
ciated with its unique near-field distribution and far-field
radiation pattern. Tuning light scattered from nano-objects
via the selective excitation(s) of a certain eigenmode(s)
could serve as a basic building block for engineering the
optical near and/or far field(s). It is therefore vital to design
an excitation field that highly overlaps with the field of a
specific eigenmode for an effective mode excitation, i.e.,
mode-matching field.

III. INVERSE DESIGN VIA TIGHT FOCUSING

As shown in Sec. II, the eigenmode’s near fields in opti-
cal nanoantennas are genuinely localized and vectorial at
the nanoscale. A potential free-space approach to design
such a 3D mode-matching vector field is to shape a focal
field (that matches with the eigenmode’s near field in opti-
cal nanoantennas that are to be placed in the vicinity of
the focal point), by focusing a paraxial vector beam in an
aplanatic system with high NA. In previous work, tightly
focused cylindrical vector beams of fundamental order,
i.e., radially and azimuthally polarized beams [17,18], and
of higher-order polarization states [21] have been used
for optical excitation of dark and hybrid modes in opti-
cal nanoantennas. In these forward design approaches, the
focused field has a predefined field profile and only a
qualitative match of polarization distribution between the
hybrid modes and the excitation fields was considered.
To design the best possible focal field that quantitatively
matches with the eigenmode’s field, it is necessary to solve
an inverse problem where the needed paraxial vector beam
to form a desired focal field after tight focusing is to be
sought.

A. Tight focusing: forward and backward propagation

Before proceeding, we first review the forward and
backward propagation in tight focusing of vector beams. In
detail, we choose a coordinate system such that the middle
plane of the nanostructure(s) coincides with the focal plane

 (where z = 0), as shown in Fig. 6. For a given eigen-
mode, its near field {E(m), H(m)} is evaluated from Eqs.
(19) and (20) in the focal plane 
. For the eigenmode’s
electric near field to be mode matched, a 3D vector field
Ef is designed via the tight focusing of a paraxial vector
beam Einc at the pupil plane (which is mapped to E∞ on
the reference sphere).

The tight focusing process is governed by the Richards-
Wolf formalism [54–56], and the focal field at a point

(a)

(b)

FIG. 6. The inverse design scheme of focused vector beams
with effective mode-matching profiles. (a) The forward and back-
ward tight focusing processes. The nanostructure’s surface is
denoted ∂�, where the mth eigenmode’s equivalent surface cur-
rent density {J(m), M(m)} resides. The middle symmetry plane 


coincides with the focal plane (z = 0 plane), where the modal
field {E(m), H(m)} is evaluated. The reference field E∞ resides on
the reference spherical cap with a radius equal to the focal length
f . The incident beam is denoted Einc. The nanostructure occu-
pies domain �1, whereas the free space is denoted �0 with a
refractive index of nf . The index before the reference sphere is
denoted ni. (b) The inverse design flowchart. Solid black lines
indicate connections between the associated field components.
The modal field {E(m), H(m)} on the focal plane 
 serves as the
desired focal field, from which the pupil field {Einc, Hinc} and thus
the focal field {Ef , Hf } are designed. Desired focal fields are cat-
egorized into four groups by the time-averaged energies stored
in the transverse and longitudinal, electric and magnetic fields
in the focal plane, denoted W (m)

e,tran, W (m)

e,long, W (m)

h,tran, and W (m)

h,long,
respectively, in Eqs. (30)–(33).
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Rf = (ρ, ϕ, z) in cylindrical coordinates reads

Ef (ρ, ϕ, z) = −ik
2π

∫ θmax

0

∫ 2π

0
E∞(θ , φ)eik·Rf sin θdφdθ ,

(23)

where the wave vector k is along the direction from a point
on the reference sphere (φ, θ) to the focal point and the
corresponding wave number k = k0 (i.e., the same value
as in domain �0). The maximum converging angle θmax =
arcsin(NA/nf ) is limited by the NA of the aplanatic sys-
tem, where nf is the refractive index after the reference
sphere. We can rewrite Eq. (23) in Fourier transform in
Cartesian coordinates as [57,58]

Ef (x, y, z) = −ik
2π

∫ +∞

−∞

∫ +∞

−∞

[
E∞(kx, ky)eikz cos θ

k2 cos θ

]

