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Microwave technology plays a central role in current wireless communications, including mobile com-
munication and local area networks. The microwave range shows relevant advantages with respect to
other frequencies in open-air transmission, such as low absorption losses and low-energy consumption,
and in addition, it is the natural working frequency in superconducting quantum technologies. Entangle-
ment distribution between separate parties is at the core of secure quantum communications. Therefore,
understanding its limitations in realistic open-air settings, especially in the rather unexplored microwave
regime, is crucial for transforming microwave quantum communications into a mainstream technology.
Here, we investigate the feasibility of an open-air entanglement distribution scheme with microwave two-
mode squeezed states. First, we study the reach of direct entanglement transmission in open air, obtaining
a maximum distance of approximately 500 m with parameters feasible for state-of-the-art experiments.
Subsequently, we adapt entanglement distillation and entanglement swapping protocols to microwave
technology in order to reduce the environment-induced entanglement degradation. The employed entan-
glement distillation helps to increase quantum correlations in the short-distance low-squeezing regime by
up to 46%, and the reach of entanglement increases by 14% with entanglement swapping. Importantly, we
compute the fidelity of a continuous-variable quantum teleportation protocol using open-air-distributed
entanglement as a resource. Finally, we adapt this machinery to explore the limitations of quantum com-
munication between satellites, where the impact of thermal noise is substantially reduced and diffraction
losses are dominant.
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I. INTRODUCTION

Quantum communication [1-3] represents an applica-
tion of quantum information theory that tackles the subject
of information transfer by taking advantage of purely
quantum resources, such as superposition and entangle-
ment. By establishing quantum channels to share quantum
resources, namely quantum states, as well as secure classi-
cal channels, it aims at outperforming classical communi-
cation protocols in both efficiency and security.

Among the best-known quantum communication pro-
tocols, quantum teleportation [4,5] aims at transferring
information of an unknown quantum state held by one
party, to a second party at a remote location, by means of
an entangled resource and classical communication. Ini-
tially proposed for discrete-variable quantum states [6,7],
this protocol has also been studied in continuous-variable
settings [8—10].

Another notorious advantage of quantum communica-
tion is quantum key distribution [11,12], whose foundation
has been set by two distinct protocols: BB84 [13] and
E91 [14]. These protocols allow two distant parties to
develop a shared random key, which is unconditionally
secure against eavesdroppers by virtue of quantum laws.

At the heart of many quantum communication proto-
cols lies entanglement distribution [15-18], also a key
point for the famous quantum internet idea [19-21]; quan-
tum entanglement distribution represents the act of sharing
entangled states between communication parties. This has
been experimentally attained [22—24], as well as quan-
tum key distribution [25-27] and quantum teleportation
[28-33], through optical fibers and through open air.

The subject of quantum communication has been devel-
oped parallel to other areas such as quantum computing,
quantum sensing [34,35], or quantum metrology [36,37],
to which it is usually tangential. Quantum computing,
for example, is expected to benefit from efficient trans-
fer of quantum information between processing units, a
proposal that is categorized as distributed quantum com-
puting [38,39]. Quantum sensing and quantum metrology
profit from the use of entanglement in their attempt to
perform high-resolution measurements on various sys-
tems. By using quantum resources, they can reach ulti-
mate measurement limits set by quantum mechanics, thus
outperforming classical strategies. Respective examples
can be found in the detection of gravitational waves at
LIGO [40,41], in the measurement of biological systems
[42,43], quantum imaging [44,45], navigation [46], and
synchronization [47], among others.

The flourishing of these quantum-information-based
fields has gone hand in hand with the development of
quantum technologies, among which superconducting cir-
cuits stand out in terms of controllability, scalability, and
coherence. Partially, this is due to the development of
Josephson junctions (JJs) [48], nonlinear elements with

essential applications in quantum computation [49-51],
and quantum information processing [52,53]. This has
led to different experiments in quantum state transfer and
remote entanglement preparation between various JJ-based
superconducting devices [54—61], as well as to sensitive
noise analysis [62,63]. These devices naturally work at
microwave frequencies (1-100 GHz), for which the num-
ber of thermal photons per mode at room temperature
(T =300 K) is around 1250 at 5 GHz, thus creating the
need for cryogenic cooling in order to shield superconduct-
ing circuits from thermal noise. This problem is somewhat
nonexisting in the optical regime, where most quantum
communication experiments have been performed so far.
However, in this regime there are many other sources of
error and inefficiency [64]: large absorption losses in open
air and significant power consumption requirements. At
the same time, in order to establish a quantum communi-
cation channel between superconducting quantum circuits,
one requires either converting microwave photons to the
optical domain [65,66] or using microwave quantum sig-
nals directly. The former approach still suffers from huge
conversion quantum inefficiencies of the order of 1072.
Therefore, it is natural to consider the purely microwave
quantum communication approach, its advantages, and
limitations.

Another interesting application of the Josephson junc-
tion is the Josephson parametric amplifier (JPA), a device
that can generate squeezed states [67], from which entan-
gled resources [68,69] can be produced for quantum
communication with microwaves. Among the various
applications of open-air entanglement distribution, quan-
tum teleportation represents one of the fundamental quan-
tum communication protocols, since its associated network
has just two nodes: Alice and Bob. This protocol has
been explored in the microwave cryogenic environment,
both theoretically [70] and experimentally [10]. However,
a realistic model for open-air quantum teleportation with
microwaves should take into account additional challenges
associated with impedance mismatches and absorption
losses in order to find ways to mitigate these imperfections.

In this article, we address two pragmatic questions:
which is the maximum distance for open-air microwave
Gaussian entanglement distribution in a realistic sce-
nario, and which technological and engineering challenges
remain to be faced? In particular, we adapt the Braunstein-
Kimble quantum teleportation protocol employing entan-
gled resources previously distributed through open air,
adapted to microwave technology. Performing this pro-
tocol is possible due to the recent breakthrough in the
development of microwave homodyning [10] and photo-
counting [71] schemes. When formulated in continuous
variables, teleportation assumes a previously shared entan-
gled state, ideally a two-mode squeezed vacuum (TMSV)
state with infinite squeezing. In real life, however, only a
finite squeezing level can be produced, making the state
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sensitive to entanglement degradation whenever either
one or both modes are exposed to decoherence processes
like thermal noise and/or photon losses. As the thermal
microwave background in space is smaller, we investigate
the distances for entanglement preservation in microwave
quantum communication between satellites. Based on pre-
vious works [72,73], we neglect environmental attenuation
and focus on diffraction losses, a powerful loss mecha-
nism in microwaves. The article is organized as follows.
In Sec. II, we introduce the main concepts in quantum
continuous variables, which are needed for describing
quantum microwaves, and briefly discuss the quantum
teleportation protocol of Braunstein and Kimble [8]. In
Sec. III, we study the generation of two-mode squeezed
states and the challenges of their subsequent distribu-
tion through open air, and compute maximum distances
of entanglement preservation for various physical situa-
tions. In Sec. III C, we review entanglement distillation and
entanglement swapping techniques for reducing the effects
of noise and losses in open air. In Sec. IV we consider
recent advances in microwave photodetection and homo-
dyning, and address their current limitations. In Sec. V,
we investigate open-air microwave quantum teleportation
fidelities using the various quantum states derived in the
manuscript, and we conclude by addressing the same con-
cerns in quantum communication between satellites in
Sec. VL.

II. QUANTUM CONTINUOUS-VARIABLE
FORMALISM

A. Review of Gaussian states

When some degree of freedom of a quantum system is
described by a continuous-spectrum operator, we say that
it is a “continuous variable” (CV). Bosonic CV states are
those whose quadratures (or, equivalently, their creation
and annihilation operators) have a continuous spectrum
or, equivalently, the complete description of the Hilbert
space requires an infinite-dimensional basis (typically, the
Fock basis). Gaussian states are CV states associated with
Hamiltonians that are, at most, quadratic in the field oper-
ators. As such, their full description does not require
the infinite-dimensional density matrix, and can be com-
pressed into a vector and a matrix, called the displacement
vector and the covariance matrix, respectively. These are
related to the first and second moments of a Gaussian
distribution; hence, their name “Gaussian states”. For a
system with density matrix p describing N distinguish-
able modes, or particles, the displacement vector d is a 2N
vector and the covariance matrix ¥ is a 2N x 2N square
matrix:

d := tr[pF], (1
T =tlp{(F —d),(F - d)T}] )

Here r := (X1,p1,%2,P2,...,%n,py) defines the so-called
“real basis”, for which canonical commutation relations
read [F, 7] = i2, where Q = EBJNZ | §21 is the quadratic (or
symplectic) form, and

a9 ). G)

where we have chosen natural units, 7 = 1. Note that the
canonical position and momentum operators are defined
by the choice k =272 ina; = k(X + ip;).

The normal mode decomposition theorem [74], which
follows from Williamson’s seminal work [75—77], can be
stated as every positive-definite Hermitian matrix ¥ of
dimension 2N x 2N can be diagonalized with a symplec-
tic matrix S: D = SEST with D = diag(vy, vy, ..., vy, Vy),
where the v, fora € {1, ..., N}, are the symplectic eigen-
values of X, defined as the positive eigenvalues of matrix
i2¥. A Gaussian state satisfies v, > 1, with equality for
all a strictly for the pure state case (which meets det® =
1). As a measure of bipartite, mixed state entanglement,
the negativity is the most commonly used entanglement
monotone, and is defined as 2N (p) := ||p|l1 — 1, where
ol :=try/pTp is the trace norm of the partially trans-

posed density operator. In general, N (p) = ’Z] Aj‘ with

the A; the negative eigenvalues of p. For a bipartite
Gaussian state with covariance matrix

(X4 E4B
2= (5 W), @)

one defines the two partially transposed symplectic eigen-
values as

®)

- \/A:F\/Az—4det2

V:F = 9
2

where the partially transposed symplectic invariant is

A = detX, + detXp — 2detep. The negativity can then
be obtained as

N(,o):max{o, ! _f’}. (6)

Hence, a bipartite Gaussian state is separable when the
smaller partially transposed symplectic eigenvalue meets
the condition v_ > 1. Alternatively, it is entangled when
V_ < 1 is met.

Coherent states {|o)}qcc are defined as the eigen-
states of the annihilation operator a with eigenvalue
V20 =x+ip, where x,p € R are the eigenvalues
of the canonical position and momentum operators,
respectively. They play an important role in quan-
tum CVs, as they allow for a straightforward phase
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space descrlptlon of Gaussian states. The displace-
ment operator D_q:= exp[—deldT] Dy = explaa’ —
aa) acts on the vacuum as Dy |0) = |«), and satis-
fies Dl = D_a. Coherent states are not orthogonal, and
their overlap can be computed as (B|a) = exp[—(aB —
apB — o — B]?)/2]. This does not prevent the set of all
coherent states from forming a basis, which, though
overcomplete, allows one to find the coherent states
resolution of the identity, 1 = 7 ~! f d? o |a) (o, where
d®> o = dRe{a} dIm{a}, enabling the computation of

traces of operators in an integral fashion: tr[@] =
-1 f o a|0|oe In this context, it is common to
use the fact that, for a coherent state d = (x,p) =

V2(Re{a}, Im{a}), and so 2d*« = dx dp. More gener-
ally, an n-mode displacement operator may be defined via
D_ d—®1 1D d/_D ' d,whered = (x;,p;), and

Q= @121 Q). A complete representation of states that is
closely related to coherent states is given by the (Wigner)
characteristic function, normally referred to simply as the
characteristic function (CF), and for an n-mode state p (not
necessarily Gaussian), is given by

x(d) = tr[pD_4] (7)

with normalization condition given by x (0) = 1. A Gaus-
sian state of first and second moments (d, ¥) has a CF
given by

XG(r) — e—rQEQT rT /4e—ierT , (8)

where r = (x,p1,...,xy,py) € R?V.

