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Surpassing the Nyquist Sampling Limit via Postmodulation
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Surpassing the Nyquist sampling limit to avoid aliasing distortion is an important issue for the task of
time-varying parameter estimation. To achieve this goal, we propose a high-precision time-varying param-
eter estimation scheme based on split detection and postmodulation of light instead of postprocessing of
data. Theoretical analysis demonstrates its advantage of surpassing the Nyquist sampling limit and the
avoidance of anti-aliasing distortion. In order to illustrate the feasibility, a numerical simulation based on
the acceptance rejection sampling method is performed showing the noise robustness of the scheme in
terms of correlation coefficient, root-mean-square error, and mean absolute error. Our scheme provides a
method for function estimation.
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I. INTRODUCTION

In order to measure a time-varying parameter, one
applies a physical process to convert the parameter to
a signal for detection. To avoid aliasing distortion, the
responses of detection devices are required to be fast
enough compared with the signal frequencies. According
to the Nyquist sampling theorem, the sampling frequency
of a detector should be at least twice the maximum sig-
nal frequency component, otherwise the signal quality
will be damaged by aliasing distortions [1–3]. For exam-
ple, immersive sound quality will be destroyed by fre-
quency aliasing distortion in an audio object [4,5], and
image information distortion will appear in photoelectric
imaging [6].

Many efforts have been made to suppress the problem
of aliasing distortion caused by insufficient detection band-
width. One solution uses the prior information of the signal
to be measured. For example, an anti-aliasing filter fil-
ters out the high-frequency components higher than half of
the sampling frequency [7,8] and compressed sensing can
sample the signal at sub-Nyquist rate based on the spar-
sity and incoherence of the signal [9–14]. However, these
methods can only overcome the limitation on sampling fre-
quency to a certain extent. Other solutions can surpass the
Nyquist sampling limit in time-domain sampling with lim-
itation. For example, the time-shifted multicoset sampling
strategy [15–17] is limited by the width of practical analog-
to-digital conversion and the bandwidth of signal subbands
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is limited by the width of modulated signals and filters in
the modulated wideband converter method [17].

In this work, a high-precision time-varying parameter
estimation scheme based on weak measurement is pro-
posed to surpass the Nyquist sampling limit without suffer-
ing aliasing distortions. Different from previous proposals,
in this scheme the signal sampling is performed in the fre-
quency domain instead of the time domain, and realized by
postmodulation of light instead of postprocessing of data.
Moreover, it is numerically demonstrated that this scheme
is robust to white noise.

This paper is organized as follows. In Sec. II, the the-
oretical model of our scheme is built up and analyzed,
where theoretical analysis highlights why and how it can
surpass the Nyquist sampling limit. In order to illustrate
the feasibility of our scheme, a further theoretical analy-
sis is performed and a numerical simulation based on the
acceptance rejection sampling method is described in Sec.
III A. In Sec. III B, the influence of white noise on our
scheme is analyzed. Finally, discussions and conclusions
are presented in Sec. IV.

II. PRINCIPLE

First of all, we focus on signal sampling and the Nyquist
sampling limit. For any detector that measures a signal
in the time domain, there exists a minimum temporal
duration Td(min) for completing a single-shot detection. In
consequence, the maximum frequency of signal sampling
is fd(max) = 1/Td(min) by this detector. In order to avoid
any aliasing distortion, the maximum frequency compo-
nent of the signal, which is denoted by fs(max), should be
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FIG. 1. Schematic diagram of frequency spectrum in differ-
ent sampling frequency or sampling domain. (a) The original
spectrum of the time-varying signal. (b) The frequency spectrum
obtained by sampling the signal in the time domain when the
detection frequency satisfies the Nyquist sampling theorem. (c)
The overlapped frequency spectrum that is obtained by sampling
the signal in the time domain with the frequency lower than twice
the maximum frequency of the signal. The trapezoid surrounded
by solid blue lines indicates the aliased signal spectrum, which is
formed by trapezoids surrounded by orange dotted lines. (d) The
signal spectrum sampled in the frequency domain, where the red
lines represent the frequency sampling points.

limited by [1–3]

fs(max) ≤ 1
2

fd(max). (1)

For example, consider a time-varying signal with fre-
quency spectrum depicted in Fig. 1(a). If this signal is
sampled by a high enough frequency, its frequency spec-
trum can be perfectly estimated from the detection results,
as is shown in Fig. 1(b). On the other hand, if the sampling
frequency is lower than 2fs(max), the frequency components
will be overlapped, as shown in Fig. 1(c).