× e−ikxxe−iky ydkxdky , (24)

where kx = −k sin θ cos φ and ky = −k sin θ sin φ are the x
and y components of the wave number, respectively. Here,
the surface integral runs from −∞ to +∞, as the field
E∞ on the reference sphere is zero outside of the NA. In
order to obtain the necessary paraxial vector beam or the
field E∞ on the reference sphere to generate the desired
3D mode-matching vector field Ef , we perform the inverse
Fourier transform of Eq. (24) except Ef is replaced by the
eigenmode’s near field in the focal plane E(m)|
,

E∞(kx, ky)eikz cos θ

cos θ
= ik

2π

∫ +∞

−∞

∫ +∞

−∞
E(m)|
 eikxxeiky ydxdy,

(25)

which can be considered as the governing equation for a
reversed Richards-Wolf tight focusing process.

Ideally, the paraxial input vector beam is inversely
restored from the reference field [21,59]

Einc(r, φ) = L−1(θ)E∞(θ , φ), (26)

where the radius r = f sin θ with f being the focal length
and the mapping matrix in cylindrical coordinates is [21]

L−1(θ) = 1

f
√

cos θ

√
nf

ni

⎡
⎣ cos θ 0 sin θ

0 1 0
− sin θ 0 cos θ

⎤
⎦ , (27)

where ni is the refractive index before the reference sphere.
Above, we followed Richards and Wolf [55] for the refrac-
tion at the aplanatic lens; the reference field amplitude vec-
tor reads E∞(θ , φ) = f

√
ni/nf

√
cos θ [Einc,rθ̂ + Einc,φφ̂ +

Einc,z(θ̂ × φ̂)].

B. Degrees of freedom

The associated magnetic fields are governed by similar
formulas as in Eqs. (23)–(26) for the electric counterparts,
but, for brevity, we do not repeat them here. However,
note that in the Richards-Wolf formalism the magnetic
fields are linked to electric fields by revoking the relations
Hinc = 1/Zi(ki/ki) × Einc and thus H∞ = 1/Zf (kf /kf ) ×
E∞ [54] as a result of a beamlike characteristic of the vec-
tor fields on the pupil plane and on the reference sphere.
Here, Zi and Zf are the associated wave impedances. This
implies that only two components in the pupil vector
field are completely independent. In cylindrical coordi-
nates, four possible combinations of two field compo-
nents are (Einc,r, Einc,φ), (Hinc,r, Hinc,φ), (Einc,r, Hinc,r), and
(Einc,φ , Hinc,φ), and choosing any pair will fully determine
the vector field on the pupil plane, then on the reference
sphere, and finally in the focal region.

The fact that the incident vector beam is paraxial
(Einc,z ≈ 0 and Hinc,z ≈ 0) imposes a restriction on the
radial and longitudinal components of the reference elec-
tric [58] and magnetic fields via the relations

− sin θE∞,r(θ , φ) + cos θE∞,z(θ , φ) = 0, (28)

− sin θH∞,r(θ , φ) + cos θH∞,z(θ , φ) = 0. (29)

As a consequence, the focused electric field Ef bears
all three components that are nevertheless not completely
independent [39]. In other words, all three components
of the electric focal field are determined uniquely by two
components of the beamlike pupil field Einc, as seen in
Fig. 6(b) where the black solid lines indicate the depen-
dencies of field components on different planes. In order to
inversely design a focal field that is truly generated by a
beamlike vector pupil field, inherent dependencies of dif-
ferent field components of the desired focal field should be
carefully investigated.

C. Inverse design strategies

To inversely design a focal field that potentially matches
with an eigenmode’s field, i.e., the desired focal field, in
principle all the electric and magnetic modal field com-
ponents should be taken into account. However, bearing
in mind the degrees of freedom discussed in the previ-
ous section, an inconsistent pupil field could result from
a backward propagation that ignores the inherent depen-
dencies of all components [39] in the desired focal field.
In contrast, one has to choose appropriate components in
the desired focal field that will unambiguously determine
the beamlike pupil field and thus the designed focal field.
It can be seen from Figs. 3–5 that only some of the electric
and magnetic field components are dominant in an eigen-
mode’s near field. For instance, mode M10 of a single
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nanodisk in Fig. 3 shows strong longitudinal electric field
component. Moreover, in Fig. 4 modes M3–6 of a nanodisk
dimer are clearly dominated by their transverse electric and
longitudinal magnetic field components, whereas the trans-
verse magnetic and longitudinal electric field components
are dominant in modes M7–10 of a nanodisk dimer.

