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Hamiltonians of the superconducting qubits of transmon type involve nonzero ZZ interaction terms
due to their finite and small anharmonicities. These terms might lead to the unwanted accumulation of
spurious phases during the execution of the two-qubit gates. Exact calculation of the ZZ interaction rates
requires the full diagonalization of the circuit Hamiltonians, which very quickly becomes computationally
demanding as the number of the modes in the coupler circuit increases. Here we propose a direct analytical
method for the accurate estimation of the ZZ interaction rates between low-anharmonicity qubits in the
dispersive limit of the multimode circuit quantum electrodynamics (circuit QED). We observe very good
agreement between the predictions of our method and the measurement data collected from the multiqubit
devices.
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I. INTRODUCTION

Superconducting quantum processors are one of the
leading platforms in the race to achieve fault-tolerant quan-
tum computation. Several performance figures, such as the
qubit coherence times, and gate and measurement fidelities
have been steadily improving in the last two decades and
they reached [1–5] the error threshold levels as required
by the quantum error-correction protocols [6,7]. How-
ever keeping the same performance for the individual
components while scaling the circuits up remains a big
engineering challenge [8].

Superconducting qubits are made of Josephson junc-
tions, which are lossless two-terminal circuit elements.
Josephson junctions provide the nonlinearity needed to
obtain the qubit modes by allowing the “supercurrent” to
flow between their terminals by tunneling while introduc-
ing minimal loss [9]. The most popular superconducting
qubit transmon [10] is obtained by shunting the Joseph-
son junction with a relatively large capacitor. As such,
the transmon qubit is a nonlinear oscillator with small
anharmonicity to make it insensitive to charge fluctuations
that cause dephasing. Transmon qubits are often mod-
eled as multilevel quantum Duffing oscillators and they
are designed to interact with each other and with their
environment in the circuit-QED architecture [11,12].

In the circuit-QED architecture, qubit interactions are
mediated by the linear and passive microwave environ-
ment that the Josephson junctions are embedded in. Qubits
are typically coupled to each other and to the control and
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measurement electronics by the help of microwave com-
ponents constructed out of coplanar waveguide (CPW)
transmission lines and their bare interactions with the inter-
nal modes of these structures are of the exchange energy
type. When the strength of these interactions is smaller
than the detuning of the qubits from the internal modes
the system is said to be operated in the dispersive regime.
It was shown in Ref. [13] that in the dispersive limit
multimode circuit-QED systems can be described by an
effective Hamiltonian of Duffing oscillators whose interac-
tions with each other and with the drive lines are directly
related to the entries of the impedance matrix defined
between the qubit and drive ports.

However, when one reduces the effective Hamiltonian
of the circuit to a qubit Hamiltonian by eliminating the
higher levels of the Duffing oscillators’ nonzero ZZ inter-
action (Ising-type) terms are generated due to the finite
and small anharmonicities of the qubits in addition to the
main exchange interaction terms [14]. These ZZ interac-
tion terms might be a nuisance for some two-qubit gate
schemes such as the CR gate [15], which is the most popu-
lar microwave-activated gate that creates the entanglement
between the qubits via the ZX interaction. A nonzero ZZ
term in the qubit Hamiltonian will cause spurious phase
accumulations in the presence of spectator qubits and will
lead to the loss of the gate fidelity.

The suppression of the ZZ term in the qubit Hamil-
tonians has recently been studied actively to improve
two-qubit gate fidelities. In Ref. [16] a coupler design is
proposed that consists of two arms, one of which is fre-
quency tunable and the coupler suppresses the ZZ term by
the interference of the interaction paths through each arm.
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It is shown that the system can be tuned to a point where
the ZZ interaction becomes zero but the effective exchange
interaction J remains finite. A similar topology was used
in Ref. [17] to make exchange interaction zero. Other
approaches include the use of qubits of opposite anhar-
monicities [18] and of tunable qubits [19] to cancel the
ZZ interaction. More recently with a circuit topology sim-
ilar to Ref. [16] but using nontunable elements only [20]
showed that it is possible to suppress the ZZ term over a
relatively large band while keeping a finite J -coupling rate
that is useful for running the CR gate. Although a source of
crosstalk for the CR gate ZZ interactions can also mediate
controlled-phase (CZ) gates [21–27].

In this paper we develop a method for the accurate
estimation of the ZZ rates between transmon-type low
anharmonicity qubits in the multimode circuit QED. The
frequency dependence of the ZZ rates is captured by the
impedance entries connecting the qubit ports and hence
the high computational cost of diagonalizing multimode
Hamiltonians is avoided, making the microwave engineer-
ing [28] of multimode quantum couplers streamlined.

We start by describing our method in Sec. II. The
predictions of our theory are validated with numerical sim-
ulations on the example circuits in Sec. III. In Sec. IV
we compare the experimental data collected from multi-
qubit devices to the ZZ values calculated with our method.
In Sec. A we give a summary of the theory [13] that our
method is based on and the details of the derivation of the
results reported in the main text below.

