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The advantages of using quantum states of light for object detection are often highlighted in schemes
that use simultaneous and optimal measurements. Here, we describe a theoretical but experimentally real-
izable quantum illumination scheme based on nonsimultaneous and nonoptimal measurements, which can
maintain this advantage. In particular, we examine the multiclick-heralded two-mode-squeezed vacuum
state as a probe signal in a quantum illumination process. The increase in conditioned signal intensity
associated with multiclick heralding is greater than that from a single detector-heralded signal. Our results
show, for lossy external conditions, the presence of the target object can be revealed earlier using mul-
ticlick measurements. We demonstrate this through sequential shot measurements based on Monte Carlo

simulation.
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I. INTRODUCTION

Quantum illumination provides advantages for object
detection in a noisy environment: it relies upon quan-
tum correlations between an entangled pair of beams to
enhance the distinguishability of return signals from back-
ground noise alone [1-3]. In entangled state quantum
illumination, radiation from one of the beams (signal)
interrogates a target object whilst the other (idler) beam
is stored locally until radiation reflected from any target
returns. In an ideal scenario, the two correlated beams are
measured simultaneously. If the correlations between the
beams are nonclassical then the appropriate measurement
strategy will provide a set of results whose statistics are
forbidden in classical physics [4]. Background radiation
detected jointly with the stored local beam cannot pro-
vide such measurement statistics because it is uncorrelated
with the idler, therefore by sending a quantum correlated
probe signal, the reflected signal can be identified from
the background radiation as it will be more distinguish-
able than sending an uncorrelated classical signal of equal
intensity. The advantage can be inferred by calculating
the error probability between two conditional states: the
background state versus the object-reflected signal plus
background. The minimum error probability achievable for
an optimized measurement process is set by the Helstrom
bound for two general states, but this bound is difficult to
reach experimentally and difficult to compute for multiple
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observation trials of continuous-variable Gaussian states
[5-71.

Simultaneous joint measurement of two beams is more
difficult than detecting each beam independently—in the
latter case, no storage of light or consequent phase lock are
required. This lends itself to another measurement strategy
in which idler detection occurs immediately at the source,
as a heralding detection, which provides a conditioning
event upon the dispatched probe signal. This condition-
ing event affects the signal, causing changes in intensity
or photon number from its premeasurement state. Each
individual unconditioned mode of the twin beam contain
thermal photon-number statistics, but the interbeam quan-
tum correlations mean that a count at an idler detector
heralds an increase in the mean photon number of the
signal beam, which in turn increases the probability of
a count at the signal detector [8]. This model of quan-
tum illumination under a nonsimultaneous measurement
strategy has applications in object-detection technology
based on twin beams of light produced through paramet-
ric down-conversion or by four-wave mixing, with one
beam directly detected by a Geiger-mode (GM) avalanche
photodiode (APD) in the form of a “click” detection [9].

If counts are registered by the signal detector, then
additional information from such heralding counts aids
the search for signal photons reflected from the target,
which are beneficial to target identification and subse-
quently ranging. Whilst the detection statistics obtained at
the receiving signal detector cannot identify the presence
of an object as well as a fully simultaneous measurement
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strategy of quantum illumination, they do provide advan-
tages over sending a classical Poissonian or thermal signal
beam of the same mean energy for target object identifi-
cation. The advantages referred to above are even more
marked if, instead of matching the energy of the quan-
tum beam to the classical beam, the detection probability
of the quantum and classical signal beams are matched.
The differing statistics of the two allow the quantum signal
to operate at higher mean photon number [10]. Although
the primary focus of our work is simply to emphasize the
advantages of quantum illumination under simple detec-
tion schemes, the theory is potentially applicable to covert
lidar operation, which uses quantum states, one that can
outperform a classical lidar at the same level of detectabil-
ity by a third party.