Alternatively, the signal can be revealed from its fre-
quency spectrum G(f ). In this case, the signal sampling is
performed in the frequency domain, as shown in Fig. 1(d).
To perfectly reconstruct g(t), two conditions should be
satisfied. The first condition requires the sampling inter-
val �f to be small enough, which can be easily fulfilled.
Note that �f ≤ 1/Td(min) [2], so that �f can be set arbi-
trarily small. The second condition requires the sampling
range to exceed the full frequency spectrum, which is also
true because we can always find an integer k to make
k�f > fs(max). In consequence, if one tries to reveal the
signal by performing sampling in the frequency domain,
the maximum frequency component of the signal is in
principle not limited:

fs(max) → ∞, (2)

which surpasses the Nyquist sampling limit given by
Eq. (1).

However, sampling a signal in the frequency domain is
very difficult to realize by direct data processing [2,3,18],
as is shown in Fig. 2(a). To solve this problem, we pro-
pose a scheme involving performing postmodulations of
the predetected signal rather than postprocessing of the
detected data. Our scheme begins with encoding the time-
varying signal to a physical parameter via a weak interac-
tion between a two-level ancillary system and a continuous
variable pointer [19,20] [see Fig. 2(b)]:

Û = e−ig(t)Â⊗p̂ , (3)

where Â and p̂ are two observables of the system and
pointer, respectively, and the coupling strength g(t) is
proportional to the value of the signal. Moreover, the ini-
tial states of the system and pointer are denoted as |i〉 =
(1/

√
2)(|0〉 + |1〉) and |φi〉, respectively, and g(t) satis-

fies |g(t)| 〈φi|p̂|φi〉 	 1. The weak interaction process can
approximate to first order:

Û ≈ Î − ig(t)Â ⊗ p̂ . (4)

And then the system is projected to a postselected state
of |f 〉 = (1/

√
2)

(
eiε |0〉 + e−iε |1〉) with ε being a phase

factor. The final pointer state becomes

|φf (t)〉 = [〈f |i〉 − ig(t) 〈f |Â|i〉 p̂] |φi〉 . (5)

In consequence, the value of observable p̂ is given by
pf (t) = 〈φf (t)|p̂|φf (t)〉/〈φf (t)|φf (t)〉.

Directly estimating the parameter of interest requires a
detection speed faster than twice the varying speed of g(t),
which suffers from the Nyquist sampling limit problem. To
avoid this problem, a split postmodulation and detection
strategy is proposed in Fig. 2(c). The process of postmod-
ulation is implemented by adding different time-varying
dynamic phase factors to each path:

εn(t) = π fwnt,

|fn(t)〉 = 1√
2
(eiεn(t) |0〉 + e−iεn(t) |1〉), (6)

where fwn is the varying frequency of the phase factor on
the nth postselection path. Correspondingly, we have

pfn(t) = 〈φfn(t)|p̂|φfn(t)〉
〈φfn(t)|φfn(t)〉 . (7)

After a duration time of T, the mean value of
〈
pfn

〉
T is

obtained as

〈
pfn

〉
T =

∫
T pfn(t)dNn

Nn
, (8)
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FIG. 2. Schematic diagrams of (a) classical signal processing
scheme, (b) standard weak measurement scheme, and (c) our
scheme. For our classical signal processing scheme, the signal
g(t) is sampled in the time domain after processing, and then the
signal is recovered through data postprocessing. In our scheme,
the rotating green arrows represent polarization postmodulations
of light in multiple paths, where K is the total paths and the nth
path has a modulation frequency of fwn.