II. CALCULATION OF THE ZZ INTERACTION
RATES

We assume that we have a quantum processor consisting
of N transmon qubits coupled to each other with the help
of a linear passive microwave network, which results in
an effective exchange-energy interaction Jij between the
qubits i and j as shown in Fig. 1 whose value is given by
the formula [13]

Jij = −1
4

√
ωiωj

LiLj
Im

[
Zij (ωi)

ωi
+ Zij

(
ωj

)
ωj

]
, (1)

where ωi, ωj are qubit frequencies, Li, Lj qubit induc-
tances, and Zij is the impedance entry connecting the qubit
ports. For a summary of the results in Ref. [13] where
Eq. (1) is derived we refer the reader to Appendix A 1. The
exchange coupling Jij in Eq. (1) can be diagonalized to get
the following qubit Hamiltonian [14] (with � = 1)

Ĥq = − (ω10 + ωZZ/2)

2
ẐÎ − (ω01 + ωZZ/2)

2
Î Ẑ + ωZZ

4
ẐẐ,

(2)

where ω10 = ωi + J 2
ij /�ij and ω01 = ωj − J 2

ij /�ij are the
dressed qubit frequencies, �ij = ωi − ωj is the detuning

between the qubits and above we assume Jij � |�ij |. The
ZZ interaction rate ωZZ is shown to be [14]

ωZZ = ω11 − ω10 − ω01 (3)

≈ − 2J 2
ij (δi + δj )

(�ij + δi)(δj − �ij )
, (4)

where δi and δj are qubit anharmonicities. However, the
accuracy of the formula in Eq. (4) can be improved signif-
icantly if one inspects more closely the higher-order terms
that are often dropped with a rotating-wave approximation
and include in the treatment the terms that are rotating at
much slower frequencies. Such terms will bring correc-
tions to the couplings between the second excited states of
the qubits |20〉, |02〉 and the |11〉 state as shown in the state
diagram in Fig. 1. We define the nonlinear term Ĥδ that
collects such terms to be added to the total Hamiltonian Ĥ
in Eq. (A1) as given below

Ĥδ =
∑

i,j

δi

√
ωi

ωj
αij b̂†

i b̂†
j b̂ib̂i + δj

√
ωj

ωi
αjib̂

†
j b̂†

i b̂j b̂j + h.c.

+ ω
(K)
ZZ b̂†

i b̂†
j b̂ib̂j , (5)

where h.c. stands for the Hermitian conjugate of the first
two terms in the expression above and b̂i is the annihila-
tion operator of the ith qubit mode. The weight coefficients
of the terms in Eq. (5) are given as functions of the off-
diagonal entries αij ’s of the total coordinate transformation
α = T exp(S) defined in Ref. [13] and are given by

αij = Z−1
ji

2(ω2
j − ω2

i )
Im

[
(ω2

i − 2ω2
j )Zij (ωj ) + ωiωj Zij (ωi)

]
,

(6)

where the “cross-characteristic impedance” Zij is defined
by Zij = √

Li/Cj . The details of how we obtain Ĥδ can be
found in Appendix A 2.

Using the first two terms in Eq. (5) and Eq. (6) together
with Eq. (1) above we can now write the couplings Jδi and
Jδj shown in Fig. 1 as

Jδi = −1
4

√
ωiωj

LiLj
Im

[
α

(i)
δi

Zij (ωi)

ωi
+ α

(j )
δi

Zij
(
ωj

)
ωj

]
, (7)

Jδj = −1
4

√
ωiωj

LiLj
Im

[
α

(i)
δj

Zij (ωi)

ωi
+ α

(j )
δj

Zij
(
ωj

)
ωj

]
, (8)
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FIG. 1. State diagram of the two transmon qubits coupled with
exchange coupling as given in Eq. (1). The couplings Jδi , Jδj
of the second excited states |20〉, |02〉 of the qubits to the state
|11〉 are updated with the treatment of the higher-order terms in
Eq. (5). Only states with up to two qubit excitations are shown
and

∣∣�ij
∣∣ < |δi| ,

∣∣δj
∣∣, i.e., the straddling regime is assumed for

simplicity with �ij = ωi − ωj being the detuning between the
qubits i and j and δi, δj being qubit anharmonicities. Our treat-
ment remains valid in the nonstraddling regime as well if the
dispersive and low-anharmonicity conditions for the system are
not violated.

where the correction factors α
(i)
δi

, α(j )
δi

, α(i)
δj

, α(j )
δj

are given by

α
(i)
δi

= 1 + 2
ωiδi

(ω2
i − ω2

j )
, (9)

α
(j )
δi

= 1 − 2
ωiδi

(ω2
i − ω2

j )
+ 4

δi

ωi
, (10)

α
(i)
δj

= 1 + 2
ωj δj

(ω2
i − ω2

j )
+ 4

δj

ωj
, (11)

α
(j )
δj

= 1 − 2
ωj δj

(ω2
i − ω2

j )
. (12)

Hence we can update the perturbative formula in Eq. (4)
for the ZZ rate as

ω
(J )
ZZ = 2

J 2
δi
(δj − �ij ) + J 2

δj
(δi + �ij )

(�ij + δi)(�ij − δj )
. (13)

See Appendix A 4 for the derivation of the expressions
given in Eqs. (7) and (8) for Jδi and Jδj . We note that the
formula in Eq. (13) gives a positive contribution to the total
ZZ rate ωZZ defined in Eq. (3) in the straddling regime∣∣�ij

∣∣ < |δi| ,
∣∣δj

∣∣ and reduces to the formula in Eq. (4) in
the limit of Jδi = Jδj = Jij .

Next we look at the last term in Eq. (5) that contributes
to the value of the ZZ rate; in other words, the term
ω

(K)
ZZ b̂†

i b̂†
j b̂ib̂j , which is also called as the “cross-Kerr” term.

