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Stokes Localized Structure in Kerr Resonators
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We theoretically demonstrate generation of the Stokes temporal localized structure (TLS) by exploiting
its Raman interaction in space and time within an optical potential well shared with another dark pulse.
Excitation of the Stokes TLSs is feasible in both the normal and anomalous group-velocity dispersion
regime, with a single modulated pump source. Stimulated Raman scattering constitutes influences on the
stability and physical feature of the generated Stokes TLS (STLS). Particularly, breathing STLSs are also
observed due to the periodic energy transfer between the primary and the Stokes fields. These findings
could deepen the understanding of complex nonlinear dynamics in resonators and facilitate the excitation
of different types of TLSs in potential platforms.
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I. INTRODUCTION

Temporal localized structures (TLSs) are coherent
pulses of light that can circulate indefinitely in dissipative
Kerr resonators, usually classified as dark pulses or bright
solitons existing in the normal and anomalous group-
velocity dispersion (GVD) regime, respectively [1]. Their
shapes exhibit extremely stable characteristics thanks to
compensation of dispersion and Kerr nonlinear effects [2].
They have been observed in macroscopic fiber ring cavities
[3] and monolithic microresonators [4–9], where they play
an extraordinary role in the generation and application of
low-noise, broadband optical frequency combs. Frequency
comb generation in microresonators has witnessed tremen-
dous progress, facilitating emergent applications in astron-
omy [10,11], metrology [12–15], spectroscopy [16–18],
and optoelectronic oscillator [19].

In addition to the Kerr nonlinearity, another effect asso-
ciated with TLS properties is the stimulated Raman scat-
tering (SRS), which introduces a redshift of the soliton
spectrum in microcavities [20], also termed as Raman
self-frequency shift (RSFS). Such a phenomenon exists
in amorphous materials (e.g., Si3N4 [21] and SiO2 [22]),
where the Raman gain bandwidth is much larger than
the cavity free-spectral range (FSR). Crystalline materi-
als (e.g., LiNbO3 [23] and AlN [8,24]) with narrow and
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strong Raman gain also exhibit RSFS, even if the gain
bandwidth is narrower than the resonator FSR. Further-
more, Raman gain can produce optical amplification and
laser action of waves with redshifted wavelength rela-
tive to a pump pulse [25]. Recently, Raman-related effects
have been reported, the bright Stokes soliton generation
through Raman amplification created by the pump soli-
ton [26,27]. SRS is also found to impose a fundamental
limit on the duration and bandwidth of bright solitons
in the anomalous GVD regime [3]. In normal disper-
sion platforms, there is competition between SRS and
Kerr effects [28,29]. SRS may not only stablize mov-
ing bright localized structures [30], but also has impli-
cations on the bifurcation structure [31] and stability of
the localized structures [29]. Yet, the specific pattern in
which SRS affects the emission and stability of TLS in
the normal GVD regime has not to date been thoroughly
revealed.

Excitation of the Stokes TLS in the normal GVD theo-
retically requires that the longitudinal modes of the Stokes
field are located within the Raman gain spectrum cre-
ated by the primary dark pulse on the one hand, and the
Stokes field can overlap in space and time with the pri-
mary dark pulse when they circulate in the resonators on
the other. Once the Raman gain from the pump field is
sufficient to balance the total cavity loss, any noise will
be amplified and parametric oscillation is possible [26,27].
The overlap of two fields could be destroyed due to
their different group velocity related to overall dispersion.
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Temporal drift between two pulses in cavity associated
with high-order dispersion and RSFS can be restrained
by the potential well caused by the modulated driving
field.

