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Measuring ac Magnetic Susceptibility at Low Frequencies with a Torsion
Pendulum for Gravitational-Wave Detection
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The measurement of ac susceptibility χ(ω) down to 0.1 mHz of test masses is vital for TianQin, a
Chinese space-based gravitational-wave detection mission, since the magnetic induced disturbing force is
one of the main contributors to residual acceleration noise of test masses. Here we report a method based
on a torsion pendulum with dual magnetic field modulation to measure χ(ω) of centimeter-scale test mass
from 50 μHz to 80 Hz. The measurement resolution can reach a level of 10−8, meeting the requirements
of TianQin. Meanwhile, this method also provides an important ground-validation approach for the down-
converted effects [Phys. Rev. Lett. 120, 061101 (2018)] from ac magnetic fields, potentially reducing the
risk of failure in space.
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I. INTRODUCTION

Space-based gravitational-wave (GW) detection provides
a unique tool for testing gravity, and opens a ground-
breaking low-frequency observation window below 1 Hz
for astronomy and cosmology [1–3]. TianQin, which con-
sists of three Earth-orbiting satellites in a nearly equilateral
triangle formation, was proposed to detect GWs at a fre-
quency band of 10−4 to 1 Hz in space [4]. In each satellite,
isolated metal test masses act as a free-falling reference.
They are expected to orbit along the geodesic curve with a
residual acceleration noise below 1 × 10−15 m s−2 Hz−1/2

from 10−4 to 1 Hz [5]. The requirement of the residual
acceleration is stricter than LISA, since the arm length
of TianQin is an order of magnitude shorter than that of
LISA. On the other hand, TianQin satellites are much
closer to the Earth and the Moon, and the test masses
would subject to a stronger influence of the magnetic fields
from the Earth and the Moon [6]. Therefore, the mag-
netic noise would be more a serious issue for TianQin than
for LISA. The magnetically induced force is expected to
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contribute to 24% of the residual acceleration noise bud-
get in TianQin, and it should be treated cautiously [4,6,7].
The induced magnetic force can be described by the cou-
pling of remnant magnetic dipole �mr and susceptibility χ

of a test mass to the fluctuations of ambient magnetic field
[8,9]. In TianQin, the test masses are made of Au-Pt alloy
and the cleanliness of χ should be lower than 1 × 10−6

[6,7]. Consequently, a high-resolution measurement of χ

at a level of 1 × 10−7 on the ground is unavoidable. Fur-
thermore, χ is not a constant but a frequency-dependent
function χ(ω) = χ0 + iχe(ω), which requires one to mea-
sure χ(ω) at the relevant frequency band of GW detection
missions [10]. For TianQin, the focus is to detect the GW
signal within the low-frequency band; thus, the measured
frequency band of susceptibility χ(ω) of the test mass
should be at the sub-millihertz range. In addition, recent
LISA Pathfinder (LPF) experimental results have pointed
out that the relatively high-frequency (>10 Hz) magnetic
fields “down-converting” into the LPF band by the ∇B2

dependence of the magnetic force are also a noise source
coupling to the test mass [11]. Therefore measurements of
the susceptibility χ(ω) up to higher frequencies are also
highly necessary for noise estimation. Hence, it is essential
to develop an experimental method to determine χ(ω) with
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a resolution at a level of 1 × 10−7 within the frequency
band from 10−4 Hz to a few hundred hertz. It should be
noted that ac susceptibility is a quantity defined under
a uniform ac magnetic field [12,13]; therefore, the mag-
netic force induced by a complex magnetic field cannot
be accurately calculated using the concept of ac suscepti-
bility. However, the measurement of ac susceptibility still
provides a direct and general characterization of the mag-
netic properties of a test mass under relatively uniform
time-varying magnetic fields. It is an important quantity
for the valuable approximate estimation of the magnetic
effect [8,14].

Trougnou et al. employed induced bridges to test the
ac susceptibility of the test mass used in LPF from 1 to
600 Hz, but the sensitivity band is limited above approxi-
mately 1 Hz [15]. Hueller et al. proposed a measurement
scheme of susceptibility of centimeter-scale test mass by
a precision torsion pendulum with satisfactory resolution,
whereas the measurable frequency of susceptibility was
not discussed [9]. The ac susceptibility of the test mass
used in LPF has been measured by LPF in-flight oper-
ations, and the measured frequency is less than 30 mHz
[14]. Also, conventional devices or methods such as super
conducting quantum interference device (SQUID) magne-
tometers cannot meet the present requirements due to the
measurable frequency limitation or the resolution or the
sample size [16]. There is no existing way to determine the
ac susceptibility of a centimeter-scale test mass within the
TianQin required measurement resolution and frequency
band.