Its contribution to the ZZ rate is negative, which is usually
small in magnitude in the dispersive region. Its value ω

(K)
ZZ

is calculated by working out the weight coefficients given

in Eq. (A13) of Appendix A 2 to get

ω
(K)
ZZ = 2δi

(
ωi

ωj

)
α2

ij + 2δj

(
ωj

ωi

)
α2

ji (14)

so that we can write the total ZZ interaction rate ωZZ
defined in Eq. (3) as

ωZZ = ω
(J )
ZZ + ω

(K)
ZZ . (15)

Finally, we introduce another parameter that was originally
defined in Eq. (120) of Ref. [13]

αii = 1
2

− 3
4

Im[Zii(ωi)]/Zi − 1
4
ωiIm[Z ′

ii(ωi)]/Zi, (16)

where Zi = √
Li/Ci is the characteristic impedance of the

ith qubit and Z ′
ii(ωi) = dZii(ω)/dω|ω=ωi

. Note that this is
an updated version of the expression given in Eq. (120)
of Ref. [13]. The coefficient αii gives the weight of the
flux of qubit mode i on its own junction’s phase. αii ∼= 1
in the dispersive region but it starts to deviate from one as
the system exits the dispersive regime. Hence it is a good
measure of how dispersive the system is. To include the
corrections due to αii’s into our treatment all we need to do
is to replace the charging energy E(i)

C in the expression for
the anharmonicity in Eq. (A3) with α2

iiE
(i)
C ; in other words,

we need to update the anharmonicity δi of the qubit i given
in Eq. (A3) as follows:

δi = − α2
iiE

(i)
C

1 − 2α2
iiE

(i)
C /ωi

. (17)

The updated formula above for the anharmonicity δi allows
us to capture the frequency-dependent changes due to
the existence of the high-frequency modes coupled to the
qubits. We refer the reader to Appendix A 3 for the deriva-
tion of the expressions given in Eqs. (16) and (17) for αii
and δi.

III. NUMERICAL EXAMPLES

We apply the method developed in the previous section
for the direct calculation of the ZZ rates to some simple cir-
cuits and compare the results to the exact diagonalization
of the circuit Hamiltonians.

A. Single-mode coupler

We start with the simple circuit shown in Fig. 2 con-
sisting of two transmon qubits coupled via a single-mode
shunt LC resonator bus. With Cq = 60 fF, Cc = 5 fF we
fix the qubits at 5.0 and 5.2 GHz by adjusting the values
of LJ1 and LJ2 accordingly and plot the ZZ interaction rate
as a function of the bus-resonator frequency fb in Fig. 3
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FIG. 2. Single-mode bus-circuit diagram. Transmon qubits of
shunting capacitances Cq’s and Josephson junctions LJ1 and LJ2
are capacitively coupled with coupling capacitances Cc’s to a bus
resonator with inductance Lr and capacitance Cr. With capaci-
tance values of Cq = 60 fF, Cc = 5 fF we fix the qubits at 5.0
and 5.2 GHz by adjusting the values of the junction inductances
LJ1 and LJ2 accordingly and plot the ZZ interaction rate as a
function of the bus resonator frequency fb in Fig. 3 assuming
a characteristic impedance of Zr = √

Lr/Cr = 50 � for the bus
resonator.

using three different methods. The “naive” method of cal-
culating the ZZ rate is to plug in the value of J12 calculated
using Eq. (1) into Eq. (4). However, we observe in Fig. 3(a)
that there is significant discrepancy between this method
(green curve labeled “Naive” in the legend) and the exact
value of the ZZ rate obtained with the numerical diag-
onalization of the circuit Hamiltonian (blue curve). And
this discrepancy stays at a significant level even if we go
deep into the dispersive region; in other words, as the bus
frequency increases. However, the accuracy is improved
considerably when we apply the updated formula for the
ZZ rate in Eq. (13) by using the values of Jδ1 and Jδ2
defined in Eqs. (7) and (8). This is plotted as “Z-method-0”

in Fig. 3(a) in orange color. The inset plot informs us about
the exchange coupling strength J12 between the qubits
as a function of the bus frequency calculated using the
impedance formula in Eq. (1) for the same set of circuit
parameters.

The accuracy of our calculation of the ZZ rate can be
improved further by adding the “cross-Kerr” contribution
in Eq. (14) and the corrections due to the αii coefficients
in Eqs. (16) and (17) into our treatment. The results are
shown in Fig. 3(b) where we observe that the ZZ rate cal-
culated with the addition of the cross-Kerr term (brown
curve) underestimates slightly the exact value (blue curve)
whereas with the addition of αii corrections we obtain a
very good agreement (dashed red) with true ZZ values
(blue) all the way down to fb = 5.6 GHz, which is only
400 MHz away from one of the qubits.

B. Two-mode coupler with two J12 zeros

Here we apply our method to a coupler consisting of two
finite frequency modes. We start by artificially creating the
following trans-impedance response

Z12(ω) = A(ω2
z1

− ω2)(ω2
z2

− ω2)

ω(ω2
p1

− ω2)(ω2
p2

− ω2)
(18)

with three poles at dc, ωp1 = 4.0 GHz, ωp2 = 6.25 GHz,
and two zeros at ωz1 = 4.5 GHz and ωz2 = 5.5 GHz. The
coefficient A is set to the value of −7.97 × 1010. Assuming
transmon shunt capacitances of 65 fF we obtain the results
in Fig. 4.