where Nn and dNn are the event numbers detected by the
nth detector during temporal durations of T and dt → 0,
respectively. Moreover, we note that

dNn = NiPsn(t)dt, (9)

where Ni is the luminous efficiency of light source and
Psn(t) = 〈φfn(t)|φfn(t)〉 is the probability of a photon being
received by the nth detector. Equation (8) can be simplified
to

〈
pfn

〉
T = Ni

∫
T 〈φfn(t)|p̂|φfn(t)〉 dt

Nn
, (10)

and further expressed as

〈
pfn

〉
T = Nipi

Nn

∫

T
| 〈fn(t)|i〉 |2dt

FIG. 3. Schematic diagram of our scheme when estimating a
real time-varying parameter. The original signal g(t) is truncated
by the time window and becomes the windowed signal gD(t), and
the real and imaginary parts of a frequency point can be obtained
at a path in detection. After measurement, ˆg(t) can be obtained
by connecting ˆgD(t) in series.

+ 2Nip2
i

Nn

∫

T
g(t)Im(〈i|fn(t)〉 〈fn(t)|Â|i〉)dt

= Nipi

2Nn

∫

T
1 + cos(2π fwnt)dt

− Nip2
i

Nn

∫

T
g(t) sin(2π fwnt)dt, (11)

where pi = 〈φi|p̂|φi〉 and p2
i = 〈φi|p̂2|φi〉.

We now demonstrate how to estimate g(t) from Eq. (11).
The schematic diagram is depicted in Fig. 3. Since the
detection time T is finite, the original signal g(t) is trun-
cated by a rectangular window with a time length of T and
an intensity of 1, which can be expressed as

gD(t) = rect

(
t − T

2

T

)

g(t), (12)

where rect[(t − T
2 )/T] is the expression of the rectangular

window function.
Estimating on gD(t) is mathematically equivalent to

finding the Fourier series expansion of its period extension
gT(t), which is given by

GT(fwn) = 1
T

∫

T
g(t) exp(−i2π fwnt)dt. (13)
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According to the Euler formula, the real and imaginary
parts of GT(fwn) can be given by

ImGT(fwn) = − 1
T

∫

T
g(t) sin(2π fwnt)dt,

ReGT(fwn) = 1
T

∫

T
g(t) cos(2π fwnt)dt. (14)

Thus, the estimated imaginary part of GT(fwn) can be
obtained based on Eq. (11):

ˆImGT(fwn) = 1
T

[
Nn

〈
pfn

〉
T

Nip2
i

− pi

2p2
i

∫

T
1 + cos(2π fwnt)dt

]

,

(15)

and the estimated real part of GT(fwn) can be obtained by
presetting π/4 to the phase factor εn(t):

ˆReGT(fwn) = 1
T

[
pi

2p2
i

∫

T
1 − sin(2π fwnt)dt − Nn

〈
pfn

〉
T

Nip2
i

]

.

(16)

According to the Fourier analysis theory [2], the spectrum
of gT(t), which needs to satisfy the Dirichlet condition, is
composed of base band and harmonic frequency points.
The values of fwn are chosen by

fwn = n
1
T

(n ∈ N ), (17)

and gT(t) can be estimated by

ˆgT(t) =
+∞∑

n=−∞

ˆ
GT

( n
T

)
exp

(
i2π

n
T

t
)

=
+∞∑

n=−∞

[[ ˆ
ReGT

( n
T

)
+ ˆ

iImGT

( n
T

)]

×
[
cos

(
2π

n
T

t
)

+ i sin
(

2π
n
T

t
)] ]

. (18)

Correspondingly, gD(t) can be estimated by intercepting a
period of ˆgT(t):

ˆgD(t) = rect

(
t − T

2

T

)
ˆgT(t)

= rect

(
t − T

2

T

) { +∞∑

n=−∞

[[ ˆ
ReGT

( n
T

)

+ i
ˆ

ImGT

( n
T

)] [
cos

(
2π

n
T

t
)

+ i sin
(
2π

n
T

t
)]]}

.