The natural extension to the signal-boosting effect facil-
itated by single click detector heralding is to investigate
the effect on the signal when multiple click detectors are
used for heralding detection of the idler. Measurement of
an entangled mode has been implemented as a method
of state engineering [11]. A large number of click detec-
tors will effectively act as a photon-binning mechanism,
which would engineer photon-number states [12], how-
ever, we explore multiple click detection restricted to a
few detectors. Multiple simultaneous click detection of a
single mode can be achieved by arranging identical click
detectors in a multiplex configuration, either by beam split-
ting a field mode onto multiple individual GM detectors,
or by defocussing onto a single-photon avalanche pho-
todiode (SPAD) array (see Fig. 1). As the click-detector
multiplex can be considered as a single unit, this detec-
tion scheme is applicable to receiver detection of the target
object-reflected signal.

The paper is organised as follows. In Sec. II we pro-
vide a summary of theoretical methods: starting with a
brief review of click-detection theory, before analyzing the
single-mode output state from multiplexed-heralding click
detection of an entangled twin beam in Sec. III. In Sec. IV,
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FIG. 1. Two methods of multiplexed detection—both are

examples of spatial multiplexing. (a) Beam-splitter method:
splitting a single mode p, into 2N different paths by 2N — 1 beam
splitters via a symmetric arrangement. (b) Defocussing the beam
evenly onto a SPAD array.

we calculate expressions for detection probabilities using
the output multiclick-heralded state for quantum illumina-
tion and highlight the advantages. The advantages can be
further enhanced by matching the click probabilities with
that of a coherent state, by tuning the mean photon number
of the twin beam, which we detail in Sec. V. We then fol-
low with a numerical simulation of a sequentially updating
detection strategy in Sec. VI, before discussion and some
final concluding remarks.

II. CLICK-DETECTION THEORY

On-off or click detectors are useful, simple phase-
insensitive measurement devices for light beams near the
single-photon level. Although the presence of a photon
can be detected efficiently based on a click registered on
these detectors, they are unable to distinguish between
one or more photons with certainty. Another practical
drawback is the dead time, possibly lasting up to several
nanoseconds, during which photons impinging in close
succession to a successful detection will go unregistered.
Through using arrays of fast SPADs [13—16] in a mul-
tiplex, click detectors may achieve quasi-photon-number
resolution—"“quasi” referring to the fact that true photon
statistics can only be approximated by a finite number of
click detectors.

A. One detector

The single-mode click detector is a binary detector with
quantum efficiency 7 that fires (or does not) when met with
radiation within its mode bandwidth. It has the following
positive operator-valued measure (POVM) element for its
“click” outcome

A —nata
M) =1-:e ™, (1)

where the colons :: denote normal ordering of enclosed
boson creation and annihilation operators, a' and a. The
expectation value of this operator for any detected field
state with density matrix p provides the probability that the
detector will fire. The term : e~"4'4 : s the no-click POVM
that is used to define the complementary click POVM. We
may shed the normal ordering and expand the exponen-
tial operator in the photon-number basis via the following
resolution [17]

) = e =" =) Inynl, ()

n=0

where |n)(n| is the projection onto a state with »n pho-
tons. The above expression reveals that click detection is
a phase-insensitive measurement and may only directly
access the photon-number distribution of a field state.
Additional terms can be incorporated into the POVM if the
detector has a significant intrinsic dark-count probability.
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B. Multiple detectors

Let us assume we branch a single mode by splitting it
onto N-multiple identical click detectors in a multiplexed
scenario (see Fig. 1). In such a setup, multiple simulta-
neous clicks may occur in a shot of the experiment. The
combination of results for £ simultaneous clicks on N
detectors (thus N — k detectors do not click) is provided
by the binomial coefficient. Following this, the global
multiclick POVM takes a binomial form

N N 0 oata 0 At a
Ty (n) = ( k) (e WATHNk(] _ gmhiTaE . (3

which reduces to single click detector POVM when N = 1
[12]. For a small number of detectors, this measurement
would barely achieve photon-number resolution, but in the
limiting case where there is a large number of detectors,
the click-counting distribution

ngrgo<ﬁN,k(n)> = (: (na'tayke "' > (4)

becomes progressively more Poissonian for large values of
N (Poisson limit theorem). Hence under perfect quantum
efficiency, k clicks given a very large number of detectors
is equivalent to projection onto the Fock state |k)(k| and
will reproduce the true photon-number distribution of the
state [ 18—20]. Another interpretation is that for such a large
number of detectors, the intensity of the input light that
falls on each one will be attenuated to such an extent that,
at most, one photon would hit one detector.