(a) (b)ZZ versus bus frequency ZZ versus bus frequency

FIG. 3. (a) With qubits in Fig. 2 fixed at 5.0 and 5.2 GHz ZZ rates calculated using the formula in Eq. (4) (labeled as “Naive” in
the figure legend) and the formula in Eq. (13) (labeled as “Z-method-0” in the figure legend) are compared to the exact value by the
numerical diagonalization of the circuit Hamiltonian (labeled as “Exact” in the figure legend). Inset shows the level of J coupling as a
function of the bus frequency plotted applying the impedance formula in Eq. (1). (b) For the example circuit in Fig. 2 with qubits fixed
at 5.0 and 5.2 GHz when only the cross-Kerr contribution in Eq. (14) is added (brown curved labeled “Z-method-K0” in the legend) to
the updated ZZ formula in Eq. (13) (orange) we underestimate the exact ZZ values (blue) slightly. However, when we also include the
corrections due to the αii coefficients in Eqs. (16) and (17) we obtain the dashed red curve (labeled as “Z method” in the figure legend),
which agrees very well (even deep in the nondispersive region) with the exact ZZ values (blue) obtained by a full diagonalization of
the circuit Hamiltonian.
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ZZ versus

FIG. 4. ZZ rate for the trans-impedance Z12 defined in Eq. (18)
with one of the qubits set to 5.0 GHz while the other qubit’s
frequency is swept from 4.75 to 5.30 GHz. The exchange cou-
pling strength J12 is plotted in the inset for reference. Curves start
diverging from each other after approximately 5.2 GHz because
the qubit detuning becomes comparable to the anharmonicity.

C. Nonlinear flux-tunable couplers

Before examining the multimode ZZ cancellation cou-
pler in the next section and validating our method experi-
mentally in the last Sec. IV here we illustrate with the help
of two different qubit couplers, the extension of our method
to the circuits employing nonlinear and flux-tunable
elements.

1. The gmon coupler

We start with the gmon coupler circuit shown in Fig. 5,
which was implemented in the superconducting quan-
tum processor in Ref. [29] and analyzed theoretically in

FIG. 5. Circuit representation of the two inductively coupled
transmons (referred to also as X -mons or g-mons in Refs. [29,
30]) with the following circuit parameters: C1 = C2 = 91 fF,
LJ1 = LJ2 = 8.6 nH, L01 = L02 = 200 pH, LT = 1.3 nH as given
in Ref. [30]. Flux bias �ext is applied in the inductive loop to tune
the effective inductance of the Josephson junction LT. Note that
it is assumed that both qubits are identical with equal frequencies
in which case the exchange coupling J12 between them is equal
to the half of the splitting after the full diagonalization done in
Fig. 6.

Ref. [30]. In these works transmon-type qubits are referred
to as Xmons (due to their particular geometry) or gmons
due their tunable couplings. In Fig. 5 two transmon qubits
are inductively coupled to each other by introducing small
linear inductors L01 and L02, which are shared in an induc-
tive loop containing also a tunable Josephson junction LT
tuned by the external flux �ext. By tuning the inductance
LT one can make the effective impedance of the coupling
junction LT very large to turn the coupling off.

To be able to apply our method to the circuit in Fig. 5 we
replace the coupler Josephson junction LT with an effective
linear inductance Leff = LT/ cos(δ) where δ satisfies [30]

δ +
(

L01 + L02

LT

)
sin(δ) = φext, (19)

with φext = 2π�ext/�0, �0 being the flux quantum. Hence
we obtain the circuit in Fig. 12 in Appendix A 5 with the
coupler junction replaced with the effective linear induc-
tance Leff. In Eq. (A19) we give the two-port impedance
matrix corresponding to the linearized gmon coupler
circuit in Fig. 12 and apply the impedance method for
the calculation of the ZZ rate to compare it to the exact
diagonalization in Fig. (6) as a function of external flux.
We see that our method accurately estimates the ZZ val-
ues obtained by exact diagonalization. For the details
about the application of the impedance method to the
nonlinear gmon circuit in Fig. 5 we refer the reader to
Appendix A 5 a.

2. Tunable bus coupler

We now look at the flux-tunable bus-coupler circuit
topology that has been recently studied and implemented
in several works [21–26,31]. The circuit diagram is shown
in Fig. 7.

ZZ versus Φext

FIG. 6. ZZ rates calculated between gmon qubits in Fig. 5 as
a function of the external flux bias φext. We observe very good
agreement between the exact values (solid blue) and the val-
ues obtained by the application of our method (dashed orange).
J -coupling level is given in the inset obtained from the half
splitting of the degenerate qubit frequencies.
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FIG. 7. Nonlinear flux-tunable bus-coupler circuit. Two trans-
mon qubits are coupled via a flux-tunable nonlinear bus mode.
The bus coupler junction LJb is assumed to be tunable. The qubits
are also coupled through a purely capacitive branch with the
coupling capacitance C(0)

c .

To apply our method we treat the coupler mode as
a qubit mode and replace its bare junction inductance
LJb with an effective linear inductance Lb = LJb/(1 −
2ECb/(�ωb)) as given in Ref. [13] to obtain the lin-
ear coupling network shown in Fig. 13. Here ECb =
e2/[2(Cb + 2Cc)] is the charging energy corresponding to
the coupler mode. Note that this is a valid approach as the
coupler mode is operated in the transmon regime. Follow-
ing the analysis in Appendix A 5 b of the effective coupling
network in Fig. 13 we obtain the impedance entries and
apply our method to calculate the ZZ interaction values,
which we compare with the exact values as shown in Fig. 8
with Cq = Cb = 60 fF, Cc = 2.5 fF, C(0)

c = 0.5 fF.

ZZ versus fb

FIG. 8. ZZ rate between the qubits in Fig. 7 obtained as a
function of the bus-mode frequency by setting the qubit frequen-
cies at 5.0 and 5.1 GHz and with the circuit parameter values
of Cq = Cb = 60 fF, Cc = 2.5 fF, C(0)

c = 0.5 fF in the circuit in
Fig. 7. We note that these values lead to approximately 350 MHz
of anharmonicity for the qubit and bus modes. Exact values
obtained by the full diagonalization of the circuit Hamiltonian
in the charge basis is shown in blue. ZZ rates calculated by the
application of our method using the impedance expressions in
Eqs. (A22) and (A23) are shown in dashed orange. We observe
satisfactory agreement in the dispersive region where the bus
frequency is higher than 6.0 GHz.