B. Quantum teleportation with CVs

Quantum teleportation is a quantum communication
protocol that, in principle, allows one to achieve perfect
transfer of quantum information between two parties by
means of previously shared entanglement, combined with
local operations and classical communication. The proto-
col was first proposed in 1993 by Bennett and collaborators
[4], as a way to take advantage of an entangled resource for
the task of sending an unknown quantum state from one
place to another, using discrete-variable quantum states.
The original idea was simple, yet powerful: assuming that
a maximally entangled, bipartite Bell state was shared
between two parties (Alice and Bob) prior to the start of
the protocol, Alice, in possession of some unknown state
|¥) = a |0) + e /1 — |a|? |1) couples her part of the Bell
state to |y) by means of a Bell measurement, whose 2-bit
output she communicates classically to Bob. Upon receiv-
ing the message, Bob performs a conditional unitary on
his part of the shared Bell state, recovering |y) modulo a
global phase in his location.

A year later, Vaidman extended the idea to the transmis-
sion of a CV state by means of a perfectly correlated (sin-
gular) position-momentum EPR state shared by Alice and

Bob [78]. In 1998, Braunstein and Kimble [8] made this
idea more realistic by relaxing the correlation condition
to more experimentally accessible states, such as finitely
squeezed states. Their protocol, known as the Braunstein-
Kimble protocol, was first realised in 1998 by Furusawa
et al. in the optical domain [29]. We review the protocol
here for convenience.

Kimble and Braunstein derived an expression for fidelity
between an unknown state of a single-mode Bosonic field
and a teleported copy, when imperfect quantum entan-
glement is shared between the two parties. A general-
ization to a broadband version, where the modes have
finite bandwidths, followed quite directly [79]. In the
Braunstein-Kimble protocol, Alice and Bob share a TMSV
state, which enables them to teleport the complete state
of a single mode of the electromagnetic field, where
two orthogonal field quadratures play the role of posi-
tion and momentum. Shortly after, quantum teleportation
of an unknown coherent state was demonstrated, showing
an average fidelity [see Eq. (13) below] F = 0.58 £ 0.02
[29], which beat the maximum classical fidelity of F = 0.5
for Gaussian states [79—81]. Other works followed, where
the Bell measurement of two orthogonal quadratures was
replaced by the photon-number difference and phase sum,
and the question of an optimal quantum teleportation pro-
tocol depending on the entangled resource was raised [82].
Subtraction of single photons from TMS states has been
shown to enhance the fidelity of teleportation [83,84]. We
review here the Braunstein-Kimble protocol, replacing the
Wigner function approach with its Fourier transform, the
characteristic function. The protocol is as follows.

1. Aliceuses a 50:50 beam splitter to couple her part of
the resource state p4p with an incoming unknown state ,oiT“.
The output Hilbert spaces of this beam splitter are labeled
Aand T.

2. Alice performs two homodyne detections, where
each of the local oscillator phases are set in order to mea-
sure photocurrents, whose differences are integrated over
some time, and proportional to quadratures X7 := (x| +
%in)/~/2 and P4 = (D1 — Pin)/ /2. She sends the outcomes
(x7,p4) to Bob via a classical communication channel.

3. Bob, upon reception of the signal (xr, p,), performs
a displacement D(S) to his part of pyp, with & := (x7 +
ip4)/~/2. The state at Bob’s location is now, in average,
closer to pi, than what it would be if no entanglement was
present in pp.

This protocol is depicted in Fig. 1, where we also sketch
the sequence that leads to an entangled resource shared
through open air by Alice and Bob, which is then con-
sumed in the teleportation process. For simplicity, we
define (x7,p4) = (x,p). The conditional state that Bob
has after knowing the outcomes of Alice’s homodyne
measurements is
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FIG. 1. Circuit representation of a CV microwave quan-
tum teleportation protocol with Gaussian states. The entangled
resource is harvested from two single-mode squeezed thermal
states, generated from identical JPAs, which are then combined
on a balanced beam splitter. Assuming that this state is generated
by Alice, one of the modes has to be sent to Bob, represented
here by the presence of antennae, in order for the two parties to
share the entangled resource. Following this, Alice combines the
target state to be teleported |y, ) r with the mode of the entangled
state she holds in a balanced beam splitter, which is then subject
to two homodyne detections, x7 and p4. The measurement results
£ are communicated to Bob, who applies a displacement D(£) on

his part of the entangled resource, resulting in the state pg™.

pp(x,p) = (TL(x, p) 1o ® papl LG, p)) 14 (9)

1
Pp(x,p)

with Pg(x,p) = trg(I1(x, p)|pin ® p4s|T1(x,p)) 74 and

1 .
MG = o= /R dye? [x +3)70)as  (10)

which is an element of the maximally entangled basis cor-
responding to Alice’s Bell-like measurement. Now, this
expectation value over the teleported (7)) and the senders’
(4) modes is computed as

(IT(x, p) | pin ® paplT1Cx, p)) 74

| B /
= _/ / dydy'ePo=)
27 J oo Jooo

X (x + | pinlx + )70 | 048Y) 4- (11)

Once we have computed pg(x,p), we need to compute
the outcoming state after the receiver applies the dis-
placements, and average over all possible measurement

outcomes:

post = / dx f dpPy(x.p)Ds(€) oy (e p)DY(E).
(12)

As a measure of the quality of the protocol, one typically
uses an overlap fidelity F (i, Pout) = tr[PinPout], Which
represents a simplified version of the Uhlmann fidelity
(trly/\/0in ,oout\/;ﬂ])2 in the case when py, is pure.

The figure of merit in quantum teleportation is the aver-
age fidelity, which refers to the fact that we have averaged
over all possible measurement outcomes,

F = tlpfp"]. (13)

Sometimes it can be useful to have it written in terms of
the CFs [85]:

— 1 :
F=o [Epdepie  aa

with the average over (x, p) having already been performed

in pg“t.

If the resource state pyp is a Gaussian state with the
covariance matrix given in Eq. (4), and the teleported state
is a coherent state |og){(apgl|, the average fidelity can be
written as

— 1

F=—"——— (15)

Jdet[1, 4+ I'/2]

with T = (07%407 + X5 — 07648 — €)307). Coherent
states are typically those chosen to be teleported due to
the ease of their experimental generation. In theory, the
result of the average fidelity does not depend on the dis-
placement «; therefore, it will suffice to use an unknown
coherent state for a demonstration of quantum teleporta-
tion. In experiments, however, the teleportation fidelity
may depend on .

It is also interesting to see the average fidelity of a pro-
cess in which k teleportation protocols are concatenated,
ie.,

70 _ 1
- Jdet[T, + k—1/2)T]

assuming that, in each step, an entangled Gaussian
resource with the covariance matrix that characterizes I’
is used.

Consider a symmetric covariance matrix with ¥4 =
¥p =al, and 43 = yo,. Then, we have I' = 2(«a —
)1, and V_ = o — y, which leads to

1
1+

(16)

F =

a7

It is easy to check the two following limits for the aver-
age teleportation fidelity of an arbitrary coherent state:
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limy__ F = 1/2 and lim;__,o F = 1. The first limit cor-
responds to using no entanglement (v_ > 1), and is inter-
preted as the “classical teleportation” threshold, meaning
that any approach giving an average fidelity of 0.5 or less
does not demonstrate quantum teleportation. The second
limit corresponds to an idealized case of an infinite two-
mode squeezing level (v_ = 0), i.e., an EPR state, which
realizes perfect quantum teleportation.

III. OPEN-AIR MICROWAVE ENTANGLEMENT
DISTRIBUTION

The scheme we have envisioned (see Fig. 2) for open-air
entanglement distribution relies on a variety of things: first,
generation of two-mode squeezed thermal (TMST) states
with thermal photons n < e~ sinh(r), given squeezing r,
which will take place in a cryostat at 7 ~ 50 mK temper-
atures; second, efficient transmission of states out of the
cryostat and into open air, targeting optimal entanglement
preservation; for this task, we rely on an antenna based
on the design proposed in Ref. [86] with special atten-
tion given to the shape of the impedance function, which
greatly affects entanglement preservation; third, estima-
tion of losses in open air that describe the attenuation
of the signal caused by the presence of thermal noise
in the environment, with the objective of setting bounds
on effective transmission distances. This protocol will

(@) Alice Nip Bob

0 ®
X

>

(b)
Alice Nu Charlie Ny Bob

g Elo-@ g Bl
X %

——

FIG. 2. Representation of an entanglement distribution proto-
col that uses antennae to efficiently transmit the quantum states
into open air, where photon losses and thermal noise effects are
described with a beam splitter with reflectivity ne,y. We analyze
two different scenarios: (a) Alice generates the entangled state,
and attempts to share one of its modes with Bob by sending
it through a noisy and lossy open-air channel that degrades the
entanglement strength; (b) Charlie generates a two-mode entan-
gled state, and sends one entangled mode to Alice and another
to Bob. In this case, although both modes go through the same
noisy and lossy channel, they travel half the distance compared
to the previous case.

prepare the foundation for an open-air microwave quan-
tum teleportation protocol, whose fidelity will depend on
the entanglement of the resource shared by the parties
involved.

A. State generation

As the first step, we discuss the generation of entan-
gled states inside a cryostat, more precisely, two-mode
squeezed states. Squeezing is an operation in which one
of the variances of the electromagnetic field quadratures
of a quantum state is reduced below the level of vacuum
fluctuations, while the conjugate quadrature is amplified,
satisfying the uncertainty principle. This can be achieved
by sending the vacuum state to a JPA, a coplanar waveg-
uide resonator line terminated by a direct-current super-
conducting quantum interference device (dc SQUID). The
dc SQUID provides magnetic flux tunability to the res-
onator and enables parametric phase-sensitive amplifica-
tion, which is the key for generating squeezed microwave
states [87,88].

The relation between the frequency of the external
magnetic flux, 2, and the fundamental frequency of the
JPA, w., determines whether the JPA operates in the
phase-insensitive or phase-sensitive regime. The latter is
achieved in the so-called degenerate regime, 2 = 2w.. A
corresponding three-wave mixing process, when one pump
photon splits into two signal photons, is described by the
Hamiltonian

H=g(p*a> — pa™). (18)

It can be shown that the aforementioned Hamiltonian
corresponds to a single-mode squeezing operator

S(&) = exp|3 (£*a®> — £a™) ], (19)

with the squeezing parameter given by |&| o 2g|B|t.

A symmetric two-mode squeezed state can be gener-
ated by combining two, orthogonally squeezed, states with
equal squeezing levels at a hybrid ring. The latter element
represents a symmetric 50:50 microwave beam splitter.
Microwave squeezed states produced by JPAs are subject
to various sources of imperfections and noise. Therefore,
the output states can be effectively modeled as two-mode
squeezed thermal states, whose second moments differ
from those of ideal two-mode squeezed vacuum states by a
factor of 1 4+ 2n, where n is the number of thermal photons.

Thermal photons in squeezed states may have various
physical origins. One of the most trivial reasons for noise
in the two-mode squeezed states is finite temperatures of
the input JPA modes, which lead to the fact that one applies
a squeezing operator to a thermal state rather than to a
vacuum. Another important source of noise in squeezed
states produced by flux-driven JPAs arises from Poisson
photon-number fluctuations in the pump mode, which lead
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to extra quasithermal photons in the output squeezed states
[89]. Last but not least, higher-order nonlinear effects also
contribute to additional effective noise under the Gaus-
sian approximation [90]. More experimental details on the
microwave squeezing and related imperfections can be
found elsewhere [69].

B. Antenna model and open-air losses

In transmission of quantum states from a cryostat into
the open air, an interface antenna comes into play as an
inhomogeneous medium (as depicted in Fig. 3) that con-
nects those two very different environments. The main
purpose of this antenna is to maximize transmission of
the incident signal to the open-air medium. Here, we con-
sider a transmission line coming out of the cryostat with an
impedance of 50 2, and assume focused transmission in
open air described by a transmission line with impedance
377 Q. Such an antenna can be modeled by a finite trans-
mission line with variable characteristic impedance and
designed to match the impedances of the cryostat and
of open air at its ends. This approach was discussed in
a previous study [86], where the transmissivity of the
antenna was optimized for the task of entanglement dis-
tribution with TMST states of 5 GHz in an antenna of
3 cm. With an exponential profile of the impedance inside
the antenna, reflectivity can be reduced down to /7 <
10~?, qualitatively matching the classical result of a horn
antenna.