For a more quantitative analysis, we categorize the
desired focal fields according to the time-averaged ener-
gies associated with the transverse and longitudinal electric
and magnetic fields in the focal plane, i.e., the following
surface integrals of the energy densities [60]:

W (m)
e,tran = 1

2
ε0

∫



(|E(m)
ρ |2 + |E(m)

ϕ |2)dS, (30)

W (m)

e,long = 1
2
ε0

∫



|E(m)
z |2dS, (31)

W (m)

h,tran = 1
2
μ0

∫



(|H (m)
ρ |2 + |H (m)

ϕ |2)dS, (32)

W (m)

h,long = 1
2
μ0

∫



|H (m)
z |2dS. (33)

In principle, the surface integration is performed over an
infinite focal plane 
, but in numerical evaluation we have
to truncate the integration surface in an area where the
desired focal field remains significant and discard the field
elsewhere.

In group I©, the focal-plane energy associated with the
transverse electric field is larger than that of the longitu-
dinal electric field component as well as both focal-plane
energies related to the transverse and longitudinal mag-
netic field components. In group II©, the focal-plane energy
of the longitudinal electric field overwhelms the other three
types of energies. The magnetic counterparts of groups I©
and II© are groups III© and IV©, respectively. Concisely, we
may write

max(W (m)
e,tran, W (m)

e,long, W (m)

h,tran, W (m)

h,long)

=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

W (m)
e,tran, in group I©,

W (m)

e,long, in group II©,

W (m)

h,tran, in group III©,

W (m)

h,long, in group IV©.

(34)

For eigenmodes belonging to group I©, the corresponding
transverse electric field is chosen as the candidate compo-
nent of the desired focal field, upon which the radial and
azimuthal components of the reference field (E∞,r, E∞,φ)

and thus the pupil field (Einc,r, Einc,φ) are determined. The
longitudinal electric focal field is, however, a free parame-
ter so that the longitudinal electric field component on the
reference sphere E∞,z is determined from the radial com-
ponent E∞,r according to the restriction in Eq. (28). In this

regard, the pupil vector field is guaranteed to be beam-
like, and the designed focal field including the magnetic
part is fully determined by the pair of field components
(Einc,r, Einc,φ).

For eigenmodes in group II©, the longitudinal electric
field component of the desired focal field E(m)

z determines
the longitudinal electric reference field E∞,z, then the radial
electric pupil field Einc,r using the restriction in Eq. (28)
where the radial electric reference field is a free parameter.
What remains to be determined is either the azimuthal elec-
tric or the radial magnetic pupil field. But, the azimuthal
electric pupil field is only determined by the azimuthal
electric reference field, which in turn depends on the
radial and azimuthal desired electric focal fields, both of
which are usually trivial for an eigenmode showing strong
longitudinal electric field. On the other hand, a strong lon-
gitudinal electric field component of the desired focal field
is usually accompanied by a slightly less strong transverse
magnetic field component H (m)

ρ and/or H (m)
ϕ from which

the radial magnetic reference field H∞,r and then the radial
magnetic pupil field Hinc,r can be determined. The mag-
netic counterparts of the aforementioned electric design
strategies apply to groups III© and IV©. At this point, it is
worth pointing out that the restriction on the field com-
ponents E∞,r and E∞,z, as well as H∞,r and H∞,z, poses
a challenge to design a 3D focused vector beam, whose
electric and magnetic field components perfectly match the
eigenmode’s near field.

Besides the constraint imposed by the beamlike charac-
teristics in the pupil field, another limitation in the inverse
design of a focal field is due to the fact that the refer-
ence field is band limited, i.e., spatial frequencies that
are larger than the free-space wave number are evanes-
cent and cannot be backward propagated onto the reference
sphere. This is associated with the fact that the tight focus-
ing process relies on free-space beam propagation, and the
focal field is actually the far field propagated from the
secondary field on the reference sphere. In addition, back-
propagated waves are further limited by the NA of the
aplanatic system.