FIG. 9. Multimode ZZ cancellation coupler circuit. The cou-
pler consists of two arms: the top arm in the figure above is
a short λ/2 CPW resonator whereas the bottom arm consists
of a short CPW λ/2 section interrupted in the middle by a
λ/4 resonator shorted to ground. Both arms run in parallel and
are capacitively coupled to the same transmon qubit pads. Cir-
cuit parameters are C12 = 36 fF, C1g = C2g = 46 fF, C(1)

c =
8 fF, C(2)

c = 12 fF. CPW transmission lines have lengths l1 =
1.0 mm, l2 = 0.5 mm, l3 = 3.75 mm, and center traces of width
10 um with 6 um gap to ground, which gives the characteristic
impedances Z1 = Z2 = Z3 = 50 �.

We note that although the agreement is satisfactory in
the dispersive region for fb � 6.0 GHz as we move into the
nondispersive region, i.e., for fb ≤ 6.0 GHz our estimates
for the ZZ values diverge quickly from the exact values.
The reason for this discrepancy is the nonlinearity of the
coupler junction that affects the ZZ rates more significantly
as the qubit modes hybridize strongly with the coupler
mode in the nondispersive region.

ZZ versus f2

FIG. 10. ZZ interaction rate (blue and red) and the exchange
coupling rate J12 (orange) for the coupler shown in Fig. 9 as func-
tions of the second qubit’s frequency with the first qubit set to
5.0 GHz. We again compare the exact value of the ZZ rate to the
value calculated by the impedance method applying the formula
in Eq. (13) using Eqs. (7)–(12) and adding the cross-Kerr term
in Eq. (14) together with the αii corrections, Eqs. (16) and (17).
We observe good agreement at such a low level of ZZ interaction
and in the location of the first zero of ZZ curves that happen at
approximately 4.75 GHz. The second ZZ zeros are slightly off
as we approach the mode at approximately 6.3 GHz. We include
the plot of the exchange coupling J12, which is slowly increas-
ing over the qubit band and reaches 2 MHz at approximately
5.10 GHz.

044025-6



DIRECT CALCULATION OF ZZ INTERACTION RATES... PHYS. REV. APPLIED 18, 044025 (2022)

(a) (b)ZZ measured versus calculated ZZ measured versus calculated

FIG. 11. (a) Scatter plot of the measured ZZ values in the multiqubit chip F609_C where qubit frequencies are spread over the band
4.8–5.0 GHz. The least-squares fit in the orange line has equation y = 1.015x − 0.388. The standard deviation is σ = 3.7 kHz. For
each data point the x value corresponds to the measured value whereas the y value is the ZZ rate calculated using the impedance
method. ZZ rates measured from both directions are included in the plot for each pair. (b) Scatter plot of the ZZ values for the Chip
F608_C. ZZ values are larger by almost an order of magnitude compared to the chip F609_C in (a) since qubit frequencies are higher
(in the band 5.0–5.2 GHz). The least-squares fit line is given by y = 0.994x + 3.71. The standard deviation is σ = 28.5 kHz. Again
ZZ rates measured from both directions are included in the plot for each pair when available.

D. Multimode ZZ cancellation coupler

In this section we study an example of a multimode
coupler designed to cancel the ZZ interaction rate while
keeping a finite J -coupling strength [20]. The coupler
topology consists of two branches: one direct coupling
branch of the form of a short segment of λ/2 CPW
transmission line resonator and another branch of a short
segment of CPW shunted to ground in the middle through
a λ/4 CPW resonator. These two branches run in paral-
lel and are connected to the same transmon qubit pads
as shown in Fig. 9. The λ/4 section generates a mode
at approximately 6.3 GHz. In Fig. 10 we plot ZZ inter-
action rate for qubits coupled by the circuit in Fig. 9.
ZZ rate admits two zeros at approximately 4.75 GHz and
approximately 5.04 GHz and remains small in magnitude
in between, which is the typical qubit band.

IV. EXPERIMENTAL RESULTS

In this section we test the validity of the analytical
methods we develop in the previous sections on the mea-
surement data collected from real devices. In Figs. 11(a)
and 11(b) we compare the ZZ values predicted by our
method to the measured values from two different mul-
tiqubit devices with qubit frequencies spread over two
different frequency bands: on chip F609_C qubit frequen-
cies fall in the band 4.8–5.0 GHz whereas qubits on chip
F608_C lie between 5.0–5.2 GHz. Each chip contains 27
transmon qubits connected by the ZZ cancellation-type
couplers introduced in Ref. [20]. We study this type of
coupler in Sec. III D as an example to compare the results
obtained by our analytical method to the exact ZZ rate
values computed by the full diagonalization of the cir-
cuit Hamiltonian. Note that the ZZ cancellation effect is

not observed since the cancellation band is missed in these
chips. The coupler topology stays the same across the chip
in the sense that all couplers consist of two short λ/2
CPW arms in parallel with one of the arms shorted to
ground in the middle with a λ/4 CPW section. However,
the length and the characteristic impedance of the arms
and the resonance frequency of the λ/4 resonator differ
creating six different coupler responses, which allows us
to validate our analytical methods over a larger ensemble
with the good agreement seen in Fig. 11. The calculated
ZZ values are obtained using the Z12 output of the 2.5D
microwave simulations evaluated at the qubit frequen-
cies. Self-capacitances CJi’s of the Josephson junctions are
extracted (from the anharmonicity data) to be 3.0 fF for the
chip F609_C and 2.2 fF for the chip F608_C as the chip
F609_C had junctions with larger area.