Using this description, we can obtain a reflectivity coef-
ficient that depends on experimental parameters, such as
the length of the antenna, the carrier frequency of quantum
states, and the internal and external impedances, among
others. This result is compatible with the description of the
antenna as a distributed beam splitter, with its inputs being
one of the modes of the TMST state together with a thermal
state with Ny, thermal photons coming from the environ-
ment. From the two output modes, the reflected one is
discarded, whereas the transmitted one is sent to Bob. The
main antenna aim is to minimize the reflections of Alice’s

Antenna , _u7q

Cryostat Open Air

33203
v ] . —
FIG. 3. Schematic representation of the circuit needed for a

quantum communication protocol in which a quantum state is
generated in a cryostat, and is then sent through an antenna into
open air, where transmission is assumed to be focused. As is
shown, a waveguide at impedance Z;, = 50 2 connects the cryo-
stat with the antenna. The latter is a finite transmission line with
variable impedance, Z(x), designed to match the impedance of
the cryostat with that of the open air, Zy,, = 377 2, maximizing
the transmissivity. The final waveguide represents the directed
propagation of the signal in open air.

input signal in order to preserve entanglement between the
transmitted mode and the retained one.

Backscattered thermal photons entering the emitting
antenna might represent a certain problem for Alice and
must be filtered. A straightforward, albeit somewhat chal-
lenging, solution for this problem is to use nonreciprocal
microwave devices such as isolators (circulators) to pro-
tect entanglement-generating circuits from the unwanted
thermal radiation.

Once the state has been successfully sent out of the
cryostat, we have to address the effects of entanglement
degradation in open air. Considering directed transmission
in open air, we envision an infinite array of beam splitters
to describe losses in open air, as represented in Fig. 4. Each
one of these beam splitters will allow for the mixing of
thermal noise with the state. Assuming constant tempera-
ture throughout the sequence of possible absorption events,
meaning that the thermal noise in each of the beam split-
ters is characterized by Ny, we can obtain the reflectivity of
an effective beam splitter based on an attenuation channel
[80], which represents the decay of quantum correlations
and amplitudes,

Nenv = I - eiﬂL- (20)

Here, p represents a density of reflectivity, which in turn
models photon losses per unit length, and L is the traveled
distance. This density of reflectivity can be interpreted as
an attenuation coefficient that quantifies the specific atten-
uation of signals in a given environment. In this work we
consider 1 = 1.44 x 107® m~! for the specific attenua-
tion of 5 GHz signals caused by the presence of oxygen
molecules in the environment (see Refs. [91,92]).

We could go further and assume that, attached to
the antenna (at constant temperature), there is another

L
No = % Nenv = 1- eiuL
] f t  w ]
Sy Ny Ny PR o
fi f fi fi
Nin Nin Nin Nin
L

FIG. 4. Sketch of a beam splitter loss model of an open-air
quantum channel. Entanglement degradation of a state propagat-
ing in open air at a constant temperature is modeled by an array
of N beam splitters, each one introducing thermal noise char-
acterized by Ny, thermal photons, assuming constant temperature
throughout the path. An infinite array of beam splitters (N — o0)
can be approximated by a single beam splitter with reflectivity
Neny = 1 — e "L where L is the total channel length and p is the
reflectivity per unit length.
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transmission line where the temperature is not constant
throughout the trajectory, which leads to an inhomoge-
neous absorption probability. This is represented by the
density of reflectivity w(x), and the number of thermal
photons n(x). The latter still follows the Bose-Einstein dis-
tribution. An infinite array of beam splitters that reproduce
these features (see Ref. [86]) can be replaced by a single
beam splitter with an effective reflectivity and number of

J

thermal photons given by

Neny =1 — e~ fOdeM(X)a

_ foL dxp(x)n(x)e” [Eaxn@) 21)

1 — o= Jo dxnw

th

>

where L represents the total length of the array. Given that we are extending the length in which the transmission line

remains at cryogenic temperatures, we see that ng < Ny,.

Now that we have discussed how the signal is processed into the environment, let us characterize the resulting states.
Assume that Alice generates a TMST state with n thermal photons, and sends one mode to Bob over a distance L through
open air, with a thermal background characterized by Ny, thermal photons. Then, the resulting state is what we call the

“asymmetric” state

1+2Nth) +(1 - cosh2r] 1, /T = nersinh2ro
Sasym = (1 +21) ([( T42n ) Neff ( Nefr) 2 Teff roz ’ 22)
1 — negsinh 2ro, cosh 2r1,

where ney = 1 — e (1 — n,y) represents the combined
reflectivities of the antenna 1,,; and of the environment
Nenv- A sketch of the layout that leads to this kind of
state can be seen in Fig. 2(a). With this, using Eq. (5), we
compute the partially transposed symplectic eigenvalue

- i 1
Vgut = 1)5l + <§ +Nth) T]ant (23)

for very low reflectivities, 1. Nm < 1, with vy, = (1 4+
2n)e~?". Note that, by reducing the reflectivity of the
antenna, the impact of thermal noise is reduced, and the
partially transposed symplectic eigenvalue approaches that
of the input state. In this extreme case, entanglement is
fully preserved.

Let us use the partially transposed symplectic eigen-
value to compute the limit of entanglement. We use
the negativity as a measure of Gaussian entanglement,
N =max{0, (1 — 9_)/29_}, such that this limit occurs
for v»_ = 1. This constitutes a bound on the reflectiv-
ity; all smaller values of n.g will result in entanglement

J

[
preservation. This result is

1
Nmax = >

1+ Mo
2n(1l +n)
1 — (1 4 2n) cosh(2r)

24)

together with the conditions # < e "sinh(7) and r > 0.
With this bound, the maximum distance entanglement can
survive is

1
Liyax = _; log(1 — Nmax)- (25)

Imagine that TMST states are generated in the cryostat
at 50 mK temperature, with thermal photons n ~ 1072,
and squeezing » = 1. In open air, at 300 K, the num-
ber of thermal photons is Ny, ~ 1250. Assuming a per-
fect antenna (1, = 0), the maximum distance the state
can travel before entanglement completely degrades is
Linax ~ 550 m.

As a different approach to the entangled resource, we assume that a TMST state is generated at an intermediate spot
between both parties, and that each mode is sent through an antenna and travels some distance L; with i = {1, 2} before
reaching Alice and Bob. Then, each mode will see an effective reflectivity of ngf)f =1 — e #i(1 — 14y, combining the
effects of the antenna and the environment. We assume for simplicity that L; + L, = L, where L is the linear distance
between Alice and Bob. The covariance matrix of such a state, which we refer to as “symmetric,” is

\/(1 — )1 — nP) sinh 2ro

[(T%ﬁh) nfif’ +(1 - ngf)) coshzr] 1,

142N, [€))]
1+2;;h> Neg + (1

\/(1 — ) = nP) sinh 270

— ngf) ) cosh 2r] 1,

Bsym = (1 + 2n) [< . (26)
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and corresponds to the layout represented in Fig. 2(b). With
this state, the maximum distance entanglement can survive
1S Lyax ~ 480 m.

Throughout this manuscript, we refer to these states as
the (asymmetric and/or symmetric) lossy TMST states,
the bare states, or the TMST states distributed through
open air.

Furthermore, we could also consider the specific atten-
uation caused by the presence of water vapor in the
environment [91]. This would lead to higher attenuation
coefficients, thus reducing the distances that entanglement
can survive. For an average water vapor density, these dis-
tances are 450 and 390 m for asymmetric and symmetric
states, respectively. They become 400 m for asymmetric
states and 350 m for symmetric states in a maximum water
vapor density scenario.

C. Overcoming entanglement degradation: distillation
and swapping with microwaves

We have seen that entanglement distribution between
two parties is limited by environmental noise, as well as
by photon losses. Considering we have a perfect antenna,
these factors can limit the maximum distance entanglement
can survive to a few hundred meters. Since an ampli-
fication protocol only contributes to the degradation of
quantum correlations (see Appendix A), we investigate
entanglement distillation and entanglement swapping, two
techniques that could improve both the reach and the
quality of entanglement, at the expense of efficiency [70].

1. Entanglement distillation

This technique aims at increasing entanglement in quan-
tum states by means of local operations. Let us briefly
review different ways to distill entanglement. One of them
is noiseless linear amplification, a nondeterministic opera-
tion [93,94] that requires nonincreasing distinguishability
of amplified states, and which has recently been achieved
in the microwave regime [71]. It also requires efficient
photocounting, which is where the nondeterministic part
comes into play. At the core of this protocol lies a process
based on the quantum scissors [95]. The gain of this pro-
cedure is inversely proportional to the success probability,
which also decreases as the number of resources increases,
making it very costly.

Another widely known protocol is Gaussian distillation,
which is also nondeterministic, but it requires only two ini-
tial copies of a state, as well as efficient photodetection.
If the incoming entangled state is Gaussian then it is ini-
tially de-Gaussified by combining two copies of said state
with balanced beam splitters and keeping the transmitted
state when any number of photons has been detected at the
reflected modes [96]. Another possible de-Gaussification
protocol applies an operation Z = (1 — w)a’a + waa' [97]
on a quantum state without requiring a copy. Gaussian

distillation begins when two copies of the resulting state
are mixed by 50:50 beam splitters and, if no photons are
reflected, the operation is applied again [96,98]. Provided
that the initial states were entangled, this process leads
to a non-Gaussian state with higher entanglement. How-
ever, it is also costly in terms of the number of resources,
and it only produces a state that is Gaussian (and with
higher entanglement) in an infinite-application limit of the
Gaussification channel.

Finally, we review another nondeterministic protocol,
which does not require the storage or production of simul-
taneous copies of a quantum state, and whose gain is also
inversely proportional to the success probability. This pro-
tocol is called probabilistic photon subtraction [99], and it
utilizes non-Gaussian operations in order to distill entan-
glement, as we have seen in the previous protocols. How-
ever, in this situation, we do not look to re-Gaussify the
state afterwards. A discussion about the heuristic photon-
subtraction protocol with TMSV states, the more theoret-
ical approach that does not consider the effects of beam
splitters and measurement, can be found in Appendix B.

Probabilistic photon subtraction starts with an entangled
state, for example a TMSV state. This can be produced by
two single-mode squeezed states with squeezing parameter
r, which are combined by a 50:50 beam splitter, as shown
in Fig. 5, resulting in a TMSV state,

o0
V1I=22Y " W'n,n)as (27)
n=0

with A = tanh(). The next step of the protocol is to mix
each mode with an ancillary vacuum state at two highly

FIG. 5. Sketch of a photon-subtraction scheme applied to
two-mode squeezed thermal states, which are generated from
single-mode squeezed thermal states by JPAs, subsequently com-
bined in a balanced beam splitter. Each mode of the resulting
state is then combined with an ancillary vacuum state in high-
transmissivity (we consider T = 0.95) beam splitters, with photo-
counters placed at each reflected path. The resulting state shows
higher entanglement for low values of the squeezing parame-
ter, where the limit for enhancement will vary depending on the
number of photons detected.
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transmitting, identical beam splitters. The output photon-
subtracted state is postselected depending on the outcome
of the photocounts performed at each beam splitter. Here,
we focus on photon-subtracted TMSV states where the
same number of photons is subtracted from each mode.
The resulting 2k-photon-subtracted TMSV state is then

1/2 Za(k) |n, n) 4

with @ = V1T =22 (" (1 - t)fz"  and Py =
> la®2, which can be interpreted as the probability
of successfully subtracting & photons from each mode of
a TMSV state. The sum converges to Py, = (1 — A2)(A —
Ao F (k+ 1,k + 1; 1;)»%), where ,F(a,b;c;z) is the
Gaussian hypergeometric function and A, = tA. In what
follows, we focus on the cases £k = 1,2, which correspond
to two-photon subtraction (2PS) and four-photon subtrac-
tion (4PS), respectively, and whose corresponding success
probabilities are

[y %) 45 (28)

14+ A2
Pz = (1 — )\2))\.2(1 — T)zﬁ,
: (29)
ity el 4D
Py =4(1 — A1 —1) S

If photon subtraction is successful for any (nonzero)
number of photons, the resulting state shows increased
entanglement with respect to the TMSV state in a cer-
tain interval. This can be seen by computing the negativity
N(p@P) of the family of states (28). We find that, for
P = |y} (y @R the negativity is

A —1
N(p®) = ==, (30)
where
Qo oa(k)
A n n (31)
L= Py
Performing the sum we obtain
1 (1 — A )—2(k+1)
N(p®) = —1), @32
() = 2WFik+ 1Lk+1;1;A2) (32)

which describes the negativity of the heuristic photon-
subtraction protocol (see Appendix B) in the limit v —
1, while reproducing the negativity of the TMSV state,
Nimsy = A/(1 — A1), inthe case T — 1 and k = 0.