II. METHOD AND INSTRUMENT

In the measurement of ac susceptibility with a rela-
tively homogeneous monochromatic magnetic field, the
magnetic induced force applying to the test mass can be
approximately written as [17]

�F = ∇ [
(�mr + χ(ω)Vμ−1

0
�B(ω)) · �B(ω)

]
, (1)

where �mr is the constant intrinsic remanent magnetic
dipole, μ0 is the magnetic permeability, V is the volume
of the test mass, �B(ω) is the ambient magnetic field, and
χ(ω)Vμ−1

0
�B(ω) is the induced magnetic moment. In some

previous classical methods based on a torsion pendulum
[18], a single-frequency magnetic field �B(ω) and its field
gradient ∇�B(ω) were applied. Since the χ(ω)-related force
depends on ∇[χ(ω)�B2(ω)], a single-frequency measured
force at 2ω would be imposed on the torsion pendulum. As
the sensitive bands of typical torsion pendulums respond-
ing to the measured force are limited within a narrow band
ranging from 10−4 to 10−3 Hz [19], the measurable fre-
quency band of χ(ω) of the test masses will be restricted
below 10−3 Hz.

In this paper, we present a measurement method of ac
susceptibility using a sensitive torsion pendulum with dual

modulation of magnetic field. A specially designed mag-
netic field �Bs = �BI + �BF is applied to the test mass, where
�BI is a uniform magnetic field and �BF is a synclastic
uniform-gradient magnetic field. Both �BI and �BF are mod-
ulated with different frequencies ωI and ωF , respectively.
If we apply |�BI | � |�BF | = 0 and |∇ �BF | � |∇�BI | = 0 and
we take the designed �Bs into Eq. (1), then the magnetic
induced force can be written as

F(ωI ± ωF) = χ(ωI )

[
BI (ωI )

2μ0
∇BF(ωF)

]
. (2)

It is noted that χ is modulated at frequency ωI since
|�BF | = 0 but the force signal is modulated at the sum and
difference of ωI and ωF . It is beneficial to take advantage
of these properties by selecting appropriate combination of
ωI and ωF , and make sure the targeted force F(ωI ± ωF)

falls in the sensitive band of the torsion pendulum. Hence,
by dual-frequency-modulation technology, the method can
broaden the measurable frequency band and maintain high
sensitivity of the devices with an extreme force resolution.

A schematic of the measuring device is shown in Fig. 1.
The device is a two-stage torsion pendulum suspended
by a 60-cm-long and 50-μm-diameter tungsten fiber. The
pendulum body is constituted by a 22-cm-long aluminum
crossbar, the 2-cm-side cubical-shaped copper (99.99%
purity [20]) test mass, and its counterweight mass. The
test mass and the counterweight mass are suspended with
300-μm-diameter tungsten fibers to each end of the bar.
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FIG. 1. Schematic diagram of the device. A, Helmholtz coils;
B, constant-gradient Maxwell coils, the coils being coaxial;
C, homogeneous area of magnetic field, and the cube test mass
at the center of the area. The origin of the coordinates is at the
center of the cube, and horizontal coordinates are parallel with
the sides of the cube (the y axis is set along the axes of the coils
and the z axis is set parallel to the 300-μm-diameter fiber).
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A reflector used for optical readout of the pendulum rota-
tional angle is located at the center of the bar. The external
magnetic field generators include Helmholtz coils (H -
coils, 20 cm in diameter, 490 turns) and constant-gradient
Maxwell coils [21] (M -coils, 40 cm in diameter, 270 turns)
with designed 1% of the H -coil and 0.5% of the M -coil
field uniformity in a cubical space (3-cm side length). The
test mass can entirely be located inside this cubical space.
The H -coils and M -coils are used to produce separately
the uniform induced magnetic field BI and the uniform
magnetic field gradient BF . As Fig. 1 shows, the dominant
components of fields are along the y axis, i.e., |�BI | � BIy

and |∇ �BF | � ∂BFy/∂y. The entire device is installed in
a vacuum chamber maintained at a pressure of 10−5 Pa
during the experiment. The pendulum body twist θ(t) is
monitored by an autocollimator that reflects the light off
the reflector continuously every 40 ms. The natural reso-
nant period of the pendulum, with calculated moment of
inertia I = 1.491 × 10−3 kg m2, is 625.2 s.

