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We propose an adiabatic protocol for implementing a controlled-phase gate CZθ with continuous θ of
neutral atoms through a symmetrical two-photon excitation process via the second resonance line, 6P in
87Rb, with a single-temporal-modulation-coupling of the ground state and intermediate state. Relying on
different adiabatic paths, the phase factor θ of the CZθ gate can be accumulated on the logic qubit state
|11〉 alone by calibrating the shape of the temporal pulse where strict zero amplitudes at the start and end
of the pulse are not needed. For a wide range of θ , we can obtain the fidelity of the CZθ gate over 99.7%
in less than 1 μs, in the presence of spontaneous emission from intermediate and Rydberg states. And
in particular for θ = π , we benchmark the performance of the CZ gate by taking into account various
experimental imperfections, such as Doppler shifts, fluctuation of Rydberg-Rydberg interaction strength,
inhomogeneous Rabi frequency, and noise of driving fields, etc., and show that the predicted fidelity
is able to maintain at about 98.4% after correcting the measurement error. This gate protocol provides a
robustness against the fluctuation of pulse amplitude and a flexible way for adjusting the entangling phase,
which may contribute to the experimental implementation of near-term noisy intermediate-scale quantum
computation and algorithm with neutral-atom systems.
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I. INTRODUCTION

Two-qubit entangling gates, such as the controlled-
Z (CZ) gate and the equivalent controlled-NOT (CNOT)
gate, are at the center of universal quantum computation
[1–3]. A challenge is to realize a fast and high-fidelity
gate protocol experimentally, where quantum logic gates
have been embodied in various physical systems, such
as nuclear magnetic resonance (NMR), quantum dots, ion
traps, semiconductor silicon, and Josephson junction [4–
10]. Among many physical systems, neutral atoms have
also been considered for the realization of logic gates,
due to the long-lived encoding in atomic hyperfine states
and the possibility of manipulating and measuring qubit
states via laser lights [11,12]. Recently coherent opera-
tion of internal and external states of Rydberg atoms has
become possible. Combined with the strong interaction
between Rydberg atoms (e.g., the blockade effect) [13–15],
fast quantum logic gates have been realized with Rydberg
atoms [16–36]. Zhang et al. analyzed the gate errors
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under the Rydberg blockade in detail and pointed out that
the errors cannot be made arbitrarily small by address-
ing higher-lying Rydberg levels for the diminution of the
blockade effect [37]. So far, the theoretical limit has been
extended to F > 0.9999 [38,39], while experiments have
not reached such fidelity [40–44].

One of the reasons that leads to the gap between
experiments and theoretical prediction is the unexpect-
edly large loss of atoms remaining in the Rydberg state
in the gate operation. By comparing the standard Ryd-
berg blockade CZ pulse sequence [16] with the protocols
with continuing pulses on the ground-Rydberg transition
[43,44], it is shown that the continuous pumping proto-
cols are more advantageous. In recent reports, Levine et al.
experimentally implemented the multiqubit gates in one-
dimensional geometry, in which the fidelity of CZ gate
F > 0.97 [45], while Graham et al. realized CZ gate with
F = 0.89 in a two-dimensional qubit array [44]. Moreover,
via single-modulated-pulse off-resonant modulated driv-
ing (SORMD) embedded in two-photon transition for Rb
atoms within the Rydberg blockade region, Fu et al. also
experimentally realized a CZ gate with F = 0.980(7) after
correcting the state preparation and measurement (SPAM)
errors [46].
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On the other hand, an alternative class of algorithms for
quantum computing is based on adiabatic evolution, which
provides a strategy for suppressing certain error mecha-
nisms such as atomic motions [47]. For this reason, it is
a promising method to realize a robust high-fidelity logic
gate [48–61]. The protocols with adiabatic rapid passage
(ARP) pulses show that the gate fidelity can reach over
0.999 [55,59,60]. However, the difficulty to apply this to
Rydberg atom gates is that large energies are required to
directly excite atoms from the ground state to Rydberg
state. For example, the corresponding laser wavelength
in the single-photon excitation of 87Rb atoms is in the
ultraviolet region, which is difficult to produce and use.
Therefore, the Rydberg excitation is generally realized by
a two-photon excitation scheme. Most adiabatic protocols
use stimulated Raman adiabatic passage (STIRAP) pulse
sequences, in which both of the two laser beams are tempo-
ral modulated, and some even combine a time-modulated
detuning, which is complicated in practice. Of which, a
“STIRAP-inspired” gate with globally optimized pulses,
which Saffman et al. provided, can reach higher fidelity
F = 0.997 [59]. However, this pulse sequence is sensitive
to the fluctuation of excitation laser intensity.

It is worth noting that compared with the standard CZ
gate, a parameterized controlled-phase (CZθ ) gate with
flexible angle adjustment plays a role in implementing
quantum algorithms. Particularly for applying the quantum
approximate optimization algorithm (QAOA) to solve the
combinatorial problem that can be mapped onto finding
the ground state of an Ising Hamiltonian, the applica-
tion of CZθ gate will greatly simplify the synthesis of
quantum circuits and improve the success probability and
performance as the number of QAOA layers increase
[62–64].

Therefore, in viewing these practical challenges, we
propose an adiabatic method to realize a continuous
controlled-phase gate set in neutral-atom system. By sym-
metrically driving qubit atoms with a single-modulated
pulse of blue detuned to the transition between ground state
and the intermediate state, and a constant-amplitude pulse
that is red detuned to the transition between the intermedi-
ate state and the excited Rydberg state, we can acquire an
arbitrary dynamical phase factor of θ ∈ [0.08π ,π ] accu-
mulated on logic qubit state |11〉 alone within the Rydberg
blockade regime by simply modulating the shape of the
temporal pulse. The prominent advantages of our scheme
are threefold: (i) The temporal pulse can be adopted as
a Gaussian pulse or any other pulses with no need of a
strict zero amplitude at the start and the end, but small
enough to ensure that the adiabatic condition is established.
(ii) For a wide range of θ , we can still obtain the CZθ
gate fidelity over 99.7% in less than 1 μs, even consid-
ering spontaneous dissipation at room temperature. (iii)
As a specific case of θ = π , we assess the performance
of the CZ gate by considering the technical imperfections

in experiment, and find the predicted fidelity is able to
maintain at about 98.4% for a realistic situation after cor-
recting the detection errors, which may be helpful to the
experimental implementation of quantum computation and
quantum simulation in the neutral-atom system.

The remainder of the paper is organized as follows. In
Sec. II, we introduce the basic principle of the scheme and
analytically show how the fast and high-fidelity parame-
terized controlled-phase gate is adiabatically constructed.
In Sec. III, we take the Max-Cut issue and the Fourier
transform as two examples to demonstrate the benefits
of using the CZθ gate in quantum computing as opposed
to the traditional CZ gate. In Sec. IV, we take the CZ
gate as an example and discuss in detail the experimen-
tal feasibility and the gate errors introduced by techni-
cal imperfections, e.g., the Doppler shifts, the fluctuation
of Rydberg-Rydberg interaction strengths, the inhomoge-
neous Rabi frequency, the fluctuation and noise of external
fields, and the detection errors, and make a comparison
with previous works in the literature. In Sec. V, we give
two examples of realizing the controlled-phase gate with
non-Gaussian temporal pulses. In Sec. VI, we briefly dis-
cuss the application of the proposed scheme to cesium
atoms, and obtain that the fidelity of the CZ gate can be
achieved 99.81% by fully taking into account the spon-
taneous emission from intermediate and Rydberg states.
Finally, we make a conclusion.