Again we may shed the normal ordering of Eq. (3), sim-
ilar to Eq. (2) and expand the POVM in the photon-number
basis

Ty k() = <N> ii( )( D!

k n=0 =0

x [1 ( )} n)(nl, ()

with k£ as the number of clicks at N detectors and / is an
index over the the possible combinations of different sets
of detectors firing to give k clicks. If this is summed over

all possible clicks from zero to N, the operators form a
complete set

N
> i) = 1. (6)

k=0

We regain the one-detector POVMs by setting N = 1

oG =) (1 —m)"ln)nl, (7a)
n=0

MG =Y [1— (1 =", (7b)
n=0

hence for a general N-detector multiplex there are N + 1
outcomes, all represented by POVMs. From here onwards
a pair of numbered subscripts as in Egs. (7) above refer,
respectively, to the number of detectors and the number of
clicks.

ITI. STATE PREPARATION WITH MULTIPLE
DETECTORS

As multiplexed photodetection provides a larger set of
measurement outcomes, measurement-based conditioning
of an entangled state will provide an extended set of condi-
tioned states. One mode of an entangled state is measured
and, due to the stronger-than-classical correlations present
in the entangled state, the unmeasured mode will be condi-
tioned or “engineered” into a different state. The entangled
state we consider in this report is the two-mode-squeezed
vacuum (TMSV), which is a nonclassical state that can
violate Bell’s theorem under certain tests [21,22], and is
easy to produce experimentally [23—35] as it is a gen-
eralized output of nondegenerate spontaneous parametric
down-conversion (SPDC).

The TMSYV state is (ignoring a possible phase attached
to each term)

1 & a \"?
|"IJ>I,S = m;(l —I—ﬁ) |nan>9 (8)

where |n, n) is the state containing »n photons in each of the
two modes denoted by subscripts: / is the idler and S is the
signal. Each of the modes individually has mean photon
number

i = sinh® r, 9)

with r as the squeezing amplitude, which depends on the
nonlinearity of the crystal and the intensity of the pump
light. If one of the beams is measured independently, with-
out information regarding the other, then the measurement
outcomes will replicate Bose-Einstein statistics of a ther-
mal state with mean photon number 7 (such a thermal state
is referred to in this report as the “unconditioned” state).
By using a single click detector in the idler to condi-
tion the TMSV signal mode, the remaining signal mode
will be engineered into a vacuum-suppressed state if a suc-
cessful click occurs. The vacuum-suppressed state has the
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following density operator:

N
pra = 5ty (T @ 11w (W] 5)
PI‘l’l

o0 . fl n
=M. ; [1-(1—-mn"] (H—n) In)(nl, (10)

which is a nonclassical state that contains no vacuum
probability, with Aj; = [(1 +7)Pr;;]~! as the normal-
ization factor and Pry; = 1 — (1 4+ 7n) ™! as the heralding
probability for a single click detector. This state has a
conditioned mean photon number of

1+n
1 +nn’

)

ny =tr@'ap ) =n+

evidently an increase from its unconditioned number. In
the limit of unit quantum efficiency the mean is increased
by one, regardless of the unconditioned state mean pho-
ton number. This can be a large fractional increase for
low 7 and is the basic effect exploited for optical quantum
illumination.