In this work, we investigate the STLS generation via
the Raman gain from a dark pulse formed by the pump
amplitude modulation in the normal GVD region. Both
the Stokes dark pulse and the Stokes solitonlike tempo-
ral structures can be initiated in the normal and anomalous
GVD regime, respectively. The repetition frequency of
both the initial and the Stokes TLS are locked by the mod-
ulation frequency, suppressing the RSFS and matching the
above mentioned conditions. The influences of SRS on the
stability and physical feature of intracavity STLS have also
been discussed. In particular, breathing dynamics are also
observed due to the energy transfer between the pump and
the Stokes fields. Reported findings provide deep insight
into the complex dynamics of the SRS processes in Kerr
resonators.

II. THEORETICAL MODEL

We start by briefly introducing the physical process as
shown in Fig. 1. An amplitude-modulated pump is injected
into a Kerr resonator with normal GVD to obtain the
primary pulse (the blue particle). The energy of the pri-
mary pulse can be transferred to the Stokes pulse (the
red particle) via the nonlinear Raman gain. Such a non-
linear process can be theoretically described using the
coupled mean-field Lugiato-Lefever equation (LLE). The
interaction between two pulses via cross-phase-modulation
and the SRS process has been previously studied in opti-
cal fibers using coupled-pulse-propagation equations [32].
Such a model can be extended to investigate the Stokes
localized structure in Kerr resonators [26]. The coupled
equations describing the intracavity’s slowly varying field
amplitudes for the primary and the Stokes pulse sys-
tem can be adapted from the LLE augmented by Raman
interactions [26,33],
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where αp ,s, Ep ,s, δp ,s, βpn,sn, γp ,s, are the total round-trip loss
coefficient, field amplitude, detuning, nth-order dispersion
coefficient, Kerr nonlinear coefficient of the pump and the
Stokes field, respectively. L, TR, τ , T, Ein, and fR denote
cavity perimeter length, round-trip time, fast time, slow
time, pump amplitude, and Raman fraction, respectively.
The Kerr nonlinear coefficient γp ,s = n2 ωp0,s0/cAeffp,effs
with Aeffp,effs, ωp0,s0, and n2 representing the effective mode
area, angular frequency, and nonlinear refractive index of
the pump and Stokes pulses, respectively. σ is the FSR dif-
ference between the primary and Stokes pulses. The kernel
or influence function hR(τ ) is the nonlocal delay response
term modeling the SRS. The parameters τ1,2 depend on the
type of medium. We focus on the common parameters of
fused silica with fR = 0.18, τ1 = 12.2 fs, and τ2 = 32 fs.
There is a Raman shift between the carrier frequency of
pump and Stokes pulses, thus the relationship of group-
velocity dispersion, nonlinear coefficient, and Raman gain
between the pump field and Stokes pulse can be expressed
as

βs2 = λp

λs
βp2, γs = λp

λs
γp . (4)

Generally, the pulse width in our considered system is
several hundred femtosecond, which is much longer than
the Raman response time (approximately 10 fs), thus the
pulse fields Ep ,s can be considered slowly varying variables
when compared with hR(τ ). Therefore, the last terms in
Eqs. (1) and (2) associated with Raman response function
can be expanded into a Taylor series written as

Ek

∫
hR

(
τ ′) Ej E∗

k exp
(±i�τ ′) dτ ′

≈ |Ek|2 Ej

∫
hR

(
τ ′) exp

(±i�τ ′) dτ ′, (5)

044028-2



STOKES LOCALIZED STRUCTURE IN KERR RESONATORS PHYS. REV. APPLIED 18, 044028 (2022)

(a) (b) (c)

P
ow

er
 (

ar
b.

 u
ni

ts
)

Time

EO modulated pump Normal GVD  Kerr resonator

Raman gain

ωp
ωs

P
ow

er
 (

ar
b.

 u
ni

ts
)

Time

Primary
Stokes

Output

FIG. 1. Schematic process of STLS generation. (a) Amplitude-modulated pump source. (b) Primary pulse (the blue particle) forma-
tion via pump modulation and the Stokes pulse (the red particle) excitation with the nonlinear Raman gain in cavity. (c) Output locked
pulse profile.