II. PARAMETERIZED CONTROLLED-PHASE
GATE

The parameterized controlled-phase gate (CZθ ) is a two-
qubit gate belonging to controlled unitary operations. It
can pick up a phase θ on the target state |1〉 if and only
if the control qubit is in state |1〉 [65]. In the computational
basis {|00〉, |01〉, |10〉, |11〉}, it can be defined as the unitary
transformation

UCZθ =

⎡
⎢⎣

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 e−iθ

⎤
⎥⎦ . (1)

The physical system considered to realize this operation is
a pair of 87Rb atoms trapped in two tweezers with sep-
aration r shorter than the blocking radius, as shown in
Fig. 1(a). The relevant levels are displayed in Fig. 1(b).
The logic qubit is encoded on |0〉 ≡ |F = 1, mF = 0〉,
and |1〉 ≡ |F = 2, mF = 0〉 of 5S1/2 hyperfine clock states
with splitting 2π × 6.83 GHz, and the Rydberg state
|r〉 ≡ |100S1/2, mj = 1/2〉 is used to mediate the inter-
action between atoms. To coherently drive atoms from
ground states to the Rydberg states, we apply two-photon
excitation lasers, a σ+-polarized 420-nm laser and a σ−-
polarized 1011-nm laser, via the second resonance line
|p〉 ≡ |6p3/2, F = 3, mF = 1〉 [37,66] because it possesses
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a longer lifetime and mitigates the power requirements for
the same Rabi frequency compared with the first resonance
line in 5P state. The simplified configuration of the atomic
level is shown in Fig. 1(c), where we introduce an uncou-
pled state |d〉 to denote the leakage level outside |0〉 and
|1〉 for simplicity. Thus, the master equation of the system
in Lindblad form reads

dρ
dt

= −i[HI , ρ] + Lp [ρ] + Lr[ρ], (2)

where

HI =
∑
i=c,t

�1(t)
2

|p〉i〈1| + �2

2
|r〉i〈p| + H.c. −�|p〉i〈p|

+ Urr|rr〉〈rr|, (3)

describes the coherent dynamics of the system, and

Lp [ρ] =
∑
n=c,t

∑
i=0,1,d

L(n)ip ρL(n)
†

ip − 1
2
{L(n)†ip L(n)ip , ρ}, (4)

Lr[ρ] =
∑
n=c,t

∑
j =0,1,d,p

L(n)jr ρL(n)
†

jr − 1
2
{L(n)†jr L(n)jr , ρ}, (5)

picture the spontaneous emission from intermediate state
|p〉 and Rydberg state |r〉, respectively, with jump oper-
ator L(n)jr(ip) = √

bjr(ip)γr(p)|j (i)〉n〈r(p)| and bjr(ip) denotes
the branching ratio to the lower level |j (i)〉. At room
temperature (300 K), the lifetime of states |p〉 and |r〉
are τp = 1/γp = 0.118 μs and τr = 1/γr = 353 μs, while
the branching ratios are b0(1)p = 1/8, bdp = 3/4, d1(0)r =
1/16, ddr = 3/8, and dpr = 1/2. The term Urr characterizes
the van der Waals (vdW) interaction of −C6/r6, and the
second-order nondegenerate perturbation theory gives that
the dispersion coefficient C6 is about −56.171 THz μm6

for Rydberg state |100S1/2〉 [67]. The reason why we
choose ns states instead of nd states is that the interaction
strength of ns states is relatively isotropic, which is par-
ticularly useful to maintain our system within the Rydberg
blockade regime when considering the thermal motion of
atoms.

Now we discuss in detail the dynamic evolution of four
input states for the truth table of a two-qubit CZθ gate,
respectively. Since the ground state |0〉 is decoupled to the
external driving fields, the input state |00〉 do not partic-
ipate in the dynamics. The evolution form of the input
two-atom states |01〉 and |10〉 are essentially the same as
that of a single-atom state |1〉, consequently in what fol-
lows we consider only the asymmetric state |01〉 for the
sake of convenience, and the Hamiltonian associated with

it reads

H (01)
eff = �1(t)

2
|0p〉〈01| + �2

2
|0r〉〈0p|

+ H.c. −�|0p〉〈0p|, (6)

which has a dark instantaneous eigenstate |ϕ(t)〉 =
cosϑ |01〉 − sinϑ |0r〉 with the mixing angle ϑ=arctan[−�1
(t)/�2]. By properly modulating the shape of �1(t) with
time so that the amplitude of its initial time and final time
are close to zero and satisfying the adiabatic approximation
condition simultaneously,

∣∣∣∣
〈E01

0 (t)|Ė01
± (t)〉

E01± (t)− E01
0 (t)

∣∣∣∣ =
∣∣∣∣

2�2(�̇1(t)−�1(t))

�+
√
�2 +�1(t)2 +�2

2

∣∣∣∣ � 1,

(7)

we can perform the cyclic evolution of state |01〉 without
accumulating any geometric phase or dynamic phase.

For the case where the input state is |11〉, the analysis is
somewhat complicated. In Fig. 1(d), we give the transition
path of relevant six symmetric states, where the popula-
tion of state |rr〉 is suppressed due to the Rydberg blockade
and the states (|pr〉 + |rp〉)/√2 and |pp〉 are less popu-
lated for large detuning 2� � {�1(t)/2,�2/2}. Therefore,
we can safely neglect these processes and the effective
Hamiltonian can be written as

H (11)
eff =

√
2�1(t)

2
|11〉〈A| + �2

2
|A〉〈B| + H.c.

−�|A〉〈A| + �1(t)2

4�
|B〉〈B|, (8)

where |A〉 = (|1p〉 + |p1〉)/√2 and |B〉 = (|1r〉 + |r1〉)/√
2. Compared with the coherent trapping-type Hamilto-

nian of Eq. (6), there is a time-dependent shift �1(t)2/4�
of state |B〉. Although this energy shift is very small within
the parameter range we set, its existence will significantly
modify the dynamics of the system, making the evolution
completely different from the traditional coherent trapping
dynamics. The eigenvalues of H (11)

eff are the roots of the
secular equation, which appears as a cubic characteristic
equation

E3 + aE2 + bE + c = 0, (9)

with a = �−�1(t)2/4�, b = −(3�1(t)2 +�2
2)/4 and

c = �4
1/8�. The solutions to this cubic equation are

E11
0 (t) = 2

3

(
−�

2
+ �1(t)2

8�
+ �̃ cos

[
ζ

3

])
, (10)

E11
± (t) = 2

3

(
−�

2
+ �1(t)2

8�
+ �̃ cos

[
2π ∓ ζ

3

])
, (11)
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(a) (b) (c) (d)

FIG. 1. (a) Experimental geometry. Two single atoms are trapped in two tweezers separated by about 5.5 μm with tweezer beams
and Rydberg excitation beams propagating along quantized z axis. (b) Relevant levels of 87Rb. The 5S1/2 hyperfine clock states |0〉 ≡
|F = 1, mF = 0〉, |1〉 ≡ |F = 2, mF = 0〉 are chosen as two ground states. To excite the Rydberg state we use a two-photon scheme
with wavelengths of 420 and 1011 nm. (c) Equivalent energy-level configuration of neutral atom qubit. Level |d〉 is an uncoupled state
representing the leakage levels outside qubit basis {|0〉, |1〉}. (d) The effective system dynamics initial from state |11〉, where Urr is the
vdW interaction between Rydberg states.