An example eigenmode belonging to group I© is mode
M2 in the nanodisk dimer, and its scaled electric and mag-
netic fields at different stages of the inverse design are
shown in Fig. 7. The first and second columns show all
six field components of the desired focal field in real space
and spatial frequency k space, respectively. The inversely
designed pupil field’s components are shown in the third
column, and the designed focal field’s components can be
seen in the fourth column. Both the radial and azimuthal
scaled electric field components of the designed focal field
effectively match with the desired eigenmode’s near field,
even though the desired focal field is so locally confined
that a considerable amount of light is at high spatial fre-
quencies outside the k0 circle and has to be discarded in
the free-space backward propagation of the inverse design.
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FIG. 7. Scaled electric and magnetic field components
[defined in Eqs. (21) and (22)] at different stages in the inverse
design for M2 in the nanodisk dimer whose eigenmodes are
shown in Fig. 4. The dashed circles represent the nanodisk’s out-
lines in the desired (first column) and designed (fourth column)
focal fields, or the threshold of maximum free-space wave num-
ber k0 in k space of the desired focal field (second column) and
the designed pupil field (third column). The solid circle in the
designed pupil field indicates the wave number limited by NA
with a value of 0.9 used in this inverse design.

Imposed by the beamlike characteristics of the designed
pupil field, the azimuthal scaled magnetic field is identi-
cal to the radial scaled electric field, whereas the radial
scaled magnetic field is π -phase shifted with respect to
the azimuthal scaled electric field. Four other field com-
ponents are also present as a result of tight focusing of the
beamlike pupil field and they are dependent on the radial
and azimuthal electric field components [see Fig. 6(b) for
the connections of field components]. In particular, the
designed longitudinal magnetic field is π out of phase with
respect to the desired longitudinal magnetic field. Never-
theless, as will be shown with the expansion coefficients
in the next section, this designed focal field still effectively
excites mode M2 in the nanodisk dimer.

FIG. 8. Scaled electric and magnetic field components in the
inverse design for M7 in the nanodisk tetramer (similar to Fig. 7)
whose eigenmodes are shown in Fig. 5.

Another example is shown in Fig. 8 for inversely design-
ing a focal field to match with eigenmode M7 in the nan-
odisk tetramer. An effective match between the designed
and desired focal fields is achieved in radial and azimuthal
electric field components, as well as the longitudinal mag-
netic field component. Again, as will be shown with the
expansion coefficients in the next section, this designed
focal field can effectively and exclusively excite mode
M7 in the nanodisk tetramer. In this case, it seems that
dropping waves with spatial frequencies higher than those
limited by NA has a trivial effect on the excitation effi-
ciency. A full list of scaled field components in the inverse
design of the focal field for all twelve eigenmodes in the
nanodisk monomer, dimer, and tetramer is compiled in the
Supplemental Material [61].

From a practical point of view, it is worth mentioning
that we are designing incident vector fields rather than
nanostructures. Provided that fabricated structures suffer
from distortions from the ideal ones due to fabrication
imperfections, SEM imaging techniques would measure
and reveal most types of deviations, which, in turn, can
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be taken into account in our inverse design of the inci-
dent vector fields from the very beginning. In other words,
we may perform an eigenmode analysis and an inverse
design to the realistic structure directly obtained from SEM
imaging rather than to the ideal one, and the impact of
fabrication errors is always diminished.

IV. MODE EXPANSION COEFFICIENTS

Following the analysis of eigenmodes in nano-objects
(Sec. II) and the inverse design of a tightly focused beam
(Sec. III), it is important to see how well a designed focal
field matches with an eigenmode’s near field. A figure of
merit is the modal expansion coefficient that characterizes
the overlap between the inversely designed vector beam
and the eigenmode’s near field. Under the SIE formulation,
the modal expansion coefficient can be evaluated via the
inner product of two light fields over the nanostructures’
surfaces ∂�0 [14],

a(m,n) =
∫∫

∂�0
x(n)

L · b(m)dS∫∫
∂�0

x(n)
L · x(n)dS

, (35)

where x(n)
L and x(n) are the left and right eigenvectors asso-

ciated with the nth eigenmode with an eigenvalue λ(n),
and b(m) is the vector representation of the focal field
inversely designed from the mth eigenmode and evaluated
on the surface of the nanodisk(s) ∂�0. In detail, the left
eigenvector is defined by, in comparison with Eq. (17),

x(n)
L (Z0 + Z1) = λ(n)x(n)

L , (36)

and the vector of the designed focal field is

b(m) = [μ0J(m)

f , ε0M(m)

f ], (37)

where J(m)

f = n̂0 × H(m)

f and M(m)

f = −n̂0 × E(m)

f are the
electric and magnetic surface current densities arising from
the designed focal field over surface ∂�0.