V. CONCLUSION

We describe a method for the accurate calculation of
the ZZ rates between superconducting qubits in the mul-
timode circuit QED. By relating the ZZ interaction rates
directly to the impedance entries connecting the qubit
ports our method allows streamlined analysis and design
of the qubit-qubit couplers with the help of microwave
simulations. In particular, this opens a path for the design
of higher-order multipole ZZ cancellation couplers by
avoiding computationally intensive multimode quantum
Hamiltonian diagonalization.
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APPENDIX

1. The effective Hamiltonian

We start with an overview of the results in Ref. [13]
as our calculations for the estimation of the ZZ rates is
performed in the reference frame given by the effective
Hamiltonian derived in Ref. [13]. We assume that the
quantum device under study consists of N transmon qubits
connected to each other and to the readout and control
lines with the help of linear and passive microwave com-
ponents, such as transmission lines. For such systems, the
following effective Hamiltonian is derived in Ref. [13] in
the dispersive limit of the circuit QED:

Ĥ/� = ĤQ + Ĥχ + ĤR (A1)

Ĥ is obtained by block diagonalizing the initial sys-
tem Hamiltonian in Eq. (17) of Ref. [13] by applying
a Schrieffer-Wolff transformation. ĤQ collects the terms
corresponding to the qubit subspace:

ĤQ = Ĥ D
Q + Ĥ J

Q + Ĥ V
Q

where Ĥ D
Q is the diagonal part:

Ĥ D
Q =

N∑
i=1

ωib̂
†
i b̂i + δi

2
b̂†

i b̂i(b̂
†
i b̂i − 1), (A2)

which is the quantum Hamiltonian of N Duffing oscil-
lators of frequencies ωi’s, anharmonicities δi’s and anni-
hilation (creation) operators b̂i(b̂

†
i )’s; for 1 ≤ i ≤ N . The

anharmonicity δi of the qubit i is given by [13]

δi = −E(i)
C

(
ωJi

ωi

)2

= − E(i)
C

1 − 2E(i)
C /ωi

, (A3)

where E(i)
C = e2/2Ci is the charging energy and Ci is the

total effective transmon shunting capacitance of the ith
qubit; for 1 ≤ i ≤ N . ωJi = 1/

√
LJiCi with LJi being the

bare junction inductance corresponding to the ith qubit. Li
is the inductance of the ith qubit and is related to the bare
junction inductance LJi by Li = LJi/[1 − (2E(i)

C /�ωi)],
such that the qubit frequency ωi is given by ωi = √

LiCi.
Exchange couplings between qubits is given by the

term Ĥ J
Q

Ĥ J
Q =

∑
i,j

Jij (b̂ib̂
†
j + b̂†

i b̂j ), (A4)

where the following formula is derived in Ref. [13] for the
exchange coupling Jij between qubit modes i and j

Jij = −1
4

√
ωiωj

LiLj
Im

[
Zij (ωi)

ωi
+ Zij

(
ωj

)
ωj

]
, (A5)

where Zij is the impedance entry connecting the qubit port
i to the qubit port j . Qubit ports are defined across the
Josephson junctions of the transmon qubits: port currents
are the currents flowing through and the port voltages are
the voltages developed across the Josephson junctions.

The term Ĥ V
Q couples the qubits to the voltage drives and

is given by

Ĥ V
Q =

N∑
i=1

ND∑
d=1

εid(b̂i − b̂†
i )Vd. (A6)

Here Vd is the voltage source driving the dth drive line and
there are ND voltage sources in total. εid determines the
coupling rate of the ith qubit to the voltage source Vd

εid =
√

ωi

2�Li
Im

[
Zi,p(d)(ωi)

] eiθd Cp(d)√
1 + ω2

dZ2
0C2

p(d)

, (A7)

where Zi,p(d)(ωi) is the impedance entry (evaluated at the
frequency ωi of the qubit i) connecting the qubit port i to
the drive port p(d) corresponding to the voltage source Vd.
Cp(d) is the capacitance shunting the drive port p(d) and
Z0 is the characteristic impedance of the drive line. ωd is
the frequency of the voltage source Vd, which is assumed
to be a pure sinusoidal signal for simplicity. θd = (π/2) −
arctan(ωdZ0Cp(d)) is the phase factor corresponding to Vd.
See Ref. [13] for the details about the circuit model (the
multiport Cauer network) used to define the qubit and drive
ports.

ĤR collects the terms corresponding to the modes of the
linear passive environment that the qubits are embedded in

ĤR = Ĥ D
R + Ĥ J

R + Ĥ V
R , (A8)

where Ĥ D
R is the diagonal part given by

Ĥ D
R =

M∑
k=1

ωRk â†
k âk + χ

(R)

kk

2
â†

k âk(â
†
k âk − 1). (A9)

Here it is assumed that there are M internal modes with
the annihilation (creation) operators â(†)

k ’s and frequencies
ωRk’s. We note that the internal modes have acquired anhar-
monicities χ

(R)

kk ’s generated by the junction nonlinearities
and described by the self-Kerr terms in Eq. (A9) above.