with

�̃ = 1
2

[
7�1(t)2 + 3�2

2 + 4�2 + �1(t)4

4�2

]1/2

, (12)

ζ = 2π − arccos{−[64�6 −�1(t)6

+ 24�4(7�1(t)2 + 3�2
2)

+ 6�2(11�1(t)4 − 3�2
2�1(t)2)]/64�3�̃3}. (13)

The corresponding eigenvectors can be constructed as

|E11
0 (t)〉 = cos
|11〉 + sin� sin
|A〉 − cos� sin
|B〉,

|E11
+ (t)〉 = (cos� cos
 sinφ + sin� cosφ)|B〉

− (sin� cos
 sinφ − cos� cosφ)|A〉
+ sin
 sinφ|11〉,

|E11
− (t)〉 = (cos� cos
 cosφ − sin� sinφ)|B〉

− (sin� cos
 cosφ + cos� sinφ)|A〉
+ sin
 cosφ|11〉,

(14)

where


 = arctan
[

�1(t)[(E11
0 (t)−�1(t)2/4�)2 +�2

2/4]1/2

√
2[(E11

0 (t)+�)(E11
0 (t)−�1(t)2/4�)−�2

2/4]

]
,

(15)

� = arctan
[
−2E11

0 (t)−�1(t)2/2�
�2

]
, (16)

and it is not possible to find one expression for φ that
is valid for all values of the parameters [68,69]. For-
tunately, this uncertainty does not affect our numeri-
cal simulation results below. At t = 0, E11

0 (0) → 0 and
|E11

0 (0)〉 ≈ cos
|11〉 − sin
|B〉 ≈ |11〉 because of 
 ≈
arctan[−√

2�1(0)/�2] ≈ 0. Therefore, under the adia-
batic evolution condition of this case

∣∣∣∣
〈E11

0 (t)|Ė11
± (t)〉

E11± (t)− E11
0 (t)

∣∣∣∣ � 1, (17)

the state |11〉 evolves along the eigenstate |E11
0 (t)〉 from the

beginning to the end as

|�(t)〉 = e−i
∫ t

0 E11
0 (t′)dt′ |E11

0 (t)〉, (18)

from which a dynamical phase − ∫ Tg
0 E11

0 (t
′)dt′ is acquired

after state |11〉 undergoing a cyclic evolution over the gate
operation time Tg . Remarkably, there are many options
for time-dependent calibrated pulses that meet the condi-
tion of our scheme. For the convenience of experimental
implementation, we here take the time-dependent Rabi
frequency �1(t) as a Gaussian pulse in the form of

�1(t) = �0e−((t−2T)2/T2), (19)

where �0 and T are the maximum amplitude and width
of the Gaussian pulse, respectively. On the basis of this,
the evolution time of the system should be set as Tg = 4T
since the pulse�1(t) peaks at t = 2T. In order to realize the
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FIG. 2. (a) The relation between θ = ∫ 4T
0 E11

0 (t)dt and T under
the parameters �0/2π = 160 MHz, �2/2π = 200 MHz, and
�/2π = 1000 MHz, where

∫ 4T
0 E0(t)dt = π at T ≈ 0.157 μs.

(b) The variation in adiabatic conditions of the system under the
same parameters with T = 0.157 μs.

two-qubit controlled arbitrary-phase CZθ gate, we need
∫ 4T

0
E11

0 (t
′)dt′ = θ , (20)

where the phase factor θ can be adjusted arbitrarily in
the range of 0 to π . From the above analyses, we know
that only |11〉 will accumulate an effective dynamic phase
through the nonzero eigenenergy. Thus, to determine the
adjustable evolution time 4T, we have to get an integral

expression of Eq. (20). However, due to the complicated
form of E11

0 (t), the analytic form of the integral is difficult
to calculate, so we instead resort to the numerical integra-
tion method by scanning the results with different T and
try to find the point where the integral is θ , as shown in
Fig. 2(a).

Considering θ = π as an example, starting from initial
state |�(0)〉 = (|00〉 + |01〉 + |10〉 + |11〉)/2, the fidelity
F of the standard CZ gate is defined by the population
of the target state |�t〉 = (|00〉 + |01〉 + |10〉 − |11〉)/2. It
should be noted that the definition of gate fidelity used here
is essentially the same as the definition of Bell-state fidelity
used in the previous literature [45,59]. To achieve the
strong Rydberg blockade, we choose Urr/2π = 2 GHz cor-
responding to an interatomic spacing r 
 5.5 μm. More-
over, by fixing the parameters �2/2π = 200 MHz and
�/2π = 1000 MHz, the relationship among the fidelity
of the CZ gate, the evolution time 4T, and the parame-
ter �0 is shown in Table I governed by Eq. (2). Theo-
retically speaking, for a smaller �0, Ft can reach over
0.9999 without considering the spontaneous emissions.
However, this condition results in a long evolution time
that may deepen the influences of spontaneous emissions
and dephasing for a realistic situation. For the above rea-
sons, unless otherwise specified, we select �0/2π = 160
MHz in the following analysis to implement a relatively
fast and high-fidelity logic gate. According to the relevant
levels of 87Rb, the |1〉 ↔ |p〉 transition is driven by a 420-
nm beam with typical beam power P0 = 78.5 μW and
waist of ωx|y,0 = 4.2 μm, which gives a Rabi frequency
�0/2π = 160 MHz. By tuning the 1011-nm beam with
typical beam power P2 = 290.5 mW and waist of ωx|y,2 =
3.9 μm, the Rabi frequency of �2/2π = 200 MHz can

(a)

(b)

(c) (d)

FIG. 3. The realization of the CZ gate governed by the master equation (2). (a) The time dependence of Rabi frequency of applica-
tion, where �1(t), �

exp
1 (t) and �corr

1 (t) correspond to standard Gaussian pulse, experimental Gaussian pulse, and corrected Gaussian
pulse, respectively. (b) The fidelity of the CZ gate corresponding to the above three pulses. (c) Populations of states |11〉, |pp〉,
(|1r〉 + |r1〉)/√2, (|1p〉 + |p1〉)/√2, (|pr〉 + |rp〉)/√2, |rr〉 for the initial state |11〉 with �1(t). (d) Populations of the |01〉, |0p〉 and
|0r〉 states for initial state |01〉 with�1(t). The parameters are taken as�0/2π = 160 MHz,�2/2π = 200 MHz,�/2π = 1000 MHz,
Urr/2π = 2 GHz, T = 0.157 μs, τr = 353 μs, and τp = 0.118 μs.
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TABLE I. The relationship among the fidelity of the CZ gate,
the evolution time 4T, and the maximal pulse amplitude �0.
The other parameters are taken as �2/2π = 200 MHz, �/2π =
1000 MHz, Urr/2π = 2 GHz.