With stimulating currents into H -coils and M -coils at
nearby frequencies ωI and ωF respectively, namely BI (t) =
BI cos(ωI t) and BF(t) = BF cos(ωFt). For simplification of
data analysis, the initial phases of the two fields are set
to zero. According to Eq. (2), the pendulum senses two
susceptibility-related torques, expressed as

Nχ(t) = bF(ωI ± ωF)

= |χ(ωI )|Pχ cos[(ωI ± ωF)t + ϕ(ωI )], (3)

where b is the crossbar arm length of the pendulum,
|χ(ωI )| =

√
(χ ′)2 + (χ ′′)2 and ϕ(ωI ) = tan−1(χ ′′/χ ′) are

the modulus and the phase (or lag) of χ(ωI ) = χ ′(ωI ) +
iχ ′′(ωI ), respectively, and Pχ = b(2μ0)

−1BIy · ∂BFy/∂y is
the parameter determined by the applied fields. The ac sus-
ceptibility χ(ωI ) is determined from the amplitude and the
initial phase of the time series Nχ(t).

III. DATA ANALYSIS

The N (t) is estimated from monitored data of the pen-
dulum twist θ(t) through the torsion pendulum equation
of motion: N (t) = I θ̈ (t) + βθ̇(t) + kθ(t), with known I ,
elastic constant k = 1.50 × 10−7 rad/N m of the measured
fiber, and internal damping coefficient β = 5.76 × 10−9.
The derivatives θ̈ (t) and θ̇ (t) are calculated from a fitted
sliding second order to five adjoining data points with a
minimum chi-square value [22]. This processing can elim-
inate the natural resonant signal, linear drift, and avoid
subtle errors. The time series N (t) are accumulated con-
tinuously, and cut into segments with appropriate duration
(typically 3000 s). Data from each cut are analyzed by

fitting the torque N (t) as a function of t:

N (t) =
4∑

i=1

N (ωi) cos(ωit + φi), (4)

where N (ωi) and φi are the amplitude and initial phase of
the sinusoidal signals at different ωi [23,24]. The estima-
tions of N (ωi) and φi are the statistical average of fitted
data from each cut. Then, the Nχ(t) can be extracted,
and later the modulus and phase of ac susceptibility are
estimated based on Eq. (3).

IV. RESULTS AND DISCUSSION

To measure χ(ωI ) of the cubical-shaped copper at
the sub-millihertz level, both coil frequencies can be set
inside the sensitive band of the pendulum. For instance,
we apply a series of combined currents into the H -coils
and M -coils at ωI = 0.5 mHz and ωF = 0.9 mHz sepa-
rately. When applying a 15-mA current into both coils,
the power spectral density (PSD) of the torque is shown
in the top panel of Fig. 2. There are four notable rel-
evant signals, two of which are at 0.4 and 1.4 mHz,
corresponding to the measured N (ωI − ωF) and N (ωI +
ωF), respectively. The other two are nonrelevant rema-
nent magnetization-related signals at 0.5 and 0.9 mHz,
respectively. The maximum torque sensitivity of the tor-
sion pendulum is about 2 × 10−12 N m/Hz1/2 around the
frequency of each target signal. Taking the typical value of
Pχ = 1 × 10−6 N m (30-mA currents are applied to both
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FIG. 2. Top: In black, the PSD of the pendulum torque from
the measurement of χ(ω = 0.5 mHz). The pink dashed line
shows the thermal noise limit, with a quality factor Q ≈ 2700.
Spectrum of a 30-h measurement is calculated with a time-
domain filtering [25]. The natural resonance frequency approx-
imates to ω0 = 1.6 mHz. Middle: The PSD of the pendulum
torque from the measurement of χ(ω = 8 mHz) with a 15-h
duration. Bottom: The PSD of the pendulum torque from the
measurement of χ(ω = 10 Hz) with a 15-h duration.
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FIG. 3. The measured torques N (ωI − ωF) (blue circles) and
N (ωI + ωF) (red circles) in different Pχ sets. The blue and red
dotted lines are the fitted lines of N (ωI − ωF) and N (ωI + ωF),
respectively. The slopes of the lines represent the modulus of the
ac susceptibility.

of the coils), and applying a 3-h integration time, this
sensitivity performance yields an expected susceptibility
resolution of |	χ | � 2 × 10−8, well below the TianQin
requirements.