In Fig. 6(a) we represent negativity differences as a func-
tion of the initial squeezing . We subtract the negativity
of the TMSYV state from those resulting from two-photon

(a) ---- 2PS(r) —— 2PS —— TMSV
——-- 4PS (r) —— 4PS
340‘ E 20
: | B
=201 & 04 :
I 0 2
= Squeezing T T T
e ~=
() :
Z0.05{ " 2P8(7) T
g -==- 4PS (1) PPl
CZ‘OUOA PR ! --===::::::':::_--——"T i
~ 0.0 0.5 1.0 1.5 2.0
Squeezing
FIG. 6. (a) Negativity difference between photon-subtracted

and bare TMSV states, represented against the initial squeez-
ing parameter. The blue and red curves represent two- and
four-photon subtraction, respectively, whereas the green curve
represents the no-gain line, above which any point represents
an improvement in negativity. Curves associated with prob-
abilistic photon subtraction appear dashed, whereas the solid
curves are associated with heuristic photon subtraction. We have
considered the transmissivity of the beam splitters involved in
probabilistic photon subtraction to be r = 0.95. In the inset, we
represent the negativity curve for the TMSV state versus the
initial squeezing parameter. (b) Success probability of symmet-
ric photon-subtraction schemes: two-photon subtraction (2PS) is
represented with a blue dashed line, and four-photon subtraction
(4PS) is represented with a red dashed line.

(blue) and four-photon (red), heuristic (solid) and proba-
bilistic (dashed), subtraction with a beam splitter transmis-
sivity T = 0.95. Note that probabilistic photon subtraction
works for lower squeezing, while heuristic photon sub-
traction is always advantageous. In Fig. 6(b), we display
the success probability of two-photon (blue dashed line)
and four-photon (red dashed line) subtraction. Observe that
2PS shows higher probability than 4PS, whereas the latter
shows higher improvement than the former. As the squeez-
ing parameter increases, both probabilities grow closer, as
probabilistic PS loses its advantage.

The rate of two-mode squeezed state generation is
defined by the effective bandwidth of JPAs. In the case of
conventional resonator-based JPAs, these bandwidths are
typically of the order of about 10 MHz [88]. By exploiting
more advanced designs based on traveling-wave Joseph-
son parametric amplifiers, one can hope to increase these
bandwidth to about 1 GHz. However, the price for this
increase is typically lower squeezing levels and higher
noise photon numbers.

When dealing with our lossy TMST states, we con-
sider a two-photon-subtraction protocol that is applied
right before the teleportation experiment, in order to pre-
pare the entangled resource for enhanced performance.
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This means that we apply photon subtraction on states
that have already traveled through open air. In the case
of TMSV states, photon subtraction is beneficial for low
squeezing, which translates into low entanglement. In the
case of lossy TMST states, entanglement is affected by the
initial squeezing, but also by the distance, since reducing it
means reducing photon loses and the presence of thermal

noise in the state. Consequently, better performance of the
teleportation protocol using photon-subtracted entangled
states as the resource occurs for small distances. The
submatrices of the covariance matrix that characterizes
the entangled resource, written as ¥4 = al,, Xp = B1,,
and e45 = yo., are modified by a symmetric two-photon-
subtraction process as

_ 2 _ _ .2
iA:[1_2r (1 —a)(1+B) + 712+ (1 —a)(1 — B) — )t ]m, 30
I+a)(1+B) —y2+2(0 —af+y)T+ (1 —a)(1 — B) — y2)z2
_ 2 _ _ )
igz[L_r (I4+a)(1 =B+ 72+ (1 —a)(1 — B) —y)t ]m, G3b)
I+a)(1+B) —y2+2(0 —af +y)T+ (1 —a)(1 — B) — y2)z2
Bap = dry o (33¢)
P 0+ 1+ -2 +2(0—af+ )t + (1 —a)1 - p) — D)2 =
whose success probability is given by
_ 2 _ _ 2,2 2 _ _ 2 2
poa(l ey =B+ + (=) =p) —y)F — @ =) +dy 34)

See Appendix C for the general expressions. In order
for these submatrices to characterize a covariance matrix,
they need to satisfy a positivity condition, as well as
the uncertainty principle. Both these requirements can be
summarized as

[VdetE — 1] > |& — Bl (35)

given that we have used S,=al,, S = ,512. Unfortu-
nately, the state resulting from photon subtraction is not
Gaussian, and thus it is not completely characterized by
the covariance matrix. In this case, we use the charac-
teristic function to describe the photon-subtracted TMST
states. The general expression for the characteristic func-
tion of a probabilistically two-photon-subtracted Gaussian
state (where one photon has been subtracted in each mode)
can be found in Appendix C. Furthermore, see Appendix B
for an equivalent discussion regarding heuristic photon
subtraction.

2. Entanglement swapping

In this section we contemplate the CV version of entan-
glement swapping [100], a procedure that can be used to
reduce the distance that states have to travel through the
environment, and hence attenuate the effects of entangle-
ment degradation. We consider the case in which we have
two entangled states, shared by three parties pairwisely.
That is, between Alice and Charlie, and between Char-
lie and Bob. Entanglement swapping is a technique that

[A+a)A+B8) —y2+2(1 —ap +yHT+ (1 —a)(1 = B) — yH TP

(

allows for the conversion of two bipartite entangled states
into a single one shared by initially unconnected parties.
By performing measurements in a maximally entangled
basis, Charlie is able to transform the entangled resources
he shares with Alice and with Bob into a single entangled
state shared only by Alice and Bob. In the CV formalism,
these measurements are described by Homodyne detection,
and their effect on the state is computed as we have seen
in the CV teleportation protocol. Consider that these states
are Gaussian, with covariance matrices

X4 &um
T = :
1 <8;I;B EB
_(Xc €cp
> = (820 Xp )’

and null displacement vectors. Then, the covariance matrix
of the remaining state,

ZES — (iA gle) , (37)

=T
EuD ZD

(36)

conditioned by the measurement results is characterized by

e45(Xp + 0.Xc02)e ),
det(Xp + 0.2 c0>)

ecp(Te + 0:Tp0)ely,
det(Xp + 0.2 ¢0;)

=%, ; (38a)

p=13p—

: (38b)
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FIG. 7. Sketch of the optimal entanglement swapping scheme
involving three parties and three key steps. First, Alice and Bob
generate two-mode squeezed thermal states and, while keeping
one of the modes each, send the others through open air, where
they are subject to photon loss and get mixed with thermal noise.
Second, Charlie receives and processes both modes, and third, he
uses them to perform Homodyne detection. In the end, Charlie is
able to transform the pairwisely entangled states he shares with
Alice and with Bob independently into an entangled state held
solely between Alice and Bob.

eap(Tpo: + 0:Xc)ely
det(Xp + 0. Xc0,)

Eap = (38¢)

We observe that, in the setup we are considering, the only
protocol that presents an improvement in negativity with
respect to the bare states is that in which Alice and Bob
generate the two-mode entangled states, and each send
one of the modes to Charlie. This setup is represented in
Fig. 7. Then, the two modes used for entanglement swap-
ping are those that have become mixed with environmental
noise. Nevertheless, this enhancement occurs for large
distances, which implies low negativities, and works sig-
nificantly better in low-temperature environments, where
Ny 1s reduced. Considering ¥4 = ¥p = allp, ¥ = ¢ =
B1,, and 43 = ecp = Yo, then we can characterize the
covariance matrix of the resulting resource by

~ )/2

EA = (O[ — ﬁ)]lz’ (393)

~ )/2

ED = (O( — ﬁ)ﬂz’ (39b)
)/2

éAD = —O0,. (390)

The condition for this characterization to be appropriate is
given by

‘\/ det21 — ﬁ
o

> 0. (40)

See Appendix D for further discussion.

IV. EXPERIMENTAL LIMITATIONS TO
PHOTOCOUNTING AND HOMODYNING WITH
MICROWAVES

In this section, we review current advances on pho-
tocounting and homodyne detection techniques with
microwave quantum technologies. These techniques are
vital for photon subtraction, as well as for entanglement
swapping and quantum teleportation, which are the pro-
cesses described in this manuscript.

A. Photodetection

Traditionally, the problem of detecting microwaves has
been the low energy of the signals when compared to
the optical regime. Any of the entanglement distillation
protocols we have discussed will require some kind of
photodetection scheme. In particular, for photon subtrac-
tion, a photocounter for microwave photons is required.
In the current landscape of microwave quantum technolo-
gies, there have been recent proposals for nondemolition
detection of itinerant single microwave photons [101—
103] in circuit-QED setups, with detection efficiencies
ranging from 58% to 84%. Based on similar setups, a
photocounter has been proposed [71] that can detect up to
three microwave photons.

This device is able to catch an incoming wavepacket
in a buffer resonator, which is then transferred into the
memory by means of pumping a Josephson ring modula-
tor. Then, the information about the number of photons in
the memory is transferred to a transmon qubit, which is
coupled to the memory modes, and from there, it is read
bit by bit. Consequently, this photocounter requires previ-
ous knowledge on the waveform and the arrival time of the
incoming mode to be detected. Furthermore, this device is
not characterized by a single quantum efficiency; rather,
the detection efficiency varies depending on the number of
photons. That is, 99% for zero photons, 76% =+ 3% for a
single photon, 71% =4 3% for two photons, and 54% =+ 2%
for three photons, assuming a dark count probability of
3% =4 0.2% and a dead time of 4.5 us.

B. Homodyne detection

Homodyne detection allows one to extract informa-
tion about a single quadrature. It can be used to perform
CV-Bell measurements, i.e., a projective measurement in
a maximally-quadrature-entangled basis for CV states.
One way to perform Bell measurements with propagating
CV states is to use the analog feedforward technique, as
demonstrated in Ref. [10]. This approach requires oper-
ating two additional phase-sensitive amplifiers in com-
bination with two hybrid rings and a directional cou-
pler, which effectively implements a projection operation
for conjugate quadratures of propagating electromagnetic
fields. An alternative, more conventional approach can be
implemented by adapting microwave single-photon detec-
tors to the well-known optics homodyning techniques.
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As we have seen, entanglement swapping provides
an advantage if this measurement scheme is used with-
out averaging over the results (single-shot homodyning),
whereas the Braunstein-Kimble quantum teleportation pro-
tocol assumes that this average is performed, given an
unknown coherent state. In theory, single-shot homodyn-
ing can be implemented by using quantum-limited super-
conducting amplifiers and standard demodulation tech-
niques [104]. However, some fundamental aspects of the
“projectiveness” of this operation and its importance for
the Bell detection measurements or for photon subtraction
are still unclear and must be verified.

See Appendix E for more involved descriptions of errors
associated with these measurement techniques.

V. OPEN-AIR MICROWAVE QUANTUM
TELEPORTATION FIDELITIES

In this section, we compute the average teleportation
fidelity for different resource states. In all cases, the tele-
ported state is a coherent state |g) {(col.

A. Two-mode squeezed vacuum resource

The case of a TMSV state is particularly simple, as we
can simply plug its covariance matrix into Eq. (17),

Frusy = 2. (1)
2
When symmetric 2k-photon subtraction is performed, the
formula for Gaussian average fidelity can no longer be
invoked. The results for £ = 1,2 (2PS and 4PS, respec-
tively) are

_ A2\ (1+ 1)
Fops = <1—Kr+j)¥

2(1+22)
T — A+ 21:)°[8 = A (2 — A)(8 =34 (2 — Ap))]
4pS 16(1 + 422 4 1%) ’
(42)
with A, = AT.