�0/2π (MHz) 80 100 120 140 160
4T (μs) 5.994 2.7956 1.5352 0.9428 0.628

Ft(γ = 0) 0.9999 0.9999 0.9997 0.9993 0.9990
Ft(γ �= 0) 0.9982 0.9984 0.9984 0.9980 0.9978

be realized to couple the transition of |p〉 ↔ |r〉. As
shown in Fig. 2(a), after scanning the numerical integra-
tion results, we have T = 0.157 μs under such parameters,
and Fig. 2(b) shows the variation in adiabatic conditions of
the system given by Eqs. (7) and (17) versus time. In the
evolution process, these values are always far less than 1,
which ensures a nearly perfect coherent population transfer
process.

In Figs. 3(a) and 3(b), we first discuss the system
dynamics driven by the Gaussian pulse �1(t). Under the
domination of the master equation (2), we can obtain the
CZ gate with a fidelity of 0.9978 (dashed line) within
1 μs operation time. Since the Gaussian function may
introduce an extra disadvantage due to the nonvanishing
tail, we then make a correction on the standard pulse by
employing �corr

1 (t) = �0[e−(t−2T)2/T2 − a]/(1 − a), where
T = 0.1585 μs and a is set to give an exact zero amplitude
at the start and the end of the Gaussian pulse, and the corre-
sponding gate fidelity is 0.9979 (dotted line), which means
the error caused by the nonvanishing tail of the Gaussian
pulse has little effects on the fidelity of our scheme. In fact,
the temporal pulse can be adopted with no need for a strict
zero amplitude at the start and the end, but small enough
to ensure that the adiabatic condition is established. To be
more realistic, we also numerically simulate the system
dynamics under the experimentally available pulse �exp

1 (t)
composed of about 31 cylindrical pulses with a duration
0.02 μs and amplitudes �1(0.02n) (n = 0, 1, . . . , 30). In
this case, the gate fidelity can still reach 0.9977 (solid line).
Therefore, the above results show that the Gaussian pulse
form is consistent with experimental and theoretical pre-
dictions. Figures 3(c) and 3(d) depict the dynamics of each
input state with�1(t) in detail, and confirm that in the pro-
cess of realizing the CZ gate, the symmetric states |rr〉,
(|pr〉 + |rp〉)/√2, and |pp〉 are well suppressed.

For a controlled arbitrary-phase gate, we still use the
population of the target state |� ′

t 〉 = (|00〉 + |01〉 + |10〉 +
e−iθ |11〉)/2 starting from |�(0)〉 as the definition of the
gate fidelity. It is noteworthy that it is not necessary
to discuss the situation for an extremely small phase θ ,
since the CZθ gate gets very close to the unit opera-
tor in this case, i.e., |Tr[U†

I UCZθ ]|2/16 = 1 − 3θ2/16 +
O[θ4]. Considering the error of experimental operation
and atomic spontaneous emission, it is better to “realize”

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.990

0.991
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1.000

0.2 0.4 0.6 0.8 1.0
0.2

0.4
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1.0

FIG. 4. The fidelity of CZθ gate with different parameters �0.
The inset shows the corresponding evolution time under the
above situation corresponding to the selectable pulses. The other
parameters are �2/2π = 200 MHz, �/2π = 1000 MHz, and
Urr/2π = 2 GHz.

a small-angle controlled-phase gate without any opera-
tion. When the wanted phase exceeds 0.08π , the quantity
|Tr[U†

I UCZθ ]|2/16 drops below 0.99, and this is the scope
of the beginning of the phase we are interested in dis-
cussing. In Fig. 4, we take into account the trade-off
between the Rabi frequency and the pulse duration, and
plot the fidelities of different CZθ gates under multiple sets
of parameters. The inset of Fig. 4 retains the selectable
pulse and the corresponding operation time for different
phases. In Table II, we also list the optimal parameters
of the Gaussian pulse corresponding to θ ∈ [0.08π ,π ] for
reference, and a high-fidelity continuous controlled-phase
gate set with operation time less than 1 μs can be obtained
under these parameters.

III. APPLICATIONS TO MAX-CUT PROBLEM
AND FOURIER TRANSFORM

The Max-Cut problem attempts to partition the vertices
of a graph into two sets so that the maximum number of

TABLE II. A reference for the parameter choices for CZθ gate
with fidelity over 0.997 and the evolution time less than 1 μs.
The other parameters are taken as �2/2π = 200 MHz, �/2π =
1000 MHz, and Urr/2π = 2 GHz.

θ (rad) �0/2π (MHz) T(θ) (μs)

0.08π − 0.16π 80 T = θ/2.0965
0.1π − 0.34π 100 T = θ/4.5064
0.22π − 0.64π 120 T = θ/8.2
0.34π − π 140 T = θ/13.337
0.64π − π 160 T = θ/20.029
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edges can be cut. As a typical NP-hard problem, it can be
solved by mapping the problem of finding the ground state
of a cost Hamiltonian Hc = 1/2

∑m
α=1(1 − σ z

α1
σ z
α2
), in

which σ z is the Pauli-Z operator and α1,2 are qubit indices
representing the vertices of the edge α. The standard
method of quantum circuit for QAOA to find the ground
state of Hc is measuring the probability distribution of the
final state |γβ〉 = Um(βp)Uc(γp) · · · Um(β1)Uc(γ1)|s〉 on
the computational basis [62,64], where |s〉 = [1/

√
2(|0〉 +

|1〉)]⊗N is the initial state, and Uc = eiγHc and Um = eiβHm

(Hm = −1/2
∑m

α=1 σ
x
α ) represent the cost function and

state mixing, respectively. The optimal settings for all γi
and βi can be found via the classical optimizer. In the limit
of p → ∞, the above result can be regarded as a Trotter-
ized version of adiabatic evolution of the initial state to the
ground state of Hc.

As an illustration, the equivalent quantum circuit is dis-
played in Fig. 5(c), which depicts the Max-Cut problem
on a three-vertex line in Fig. 5(b), where the application
of the CZθ gate reduces the two-qubit terms in the quan-
tum circuit as shown in Fig. 5(a) by a factor of 2 when
compared to Refs. [62,64]. There are two degenerate Max-
Cut solutions for the three-vertex line graph (|101〉 and
|010〉) where the center vertex is connected to the two
side vertices and the two cuts result from the center and
side vertices belonging to distinct sets. The outcomes of

(a)

(c)

(d)

(b)

FIG. 5. Quantum circuits and numerical simulation results for
the Max-Cut problem of a three-vertex line graph. (a) The simpli-
fication of the circuit unit with the application of the CZθ gates.
(b) The three-vertex line graph with the center vertex connected
to the two side vertices. (c) The complete quantum circuit used
to solve the Max-Cut problem above, which is constructed by
CZθ gates. (d) The numerical simulation results under the circuit
constructed by CZ and CZθ gates, respectively. The input state is
|000〉 and the parameter for the CZθ gates are chosen according
to Table II, where �0/2π = 140 MHz.

this graph under the quantum circuits built by CZ gate
and CZθ gate, respectively, are described in Fig. 5(d). The
optimized parameters are about γ 
 {0.338π , 0.559π} and
β 
 {0.669π , −0.228π}. We assume that all single-qubit
gates are perfect, but the equivalent two-qubit gates are
formed by evolution contains the error cased by the spon-
taneous emission under Eq. (2), in order to compare the
difference caused by the two-qubit gates in the above two
quantum circuits. When layer p = 2 is utilized, both cir-
cuits yield results that are reasonably accurate, with fideli-
ties of F̃CZ = 0.9840 and F̃CZθ = 0.9940, respectively. The
overall evolution times for the circuits without considering
single-qubit gates are tCZ 
 5.024 μs and tCZθ 
 3.383 μs,
respectively. In more complex systems, additional layers
will be required for the right solution, and two-qubit gate
errors will also build up. Therefore, it is possible that the
application of CZθ gate can be used to address more com-
plex problems, improve accuracy, and do so while utilizing
half as many two-qubit gates and necessitating a shorter
running time [63].