We measure the torques N (ωI − ωF) and N (ωI + ωF)

under nine Pχ sets by changing the injection currents of
the coils. The results for the torques are shown in Fig. 3.
The errors of χ(ωI ) are fully evaluated in Table I. The
constant systematic relative error is about 1.44% mainly
due to the imperfect uniformity of the fields. The very
small statistical relative error of 0.1% is calculated in
data processing of N (ωI ± ωF). The susceptibility is esti-
mated by the linear fit of N (ωI − ωF) or N (ωI + ωF)

with Pχ , and the estimated susceptibilities at 0.5 mHz are
(1.664 ± 0.024(syst) ± 0.002(stat)) × 10−5 and (1.662 ±
0.024(syst) ± 0.002(stat)) × 10−5, respectively. They are
in excellent agreement with each other. This shows the
coincidence and reliability of our experiment. It also

TABLE I. One σ uncertainty budget (in units of 10−3).

Error sources 	χ/χ

Uniformity of BIy 12
Uniformity of ∂BFy/∂y 8
Geomagnetic field <0.1 (corrected)
Moment of inertia <0.3
Force arm b <0.1
Combined systemic relative error 14.4
Fluctuation of applied fields <0.1
Fluctuation of damping coefficient β <0.05
Combined statistical of torque N 0.1
Total 14.4

indicates that either signal N (ωI − ωF) or N (ωI + ωF) can
give the same measurement results for χ(ωI ).

The middle panel of Fig. 2 demonstrates the measure-
ment of χ(ω) at a slightly higher frequency. We implement
a measurement of χ(ωI = 8 mHz) by applying currents
into the H -coils and M -coils at 8 and 9 mHz sepa-
rately. The difference-frequency torque signal N (ωI − ωF)

is located at 1 mHz where the torsion pendulum has the
most sensitive resolution. When the sum-frequency torque
signal N (ωI + ωF) is modulated at 17 mHz, the torque
sensitivity is about one order of magnitude worse. The
susceptibilities at 8 mHz estimated from N (1 mHz) and
N (17 mHz) are (5.18 ± 0.08(syst) ± 0.10(stat)) × 10−5

and (5.25 ± 0.08(syst) ± 0.95(stat)) × 10−5, respectively.
Since both the torques N (ωI − ωF) and N (ωI + ωF) give
the same information for χ(ωI ), we can choose N (ωI −
ωF) to calculate the value of χ(ωI = 8 mHz) with much
higher precision.

The frequency of the χ(ωI ) measurement can be set
far higher than that of the typical torsion pendulum. For
instance, ωI and ωF are set to be 10 and 10.001 Hz,
respectively. The PSD of the sensed torque of the torsion
pendulum is shown in the bottom panel of Fig. 2. There
is only one measurable signal, i.e., N (ωI − ωF) located at
1 mHz, while the other three torques around 10 and 20 Hz
are out of the sensitivity band of the torsion pendulum
and cannot be seen in the PSD. The estimated suscepti-
bility at 10 Hz is (5.59 ± 0.08(syst) ± 0.11(stat)) × 10−2.
This measurement also experimentally proves the “down-
converting” effect proposed in Ref. [11], i.e., the magnetic
field and related gradient field variation around 10 Hz can
induce a force acting on the test mass at lower frequency
of 1 mHz. Thus, our torsion pendulum can also serve as
a test bench for this effect, and allow full estimation of the
residual acceleration noise a(�) in space-based GW detec-
tion missions by knowledge of χ(ω) and the corresponding
correlation function of B(ω) with ∇B(ω). Then a(�) can
be given by

a(�) = 1
m

∫ ∞

0
χ(ω)Vμ−1

0 B(ω)∇B(ω + �)dω, (5)

where 0.1 mHz < � < 1 Hz is the GW detection band
and m is the mass of the test mass. In practice, the upper
limit of the integral should be taken as high as 100 Hz
where the energy of ac magnetic field B(ω) of space is
mainly distributed [26]. Since the measurement band of the
existing on-board magnetometer sensor is below 1 Hz, the
matched designs of high-frequency magnetic field sensor
are required [17,27].