Building on the results of a single click detector, the
aim now is to obtain, through multiplexed photodetec-
tion, a wider array of nonclassical states with increased
mean photon numbers that cannot be achieved via a sin-
gle click detector. By changing the POVM in Eq. (10) to
IQIN,k (hence the heralding probability to Pry ), the mul-
ticlick measurement of the TMSV idler mode will herald
the general output state with the following density matrix:

Pyi = m(ﬁN,k ® Ill‘lf)<‘I’|1,s>
N k
Kok
_ k—1 = A5
—NN,k§<l><—1> (1+mmy 0 [mny], (12)
with

.o 1 > my >n

m = : n)(n|, 13
o [ ] HMJ;(HMJ Imy(nl,  (13)

as the thermal state density matrix with a scaled mean
photon number

)

_ fz—ﬁn(l—
-4y

my,; = -
1+ nn (
Here the subscript / is used instead of k& because the thermal
state is inside the & sum in Eq. (12) (note, we henceforth
use the notation g[#] to denote the thermal state with mean

(14)

Z|~|=l~

photon number 7). The normalization

Kook -1
Ny = [Z (l)(—l)kl(l + ﬁ’lN,l):| ,  (15)

=0

is related to the heralding click probability via

Pr —(N); (16)
NMEZ k) N+ i)

As previously mentioned in the introduction, a single mode
of the TMSV appears thermal when it is observed inde-
pendently of the other mode, hence the photon-number
distribution of the unconditioned mode has a Bose-Einstein
distribution: for which the highest probability occurs for
the vacuum state, being (1 + 7)~!. The heralding multi-
plex measures the idler mode independently of the sig-
nal mode, hence the multiplex-heralding click probability
Pry is that of a thermal state. Multiclicks are there-
fore unlikely to happen when measuring TMSV with a
low mean photon number, but become more likely with
increasing mean photon number as shown by Fig. 2.

The photon statistics of the multiplexed click-heralded
TMSYV shown by Eq. (12) are those of a weighted binomial
sum of k thermal states, 0, with a scaled mean photon num-
ber my 4, that is a function of the detector efficiency and the
number of detectors. Some features of such a superposi-
tion of thermal states are shown in Fig. 3, which shows the
normalized photon-number distribution and a correspond-
ing phase-space distribution (Wigner function) slice. The
photon-number distributions show that successful mul-
tiplexed heralding of the TMSV produces a state with
vanishing photon-number probabilities up to one fewer
than the number of heralding clicks, reflecting the fact that
the state has a higher mean photon number than its unher-
alded counterpart. The state tends to a Fock state [12] if
the number of detectors is much greater than the number
of heralding clicks, an effect that can be seen by compar-
ing the two top panels in Fig. 3. The nonclassicality of
the state is often demonstrated by the negative values of
the Wigner function [17,36], which is a quasiprobability
distribution that represents a density matrix in position-
momentum space. The bottom figures in Fig. 3 show the
Wigner function of py ; through the p = 0 plane, because
this particular Wigner function has rotational symmetry
about the z axis. The nonclassicality of the Wigner func-
tion, however, is a sufficient (but not necessary) condition
of nonclassicality [37—40].

Another measure used to quantify nonclassicality in the
photon-number distribution is via the Fano factor

AD\ AN2
o (n )(ﬁ)(n) ’ a7
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FIG. 2. Top: multiplex-heralding click probability of TMSV
versus mean photon number of the unconditioned state, n, with
detection efficiency of n = 0.95. Black dotted line corresponds
to the single-detector click probability for a coherent state |o).
Black solid line is the no-click probability for the thermal state.
Red dash-dot line is the heralding click probability Pr,;. The
rest of the solid lines are click probabilities for N = k outcomes:
green (light gray) for Pry4; blue (dark gray) for Pr,,, and red
(gray) for Pr; ;. The intersection points show equally probable
heralding click probabilities for a differing number of N and &
given 7, e.g., Pra4 = Prp | for n = 5.4. Bottom: mean number of
photons in the conditioned signal mode py 4 after a successful
multiplexed click-heralding detection, as a function of uncon-
ditioned state mean photon number. Black solid line and red
dash-dot line are for states p1o and p,, respectively. The rest
of the solid lines for N = k from bottom to top follow reverse
order with respect to the top plot.

where 71 = a'a is photon-number operator; the Fano fac-
tor is evidently the variance divided by the expectation
value of this operator. ' = 1 indicates Poissonian statistics
of coherent state regardless of detection loss n, whereas
states with 0 < F <1 and F > 1 show sub-Poissonian
(nonclassical) and super-Poissonian (thermal-like) statis-
tics, respectively. In the special case where all heralding
detectors fire (k = N), the photon-number variance of
the heralded TMSV is sub-Poissonian for low 7 until it
becomes super-Poissonian for higher n. The Fano factor
then shows a corresponding transition from nonclassical
to thermal as # varies from low to high values as evident
from Fig. 4. More detectors require higher 7 for the out-
put state to crossover into the super-Poissonian domain,
but the fractional increase in nonclassicality is smaller for
each increase in k and N.