The continuous control phase gate is necessary for the
standard Fourier transform problem in quantum comput-
ing. Figure 6(a) depicts the complete quantum circuit and
Fig. 6(b) describes the results of the Fourier transform
with input state 1/

√
2(|0〉 + |1〉)⊗ |0〉 ⊗ 1/

√
2(|0〉 + |1〉)

under the circuit of CZ gate and CZθ gate, respectively.
It is worthwhile to note that we modify the detun-
ing to be � = −2π × 1000 MHz in Eq. (2) in order
to produce the required negative phase. Compared with
the ideal result 1/

√
2[|000〉 + 0.5(1 + i)|010〉 + 0.5(1 −

i)|110〉], the fidelities of the two quantum circuits are
F̃CZ = 0.9808 and F̃CZθ = 0.9987, demonstrating that the
CZθ gate-applied circuit is more accurate. The correspond-
ing evolution time of the circuits without taking into
account the SWAP gate and the single-qubit gates are tCZ 

3.768 μs and tCZθ 
 2.23 μs, respectively.

Based on the analysis presented above, it is clear
that creating a continuous control phase gate successfully
can simplify quantum circuits and increase the precision
with which complex quantum computing problems are
resolved.

IV. DISCUSSION OF THE EXPERIMENTAL
FEASIBILITY AND TECHNICAL

IMPERFECTIONS

In experiments, the magneto-optical trap (MOT) tech-
nology based on the Doppler cooling mechanism is the
most commonly used laser cooling and trapping method,
it provides a platform for many fundamental research
and applications using cold atomic systems [70,71]. How-
ever, since MOT cannot store the quantum state for a
long time, it is necessary to introduce additional capture
methods without affecting the control of quantum states.
Another reason is that the atomic cooling and trapping
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(a)

(b)

FIG. 6. (a) The quantum circuit for the Fourier transform con-
structed by CZθ gates. (b) The numerical simulation results of the
quantum circuit with CZ and CZθ gates, respectively. The input
state is 1/

√
2(|0〉 + |1〉)⊗ |0〉 ⊗ 1/

√
2(|0〉 + |1〉). The param-

eters �0/2π = {120, 100} MHz are chosen to obtain the CZθ
gates with θ = {−π/2, −π/4}.

scales of MOT vary from several hundred microns to
several millimeters, which is much larger than the Ryd-
berg blocking radius. Therefore, in the experiment, neutral
atoms are loaded into the far-off-resonance optical traps
(FORTs) [37,72] or optical tweezers [73–75] via MOT to
achieve further capture. The trapping potential of a far-off-
resonant optical tweezer with linearly polarized light can
be described by [76,77]

UF(r) = πc2�

2ω3
0

(
2
�3/2

+ 1
�1/2

)
I(r), (21)

where ω0 and � are the frequency and decay rate of
5S1/2 − 5P3/2 transition and �3/2(1/2) is the laser detuning
from the 5P3/2(1/2). The trap depth can be calculated with
the presence of peak trapping intensity I(0) = 2Pf /πω

2
f ,

where Pf and ωf are, respectively, the power and the waist
of the tweezer beam. By applying polarization-gradient
cooling and adiabatic, the experimental apparatus in Ref.
[46] can cool the atomic temperature to 5.2 μK in a 50 μK
(UF/kB) trap. In order to make our scheme consistent with
the data provided by this trap, the parameters of the laser
beams are set as wavelength λf = 830 nm, the typical
beam power Pf = 174 μW, and the waist (1/e2 intensity
radius) ωf = 1.2 μm.

As studied in Refs. [37,44,78,79], we conduct numerical
analysis on the technical imperfections of realizing the CZ
gate from four aspects: (i) Doppler shift and fluctuation
of Rydberg-Rydberg interaction strengths, (ii) inhomoge-
neous Rabi frequency, (iii) fluctuation and noise of external

fields, and (vi) finite detection errors. The detailed analy-
ses are listed below in subsections. To be more credible, all
results are averaged over 100 realizations referring to the
fluctuations of the above parameters.

A. Doppler shifts and fluctuations of the
Rydberg-Rydberg interaction strength

Due to the limitation of the existing cooling mecha-
nism, the temperature of the atom cannot reach absolute
zero. Therefore, the atom has a certain speed leading to the
Doppler effect, and the laser frequency detuning felt by the
atom will be shifted from the desired �. Moreover, atoms
affected by nonzero temperature will cause vibrations near
the ideal position. Combining these two reasons, the actual
distance l(t) between the pair of atoms varies with time,
resulting in fluctuations in the Rydberg-Rydberg interac-
tion. The ideal position of the control and target atoms are
denoted as Rc = (0, 0, 0) and Rt = (r, 0, 0), respectively.
The Hamiltonian includes atomic motion and fluctuation
of vdW interaction is

Hv =
∑
i=c,t

�1(t)
2

eik1·Ri(t)|p〉i〈1| + �2

2
eik2·Ri(t)|r〉i〈p|

+ H.c. −�|p〉i〈p| + Urr[l(t)]|rr〉〈rr|, (22)

where Ri(τ ) = Ri + δRi + vit and l(t) = |Rc(t)− Rt(t)|.
The randomly generated three-dimensional position δRi
and velocity vector vi obey the Maxwell-Boltzmann dis-
tribution [80]. The time-averaged variances of atomic
position and momentum are shown as [72]

〈x2〉 = 〈y2〉 = ω2
f

4
Ta

|UF | , 〈z2〉 = π2ω4
f

2λ2
f

Ta

|UF | , (23)

〈v2
x 〉 = 〈v2

y 〉 = 〈v2
z 〉 = Ta

m
, (24)

where Ta is the measured temperature of the trapped atoms.
In our setup [Fig. 1(a)], the two excitation lasers with vec-
tors k1 and k2 are counterpropagating along z axis. The
Hamiltonian can be rewritten as

Hv =
∑
i=c,t

�1(t)
2

eikz
1Zi(t)|p〉i〈1| + �2

2
e−ikz

2Zi(t)|r〉i〈p|

+ H.c. −�|p〉i〈p| + Urr[l(t)]|rr〉〈rr|, (25)

where Zi = zi + δzi + vzit. The corresponding wave vec-
tors are kz

1/2π 
 2.381 × 106/m and kz
2/2π 
 0.989 ×

106/m. The vdW interaction becomes Urr[l(t)]/2π =
−C6/l(t)6. Assuming the position distribution and veloc-
ity vector of two atoms are both Gaussian with variance
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of

σ 2
x = kB〈x2〉, σ 2

y = kB〈y2〉, σ 2
z = kB〈z2〉, (26)

σ 2
vx

= kB〈v2
x 〉, σ 2

vy
= kB〈v2

y 〉, σ 2
vz

= kB〈v2
z 〉, (27)

with kB the Boltzmann constant. The random number sub-
ject to Gaussian distribution can be generated with two
uniformly distributed random numbers ξ in the interval
[0, 1], denoted as σi

√−2 ln ξ1 cos[2πξ2].
Figure 7(a) portrays the fidelity of CZ gate governed

by the master equation with Hamiltonian (25) under Ta =
5.2 μK. The light blue parts represent the results of 100
stochastic simulations and the solid line in dark blue cor-
responds to the average result. The average gate error is
about 0.00118. Figure 7(b) shows the fidelity of present
gate protocol versus atomic temperatures Ta, indicating
that lower cooling temperatures facilitate the generation
of gates. The reason is that Urr is related to the atomic
separation l(t). With the increase of Ta, the range of
atomic motion expands, which cannot guarantee the strong
Rydberg blockade and lead to a greater error. Accord-
ing to our setup, the gate fidelity can hold above 0.98
with Ta < 20 μK. In Fig. 7(c), we analyze the evolution
results of Ta = 5.2 μK on average at r = 5.5 μm and
r = 4.5 μm, respectively, illustrating that the error can be
further reduced by reducing the initial distance between
atoms. In addition, under the influence of atomic tempera-
ture, the vibration of atoms in the direction of the tweezers
beam is more intense. Therefore, we arrange atoms perpen-
dicular to the tweezers beam to reduce the effect of atomic
vibration.