In Fig. 8, we represent the result of subtracting the
fidelity associated with the bare TMSV state to those
associated with two-photon-subtracted (2PS, blue) and
four-photon-subtracted (4PS, red) TMSV states. Fidelity
differences associated with heuristic photon subtraction
appear as solid lines, whereas those associated with proba-
bilistic photon subtraction appear dashed. The green solid
line represents the no-gain line, above which any photon-
subtracted state presents an advantage in fidelity. Note that
photon subtraction works better for low squeezing, and
as we increase it, we see that using the TMSV state as
a resource for teleportation renders a higher fidelity than
probabilistic photon subtraction, while heuristic photon
subtraction tends to the TMSYV result.

--=- 2PS(r) —— 2PS —— TMSV
--—- 4PS (1) —— 4PS
0.15
1.0
;0.10~ %’
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=
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FIG. 8. Average fidelity of CV quantum teleportation of an
unknown coherent state with respect to the initial squeezing
parameter. We subtract the average fidelity associated with a
TMSV state resource from the average fidelities of two-photon-
subtracted (2PS, blue) and four-photon-subtracted (4PS, red)
TMSYV states. Curves associated with probabilistic photon sub-
traction appear dashed, whereas the solid curves are associated
with heuristic photon subtraction. The green curve describes the
TMSV case, which delimits the no-gain line, above which any
point represents an improvement in fidelity due to photon sub-
traction. In the inset, we plot the average fidelity associated with
a TMSV state against the initial squeezing parameter. We have
considered the transmissivity of the beam splitters involved in
probabilistic photon subtraction to be T = 0.95.

B. Two-mode squeezed thermal resource

We now study the teleportation fidelity associated with a
two-mode squeezed thermal state, sent through a lossy and
noisy channel defined by the combination of the antenna
and an environment with Ny, photons. By defining ¥, =
al,, ¥p = B1,, and g4 = yo., we can write the average
fidelity as

1
1+ @+ B-2y)/2

Frmst = (43)

If we consider the composition of & teleportation proto-
cols where each of the parties involved is separated by L/,
with L the total distance aimed to cover. The final average
fidelity is then given by

70 1
ST 4 (k= 1/2) (@ + B —2y)

(44)

such that Fryst > Fuaysy for k > 1. Since the composi-
tion of teleportation protocols does not improve the overall
fidelity, we study entanglement distillation and entangle-
ment swapping in search for such gain. However, this
fidelity composition may improve the overall fidelity when
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TABLE 1. Parameters for a terrestrial (1 atm of pressure, tem-
perature of 300 K) two-mode squeezed thermal state generated
at a 50 mK cryostat, for a frequency of 5 GHz. These param-
eter values correspond to an Earth-based quantum teleportation
scenario.

Parameter Symbol Value
Losses per unit of length m 144 x 107® m™!
Atmospheric temperature T 300K
Mean photon number Nn 1250
Squeezing parameter r 1
Thermal photon number (signal) n 102
Transmission coefficient T 0.95
Antenna reflectivity Tant 0

diffraction effects at the termination of the antenna come
into play, which will reduce the reach of entanglement
from the hundreds to the tens of meters.

In Table [ we present the parameters we use to represent
the different fidelity curves in this section.

1. Asymmetric case

Assume that Alice generates a TMST state and sends
one of the modes to Bob. Then, the covariance matrix of
the state, given in Eq. (22), is characterized by

o = (1 + 2Nw)nerr + (1 + 2n)(1 — ne) cosh 2r,  (452)
B = (1 + 2n) cosh 27, (45b)
y = (1 +2n)y/1 — negsinh 27, (45¢)

which results in an average fidelity

_ 1 1
Frvst = [1 + (5 +Nth) Neft + (5 + n) (2 — nefr) cosh 2r

(46)

-1
— (1 +2n)/1— neffsinh2r:|

with Neff = 1- e_ML(l - nant)-

2. Symmetric case

In this case, we consider that the resource state is gen-
erated at an intermediate point between Alice and Bob,
and is sent to both of them, such that now both modes are
affected by the lossy and noisy channel described above.
The covariance matrix of this state, presented in Eq. (26),
is characterized by

o = (1 4+2Nw)nes + (1 + 2n)(1 — neg) cosh2r, (47a)
B = (1 +2Nm)newr + (1 + 2n)(1 — ne) cosh2r,  (47b)
y = (1 + 2n)(1 — neg) sinh 27, (47¢)

where we have assumed that L, = L, = L/2, and thus
ngjf) = ngf) = e = 1 — e */2(1 — nuy). Then, the aver-

age fidelity can be written as

Frmst = [1 4 (1 4 2Nm) e + (1 + 2n) (1 — neg) cosh 2r
— (1 +2n)(1 — ) sinh 2771 (48)

Note that, for short distances, the fidelities associated with
the asymmetric and symmetric states coincide. That is, at
first order in uL < 1, and with 1., = 0,

— mL
Fivst ~ [ 14+ (1 + 2Nth)7

-1
+(1+2n)<1—%L)62’:| . (49)

When considering a lossy antenna, we observe higher
entanglement degradation in the symmetric state due to the
fact that both modes of the state are output by an antenna,
whereas only one mode of the asymmetric state goes
through it. Although /7. can theoretically be reduced
below 10~ [86], this leads to a slightly lower fidelity
in the case of the symmetric state. In the figures appear-
ing in this section, however, we consider 7,, = 0 for
simplicity.

C. Fidelity with photon subtraction

If we consider a symmetric two-photon-subtraction process, in which the desired resource has lost a single photon in

each mode, the average fidelity becomes

— 1
Faps = Z[l—i-f

—af+ 1+’ + (1 -a)(1-p) — J/Z)TT
(I+a)d+p) —y>—(@f—(1-y)?)r

[ (I—af+yH>—(@— Bl +4y +4y (1 —a)(1 — B) —yH)T
x |1+
I-af+y>+ (A -a)1 = B)—yH)1)? — (@ — f)* + 4y

}. (50)
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In Fig. 9 we represent the difference in fidelities associ-
ated with a CV open-air quantum teleportation protocols
for an unknown coherent state, using two-mode squeezed
thermal states distributed through open air as a resource,
against the traveled distance. We subtract the fidelity asso-
ciated with the bare resource (TMST) from those related
to two-photon-subtracted symmetric (blue) and asymmet-
ric (red) states, as well as entanglement-swapped (orange)
states. We consider both heuristic (solid lines) and prob-
abilistic (dashed lines, labeled 7) photon subtraction. In
Fig. 10(a), we can see the fidelity associated with the bare
resource, knowing that it coincides for the symmetric and
asymmetric states in the region uL <« 1. The solid green
line represents the no-gain line, above which any point rep-
resents an improvement in fidelity over the bare state. The
former gives an enhancement for short distances, whereas
the latter helps extend the point where the classical limit is
reached. One of the reasons the gain related to photon sub-
traction is lost might be the increase of thermal photons
in the state, which occurs for increasing L. This happens
because, as photon losses are more relevant, the cost of

—— TMST -==-- 2PS Asym (1) -==- 2PS Sym (1)
ES Asym —— 2PS Asym —— 2PS Sym
0.025 A
0.000 1
g
z
i —0.025 1
|
I~ —0.050
—0.075 1
0 100 200 300 400 500 60O
Distance (m)
FIG. 9. Average fidelity of CV quantum teleportation of an

unknown coherent state using an entangled resource distributed
through open air, represented versus the traveled distance. We
subtract the average fidelity associated with the TMST state dis-
tributed through open air (green) from the average fidelities of
the two-photon-subtracted asymmetric (2PS asym) and symmet-
ric (2PS sym) states, represented in red and blue, respectively, as
well as from the average fidelity of the entanglement-swapped
asymmetric (ES asym) state, in orange. We represent the states
resulting from probabilistic photon subtraction (dashed), as well
as heuristic photon subtraction (solid). The pale red background
represents the region where the fidelity is below the maximum
classical fidelity of 1/2, and the quantum advantage is lost. The
green line then shows no gain, and any point above it corre-
sponds to an improvement in fidelity. Parameters are n = 1072,
Nu=1250,r=1,0 =144 x 107 m™!, 5y = 0, T = 0.95.

doing photon subtraction is higher: if we subtract thermal
photons, the entanglement hardly increases, whereas if we
subtract photons from the signal, entanglement decreases.
Using a pale red background, we represent the region in
which the fidelity associated with the bare resource reaches
the maximum classical value of 1/2.

In Fig. 10, we represent various features of the two-
mode squeezed thermal states distributed through open
air: (a) average fidelity, which coincides for the symmet-
ric and asymmetric states for ul < 1; (b) logarithmic
negativity Ex- = log,(2N + 1) of the symmetric (green)
and asymmetric (purple) states; (c) success probabil-
ity of photon subtraction [see Eq. (34)] for symmetric
(blue, dashed) and asymmetric (red, dashed) states, against
(Faps — Frust)/(1 — Frvst), which represents the gain
in fidelity of the photon-subtraction schemes, weighted to
show larger values when the gain occurs at larger fidelities;
(d) efficiency of photon subtraction at x = 0, computed
as P(F,ps — Frumst), against different values of the trans-
missivity, with T € [0.9, 1]. Note that greater fidelity gains
come at lower success probabilities for photon subtraction,
which can be reflected in the efficiency (of the order of
10~%). The latter achieves maximum values for a transmis-
sivity of T &~ 0.92, and goes to zero with the probability, as
T goes to 1.

In an attempt to explain the crossing that occurs between
the probabilistically-photon-subtracted and bare fidelities,
which delimits the region in which photon subtraction
results in an enhanced teleportation fidelity, we consider
the following approach: we attempt to find the Gaussian
state that is related to our non-Gaussian photon-subtracted
state by the same teleportation fidelity. Essentially, we are
looking to identify the photon-subtracted states with Gaus-
sian resources in order to compute the negativities from
their covariance matrices, and investigate what happens
to entanglement at the points where fidelity with photon-
subtracted states loses its advantage. A similar approach
can be found in Appendix B for heuristic photon sub-
traction. First, know that the fidelity with two-photon
subtraction can be written as

l+g¢g

Jdet[1, +T /2]’

C2))

Faps =

where 1: = Gzi:AO'Z + iB — O-ZEAB — 5‘130'2, and i:A, iB,
and &4p are defined in Eq. (33). Here, g is the result of
integrating all the non-Gaussian corrections to the charac-
teristic function, which enforces the non-Gaussianity of the
state resulting from photon subtraction (see Appendix C
for the general expression). We split the terms in the
previous equation and write
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FIG. 10. Various features of the symmetric and asymmetric TMST states distributed through open air. (a) Average fidelity of the CV
quantum teleportation protocol of an unknown coherent state using either symmetric or asymmetric lossy TMST states, represented
against the traveled distance. (b) Logarithmic negativities Exr = log, (2N + 1) of the lossy TMST symmetric (green) and asymmetric
(purple) states. (c) Probability of successful two-photon subtraction applied to lossy TMST symmetric (blue dashed) and asymmetric
(red dashed) states, represented against the fidelity gain compared to the lossy TMST state, which is weighted to be larger for larger
fidelities. (d) Efficiency of two-photon subtraction against the transmissivity, with 7 € [0.9, 1], applied to TMST symmetric (blue
dashed) and asymmetric (red dashed) states, at x = 0. In panels (e) and (f), we represent the logarithmic negativity Exr = log, QN + 1)
of entangled resources distributed through open air, represented against the traveled distance. (e¢) We subtract the logarithmic negativity
of the lossy TMST symmetric (TMST sym, in green) state from those of the probabilistic (dashed) and heuristic (solid) re-Gaussified
two-photon-subtracted symmetric states (2PS sym, in blue). (f) We subtract the logarithmic negativity of the lossy TMST asymmet-
ric (TMST asym, in purple) state from those of the probabilistic (dashed) and heuristic (solid) re-Gaussified two-photon-subtracted
asymmetric states (2PS asym, in red). Any point above the green (purple) line represents an improvement in negativity for the re-
Gaussified photon-subtracted symmetric (asymmetric) states. Parameters are n = 1072, Ny, = 1250, r =1, u = 1.44 x 107® m~!,

Nant = 0, T = 0.95.
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1 1[ —af+ 1+ +((1—a)(1—=pB) -yt
147
A4+a)(d+B)—y? = (@B —10—-y)HT

Jdet[l, + £/21 2

}, (52)

1
1 =-|1
+g 2[ +T

—af+ 1+ + ({1 -a)(1-p)— )/z)f}2
(I+a)1+B) =y —(@B—1—-yr

y [1 (I1=ap+y)’ = @=B’+4y° +4y((1 —a)(1 = ) — y))t
(I—ap+y*+({({—a)1=B)—yH)1)* — (@ — f)> +4y?