For generalization, Eqs. (1)–(5) can be normalized and
written in the dimensionless form,
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where we assume α = αp = αs. The parameters fol-
low ψp ,s = Ep ,s/

√
α/γp ,sL, ζ = tα/TR, η = τ

√
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√
κγpL/α3, r = λp/λs. � is the pump modulation fre-

quency and l is the modulation depth. dp2,s2 = ±1 refers
to the normal or anomalous dispersion regime, respec-
tively. High-order dispersion is ignored in calculations
for simplicity. Microdisk or microsphere SiO2 resonators
generally exhibit large mode volume, which can sup-
port multiple transverse co-oscillating intracavity modes.

Leveraging mature dispersion engineering could help to
obtain desired normal and anomalous dispersion at the
focusing wavelength range [34]. In Eq. (8), R(η) is the
normalized Raman kernel function. H is the Heaviside
function. a = T0

(
τ 2

1 + τ 2
2

)
/
(
τ1τ

2
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)
, b = T0/τ2, c = T0/τ1,

where T0 = √|β2| L/α is the normalization time scale.
Variation of T0 means changing the strength of Raman
response function and the physical parameters of resonator
including GVD, perimeter and losses [31]. The relation-
ships between τ1,2 and Raman gain parameters are τ1 =
1/

√
�2

R − �2
R, τ2 = 1/�R. The Raman effect is calculated

by the convolution theorem, which states R ⊗ |ψ |2 =
F−1

(F [R] × F [|ψ |2]). In Eq. (9), the Raman gain is
associated with the imaginary parts of F [R]. Technically,
Eqs. (6)–(9) can be numerically solved by the Runge-Kutta
algorithm combined with Fourier transform.

III. RESULTS AND DISCUSSIONS

We first consider the excitation of STLS in the normal
GVD regime. The primary dark pulse can be generated
from a modulated pump by means of the conventional
frequency scan method, which is widely used for bright
soliton generation [35–37]. Figure 2 depicts the spatiotem-
poral evolution process of the primary dark pulse (blue
curve) and the STLS (red curve). Intracavity energy grad-
ually accumulates when linearly increasing the detuning,
then the primary dark pulse forms with a step feature at
ζ = 1000 shown in Fig. 2(a). The pulse width decreases
with continuous increase of detuning between ζ = 1000
and 2700, while the peak power of dark pulse continues to
enhance (see the Supplemental Material for more details
[38]). A second step feature occurs at ζ = 2750 indicat-
ing the emission of the SLS (marked with white dashed
line). Raman gain provides enough energy to compensate
for cavity losses, resulting in parametric oscillations. One
can obviously see the energy of STLS (red curve) abruptly
reaches the maximum and holds at it when the detuning
keeps unchanged in the remaining time. More details can

044028-3



MULONG LIU et al. PHYS. REV. APPLIED 18, 044028 (2022)

(a)

Stokes exitation point

η
0 40–40

Norm. Power
1.0 8.0 6.0 4.0 2.0 0.0

14

12

10

8

6

4

2

ω
02 tesffo01–10 0

0

–20

–40

–60

–80

ζ

4.0

0.0

1.0

2.0

3.0

3.5

2.5

1.5

0.5

ω  (10 /div)

η (10 /div)

P
ow

er (dB
m

)

P
ow

er
 (

ar
b.

 u
ni

ts
)

(b)

(c)

Primary
Stokes

0

4

8

12

16

P
ow

er
 (

dB
m

)

–80

–60

–40

–20

0 –14

–34

–54

–74

–94

P
ow

er
 (

dB
m

)

P
ow

er
 (

ar
b.

 u
ni

ts
)