Similar to the case for the qubit modes the term Ĥ J
R

in Eq. (A8) gives the exchange coupling Jkk′ between the
internal modes k and k′

Ĥ J
R =

∑
k,k′

Jkk′(âkâ†
k′ + â†

k âk′) (A10)
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and the term Ĥ V
R couples the internal modes to the voltage

drives

Ĥ V
R =

M∑
k=1

ND∑
d=1

εkd(âk − â†
k)Vd. (A11)

Ĥχ holds the Kerr-type coupling terms left after the block
diagonalization. In particular, the terms generating the
qubit-state-dependent frequency shifts χik’s in the readout
resonator frequencies are contained in Ĥχ given by

Ĥχ =
N∑

i=1

M∑
k=1

χikb̂†
i b̂iâ

†
k âk. (A12)

2. Treatment of the nonlinear terms

To find the higher-order corrections to the theory pre-
sented in the previous section necessary for the accurate
calculation of the ZZ interaction rates we borrow here
the fourth-order expansion of the cosine potentials of the
Josephson junctions used in Eq. (115) of Ref. [13] after
normal ordering as

Ĥβ = −
∑

pp ′qq′
βpp ′qq′(6â†

p â†
p ′ âqâq′ + 4â†

p â†
p ′ â†

qâq′

+ 4â†
p âp ′ âqâq′ + âp âp ′ âqâq′ + â†

p â†
p ′ â†

qâ†
q′), (A13)

where âp is the annihilation operator of the mode p in
the system, which can either be a qubit mode or a res-
onator mode. We distinguish below the qubit operators by
reserving the symbol “b” for their operators such that b̂i
represents the annihilation operator of the ith qubit mode
in the expansion in Eq. (A13). This expansion was origi-
nally given in Ref. [32] in a frame different than our block
diagonal frame in Ref. [13]. Anharmonicity terms in the
diagonal Duffing Hamiltonian in Eq. (A2) and the χ -shift
term Ĥχ in the Hamiltonian in Eq. (A12) are both gener-
ated by Ĥβ in Eq. (A13). To obtain the corrections to the
couplings between |20〉, |02〉, and |11〉 states as shown in
Fig. 1 we need to consider the terms b̂†

i b̂†
j b̂ib̂i, b̂†

j b̂†
i b̂j b̂j

and their Hermitian conjugates b̂†
i b̂†

i b̂ib̂j , b̂†
j b̂†

j b̂j b̂i, respec-
tively, in Eq. (A13) above. Note that these terms are
rotating (if one goes to the interaction picture, for exam-
ple) at the frequency of qubit detuning �ij , which is much
slower compared to the other terms. We collect these terms
under the following nonlinear Hamiltonian term Ĥδ that is
to be added to the total Hamiltonian defined in Eq. (A1):

Ĥδ =
∑

i,j

δi

√
ωi

ωj
αij b̂†

i b̂†
j b̂ib̂i + δj

√
ωj

ωi
αjib̂

†
j b̂†

i b̂j b̂j + h.c.

+ ω
(K)
ZZ b̂†

i b̂†
j b̂ib̂j , (A14)

where “h.c.” stands for the Hermitian conjugate of the first
two terms in the first line above. The term in the second
line above gives the cross-Kerr contribution to the total ZZ
rate and its coefficient ω

(K)
ZZ is given by

ω
(K)
ZZ = 2δi

(
ωi

ωj

)
α2

ij + 2δj

(
ωj

ωi

)
α2

ji. (A15)

The weights of the terms in the expression in Eq. (A14)
above are calculated by working out the weight coeffi-
cients βpp ′qq′ given in Eq. (A13) in the reference frame of
Ref. [13] with

αij = Z−1
ji

2(ω2
j − ω2

i )
Im

[
(ω2

i − 2ω2
j )Zij (ωj ) + ωiωj Zij (ωi)

]
.

(A16)

Here we introduce the “cross-characteristic impedance”
Zij = √

Li/Cj . The expression above is an update to the
expression for αij originally given in Eq. (121) of Ref. [13]
and is calculated using the total coordinate transforma-
tion α = T exp(S) of Ref. [13]. See Appendix A 3 for
the details of the derivation of the expression for αij in
Eq. (A16).

3. Derivation of the expressions for αij , αii, and δi

The expressions given in Eqs. (6) and (16) for the coef-
ficients αij and αii can be derived by expanding the total
coordinate transformation α = T exp(S) given in Ref. [13]
to second order in S. Here α, T, and S are all (N + M ) ×
(N + M ) matrices, where N is the number of qubits and
M is the number of the internal modes. The coordinate
transformation T is defined in Eq. (21) of Ref. [13] as

T =
(

1N×N C1/2
0 RT

0M×N 1M×M

)
, (A17)

where C0 is the diagonal matrix of transmon capacitances
(C1, . . . , CN ) and R = [rik] is the N × M turns-ratio matrix
of the multiport Belevitch transformers in the canonical
multiport Cauer network used in Ref. [13]. The matrix
S defines the Schrieffer-Wolff transformation exp(S) that
block diagonalizes the matrix M1 defined in Eq. (23) of
Ref. [13] by

M1 = TTC−1/2
0 M0C−1/2

0 T

=
(

�2
J �2

J C1/2
0 RT

RC1/2
0 �2

J �2
R′

)
, (A18)

where �J is the N × N diagonal matrix holding the qubit
frequencies whereas the M × M matrix �R′ corresponds
to the subspace of the internal modes. M0 is the diagonal
matrix with entries

(
1/L1, . . . , 1/LN , 1/LR1 , . . . , 1/LRM

)
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where Li’s are qubit inductances for 1 ≤ i ≤ N and LRk =
1/ω2

Rk
are the inductances of the internal modes for

1 ≤ k ≤ M .
After expanding exp(S) to second order in S using, for

example, Eqs. (B.12) and (B.15) in Ref. [33] we obtain the
expressions in Eqs. (A16) and (16) for the coefficients αij
and αii from the (i, j ) and (i, i) entries, respectively, of the
upperleft N × N subsector of T exp(S) corresponding to
the qubit subspace.