B. Inhomogeneous Rabi frequency

In the above section, we discuss the influence of Doppler
shifts and fluctuations of the vdW interaction caused by
atomic vibrations at finite temperature. But subject to the
beam waists of lasers, the vibration will also make the
atoms deviate from the laser center, resulting in changes in
the actual optical intensity felt by the atoms. The reduction
of the Rabi frequency is found when atoms are prepared
at a distance from the addressed site. In Ref. [81], the spa-
tial dependence of Rabi frequency has been numerically
studied, from which we have the position-dependent Rabi
frequencies [37]

�1(t, R̃i)=�1(t, 0)
e−{x2/[ω2

x,0(1+z2/L2
x,0)]}−{y2/[ω2

y,1(1+z2/L2
y,0)]}

[(1+z2/L2
x,0)(1+z2/L2

y,0)]1/4
,

(28)

�2(R̃i) = �2(0)
e−{x2/[ω2

x,2(1+z2/L2
x,2)]}−{y2/[ω2

y,2(1+z2/L2
y,2)]}

[(1 + z2/L2
x,2)(1 + z2/L2

y,2)]1/4
,

(29)

(a)

(b)

(c)

FIG. 7. (a) The system dynamics considering the Doppler
effect and the fluctuation of vdW interaction at the finite tem-
perature Ta = 5.2 μK governed by the master equation (2) with
Hamiltonian (25). (b) The gate fidelity at different temperature
Ta. (c) The average evolution results with initial separation r =
5.5 μm (solid line) and r = 4.5 μm (dashed line), respectively.
Note that the light blue region show the results of a hundred
stochastic simulations and the solid line in dark blue corresponds
to the average results. The parameters are taken as the same as
Fig. 3.

where �1(t, 0) and �2(0) are the Rabi frequencies at
trap center, Lx|y,i = πω2

x|y,i/λi is the Rayleigh length. The
trap position of atom i is R̃i = R̃i + δRi, where R̃i is the
ideal position denoting the laser alignment. Because two
atoms are driven independently, the definition of R̃i equals
(0, 0, 0) independent of the relative position of atoms.
After 100 repeated numerical simulations, it is found that
when the atomic temperature Ta = 5.2 μK, the influence
of Rabi frequency inhomogeneity on the system dynamics
is only 0.000 44.

C. Fluctuation and noise of external fields

Usually, multiple fields need to be applied in the experi-
ments of neutral-atom systems, such as the laser field used
to drive the atom and the magnetic field used to lift the
degeneracy of the Zeeman sublevels. The gate errors intro-
duced by the fluctuation and noise of these external fields
is discussed in this section.
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TABLE III. Fidelity errors of the CZ gate corresponding to
the system constructed by 87Rb atoms trapped in two optical
tweezers, which show in Ref. [46], relative to the ideal fidelity
0.9990. The tweezers are generated by the tightly focused 830-
nm laser, with beam waist at focal plane 1.2(1) μm with trap
depth 50 μK and the temperature of single atom is about Ta =
5.2 μK. The lower section gives the average results after 100
numerical simulation.

Quantity
Relative

error budget
Fidelity
estimate

Spontaneous
emission

0.00124

Doppler effects and
the fluctuation of
Rydberg-Rydberg
interaction
strengths

0.00118

The inhomogeneous
Rabi frequency

0.000 44

The fluctuation of
Rabi frequency

0.0001

Laser noises
(γdp/2π = 10
kHz)

0.011 51

Fluctuation of
detuning

−0.000 006 FCz 
 0.984 616

Detection errors 0.01 ∼ 0.03
FCz 
 0.974 616

∼ 0.954 616

(i) The fluctuation of the Rabi frequency. The intensity
fluctuation of laser fields will introduce a time-dependent
fluctuation δ�i(t) on the driving Rabi frequency, which is
assumed to follow the normal distribution functions with
the standard deviations σ�1,2 ≈ 0.05�0,2. Then the system
Hamiltonian reads

H� =
∑
i=c,t

1
2

[�1(t)+ δ�1(t)]|p〉i〈1| + 1
2

[�2 + δ�2(t)]|r〉i

〈p| + H.c. −�|p〉i〈p| + Urr|rr〉〈rr|. (30)

As shown in Table III, the fluctuation of Rabi frequency
has little effect on the system, which is about 0.0001.

(ii) The phase noise of laser fields. The laser phase
noise can be written as �i(t) = �i exp(iϕi(t)), where ϕi(t)
presents as a random process related to the power spec-
tral density Sϕ(f )with phase-modulated Fourier frequency
f . Because Sϕ(f ) depends on the test results of specific
experiments, the laser phase noise is difficult to quantify
directly [79,82]. Fortunately, the average result of the laser
phase noise will lead to dephasing of Rabi oscillations
[78,83], and it can be described as

Lli[ρ] =
2∑

n=1

L(n)li ρL(n)
†

li − 1
2
{L(n)†li L(n)li , ρ}, (31)

(a) (b)

FIG. 8. (a) The gate fidelities with laser phase noise gov-
erned by Eq. (2) plus (31). (b) The measured and corrected
populations of states |11〉, |10〉, |01〉, and |00〉 with initial
state |�(0)〉 = 1/2(|00〉 + |01〉 + |10〉 + |11〉) and finite detec-
tion errors (ε, ε′) = (0.03, 0.0047).

where the Lindblad operators Ll1 =
√
γ 1

dp/2(|p〉〈p| −
|1〉〈1|) and Ll2 =

√
γ 2

dp/2(|r〉〈r| − |p〉〈p|) describing the
dephasing between |p〉 and |1〉, and between |r〉 and
|p〉 caused by the phase noise of �1(t) and �2, respec-
tively. Figure 8(a) depicts the relationship between the
gate fidelity and two dephasing rates of γ 1(2)

dp /2π ∈ [0, 0.1]
MHz, from which we can see that the dephasing between
|r〉 and |p〉 is more influential.