×10
3

FIG. 2. Stable primary dark pulse and STLS generation in the normal GVD regime. (a) Left panel, energy traces for primary pulse
(blue curve) and STLS (red curve); middle panel, temporal evolution of primary dark pulse; right panel, spectral evolution of dark pulse
and STLS. (b) Stable spectra of the primary dark pulse (the blue curve) and the Stokes pulse (the red curve). (c) Final locked pulse
profile of the primary dark pulse (the blue curve) and the Stokes pulse. The parameters used are F = 4.5, l = 0.7, T0 = 7, dp2,s2 = 1.

be seen from the temporal evolution of dark pulse and
STLS [Fig. 2(a)], both of which show stable evolutionary
properties. Figure 2(b) depicts the final spectra of the pri-
mary dark pulse (the blue curve) and the Stokes pulse (the
red curve). In spectral domain, stable dark pulse and STLS
are associated with coherent frequency comb generation.
The spectrum of the primary comb has two pronounced
wings, while the STLS comb exhibits a spectral shape
quite different from the traditional platicon in the normal
GVD region [39,40]. There is a dip at the top of the pri-
mary dark pulse [see Fig. 2(c)] due to the energy transfer
of the Raman effect. The primary dark pulse is asymmetric
nonlinear object with a pronounced oscillatory tail. STLS
shows a bright solitonlike profile reshaped by the Raman
gain. The properties of generated pulses, such as width and
maximum peak power are strongly affected by the driving
field amplitude and the group-velocity dispersion through
the characteristic time T0, as shown in Figs. 3(a)–3(c). The
maximum peak power of primary dark slowly increases

with the injected field amplitude as shown in Fig. 3(a),
while the FWHM of primary dark pulse increases rapidly
with increasing pump power as shown in Fig. 3(b). At a
given pump amplitude, the peak power decreases while
the FWHM hardly increases with T0. Figure 3(c) shows
the peak power of generated STLS, which apparently
increases with both pump amplitude and T0. It relies on
the transfer of pump energy to the Stokes field.

We also observe breathing STLS structures by chang-
ing the normalization time scale T0, which are related to
the modification of the SRS response. SRS introduces an
additional dependency on the normalization time scale T0,
which is related to the strength of Raman response function
and connects to physical parameters of resonator, includ-
ing GVD, perimeter, and losses. Figure 4 illustrates the
spatiotemporal evolution process of the primary breath-
ing dark pulse (blue curve) and the breathing STLS (red
curve). The tuning method is the same as that used in Fig. 1
while with larger T0 = 10 fs. The primary dark pulse forms
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FIG. 4. Breathing primary dark pulse and STLS generation. (a) Energy traces for primary pulse (blue curve), STLS (red curve), and
total intracavity energy (black curve). (b) Enlargement of energy trace of the rectangular region in (a). (c) The detuning is linearly tuned
from −0.1 to 13 with a step of 0.02 and held at 13 for stable evolution. (d) Temporal evolution of breathing STLS. (e) Enlargement
of the diagram of the rectangular region in (d). (f)–(h) Temporal profile of the Stokes pulse corresponding to the location marked with
the white dashed curve. (i)–(k) Spectra of the Stokes pulse in (f)–(h). The detuning is linearly tuned from −0.1 to 13 with a step of
0.02 and held at 13 for stable evolution. The parameters used are F = 4.5, l = 0.7, T0 = 10, dp2,s2 = 1.

with a step feature at ζ = 900 shown in Fig. 4(a) (blue
curve). The energy accumulates with continuous increase
of detuning between ζ = 900 and 1950. A second step
feature occurs at ζ = 2000 indicating the emission of the
SLS. The energy trace presents periodical oscillation after
ζ = 2500 [see Figs. 4(a) and 4(b)], indicating the unsta-
ble energy transfer between two pulses. STLS directly
becomes the breathing state once reaching the threshold
power. The detuning is linearly tuned from −0.1 to 13
with a step of 0.02 and held at 13 for stable evolution,
as shown in Fig. 4(c). Figure 4(d) illustrates the tempo-
ral evolution of breathing STLS with an enlarged diagram
of the rectangular region in Fig. 4(d). Figures 4(f)–4(h)
give temporal profiles of the Stokes pulse correspond-
ing to the location marked with white dashed curve with
their spectra shown in Figs. 4(i)–4(k). Such a phenomenon
can be understood as the following steps: (i) power