(19)

In particular, usually g(t) is real, so ˆgD(t) can be simplified
as

ˆgD(t) = rect

(
t − T

2

T

) [
ˆGT(0)

+ 2
+∞∑

n=1

[ ˆ
ReGT

( n
T

)
cos

(
2π

n
T

t
)

− ˆ
ImGT

( n
T

)
sin

(
2π

n
T

t
)]]

. (20)

Finally, the estimated time-varying parameter ˆg(t) can be
obtained by connecting ˆgD(t) in series. Furthermore, as the
detection time T is flexible, it can be adjusted to afford
different frequency resolution [3,18].

In order to precisely evaluate the performance of our
scheme, we introduce three figures of merit, i.e., the corre-
lation coefficient, root-mean-square error, and mean abso-
lute error [21–23]. Firstly, the correlation coefficient eval-
uates the similarity between the true value and estimation
value of the parameter, which is defined as follows:

r =
∑m

j =1 [g(tj ) − g(t)][ĝ(tj ) − ĝ(t))]
√∑m

j =1[g(tj ) − g(t)]2
√∑m

j =1[ĝ(tj ) − ĝ(t)]2
, (21)

where g(tj ) and ĝ(tj ) are, respectively, the true value and
the estimated value of the time-varying parameter at the
time of tj , with g(t) and ĝ(t) being their average values
over the whole detection time. On the other hand, the root-
mean-square error and the mean absolute error are both
used for evaluating the estimation errors, which are defined
as follows:

Ermse =
√√√√ 1

m

m∑

j =1

[g(tj ) − ĝ(tj )]2, (22)

Emae = 1
m

m∑

j =1

|g(tj ) − ĝ(tj )|. (23)

A good estimation of g(t) requires r being close to 1, and
Ermse and Emae being close to 0. As the analytical results are
difficult to derive, we perform the analysis with the help of
numerical simulations.

III. NUMERICAL SIMULATIONS

A. Analysis without noise

In this section, numerical simulations are applied to
demonstrate the advantages of our scheme with compari-
son of the classical signal processing scheme. For the clas-
sical scheme, the signal is sampled in the time domain with
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different sampling frequency fd, and the spline interpola-
tion method (a signal reconstruction function in MATLAB)
is applied to reconstruct the signal. On the other hand, the
numerical simulation of our scheme is designed based on
the reject selection sampling method [24].

For convenience, we focus on the example of time-
delay estimation [25–27]. We assign the parameter g as
an optical time delay and p̂ as the optical angular fre-
quency. As depicted in Fig. 1(c), photons emitted from
a light source are modulated to be a linear superposition
state of two orthogonal polarizations by the preselection.
A time-varying time delay g(t) is introduced by passing
through a birefringent element due to the external signal.
The evolved photons are postselected after beam splitting,
and detected by spectrometers. g(t) can be estimated by
calculating the number of photons and the average fre-
quency of the received light, as shown in Eqs. (15) and
(16). According to the condition of |g(t)|pi 	 1, g(t) is
set of the order of 10−17 s and p̂ of the order of 1015 Hz.
Moreover, g varies with time as

g(t) = 1 + sin
(

2π fst + π

3

)
+ 2 sin

(
4π fst − π

5

)

+ 3 sin
(

6π fst − π

7

)
+ 4 sin(8π fst). (24)

Here, the units of g(t) and t are attoseconds and microsec-
onds, respectively.

The numerical simulation results are shown in Fig. 4.
Here we set fs = 0.5 MHz; therefore the maximum fre-
quency component of g(t) is fs(max) = 2 MHz, which
means the Nyquist sampling limit on the sampling fre-
quency of the detector (denoted as fd) is 4 MHz.