If we define a matrix G=(1+g)1, with G7! =
1,/(1 4+ g), then we can write 1 + g = +/detG, which
leads to

l+g 1

det[1, +T'/2] - \/det[(]lz +T /2)G*1].

By rearranging the terms resulting from the matrix product,
we can obtain

Lt if)g =1, 4 [ —2gla) _y LR
215 =hto g )=k
(55)

(54)

where we have defined ' = (I"' — 2¢1,)/(1 4+ g). Now,
we want to incorporate the non-Gaussian corrections into
the covariance matrix of the effective Gaussian state by
using the formula

1: = O'ZiAO‘Z + 23 - O'ngB - g;BOZ' (56)

We refer to the resulting state as the “re-Gaussified” state.
Then, we define

1 N
4= — (24 —gly),

57a
l+¢g (572)
I~ 1 -
Sp=— (35 —gly), 57b
B l—I—g(B gly) (57b)
g L ; (57¢)
g4p = £48. c
AB 1+gAB

These represent the submatrices of a covariance matrix
¥ if

WdetS —gQ+a+p) — 11> +gla—pl (53)

is satisfied. This condition both ensures the positivity of the
covariance matrix and that the uncertainty relation is satis-
fied. For this, we have assumed that Y= al,, Yp = ,é]lz,
and €43 = yo,. The problem is that this convention only

]. (53)

(

works for the symmetric state, and not for the asymmetric
one. For the latter, we write

1 -
Xy = ——(34 —kgly),

59a
l+g¢g (5%)
I~ 1 -
Yp=—03p— (2 —hkgly), (59b)
l+g¢g
§ . (59¢)
1) = EAB. C
AB 1 +g AB

Since we have seen that a symmetric re-Gaussified state
is viable, we impose the same balanced partition on the

re-Gaussification of the asymmetric state. From %, =

§]B, we obtain k=14 (@ — ﬁ)/Zg, which leads to the
submatrices

= 1 2,4—}—5:3

Y= —oly ), 60
4 1+g< 5 g 2) (60a)
z 1 Y4+ Sp

Yp = —g1 60b
B 1+g( 5 g 2), ( )

~ 1

g4 = E4B. 60

E4B 1+g5AB (60c)

The condition these terms need to satisfy is

[VdetE + 1@ —-p)* —g@+p) +g* -1/ >0, (61)

which is naturally met. In Appendix D, a graphical proof
that these conditions are met is provided.

As aresult of these redefinitions, we effectively mask the
non-Gaussian corrections in the expression of the fidelity
as further corrections to the submatrices of the covariance
matrix of an entangled resource, which is now Gaussian,
while maintaining the same fidelity we obtained with the
photon-subtracted states. This treatment has shown that
we are using a resource that, in the regions in which
photon subtraction is beneficial, shows higher entangle-
ment than the bare resource, as expected. In Figs. 10(e)
and 10(f), we subtract the logarithmic negativity E, =
log, (2N + 1) of the bare resource (TMST) from those of
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the heuristic (solid) and the probabilistic (dashed) two-
photon-subtracted states. In Fig. 10(e), we display the
symmetric states, and in Fig. 10(f), the asymmetric ones.
Note that the gain in negativity is lost around the same
points as the gain in fidelity. As discussed above, the
fidelities corresponding to the symmetric and asymmet-
ric states are equal at first order in uL < 1, and the same
behavior can be observed initially in the negativities of
both states [see Fig. 10(b)]. However, while the points
at which the fidelities of the symmetric and asymmet-
ric states reach the classical limit differs by centimeters,
the points at which entanglement is lost for these states
differ by tens of meters. This region where negativity is
lost is highlighted with a pale red background. Although
the entanglement in the asymmetric state reaches further,
the symmetric photon-subtraction protocol we envision
works better when applied on the symmetric state. The
logarithmic negativity of heuristic photon-subtracted states
presents a 46% increase with respect to the value for the
bare state at x = 0, while probabilistic photon-subtracted
states only present an initial gain of 28%.

D. Fidelity with entanglement swapping

We consider the case in which both Alice and Bob pro-
duce two-mode squeezed states, and each sends one mode
to Charlie, who is equidistantly located from the two par-
ties. Then, he performs entanglement swapping using the
two modes he has received, which have been degraded by
thermal noise and photon losses. If Alice and Bob use the
remaining entangled resource they share for teleporting an
unknown coherent state, the fidelity of the protocol will be
given by

1

Fps= ——— 62
5= a5 (62)
where now we have
o = (1 4+ 2n) cosh 2r, (63a)
B = (1 +2Nw)nesr + (1 + 2n)(1 — neg) cosh2r,  (63b)
y = (1 +2n)/1 — negsinh 27, (63c)

and neg =1 — e ™/2(1 — 1), since the total distance
has been reduced by half due to the presence of a third,
equidistant party.

This fidelity is represented as the orange curve in Fig. 9,
where it shows a gain in fidelity for large distances,
right before the classical limit of F = 0.5 is reached.
The extended distance represents 14% of the maximum
distance for the bare TMST state. This will be advanta-
geous when the distance at which the classical limit occurs
can be extended, for example in the case of quantum
communication between satellites.

VI. INTERSATELLITE QUANTUM
COMMUNICATION MODEL

An important application of the protocols and the tech-
nology addressed in this manuscript is quantum commu-
nication between satellites [72,73,105]. Given the secu-
rity inherent to quantum-based communication protocols,
many of the motivations for the use of submillimeter
microwaves, i.e., frequencies in the range 30300 GHz,
which is a trend in classical communication between
satellites orbiting low earth orbits (LEOs), fade away,
and it seems reasonable to aim at maximizing the dis-
tances between linked satellites [64]. We consider a greatly
simplified model for free-space microwave communica-
tion, assuming unpolarized signals and hence ignoring the
effects of scintillation and polarization rotation, among
others. This means that, whenever we discuss entangle-
ment, it will be understood that we are talking about
particle number entanglement. Polarization entanglement,
even if perhaps more natural when considering the physics
of antennae, is lost whenever the signal enters a copla-
nar waveguide, hence making it not a good candidate for
quantum communication between one-dimensional super-
conducting chips. Moreover, we assume that the commu-
nication is done within the same altitude, i.e., that the
two satellites are in similar orbits, which is typically the
case when building satellite constellations. This means that
the atmospheric absorption, if any, will remain constant
during the time of flight of the signals. Additionally, we
ignore Doppler effects caused by relative speeds between
the orbits.

There are four main families of satellite orbits: GEO,
HEO, MEO, and LEO, corresponding to geosynchronous,
high, medium, and low earth orbits, respectively. It is
customary to define LEOs as orbits with altitudes in the
range 7002000 km; MEOs would then range between
200035786 km; and HEOs in 35786—d), /2, where dy,
is the distance from the Earth to the Moon. The seemingly
arbitrary altitude separating MEOs and HEOs is actually
the average altitude for which the period equals one side-
real day (23 h 56 m 4 s), and this is precisely where
GEOs sit. This altitude is more than 3 times the point at
which the exosphere, the last layer of the atmosphere, is
observed to fade. GEOs and HEOs are hence “true” free-
space orbits, in the sense that there is hardly any gas, and
temperature is dominated by the cosmic microwave back-
ground—which peaks at 2.7 K. The MEO region is the
least populated one, since it is home to the Van Allen
belts, which contain charged particles moving at relativis-
tic speeds due to the magnetic field of the Earth, and that
can destroy unshielded objects. LEOs, on the other hand,
are “cheap” orbits, where most of the satellites orbiting
our planet live. Their low altitudes simplify the problems
arising from delays between earth-based stations and the
satellites.
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In this section we will be concerned only with two satel-
lites orbiting either the same GEO or the same LEO, as
a simple case study of expected losses and entanglement
degradation. There are essentially two kinds of loss one
must take into account: atmospheric loss and free-space
path loss (FSPL). Total loss will then be simply given by

L = LaLpspy. (64)

Atmospheric absorption loss is caused by light-matter
interactions. These strongly depend on the altitude of the
orbits considered, among other parameters such as polar-
ization, frequency, or weather conditions. Atmospheric
loss can range from almost negligible (up in the exosphere
and beyond) to very significant in the lower layers of the
atmosphere, especially when water droplets and dust are
present. Atmospheric loss has to be taken into account
when considering the case of up- and downlinks, i.e., when
linking a satellite with an earth-based station. However, for
relatively high altitudes—that is, any altitude where there
are satellites—absorption loss is so low in microwaves that
it can be taken to vanish as a first approximation, so we set
L,=1

FSPL is due to the inevitable spreading of a signal
in three dimensions; they are often referred to as geo-
metric losses. FSPL is maximal when there is no beam-
constraining mechanism, such as a wave guide, or a set
of focalizing lenses, i.e., when the signal spreads isotropi-
cally: LgspL = ()\/47‘[611)_2

Suppose that two comoving satellites are separated by
a linear distance d, and that the emitter sends a quasi-
monochromatic signal with power P, centered at frequency
v = w/2m = c¢/X. The receiver gets a power P, such that
their ratio defines a transmission coefficient that is the
product of the loss and gains (or directivities) of the anten-
nae. The resulting equation for long, “far-field” distances is
sometimes referred to as Friis’ equation [106—108], which
is the compromise between gain (or directivity) and loss:

A 2
:Dp,(m) = foun.  (65)

P,  D,Dy

P, LaLpspr

Here D, and D, are the directivities of the emitter and
receiver antennas, and we set L, = 1 as discussed before.
The directivity of an antenna is the maximized gain in
power in some preferred direction with respect to a hypo-
thetical isotropic antenna, at a fixed distance from the
source, and assuming that the total radiation power is the
same for both antennas: D = maxy 4 D(6, ¢). It is a quan-
tity that strongly depends on the geometry design, but
that can be enhanced in a discrete fashion by means of
antenna arrays. Indeed, given N identical antennas with
directivity gain D(0,¢), a phased array consists of an
array of such antennas, each preceded by a controlled
phase shifter. This diffraction problem essentially gives

Dirray (0, ¢) = A% (€)D(0, ¢), where Ay is the so-called N-
array factor that symbolically depends on the phases via
some vector € [109]. In three dimensions, phase arrays
are two-dimensional grids of antennas, so that the main
lobe of the resulting signal becomes as sharp as possi-
ble. We assume that we have an array of small coplanar
antennas as discussed in Sec. III B, adding up to a radi-
ation pattern mimicking that of a parabolic antenna. We
also assume that both emitter and receiver have the same
design, D, = D, = D with

(66)

where 0 < ¢, < 1 is the aperture efficiency, defined as the
ratio between the effective aperture 4, and the area of the
antenna’s actual aperture Aphys, and a is the diameter of the
parabola, such that Apnys = ma? /4. With this, the parabolic
path transmissivity becomes

2 2
y Tate,
Toath = | —— | -
path ( 4d )
The effect of path losses can alternatively be described by a
diffraction mechanism, affecting the spot size of the signal

beam,
H(0-2) ()
T =— - — — 1,
V2 Ry dr
given an initial spot size @y, curvature of the beam Ry,
and Rayleigh range dr = A~ /2. Given the aperture

radius ag of the receiver antenna, the diffraction-induced
transmissivity can be computed as [72,73]

(67)

(68)

o _ 9,42 2
Tar=1—e 2ag/@ .

(69)
Note that, in the far-field approximation, we can recover
the result for Ty,

2
o TWoar
Tdiff ~

rd ’

by setting agr = wy = a/2, Ry = d, and assuming that
e, = 1. Setting A = 6 cm and ai = 2wy, we plot the trans-
missivity associated with diffraction versus the distance d
for different values of the aperture @y in Fig. 11(a), observ-
ing that losses are reduced as a result of an increase in the
aperture.