Perhaps the most useful physical effect that multiplex
click heralding of TMSV facilitates is the increase in mean
photon number in the signal mode from its unconditioned
form, with selected examples shown by Fig. 2. This will
be the main effect exploited for quantum illumination. The
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FIG. 3. Top row: photon-number distributions of the multiplex
click-heralded TMSV py 4, heralded by two clicks at the idler,
compared with that of the unconditioned signal mode pg with
n = 1. Bottom row: phase-space distribution (Wigner function)
slices W(q,0) through phase space (¢,p) of the corresponding
states showing the transformation of a thermal state into a non-
classical one. Left column: N =2 heralding detectors. Right
column: N = 10 heralding detectors.

effect is a direct consequence of the photon-number cor-
relation between signal and idler beams of the TMSV:
k-heralding clicks occurring at the idler mode will force the
signal mode from a thermal state into a (nonclassical) state
with boosted mean photon number. This relative increase
becomes larger if 7 is small, shown in the bottom panel
of Fig. 2 where there is a “jump” caused by the heralding
clicks in the limit of very low #n. When all of the detec-
tors click (k = N), the increase in the signal mean photon
number is maximal for an N-detector multiplex (notice that
in Fig. 2, ny;; > ny,;: if single-click results are considered,

]|

FIG. 4. Fano factor of the output state py ; versus mean photon
number of the unconditioned state, #, with detection efficiency
n = 0.9. Black dotted line corresponds to coherent state Fano
factor that demarcates the domain between sub-Poissonian ver-
sus super-Poissonian statistics. Black solid line shows the Fano
factor for state p;p, and red dash-dot line for p, ;. The rest of
the solid lines from bottom to top are for the following states:
green (light gray) for 44, blue (dark gray) for p; 5, and red (gray)
for ﬁ] .
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then single clicks are more likely to occur if the detec-
tor is not in a multiplex). Although heralding can bring
an increase in mean photon number in classically corre-
lated states also [41], it is not possible to obtain the large
fractional boosts obtainable via click heralding the TMSV.

Strongly correlated temporal modes are a prerequisite
for efficient heralding click detection and in the genera-
tion of a conditioned signal state. Usually in experiments
involving state generation from twin beams, such modes
are produced and manipulated using picosecond pulse
width lasers at repetition rates of nanoseconds. The con-
ditioned states are then analyzed on a pulse-to-pulse basis,
triggered by multiple clicks at heralding detectors, in order
to discern signal photons from other ambient stray light
and noise sources. This is facilitated by time gating in
the heralding click detection, which is realized by pro-
grammable electronics and optical switching at nanosec-
ond speeds [25,28]. The repetition rate of the laser is
synchronized to that of the optical switch so that the time
correlation between heralding clicks and the conditioned
signal state can be ensured. Dark counts, which are thermal
in origin, introduce errors in measurements; the smaller
their rate, the better the accuracy of the measurement. For
ultracooled detectors and pulsed operation in the nanosec-
ond measurement time window, the dark counts can be as
low as 108 mean counts per single detector [42], but they
add with the number of multiplexed detectors. For reason-
able numbers of detectors, the number of dark counts is
still very low and can be neglected in experiments. Hence-
forth, unless explicitly mentioned, dark counts are ignored
in the analysis.

IV. QUANTUM ILLUMINATION WITH
MULTIPLEXED PHOTODETECTION

In the previous sections we characterize the multiplex
click-heralded TMSV states and provide POVM expres-
sions for the click-detector multiplex—now we apply them
to our analysis of the quantum illumination model with
multiplexed photodetection.