For the classical interpolation scheme, the time-varying
parameter cannot be correctly revealed when the sampling
frequency of the detector is lower than 4 MHz [see Figs.
4(a)–4(c)], which agrees with the Nyquist theorem (the
sampling frequency is usually 2.56–4 times the maximum
signal frequency in practice [2,3]). For our scheme, the
single-shot detecting duration T is set to be 2 μs, corre-
sponding to a sampling frequency of 0.5 MHz. Even with
such a low sampling frequency, the time-varying parame-
ter can be perfectly revealed, as is shown in Fig. 4(d).

The results of a comparison between the classical inter-
polation scheme and our scheme using these three figures
of merit are summarized in Table I. It clearly shows that
our scheme outperforms the classical interpolation scheme
even when the sampling frequency of the detector is set to
be much lower than the Nyquist sampling limit.

Indeed, our scheme is the application of the Fourier
series expansion, which is the optimal expansion of the
error energy [28]. Based on this point of view, there are
two cases depending on whether the signal is derivable.
On the one hand, if the signal is derivable, the spectrum
has finite discrete points. In this case, the advantage of our

–5
0
5

10

g(
t)

 (
as

)

–5
0
5

10

–5
0
5

10

0.0 0.5 1.0 1.5 2.0

t (µs)

–10
–5

0
5

10 (d)

(b)

(a)

(c)

FIG. 4. Numerical simulation results of different detection
schemes. The results of the classical interpolation scheme with
sampling frequency of 8 MHz (a), 4 MHz (b), and 2 MHz (c).
The black lines represent the original time-varying parameter, the
blue dotted lines with circles represent the sampling points, and
the red dashed lines represent the estimated parameter. (d) The
result of our scheme with sampling frequency of 0.5 MHz. The
black line is the original time-varying parameter and the green
dashed line is the estimated parameter.

scheme is illustrated by the numerical simulation described
above, and the time-varying parameter estimation can be
well realized as long as the corresponding frequency is
detected. One the other hand, if the signal satisfies the
Dirichlet condition but there are underivable points, the
spectrum has infinite discrete points. In practice, the num-
ber of multiple postmodulations and detections is finite, but
the performance of our scheme will not be significantly
affected when the expansion of time-varying parameters
contains a large number of frequencies.

TABLE I. Calculation results of errors and similarity for esti-
mated signals in different schemes.

Scheme r Ermse (as) Emae (as)

Classical interpolation
scheme, fd = 2 MHz 0.0589 3.4369 4.6304
Classical interpolation
scheme, fd = 4 MHz 0.7806 2.4349 2.1466
Classical interpolation
scheme, fd = 8 MHz 0.9984 0.2203 0.1245
Our scheme,
fd = 0.5 MHz 0.9999 0.0710 0.0519
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To simplify the analysis, we consider the case of real
signals, gT(t), which can be expressed as

gT(t) = G(0) + 2
+∞∑

n=1

[
ReGT

( n
T

)
cos

(
2π

n
T

t
)

−ImGT

( n
T

)
sin

(
2π

n
T

t
)]

(25)

in the ideal case and expressed as

gT(t) = G(0) + 2
K−1∑

n=1

[
ReGT

( n
T

)
cos

(
2π

n
T

t
)

−ImGT

( n
T

)
sin

(
2π

n
T

t
)]

(26)

in the practical case, where K is the number of postmodula-
tions and detections. Correspondingly, the estimation error
energy can be expressed as [28]

EK(t) = 2
+∞∑

n=K

[
ReGT

( n
T

)2
+ ImGT

( n
T

)2
]

, (27)

which indicates that the estimation results are acceptable
when the requirement of the estimation error energy is sat-
isfied. In other words, our scheme is effective when K is
set to make the signal energy acceptable, and the density of
signal frequency points distribution in this frequency band
will not affect the scheme. Thus, our scheme is valid if the
energy of gT(f ) is mainly concentrated in the bandwidth of
(0, (K − 1)/T]. Indeed, we just have to design K according
to the energy requirements of different applications.