We address entanglement preservation in TMST states
distributed through open air by considering that the dom-
inant source of error will be diffraction, as opposed to
attenuation, which we describe by means of a beam split-
ter with a thermal input. We introduce Ny, ~ 11 as the

(70)
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(a) Contour plot of the transmissivity associated with diffraction, 7y, against the aperture radius of the antenna and the

traveled distance. We can observe that losses are greatly reduced with the aperture of the antenna. (b) Contour plot of the regions of
free space as delimited by the relation between the aperture radius of the antenna and the distance at which the signal is observed: near
field (blue) @y > (1d/0.62)?/3, Fresnel (gray) «/Ad/2 < @y < (Ad/0.62)%/3, and far field (orange) @y < +/Ad/2. With dashed lines,
we represent the region where entanglement can be preserved. Parameters are A = 6 cm, ag = 2@y.

number of thermal photons in the environment at 2.7 K.
Considering this loss mechanism, entanglement preser-
vation is achieved for reflectivities that satisfy n < (1 +
Ng)~! ~ 0.083 for lossy TMST asymmetric states and
n < [1 4+ Nau(1 + cothr)]~! ~ 0.038 for symmetric states,
assuming that n ~ 0 and T = 1 — 5. Given this diffrac-
tion channel, entanglement is preserved in the regime
arwy/d > (A/1)\/—10g Niim ~ 0.035 for L =6 cm and
nim = 0.038. This implies that, for two satellites that are
separated by d = 1 km, the product of the apertures of
emitter and receiver antennae must be agwy > 35 m? in
order to have entanglement preservation. In Fig. 11(b), we
represent the regions of free space as delimited by the rela-
tion between the distance at which the signal is detected
and the aperture of the emitting antenna, taking agx = 2wy,
and depicting the region in which entanglement is pre-
served with a dashed line. This shows that the radius of
the antennae of emitter and receiver satellites will be large,
as is usually the case for microwave communications. In
order to correct the effects of diffraction with microwaves,
it would also be useful to study focalizing techniques and
the incorporation of beam collimators.

VII. CONCLUSIONS

In this manuscript, we study the feasibility of microwave
entanglement distribution in open air with two-mode
squeezed states. We study these as a resource for
the Braunstein-Kimble quantum-teleportation protocol
adapted to microwave technology, reviewing the steps
involved in this process and the possible experimen-
tal realization. First, we review the generation of two-
mode squeezed states using JPAs that was experimentally
demonstrated in Ref. [69]. Then, we look at an antenna

model [86] for optimal transmission of these states into
open air, while also discussing the maximum possible
reach of entanglement and its degradation due to interac-
tions with the environment. The reach is found to extend
up to 550 m for asymmetric states with ideal weather
conditions. We adapt entanglement distillation and entan-
glement swapping to microwave technology to counteract
degradation at different stages. In particular, we study
photon subtraction, an entanglement distillation protocol
that works for short distances and low squeezing, allow-
ing up to a 46% increase in the logarithmic negativity.
Entanglement distillation, on the other hand, contributes to
extending the reach of entanglement by up to 14%. Since
these operations require homodyne detection, as well as
photocounting, we discuss recent advances in microwave
technologies that permit these operations. We then test the
efficiency of open-air entanglement distribution, including
the different enhancement techniques, with the Braunstein-
Kimble protocol adapted to microwaves: we compute the
average fidelities of open-air microwave quantum tele-
portation of coherent states using the open-air-distributed
states as the entangled resource. We conclude with a study
of the applicability and efficiency of these techniques for
quantum communication between satellites, a field where,
with the proper directivity, the reach of entanglement can
be greatly increased, given the low absorption rates.
Efficient information retrieval from an open-air distri-
bution of microwave quantum states is a key compo-
nent of open-air quantum communications, which requires
the design of a receiver antenna. The device achiev-
ing this target may resemble that in Sec. IIIB, but it
calls for a different type of termination into open air in
order to, for instance, reduce diffraction losses. Since the
lack of an amplification protocol considerably limits the
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entanglement transmission distance through open air, it
seems necessary to develop a theory of quantum repeaters
for microwave signals, following the ideas shown in
Ref. [70]. To this end, entanglement distillation and entan-
glement swapping techniques discussed in this manuscript
are useful.

Since superconducting circuits naturally work in the
microwave regime, it is desirable to explore realizations
of photon subtraction that use devices specific to this
technology. In particular, a possible deterministic photon-
subtraction scheme can be studied, making use of circuit
QED for nondemolition detection of itinerant microwave
photons [101]. In this paper, the detection of a previously
unknown microwave photon is triggered by a transmon
qubit jumping to its excited state, indicating a successful
photon-subtraction event.
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APPENDIX A: AMPLIFICATION

In this manuscript, we have not discussed an ampli-
fication protocol for entangled signals because it cannot
increase quantum correlations. Amplification of signals is
an essential feature in classical microwave communica-
tion in open air, as increasing the number of photons that
Alice sends will improve the chances Bob has of detecting
that signal. In the quantum regime, cryogenic high elec-
tronic mobility transistor (HEMT) amplifiers are suited for
experiments with microwaves. These are able to greatly
enhance signals in a large frequency spectrum, while intro-
ducing a significant amount of thermal photons. This noise
is reflected in the input-output relation

Aout = /8Hin + /g1 — 1hy (AD)

with ain, oy, and sy the annihilation operators of the input
field, output field, and noise added by the amplifier, respec-
tively. From this formula, we can see that amplification is
a procedure that acts individually on the modes of a quan-
tum state, which means that we can increment the number
of photons of that mode, but they will not be entangled
with the other ones. That is why we say that amplifica-
tion cannot increase quantum correlations. If anything, the
introduction of thermal noise can lead to entanglement
degradation.

HEMTs normally work at 4 K temperatures, which
implies that the number of thermal photons they intro-
duce is around ngy ~ 1020 for 5 GHz frequencies. It is
the number of thermal photons that determines the ther-
mally radiated power [110], P = hwNB, meaning that the
excess output noise produces a flux of N photons per sec-
ond in a bandwidth of B Hz. The gain is given by the ratio
between output and input powers, and for a constant band-
width, it is just gy = ny/n, the ratio between the number
of thermal photons introduced by the HEMT and the num-
ber of photons in the input state. Considering the antenna
described above, a HEMT of these characteristics produces
a gain of gy =2 x 10> when acting on a TMST state
with n ~ 1072, which completely destroys entanglement.
In order for entanglement to survive such an amplification
process, the HEMT must be placed at temperatures below
100 mK. In any case, they do not present an advantage.
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APPENDIX B: HEURISTIC PHOTON
SUBTRACTION

In this section, we describe the heuristic photon-
subtraction operation, in which annihilation operators are
applied to a quantum state in order to reduce the number
of photons in each mode. Consider that we initially have a
TMSYV state,

(B

oo
=V1=22) Al n)ag
n=0

with A = tanhr and squeezing parameter ». Assume that
we apply the operator a Aa s, which implies subtracting k
photons in mode A4 and / photons in mode B. The resulting
state is

V11—

Z (n—k)' (n—l)' —hn =l

n=max{k,/}

[ &) 15 =

(B2)

Considering symmetric photon subtraction (k = /), we can
write this state as

n+k
W =T . )

where we have shifted n — n + k. This state needs to be
normalized, and the normalization is given by

i n+k 2
_ 2v9 2k (7122 2n
Nop = (1 — A" (kD) ngzok ( i )

= (1 =220 *EN? 0 F e+ 1,k +1;1;22).  (B4)

then we can write

010 x(a, B)

where we have defined

The negativity of this state can be computed as

Ay —1
N (™) = =5—= (BS)
with p@0 = |y @0 (20| and
12X+ h)!
A = )Ln+k B6
‘ ( N2k Z n! ) ( )
This leads to
1 (1 — A)~2k+D
N = -1, ®B7
= SJFik+1,k+1;1;A2) (B7)

from which we can recover the negativity of the TMSV
state by setting £ = 0:

2r_1

A
N6 =1=5=—

(B8)

Now, we go beyond the TMSV state case, and explore the
heuristic photon-subtraction protocol applied on a general
Gaussian state. The application of the single-photon anni-
hilation operators on both modes of a bipartite quantum
state p is equivalent to applying

©102x(at, B) (B9)
to its the characteristic function [80], with
;= + 9,2 + +p—’+x,axl.+p,»a,,,.+1 (B10)

4 4
for i = {1,2}. Given that p = (1/7?) [ d*« [ d* Bx (a, B)

D (—a)D;,(—p), and assuming that p is a Gaussian state
with covariance matrix

(B11)

= N[(mg+ BMgBT +aMpcBT +aMca™) (my+aMa™ +aMycBT+BMcBT) +me—aMycQepQTaT
+2BMc(1, — QS5QNAT + a[Myc(1; — QEQT) — QessQTMB 1x (@, B),

(B12)
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my=1-— %trEA,
mp=1— %trEB,
me = 3tr (e} ze.p)
My =11, —2Q%,Q7 + Qx2QT),
Mp = 11, - 2Q%;Q7 + QzieD,
Mc = 1Q¢],64597,
Myc = %(QEAEABQT — Qe4pQ27),
Mpc = 3(QeqpTpQT — Qe Q7).

Here, N~! = mymp + m¢c is a normalization constant,
which enforces ©®;0;x («, 8)|e=0,=0 = 1. Keep in mind
that we have assumed that the submatrices X4, X3, and
&4p of the covariance matrix are symmetric.

If we use these states as the entangled resource on a CV
quantum teleportation protocol of an unknown coherent
state, the average fidelity can be written as

1+ h

o N — (B13)
det[1; + /2]

with ' = 075,407 + £p — 07645 — € 307. Here, we have
defined / as

1 1 \!
h=—lu|Q(1,+-T) QE
gt ar) o]

- t(QEIQTEE
det(l, £ T/2) TRE2RTEY)

1 -1
+ 3tr|:Q (112 + 51“) QTEE‘:|

1\
X tr[Q(]lz + 51‘) QTEf] } (B14)

together with
E() = mympg + mc, (BlSa)

E) =myMp + o.Mco. + 0:Mpc)
+ mp(o-Myo, + Mc + 0:Myc)
+ 2Mc + o Myc)Q(Ly + 0645 — Lp)Q2T,

(B15b)
Ef = Mc + 0.Myc + 0.Myo0., (B15c¢)
E2 = My 4 0.Mpc + 0.Mco.. (B15d)

We can identify % as the non-Gaussian corrections to the
fidelity, and mask them as corrections to the covariance
matrix of a Gaussian state with the same fidelity. This is

done by defining
l»; F - 2h]12 i + i ~ ~T
= ——— =07240 — 07848 — E)507.
T 721407 B — 07€4B — €4507
(B16)
For the symmetric resource, we define
) ! (24 — hly) (B17a)
= — e , a
AT g T
~ 1
Yp = ——(Zp — hly), B17b
B 1+h( B 2) ( )
1
&4 = £4B, Bl7¢
AB = g, ( )

whereas for the asymmetric one, we require that S, =g,
such that

= 1 Y4+ Xp

>y = —hl B18
A 1—|—h( 5 2>, ( a)
~ 1 Y4+ Xp

Yp = —hl B18b
, 1+h( ! 2), (Blsh)

E4p = ! (B18c¢)

E4B = 1+h<9AB- Y

These “re-Gaussified” covariance matrices need to sat-
isfy positivity and the uncertainty principle, meaning that
IVdetE — 1| > |& — B, assuming that we can write S =
al,, Sp= ,5]12, and &4 = yo,. Furthermore, if ¥, =
al,, ¥p = B1,, and e43 = yo., this condition can be
expressed as

IVdetE —hQ+a +B) — 1| > (1 +h)|a — B| (B19)

for the symmetric state, and as
|VdetS + (@ — B)* —h(a+B) + 1 — 1| =0 (B20)

for the asymmetric one. A graphical proof that these
conditions are met can be found in Appendix D.