(iii) The fluctuation of the detuning. The fluctuation
of external magnetic field may cause a transition shift,
giving a Rydberg two-photon detuning �B = (grmr −
g1m1)μBBz, where gr = 2 and g1 = 1/2 are Landé factors,
while mr = 1/2 and m1 = 0. The fluctuations of the exci-
tation laser frequencies and the light shift will also destroy
the two-photon resonance process and introduce another
detuning �l. So the system Hamiltonian in this case is
shown as

HI =
∑
i=c,t

�1(t)
2

|p〉i〈1| + �2

2
|r〉i〈p| + H.c. −�|p〉i〈p|

− δ

2
(|1〉i〈1| − |r〉i〈r|)+ Urr|rr〉〈rr|, (32)

where detuning δ = �B +�l. Referring to a variety of
experiments, The detuning fluctuates in accordance with
a normal distribution, with a σδ standard deviation, on the
order of a few hundred kHz. Here we choose σδ/2π = 500
kHz for simplicity. As shown in Table III, the fluctuation
of Rabi frequency has little effect on the system, and the
average result after 100 repeated numerical simulations
has even a negative relative error, possibly because it may
compensate for the errors caused by insufficient accuracy
on T of the temporal pulse or the insufficiently adiabatic,
etc.
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D. Detection errors

According to Ref. [78], the detection errors can be
divided into two parts: (i) the “false-positive” errors and
(ii) the “false-negative” errors. For the “false-positive”
errors, it refers to erroneously inferring an atom in the
ground state as exciting the |r〉 state, which can be denoted
as ε = P(r|1). This contains the motion loss of atoms when
we turn off the optical traps during the CZ gate or due to the
background-gas collisions. The measured value of ε is typ-
ical 0.01 − 0.03. For the “false-negative” errors, it can be
denoted as ε′ = P(1|r), which is introduced by the spon-
taneous emission from |r〉 to |1〉 before the atom escaping.
These errors can be approximated by ε′ = γrtrecape when
n > 50, where trecape = 1/γpi [72,79]. γpi is the ionization
rate of the Rydberg atom, which is proportional to UF and
inversely proportional to n3 where n is the principal quan-
tum number. In Ref. [72], it shows that the ionization rate
γpi of the Rydberg atom with n = 50 and UF/kB = 1 mK
is about 31 000/s. As a rough approximation, we can esti-
mate the ionization rate corresponding to other principal
quantum numbers by scaling this value like

γpi = UF

1mK

( n
50

)−3
(31 000)/s. (33)

And then the finite error ε′ can be estimated as ε′ ≈ 0.0047
including the effective lifetime of Rydberg state 100S1/2
and the measured atomic temperature. To numerically
measure the gate fidelity, the state measured at the final
time can be denoted as |ψt〉m = α|00〉 + β|01〉 + ζ |10〉 +
ηeiφ(t)|11〉, where

|η|2 = (1 − ε)2P̃11 + (1 − ε)ε′P̃1r

+ ε′(1 − ε)P̃r1 + ε′2P̃rr, (34)

|ζ |2 = (1 − ε)P̃10 + ε′P̃r0, (35)

|β|2 = (1 − ε)P̃01 + ε′P̃0r. (36)

P̃jk represents the population of state |jk〉 numerically.
After numerical simulations, we plot the actual and cor-
rected populations of states |11〉, |10〉, |01〉, and |00〉,
respectively. The initial state is taken as |�(0)〉. As shown
in Fig. 8(b), the dotted lines are corresponding to the
measured results. With (ε, ε′) = (0.03, 0.0047), the detec-
tion error on fidelity is about 0.03 while with (ε, ε′) =
(0.01, 0.0047) the detection error on fidelity is about 0.01.
However, these errors can be reduced by improving the
detection method, such as applying strong electric field,
increasing the measuring speed and improving vacuum
conditions [44,79].

In Table III, we summarize the gate errors under dif-
ferent technical imperfections. Among them, dephasing
caused by laser phase noise has the greatest influence. And
the fluctuation of detuning has the smallest influence even

(a) (b)

(c) (d)

FIG. 9. The sensitivity of the fidelity for the CZ gate to vari-
ation in optical intensity and detuning under different protocols.
(a) and (b) correspond to the scheme with parameters of Fig. 8
in Ref. [59]. (c) and (d) correspond to the present scheme with
parameters shown in Fig. 3.

increasing the fidelity a little because of the randomness.
After correcting the detection errors, the predicted gate
fidelity in the experiment can reach about 0.984 in our
scheme.

E. Comparison with other works in the literature

In this section, we compare the present scheme with
other previous works in terms of errors caused by the vari-
ations in the detuning and optical intensity, which can
be thought to be the result of all the imperfections of
the experiments. In comparison with the standard protocol
that uses constant-amplitude pulses [16], the application
of “STIRAP-inspired” pulse sequence in Ref. [59] suc-
cessfully reduces the detuning sensitivity, but increases the
sensitivity to intensity noise by about twice. In Fig. 9(a),
we reexamine the influence of the intensity noise under
the corresponding parameters in Fig. 8 in the literature by
simultaneously considering the fluctuations of both Rabi
frequencies as |�i(t)|2 = |�i(t)|2(1 + δIi), and in Fig. 9(b)
we reproduce the influence of the variation on the two-
photon detuning by considering a small error δ�r, while
the intensity noise is set as δI1 = δI2 = δI .

In contrast, considering the same intensity fluctuation
range such as |�i(t)|2 = |�i(t)|2(1 + δIi), the combina-
tion of the adiabatic evolution and the single temporal-
modulated pulse in the present scheme weaken the influ-
ence of the intensity noise, which is easy to check from
Fig. 9(c). Through the simultaneous study of the varia-
tions of two-photon detuning and the light intensity on the
fidelity of the scheme in Fig. 9(d), we find the present
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(a)

(b) (c)

FIG. 10. (a) Experiment geometry. Two single atoms are
trapped in two tweezers separated by about 3.6 μm on x direction
with the tweezer beam propagating along the z axis. The global
driving beams with waists ωx|y,0 = 8.3 μm and ωx|y,2 = 7.8 μm
are counterpropagating along the z axis. (b) The system dynam-
ics incorporating the Doppler effect and the fluctuation of vdW
interaction at the finite temperature Ta = 5.2 μK. (c) The system
dynamics including the inhomogeneous Rabi frequency.

scheme is about two times less sensitivity to the inten-
sity noise but about twice higher sensitivity to detuning
compared than the protocol with “STIRAP-inspired” pulse
sequence. In this sense, our gate protocol can be consid-
ered as a compromise between the standard protocol [16]
and the “STIRAP-inspired” protocol [59].

F. Global addressing

For the convenience of experimental operation, the
atoms in our scheme can also be globally driven by widen-
ing the waists of Rydberg excitation beams relative to the
small interatomic spacing. As shown in Fig. 10(a), the
separation of atoms is changed to 3.6 μm, and the corre-
sponding collective driving can be exploited by two lasers
with waist of 8.3 and 7.8 μm [46]. In order to achieve the
laser amplitude required previously {�0/2π ,�2/2π} =
{160, 200} MHz, we should reset the laser beams with
power {P0, P2} = {0.307 × 10−3, 1.162} W and waist of
{ωx|y,0,ωx|y,2} = {8.3, 7.8} μm. With this updated arrange-
ment of atoms, the error caused by atomic motion, such
as Doppler shifts and the inhomogeneous Rabi frequency
may change. Figures 10(b) and 10(c), respectively, mea-
sures the influence of the above two kinds of experimental
errors on the gate fidelity. Note that we have considered
the relative position here and set Rc,t = (±r/2, 0, 0). Com-
pared with the individual addressing scheme, the influence

(a)

(b) (c)

FIG. 11. (a) Experiment geometry. Two single atoms are
trapped in two tweezers separated by about 5.5 μm on z direc-
tion with the tweezer beam propagating along the x axis. The
global driving beams with waists ωx|y,0 = 4.2 μm and ωx|y,2 =
3.9 μm are counterpropagating along the quantized z axis, (b)
The system dynamics incorporating the Doppler effect and the
fluctuation of vdW interaction at the finite temperature Ta =
5.2 μK. (c) The system dynamics including the inhomogeneous
Rabi frequency.

brought by the inhomogeneous Rabi frequency is slightly
greater, because the Rabi frequencies shared with both
atoms in the desired position becomes weaker.