Furthermore, in all these cases, our scheme performs
always better than sampling the signal in the time domain.
When sampling the signal in the time domain in a finite
time T̈, its frequency spectrum can be written as [29]

G(n�f ) =
M−1∑

m=0

g(mTd)e−j 2πmn�fTd , (28)

where mTd is the mth sampling point, n�f is the nth fre-
quency point, and the total number of m and n is M . The
sampling frequency fd = 1/Td = M�f = M/T̈ acts with
the effect of spectrum truncation [29], which means a fixed
M in the error energy:

EM (t) = 2
+∞∑

n=M

[

ReGT

(
n
T̈

)2

+ ImGT

(
n
T̈

)2
]

. (29)

For our scheme, the spectrum truncation is controlled by
setting the number of paths K . Comparing Eq. (27) with
Eq. (29), it always has a smaller estimation error energy by
setting K > M if the integration time T is set as the same
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g(
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) theory
R = –5 dB

–10

0

10
theory
R = –10 dB

0.0 0.5 1.0 1.5 2.0

t (µs)

–10

0

10
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R = –15 dB

–10

0

10 theory
R = 10 dB

FIG. 5. Estimation results of the time-varying parameter
accompanied by white noise at different levels. The black solid
line is the original signal and the dashed lines in different colors
represent the estimation results for different values of R: the red,
yellow, purple, green, and blue dashed lines are the estimated sig-
nals for R = −15 dB, R = −10 dB, R = −5 dB, R = 0 dB, and
R = 10 dB, respectively.

as the finite time T̈. Moreover, the integration time T in our
scheme is arbitrary, which can be lengthened or shortened.
In other words, a smaller K can have the same effect by
setting a shorter Tj , where T̈ = T1 + T2 + · · · + Tj + · · ·
and connected Tj in order after estimation.

B. Analysis with white noise

To demonstrate the validity of our scheme under a noisy
environment, we further calculate the figure of merit when
a random variation is added in Eq. (24), i.e.,

g(t) = 1 + sin
(

2π fst + π

3

)
+ 2 sin

(
4π fst − π

5

)

+ 3 sin
(

6π fst − π

7

)
+ 4 sin(8π fst) + �g(t)

= gp(t) + �g(t). (30)

For simplicity, we assume �g(t) to be a Gaussian white
noise. We quantify the size of the time-varying parameter
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TABLE II. Calculation results of errors and similarity for the
estimated parameters in white noise environment of different
levels.

Situation r Ermse (as) Emae (as)

Noise-free 0.9999 0.0710 0.0519
R = 10 dB 0.9997 0.1032 0.0787
R = 0 dB 0.9976 0.2777 0.2398
R = −5 dB 0.9949 0.4664 0.3219
R = −10 dB 0.9798 0.8694 0.7443
R = −15 dB 0.9443 2.0382 1.7401

in comparison with the random variation with ratio R:

R = 10 log

( ∫
T |gp(t)|2dt

∫
T |�g(t)|2dt

)

, (31)

the unit of which is dB.
The estimation results are depicted in Fig. 5, and the cor-

responding values of r, Ermse, and Emae are shown in Table
II. The simulation results show that our scheme maintains
good performance even when R reduces to −5 dB, which
implies its robustness to white noise.

IV. CONCLUSION

In summary, we propose a high-precision time-varying
parameter estimation scheme based on weak measure-
ment with postmodulations. Unlike previous schemes, our
scheme performs signal sampling in the frequency domain
by postmodulation of the predetected signal instead of
a postprocessing of data. By doing so, our scheme is
able to surpass the Nyquist sampling limit and effectively
avoid aliasing distortion. Numerical simulations show that
our scheme outperforms the classical interpolation scheme
with sampling frequency much lower than the Nyquist
sampling limit, and maintains high performance in a white
noise environment with R as low as −5 dB. As the esti-
mation of a time-varying parameter is a special task of
function estimation, our work may provide a method for
quantum metrology of functions [30].
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