APPENDIX C: PROBABILISTIC PHOTON
SUBTRACTION

In this section, we present the definitions we have used
to shorten the notation of the modified submatrices of
the covariance matrix of a Gaussian state that has under-
gone a symmetric two-photon-subtraction protocol (with
beam splitters and photodetectors). Assuming that X4,
¥p, and e4p are symmetric, the general expressions for
the submatrices of the covariance matrix of the resulting
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state are H= —%(1 — 1)Qey 0T,
S -1
Y=t + (1 -0l — 20X, U + K YK, Y=Xz—HX, H,
(Cla) ol QMQT
- WX,M =X""tr(X"'M) — R
Yp =15+ (1 — 1)1y — 2(LX; ' J] + KbY'K]), detX
1o p—1
(Clb) my=1-— 3ty ",
Eap = Teap — 21X, + K YIK]), (Clc) my=1— X — (Y "HWy, 1, H),
=1
whose success probability is given by m3 = Wy, AW, 1,H),
1/ _ T _ Tyl
pe mymy + ms (Cz) Kl =3 ‘E(l ‘L’)[&‘ABQ + (EA ]12)9 XA H],
B A/ dCTXAdetY. K, = %,/f(] — T)[(EB — ﬂz)QT + 8ABQTXA71H],
Here, we have used Ji= 1Tl —1)(Z4 — 1)QT,
Jr= 1/t = 1)e Q7.
Xy =10l - 0%+ 1+ DL]QT, 2=V =0
Xz = %Q[(l — D)+ (1 +1)1L,]QT, The characteristic function of the resulting non-Gaussian
state is
—[@QEQTaT+AQSRQT AT +2aQ5,3QT AT]/4 L. .
x"V(a, ) = [(m) + &P,aT + BP2BT + aPpfT)
mymy + ms
x (my +a01&" + BO2BT + G01BT) + m3 + &R\GT + PRoBT + GR12AT. (C3)

Furthermore, when computing the average fidelity [Eq. (51)], we obtain the non-Gaussian corrections defined by

-1

1 1-\"" 1~
g=———|mtr Q1+ =T QT(O’ZglUZ + Q2 +O’ZQ12) +motr| Q 1, + =T QT(O’Zplaz + Py 4+ 0,P13)
mimy + ms3 2 2

-1

1-\"" 1-
+ tr|:Q (112 + §F> QT (0.Pi0, + Py + UzP12)i|tr|:Q<112 + §F> QT (0,010, + 0, + Ulez)]

1. -1
+ tr[sz (112 + EF) QT(0.Ri0. + Ry + alez)} + 20 Wo 1y 11207 0.2 0s Pyroapyy (00102 + Q2 + aZle)]:|,

(C4)

which can be computed using

Py = —1QK Wy1,K]QT,

Py = —1QK, Wy1,K]QT,

Py, = —QK Wy1,K; Q7,

O = _%Q(Jl Wy, 1,J\ + 201 Wy, 1, HY 'KT + K, WY,HWXMZHKIT)QT,

O, = —%Q Wy, 1,J7 + 2 Wy, 1,HY K] + K, WY,HWXA,nzHK;)QTa
O = — QU W, 1,7 + I Wy 1, HY K] + K Y HW, 1,7 + K\ Wyawy, 4 uK])QT,

Ri =39 [J1 Wiots HWy5,KT + Ky <WY,12tr(Y_1HWXA,]12H) Y O, g 1, — e ey ')K;} ar,
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1

R, = —Q|:J2 Wy, 1,HWy1,K] + K, (Wy,nztr(Y‘HWXA,ﬂzH) + Y YWy, HWy, 1,H) —

2

QHWy, 1,HQT

ey ) KT|QT,
detY ) 2:|

1 _ .
Ry, = 5sz[J1 Wy, 1,HWy1,KJ + K\ Wy 1,HWy, 1,J7 + 2K, (Wy’ﬂztr(y YAWy, 1,H) + Y e (Wy1, HWy, 1,H)

QHWy, 1,HQT

Y ')k |QT.
detY

APPENDIX D: POSITIVITY AND THE
UNCERTAINTY PRINCIPLE FOR COVARIANCE
MATRICES

In this section, we discuss the conditions that a covari-
ance matrix must satisfy in order for it to describe a quan-
tum state. Then, we apply this criterion to the covariance
matrices obtained after photon subtraction and entangle-
ment swapping. The first condition is the positivity of the
covariance matrix

Xy €
s=(F ) >o,
& AB 23
and the second one is preservation of the uncertainty

principle,
EA EAB 2 0
(813 EB) +1 (0 Q) > 0.

If we consider X4 = al,, X3 = B1,, and g4 = y o, the
positivity condition reduces to

(D1

(D2)

a >0, detX >0, (D3)
whereas the uncertainty principle can be written as
a>1, det >a’+p°—2y%—1. (D4)

Note that the latter imposes a more restrictive condition.
Given that any covariance matrix requires « > 1 and 8 >
1, we can summarize all conditions as

U= |VdetX — 1| — | — B| = 0. (D5)
In Fig. 12, we investigate whether this condition is satisfied
for different modified covariance matrices by representing
¥ against the traveled distance: submatrices in Egs. (39)
due to entanglement swapping (orange); in Eqgs. (B17)
and (B18) due to re-Gaussified heuristic photon subtrac-
tion (symmetric shown with a blue solid line, asymmetric
shown with a red solid line); in Egs. (57) and (60) due to
re-Gaussified probabilistic photon subtraction (symmetric
shown with a blue dashed line, asymmetric shown with
a red dashed line). Note that all five cases satisfy both

(

positivity and uncertainty principle conditions, confirm-
ing that they are indeed covariance matrices. In the inset,
we present an enlarged view of the short distance behav-
ior, where the curves approach the region in which ¥ < 0
(highlighted as a pale red background). As we can see,
even in that area ¥ > 0 is satisfied.

APPENDIX E: IMPERFECT PHOTODETECTION
AND HOMODYNE DETECTION

In this section, we investigate different sources of error
that affect the protocols described in this paper. By using
parameters taken from recent experimental benchmarks

-==- 2PS Asym (1) —— 2PS Asym ES Asym
-==- 2PS Sym (7) — 2PS Sym
1.25
1.00 1
0.75
T 050
0.25
0.00 1
—0.25 1
0 20 40 60 80 100
Distance (m)
FIG. 12. Graphical representation of the curves constructed

from Eq. (D5) against the traveled distance that, if positive,
prove the submatrices used to compute this quantity character-
ize a covariance matrix, which satisfies a positivity condition,
as well as the uncertainty principle. In orange, we represent the
curve associated with the submatrices in Eqgs. (39) that result
from entanglement swapping. The blue and red solid curves cor-
respond to the heuristic two-photon-subtracted “re-Gaussified”
symmetric and asymmetric states, respectively, described in
Egs. (B17) and (B18). The blue and red dashed curves corre-
spond to the probabilistic two-photon-subtracted “re-Gaussified”
symmetric and asymmetric states, respectively, described in
Egs. (57) and (60). Inset: enlarged view of the region of short
distances in which we observe that the condition ¢ > 0 is still
met.
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in microwave quantum technologies, we are able to esti-
mate how inefficiencies and imperfections surrounding
microwave photocounting and homodyne detection affect
photon subtraction, quantum teleportation, and entangle-
ment swapping. We believe that this provides a closer
relation to state-of-the-art experiments with quantum
microwaves.

First, let us introduce a parameter for the efficiency of
the microwave photodetectors. In Ref. [71], a circuit-QED-
based microwave photon counter was presented, which
could detect between zero and three photons, with fidelities
ranging from 99% to 54%. Such a device is particularly
useful for the photon-subtraction scheme investigated in
the manuscript, in which we only consider single-photon
subtraction in each mode of a bipartite entangled state.
Then, we need to look at the success probability of detect-
ing a single photon, which in this experiment is 76%. An
imperfect detector can be modeled as a pure-loss chan-
nel, which is represented by a beam splitter that mixes
the signal traveling towards the detector with a vacuum
state, and whose transmissivity determines the efficiency.
In this case, we have Tgetector = 0.76. This characterizes the
detection probability in the heuristic photon-subtraction
case, but in the probabilistic description, this will be
given by Tigtal = TdetectorT = 0.72, since we have consid-
ered T = 0.95.

Taking into account the detector efficiency, we observe
that the maximum negativity associated with the re-
Gaussified photon-subtracted states is, at least, 47% of
the maximum negativity of the photon-subtracted states
with ideal detector efficiency. This means that, taking into
account this source of error, the negativity of the states
obtained through this entanglement distillation technique
is almost cut in half. Furthermore, these values are below
the negativity of the bare state in the ideal case, which
means that performing photon subtraction leads to entan-
glement degradation. In order for it to be advantageous,
with the parameters we have considered throughout this

J

= 22+ (1 +a)/VG)

manuscript, we would need to have detection efficiencies
above 85% for the heuristic protocol, and above 90% for
the probabilistic one.

Now, let us discuss homodyne detection, a measure-
ment technique that is widely used in many quantum
communication protocols, and in this article is required
for quantum teleportation and for entanglement swapping.
Homodyne detection aims at extracting information about
the quadratures of a signal by mixing it with a coherent
light source with a large number of photons in a balanced
beam splitter, and then measuring the photocurrents at both
ends. From the difference between the currents, we can
get information about either quadrature of the signal. This
measurement works ideally if the source has an infinite
number of photons (infinite gain), which is not generally
the case. Therefore, we can consider the case of finite gain
in homodyne detection.

The theoretical description of these measurements cor-
responds to a projection onto a state that is infinitely
squeezed in x (or in p) in phase space. That is, an eigenstate
of the position operator (or the momentum operator) whose
eigenvalue corresponds to the signal’s x (or p) quadra-
ture value. In the symplectic formalism, this measurement
operator has covariance matrix

250 1/vG 0
r=(¢ ) =(Y VG . (Bl

0 &* 0 G
In the limit G — oo, we recover the usual homodyne
detection scheme. Thus, the fidelity of teleporting an

unknown coherent state with |6|? photons using a bipartite
entangled state with covariance matrix

_faly, vyo:
x= <VGZ /312) (EZ)

is given by

AN+ (@+B-20/2+[aG+B) +B—( — Dy +9/VG+2(1+a)/G
2(1 —a +y)?61%/G

) exp[_[z + (1 +a)/VGIHA( + (@ + B —29)/2) +[aG+B) + B — (y — D(y + HI/VG +2(1 +a)/G]] '

In the limit G — oo we recover F = (1 + (¢ + 8 — 2y)/
2)~!, which is the usual result. Note that, while the average
teleportation fidelity for an unknown coherent state with
ideal homodyne detection does not depend on the value

(E3)

(

of the displacement for said state, we find that the first-
order corrections do include this dependence in the value
of 6. The average fidelity associated with a resource with
increasing entanglement asymptotically tends to 1 when
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considering ideal homodyne detection. In this case, it tends
to the value 1/(1 + 1/+/G), which gets closer to 1 as G
increases.

In a recent paper, continuous-variable quantum telepor-
tation in the microwave regime was performed [10], where
the optimal gain considered was 21 dB, which implies that
1/G =~ 0.008. Using this value, and considering we want
to teleport a vacuum state (6 = 0), we observe that the
fidelity reaches the maximum classical fidelity at 434 m
for the asymmetric state, and at 429 m for the symmet-
ric one, while this distance is 479 m with ideal homodyne
detection for both kinds of state.

Here, we also consider the effect of finite-gain homo-
dyne detection on the states that result from entanglement
swapping. As a generalization of Egs. (39), these states can
be characterized by a covariance matrix with submatrices

- y2(1+28/VG+1/G) )
Si=(o- 1,, (E4
! (“ W+ a+parpal) B
= y2(1+2B/vG+1/G) )
Yn = — 1,, (E4b
P (“ W+ a+pverpa)s B
) y2(1 - 1/G)
- .. E4
P oB+ (L+ /NG 1 BIG) (F4¢)

With entanglement swapping, the maximum classical
fidelity is reached at 416 m, which is smaller than the reach
of the bare states taking into account finite-gain homo-
dyne detection. This is natural, since the effects of the
finite gain come both from entanglement swapping and
from quantum teleportation. Nevertheless, we have seen
that finite-gain effects are not significantly detrimental to
the measures we have computed in this manuscript, and
this means that, if larger optimal gains can be engineered,
errors can then be reduced. At the end of the day, we
have observed that entanglement distillation and entangle-
ment swapping suffer from errors associated with photon
counting and homodyne detection. However, we believe
that these errors can be easily overcome by technologi-
cal improvements. Furthermore, by the time all the pieces
necessary for experiments in open-air microwave quantum
communication arrive, we expect these errors to be further
reduced. Meanwhile, entanglement distribution and quan-
tum teleportation with microwaves, in the realistic open-air
scenario, are still viable despite the errors considered in
this section.
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