The eigenmode’s near field is solved directly in Eq. (17)
over surface ∂�0. The designed focal field on ∂�0 can be
evaluated via the surface double integral in Eq. (23), where
the reference field E∞ in the integrand is calculated using
Eq. (25) by fast Fourier transform [62]. As a result, the
reference field E∞ is a 2D matrix on a square grid, and
we need to use Eq. (23) rather than Eq. (24) for the focal
field calculation on ∂�0. Here, the double integral is imple-
mented through the 2D numerical integration based on the
trapezoidal rule [63].

The expansion coefficients for the nanodisk monomer,
dimer, and tetramer are visualized in three colormap matri-
ces in Figs. 9(a)–9(c), respectively. The mth focal field E(m)

f
is inversely designed from the corresponding mth eigen-
mode’s near field in the focal plane. For the monomer, the
designed focal fields E(3)

f , E(4)

f , E(5)

f , E(8)

f , E(9)

f , and E(10)

f
largely overlap with the eigenmodes from which they are
designed, respectively. In other words, these eigenmodes
can be effectively mode matched by tightly focused vec-
tor beams via our inverse design approach. However, the
designed focal fields E(m)

f with m = 1, 2, 6, 7, 11, and 12
do not effectively match the corresponding desired eigen-
modes and instead other eigenmodes are strongly excited.
In the nanodisk dimer case, the effective mode-matching
focal fields can be obtained for the eigenmodes E(n) with
n = 1 to 3 and 10, but the focal fields designed from other
eigenmodes jump to near fields that do not effectively
match with the corresponding eigenmodes. For the nan-
odisk tetramer, the effective mode-matching focal fields
are obtained for eigenmodes E(n) with n = 1, 2, 5, 6, 7, 9,
and 10. However, the designed focal fields E(3)

f , E(4)

f , E(8)

f

and E(11)

f will excite eigenmodes E(5), E(8), E(4), and E(8/4),

(a) (b) (c)

FIG. 9. The mode excitation coefficients between the designed focal fields E(m)

f (along the horizontal axis) and eigenmodes E(n)

(along the vertical axis) for the nanodisk (a) monomer, (b) dimer, and (c) tetramer. For each designed focal field, the expansion
coefficients for the first twelve eigenmodes are normalized to the maximum value.
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respectively. The designed focal field E(12)

f excites two
eigenmodes simultaneously, including the one from which
the focal field is inversely designed.

We note that some eigenmodes lead to inversely
designed focal fields that cannot excite the eigenmode
themselves. This is because a designed focal field is gen-
erated from the far-field components of the incident pupil
field (the forward propagation) that is inversely designed
from the far-field components of the eigenmode’s near
field (the backward propagation). During both the back-
ward and forward propagation, high spatial harmonics (in
Fourier space) are lost. As an intrinsic feature in any far-
field approach, it is expected that a designed focal field
might deviate from its original eigenmode near field. In
addition, the necessary pupil field is only designed from
the eigenmode’s near field in a single plane (that coincides
with the focal plane), and some necessary spatial harmon-
ics might not be fully included. Therefore, it is reasonable
that the inversely designed focal fields do not always excite
the corresponding eigenmodes.

V. CONCLUSION AND DISCUSSION

We develop an inverse design approach of generating a
focused light field that potentially matches with an eigen-
mode’s near field in optical nanoantennas. We begin with a
rigorous analysis of eigenmodes in the optical nanoanten-
nas of interest. In this work, a nanodisk monomer, dimer,
and tetramer are considered, and the first twelve eigen-
modes in each nanostructure are studied using our BEM
eigenmode solver that is based on the N-Müller formu-
lation of the SIEs. In our inverse design strategies, the
eigenmode’s near field in the nanodisk’s middle sym-
metric plane (which is chosen to coincide with the focal
plane) is set as the desired focal field, which is inversely
propagated to the pupil plane where the designed pupil
field is obtained. In this backward propagation, we take
into account the beamlike characteristic of the pupil field
and the fact the pupil field is band limited, as well as
the inherent dependencies of different field components.
The eigenmodes are categorized into four groups by the
time-averaged energies associated with the transverse and
longitudinal electric and magnetic fields in the focal plane,
and the dominant field components are chosen for uniquely
determining the beamlike pupil field. The designed focal
field’s expansion coefficients into the first twelve eigen-
modes are evaluated. For several eigenmodes, effective
and exclusive mode excitations are achieved by designing
the focal field accordingly from the eigenmodes via our
developed inverse design method. This work can have a
significant impact on optical switching, near- and far-field
engineering in nano-optics.
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