To avoid the high laser power required for the wider
beam waist, another collective driving scheme as shown in
Fig. 11(a) can also be put to use. By changing the direction
of the optical tweezers and rearranging the atoms along
the z axis perpendicular to the trap direction, the global
addressing can be achieved without increasing the beam
waists [84]. Here we set Rc,t = (0, 0, ±r/2). Comparing
Figs. 11(b) with 10(b), we see the errors caused by Doppler
shifts in both collective driving schemes are quite similar,
but the second scheme is relatively sensitive to the inho-
mogeneous Rabi frequency due to the larger fluctuation
range of the Rabi frequency, as indicated by Fig. 11(c).
The widening fluctuation range arises from the fact that
the driving pulses propagate along the z axis with vibra-
tion of atoms in x and y directions, where the x axis is
also the direction of the trap, which means the time aver-
age variance of the atomic position in the x direction is the
largest.

V. OTHER FORMS OF TEMPORAL PULSES

As mentioned in Sec. II, there are many options for the
time-dependent modulation pulse as long as it meets the
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(a) (b) (c) (d)

(e) (f) (g) (h)

FIG. 12. (a) and (c) show the time dependence of Rabi frequencies of application, where�1(t) and�exp
1 (t) correspond to the standard

and experimental ones, respectively. (b) and (d) show the fidelity of the CZ gate corresponds to the above pulses, where the dotted
lines correspond to the standard pulses and the solid lines correspond to the experimentally available pulses. (e)–(h) The fidelity and
the total evolution time of CZθ gate with different �0 under the standard pulses shown in figures (a) and (c), respectively.

adiabatic conditions given by Eqs. (7) and (17). To ver-
ify this point of view, we give two non-Gaussian pulses
and measure the fidelity of the CZ gate. As shown in
Figs. 12(a) and 12(c), the corresponding pulse forms are
a super-Gaussian pulse

(a) �1(t) = �0e−(t−2T1)
4/T4

1 (37)

with parameters �0/2π = 130 MHz, �2/2π = 200 MHz
and the total evolution time is ttot = 4T1, and

(c) �1(t) = �0Ft cos
(π

2
ft
)

, (38)

where Ft = e−(t−T2)
6/2σ 6

, ft = (1 + e−4(t−T2)/σ )−1 and σ =
0.3T2,�0/2π = 130 MHz,�2/2π = 200 MHz, and ttot =
1.4T2.

Figures 12(b) and 12(d) depict the system dynamics
under the standard pulses shown in Figs. 12(a) and 12(c)
with T1,2 = {0.217, 0.6875} μs, respectively. The corre-
sponding fidelity of the CZ gate can reach 0.9980 and
0.9982. Similarly, to be more realistic, we further measure
the system dynamics under the experimentally available
pulses �exp(t) constructed in the same way as the experi-
mental pulse shown in Fig. 3(a), and obtain the same gate
fidelity. Besides, the advantage of an adiabatic scheme
combined with a single time-dependent pulse is retained,
i.e., a continuous controlled-phase gate set can be realized
by considering the trade-off between the Rabi frequency
and the pulse duration, as shown in Figs. 12(e)–12(h).

VI. GENERALIZATION AND CONCLUSION

To make a comparison with previous schemes [53,59],
we further measure the fidelity of the CZ gate with 133Cs
atoms. We choose the 6S1/2 hyperfine clock states as
ground states |0〉 ≡ |F = 3, mF = 0〉, |1〉 ≡ |F = 4, mF =
0〉 and the Rydberg state |r〉 ≡ |126S1/2, mj = 1/2〉 for
concreteness. By using a two-photon transition with σ+-
polarized 459-nm and π -polarized 1038-nm beams, the
coherent Rydberg excitation between |1〉 and |r〉 can be
realized where the intermediate state is chosen as |p〉 ≡
|7p1/2, F = 3, mF = 1〉. The lifetime of states |p〉 and |r〉
are τp = 0.155 μs and τr = 592 μs under the room tem-
perature (300 K). The branching ratios are equal to b0(1)p =
1/16, bdp = 7/8, d1(0)r = 1/32, ddr = 7/16, dpr = 1/2. In
such a structure, we numerically simulated the gate fidelity
under the same parameters with 87Rb, i.e., {�0,�2}/2π =
{160, 200} MHz. According to the relevant levels of 133Cs,
a 459-nm beam with typical beam power P0 = 402 μW
and waist of ωx|y,0 = 4 μm can provide the Rabi frequency
�0/2π = 160 MHz of |1〉 → |p〉 transition. By tuning the
1038-nm beam with typical beam power P2 = 369 mW
and waist of ωx|y,2 = 2 μm, we can obtain �2/2π = 200
MHz. The gate fidelity can reach Ft = 0.9981 with evo-
lution time Tg = 0.628 μs. Compared with the method
provided in Ref. [59], we obtain a higher fidelity with
analytical forms of the laser pulse instead of numerical
ones.

In conclusion, we study a method for robustly imple-
menting a continuous controlled-phase gate set based on
adiabatic evolution in the Rydberg blockade regime. The
neutral atoms are resonantly excited to Rydberg levels by
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a single-temporal-modulated pulse sequence individually.
According to the different adiabatic paths, a dynamical
phase factor of CZθ gate can be accumulated on logic qubit
state |11〉 alone, which can be adjusted from 0.08π to π by
calibrating the shape of the temporal pulse. In the presence
of spontaneous emission from intermediate and Rydberg
states, the fidelity of CZθ gate can reach over 99.7% less
than 1 μs. It is worthwhile to note that there is a wide vari-
ety of time-modulated pulse shapes in this system. It can
be a Gaussian pulse or any other pulse that satisfies the adi-
abatic conditions, and no strict zero amplitude is required
at the beginning and end.

Taking standard CZ gate as an example, we further eval-
uate the feasibility of the scheme from the perspective of
experiment. Using 87Rb to construct the system, the fidelity
of the standard CZ gate can reach 99.78%. Considering
various technical imperfections in the experiment, the error
estimation of the CZ gate in 87Rb atomic system is dis-
cussed. Among them, the most obvious error source is the
dephasing caused by laser phase noise. After correcting the
detection error, the predicted fidelity can be maintained at
about 98.4%. In addition, the global driving method is also
studied, in which the influence of the inhomogeneous Rabi
frequency caused by atomic vibration is more obvious.
Compared with previous works in the literature, the present
scheme can be considered as a compromise between the
standard protocol [16] and the “STIRAP-inspired” pro-
tocol [59]. In short, our gate protocol provides a robust
and flexible method for adjusting the entangled phase. We
believe that this study would contribute to the experimen-
tal realization of the near-term noisy intermediate-scale
quantum computation and algorithm with neutral-atom
system.
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