accumulation in the primary platicon, (ii) power transfer
from the primary platicon to the STLS, and (iii) power
dissipation in the STLS. Raman-induced breather platicon
has been numerically predicted [41], in which the energy
exchange between the pump and the Stokes fields occurs
in the same mode. Dark soliton breathers in the normal
GVD regime have also been experimentally demonstrated
[6], the dynamics of which are dominated by the Kerr
effect. However, the breathing STLS observed here is
induced by the energy transfer between pump field and the
Stokes field, which is quite different from the previously
reported dark soliton breathers. One can observe breathing
structures by changing pump strength and linear detuning
when T0 is in the range of 3–30 fs. The breathing phe-
nomenon appears at different pump power and laser detun-
ing with a given T0. Variation of T0 means changing the
physical parameters of resonator, including second-order
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FIG. 5. Stable primary dark pulse and STLS generation in the anomalous GVD regime.(a) Left panel, energy traces for primary
pulse (blue curve) and STLS (red curve); middle panel, temporal evolution of primary dark pulse; right panel, spectral evolution of
dark pulse and STLS. (b) Stable spectra of the primary dark pulse (the blue curve) and the Stokes pulse (the red curve). (c) Final
locked pulse profile of the primary dark pulse (the blue curve) and the Stokes pulse. The parameters used are F = 4.5, l = 0.7, T0 = 7,
dp2 = 1, ds2 = −1.

dispersion, cavity total length, and linear losses. So the
breathing dynamics is also closely related to microcavity
parameters.

Regarding the STLS excitation in the anomalous disper-
sion regime, similar phenomena can be observed as shown
in Fig. 5. In this case, primary platicon is still first gen-
erated by pump modulation in the normal GVD, while
the Stokes pulse is located at the anomalous GVD region.
Intriguingly, the dynamic process is similar to the case in
the normal dispersion (shown in Fig. 2). The final spectrum
[Fig. 5(b)] and temporal profile [Fig. 5(c)] are quite differ-
ent. The peak power of the STLS is much smaller than
that of the case in Fig. 2(c), indicating a lower conversion
efficiency in the anomalous GVD region. The possibility
of excitation of the hybrid dark pulse-STLS complexes
provides deep insight into the complex dynamics of the
nonlinear processes in dissipative Kerr resonators, if the
pump and the Stokes modes have alternating signs of
the GVD coefficient. These findings could be used to
develop and generate microresonator-based microcomb
sources with better performance. In the prospective view,
such Stokes-localized structures could not only facilitate
microcomb-based sensor with high chemical selectivity
and high sensitivity, but also leverage applications, includ-
ing radio-signal generators, frequency modulators, and
spatial range finders.

IV. CONCLUSIONS

In summary, we theoretically demonstrate the possibility
of STLS excitation and the associated nonlinear dynamics
in Kerr resonators with a modulated pump in the nor-
mal GVD regime. The hybrid platicon-Stokes complexes
are possible whether the Stokes modes have alternating

or identical signs of the GVD coefficient regarding to
the primary platicon field. Breathing dynamics and the
feature of generated STLS influenced by SRS effect are
also investigated in detail. Generation of different types
of STLSs represent another pulse-trapping approach in a
laser, which may offer an all-optical tool for gas detection
with high selectivity and sensitivity. From a practical view-
point, dispersion engineering could also permit a STLS to
form within the same mode family as the primary pulse.
Moreover, realizing noncavity-based STLS with a pulse
seed is also possible in an appropriately phase-matched
multimode waveguide (optical fiber or monolithic).
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