We sweep ωI from 50 μHz to 80 Hz (the upper fre-
quency is limited by the performance of our current
source), and the results for |χ(ω)| and ϕ(ω) of the cop-
per sample are shown in Figs. 4 and 5, respectively. The
value of |χ(ω)| below 10−3 Hz is nearly constant and
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FIG. 4. The black circles are measured modulus |χ(ω)| of
the ac susceptibility of the copper cube at different frequencies
from data in November 2021. The light-blue points are repeat-
measured modulus |χ(ω)| of the same copper cube from data
in June 2022. The red dotted curve is the fitted model from
Eq. (6). The green dotted curve is the calculated modulus of
ac susceptibility of a 2-cm-diameter sphere with measured χ0.
The blue circles are the measured values of the modulus of ac
susceptibility of fused silica for comparison.

then increases rapidly. The frequency dependence of the
ac susceptibility was modeled in Refs. [8,14]. Based on
that previous model, we fit the data using the nonlinear
least-squares method:

χ(ω) = χ0 + A0

(
ω2τ 2

e

1 + ω2τ 2
e

+ i
ωτe

1 + ω2τ 2
e

)
, (6)

with fitted χ0 = −(1.66 ± 0.08) × 10−5 being the approx-
imate constant susceptibility at frequency close to zero,
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FIG. 5. The black circles are measured phase ϕ(ω) of the ac
susceptibility of the copper cube at different frequencies from
data in June 2022. The red dotted curve is the fitted model from
Eq. (6). The green dotted curve is the calculated phase of ac
susceptibility of a 2-cm-diameter sphere with measured χ0.

τe = 1/(2π × (105 ± 4)) the roll-off frequency, and the
fitted value A0 = −(0.64 ± 0.02). The results clearly show
that there are two different physical behaviors of magne-
tization of copper in the frequency domain. At the ultra-
low-frequency band below 2 mHz, the magnetic dynamics
can be characterized by the quasistatic process of the sam-
ple inner magnetization [13]. When the frequency is above
2 mHz, the ac susceptibility mainly originates from the
eddy currents on the sample surface induced by its ambient
ac magnetic field [28].

We repeat the whole experiment but replacing the cop-
per sample with fused silica of the same shape [20], and
find the susceptibility is frequency independent within
our test resolution. The ac susceptibility of the fused
silica at the millihertz level is (1.061 ± 0.015(syst) ±
0.008(stat)) × 10−5, which is coincident with the the mea-
sured value in Ref. [29], also shown in Fig. 4. There is no
free charge inside the fused silica, and thus no eddy current
can be induced by the ac magnetic field.

We calculate the ac susceptibility of a 2-cm-diameter
copper sphere using the method reported in Ref. [12]. The
calculated χ(ω) and ϕ(ω) of the copper sphere are also
shown in Figs. 4 and 5, respectively. It can be seen that
the calculated results are in good agreement with the mea-
sured results, which indicates that our measured methods
are reliable and results are correct.

The χ(ω) of Au-Pt alloy test mass used for space-based
GW detection may have properties similar to those of cop-
per. The parameters in Eq. (6) are dependent not only on
the material of the test mass but also on other properties
such as the surface conductivity, size, shape, and so on
[30]. The actual Au-Pt alloy test mass ac susceptibility
should be carefully tested before launch. Since the side
length of the Au-Pt cube is about two times larger than
that of the present copper sample, a modified torsion pen-
dulum system that can hold a test mass of about 2 kg
is under construction. Other improvements of the devices
are also under investigation, including optimizing the coils
for generating more uniform magnetic fields, and using
a high-frequency drive circuit for measurement frequency
reaching to kilohertz.

V. SUMMARY

In summary, we measure the ac susceptibility χ(ω)

of a copper cube at the frequency band ranging from
50 μHz to 80 Hz with a 10−8 resolution level, which
can meet the requirements of TianQin. The measurement
method can be used to characterize the magnetic prop-
erties of a Au-Pt alloy test mass, and thus put forward
constraints for the design of TianQin satellites to ensure
the magnetic field generated by other equipment will not
exceed the requirements. Besides the application in GW
detection, measurements of susceptibility at low frequency
could be used to investigate fundamental dynamic physical
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mechanisms such as magnetic phase transitions [31], mag-
netic relaxations [32], Rayleigh hysteresis [33], and ran-
dom interactions of magnetic spins [34]. We believe that
the measurement method has great potential to contribute
in these areas.
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