The updated expression in Eq. (17) for the anharmonic-
ity δi can be derived by noting that the capacitance rescal-
ing performed by the diagonal matrix C−1/2

0 can be lumped
into the total coordinate transformation α, which would
renormalize the diagonal capacitance Ci by 1/α2

ii hence
the charging energy E(i)

C gets updated by the prefactor
α2

ii; in other words, E(i)
C → α2

iiE
(i)
C . One then obtains δi =

−[α2
iiE

(i)
C /(1 − 2α2

iiE
(i)
C /ωi)] for the anharmonicity using

the updated charging energy in the formula given in
Eq. (A3).

4. Derivation of the expressions for Jδi and Jδj

The expression given in Eq. (7) for Jδi is obtained by
noting that the term b̂†

i b̂†
j b̂ib̂i and its Hermitian conjugate

b̂†
i b̂†

i b̂ib̂j , which have weight δi
√

(ωi/ωj )αij in the nonlin-
ear Hamiltonian term Ĥδ given in Eq. (A14) couple the
state |20〉 to the state |11〉 with strength

√
2δi

√
(ωi/ωj )αij .

This brings an additive correction to the main coupling√
2Jij between the states |20〉 and |11〉 generated by

the exchange coupling Jij given by the expression in
Eq. (1) between qubits i and j ; in other words, Jδi =
Jij + δi

√
(ωi/ωj )αij . After rearrangement we arrive at the

expression given in Eq. (7) for Jδi . A similar analysis
applied to the terms b̂†

j b̂†
i b̂j b̂j and b̂†

j b̂†
j b̂j b̂i (with weight

δj
√

(ωj /ωi)αji) for the coupling between the states |02〉
and |11〉 gives the expression in Eq. (8) for Jδj .

5. Nonlinear flux-tunable circuit analysis

a. The gmon coupler

Below we calculate the off-diagonal impedance entry
for the two-port network shown in Fig. 12. The two-port
impedance matrix is

Z(ω) = 1
j ω

(
1/C1 0

0 1/C2

)
+ j ω

(
L11 L12
L12 L22

)
, (A19)

where L11 = L22 = [L0(Leff + L0)/(Leff + 2L0)], L12 =
[L2

0/(Leff + 2L0)], and L0 = L01 = L02. We note here that
the off-diagonal impedance is given by Z12 = j ωL12 =
j ωL2

0/(Leff + 2L0) and the impedance matrix has the purely
inductive term corresponding to infinite frequency [last
term in Eq. (A19) above]. The diagonal part of this term
introduces extra degrees of freedom corresponding to the

FIG. 12. Circuit equivalent to the circuit in Fig. 5 with the
coupler junction LT replaced with an effective linear inductor
Leff = LT/ cos(δ) where δ satisfies Eq. (19). Qubits with Joseph-
son junctions LJ1 and LJ2 are coupled to each other in a purely
inductive way through the passive two-port network with ports
defined across the terminals of the junctions LJ1 and LJ2 shown
with black dots.

flux variables across the small inductors L01 and L02.
The rigorous way to treat these extra degrees of freedom
is to eliminate them by applying the Born-Oppenheimer
approximation since the resonance frequencies of the
modes generated by the small inductors L01 and L02 will be
very high. Here we simply combine L01 and L02 in series
with the linear Josephson inductances LJ1 and LJ2 to get
the following equation for the qubit frequencies:

x2 =
(

LJ

L11 + LJ
− 2r/x

)
, (A20)

where x = ωq/ωJ , ωq being the qubit frequency, r =
EC/(�ωJ ) with LJ = LJ1 = LJ2 and ωJ = 1/

√
LJ Cq with

Cq = C1 = C2. We note here that this is a slightly modified
version of the Eq. (143) in Ref. [13] due to the existence
of the small inductances L01 and L02 corresponding to the
infinite frequency term in the partial-fraction expansion
of the impedance in Eq. (A19) above. Now we apply the
impedance formula in Eq. (1) of the text to get

J12 = −1
2

ωq

Lq

(
L2

0

2L0 + Leff

)
, (A21)

where Lq is the linear qubit inductance Lq = LJ /[LJ /(L11 +
LJ )] − 2EC/(�ωq)). Note that this relation is also a slightly
modified version (due to the inductances L01 and L02) of
the relation in Eq. (141) of Ref. [13].

b. The tunable bus coupler

By defining the ports across the terminals (black dots)
of the junctions LJ1 , LJ2 in Fig. (13) we calculate the two-
port impedance matrix of the coupling network with the
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FIG. 13. Effective linear coupling network obtained for the
tunable bus circuit in Fig. 7 by replacing the Josephson junc-
tion LJb of the coupler mode with the effective linear inductance
Lb = LJb/(1 − 2ECb/(�ωb)).

following entries:

Z11(s) = Z22(s) = 1
(Cq + C′

c)s
+ Z12(s), (A22)

Z12(s) = Z21(s) = (C′
c/Ca)

2

(Cq + C′
c)s

+
(

C0C′
c

C2
a

)2 s/C′
b

(s2 + ω2
b)

,

(A23)

where C0 = 2Cc + C2
c/C(0)

c , C′
c = Cc + 2C(0)

c , Ca =√
(2C′

c + C0)Cq + C0C′
c, C′

b = Cb + 2(C0C′
cCq/C2

a), and
ωb = 1/

√
C′

bLb. Choosing the circuit parameter values of
Cq = Cb = 60 fF, Cc = 2.5 fF, C(0)

c = 0.5 fF and setting
the qubits at 5.0 and 5.1 GHz we obtain the ZZ plots in Fig.
(8) as a function of the frequency of the bus mode where
we compare the exact value obtained with the diagonaliza-
tion of the circuit Hamiltonian to the values obtained by
the application of our method using impedance functions
in Eqs. (A22) and (A23) above.
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