A. Quantum illumination model

If we send a single-mode signal state ps to try and
sense the presence of a target object with reflectivity «,
embedded in a thermal background field, then based on
the presence or absence of the target object two possible
conditional states of the field must be considered for the
receiving measurement. These are 0y, which is the con-
ditional state when the target is absent, and p;, which is
the state when the target is present. They are, respectively,
representations of the field under the null hypothesis (Hy)
and the alternate hypothesis (H;). The density operators of
these two conditional states are

po = 0[nsl, (18a)

pr =t (Uehs @ 0L/ = 010L),  (18b)
where g[hp] is a thermal-state density matrix with mean
photon number 7z, modeling background radiation. In the
01 expression, the state contains signal and background
photons, because the signal mode has been mixed with
the thermal background mode with a rescaled mean pho-
ton number ng/(1 — k), in order to keep the received
background noise independent of the object reflectivity.
Reflection is modeled as coupling of the signal and back-
ground modes via a mixing process that is facilitated by
the two-mode rotation (beam-splitter) unitary operator

A

UK‘ — ei9 (&gaB"'&S&I}) , (19)

where ag and ap are the field operators of the signal and
background modes. The reflectivity is a function of the
mixing angle

Kk = cos’ 0, (20)

hence 0 < k < 1. As the beam splitter unitary couples
two input modes to produce two outputs, the environ-
ment mode containing the unreflected signal will not be
detected, therefore in the expression p; it is traced out
via trg. A schematic of the quantum illumination model
is shown in Fig. 5.

FIG. 5. Schematic of quantum illumination with multiplexed
photodetection showing scenario H; where the target is present:
heralded state Oy is generated from TMSV |¥); ¢ by multi-
plexed click detection of its idler mode. The target object is
modeled by a beam splitter of reflectivity «, which mixes the
heralded signal with background thermal mode pz. The reflected
state is denoted p) (v and is measured by a single click detec-
tor, although in the general case this detector may be replaced
with another detector multiplex. The target absent case Hy would
be equivalent to removing the beam splitter in the diagram or
by setting ¥ = 0: in this case only the background mode is
measured.
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The quantum probe signal we use is the multiclick-
heralded TMSV py ; described previously by Eq. (12). For
all single-mode probe signals, gy retains the same expres-
sion because it will be the state measured given signal loss.
By substituting Eq. (12) into Eq. (18b), we have

PLv ) = tE <(7K/3N,k ® olng/(1 — K)]Uz) ) (21)

with indices 1, (N, k) denoting solely the state for Hj,
which contains the multiclick-heralded TMSV signal, oy 4.
As this is a weighted sum of thermal states, the expression
for 1 v k) is a weighted sum of transformed thermal states.
The transformation for o[y ;] alone gives

teg (Uv00m] @ 0L/ (1 — 1] ) = Bl + gl (22)

which in effect modifies the input thermal state by reduc-
ing the mean by the reflection factor x and adding the
transmitted background thermal mean ng. Hence the full
expression for oy v ) is

Prviy = Ny

k
k
X Z <l>(—1)k_l(1 + my )0 [k + ng) .
=0
(23)

Usually, the next steps for proof of quantum illumination
advantage over classical illumination would be to calculate
absolute error bounds (as a function of a chosen parame-
ter, e.g., mean photon number of signal) using such pairs
of conditional states oy and p; (v 1), and compare with such
bounds produced from a coherent state signal. The abso-
lute error bounds are directly related to the discrimination
error achievable from optimal measurements. The click
detector is obviously not an optimal measurement, but as
it clicks with different probabilities for gy and p; (given
that they are not the same state), we can use click detec-
tion for measurement of the conditional states as a practical
implementation of hypothesis testing.

B. Signal detector probabilities

We first model a second click-detector multiplex as
the receiving signal detector in order to obtain a general
expression that includes both heralding and signal-detector
variables. The overall strategy is to perform measurements
and infer from click counts the probability of target pres-
ence (or absence). In order to do so, we define the condi-
tional probability of obtaining kg clicks at an Ng-multiplex
signal detector as (subscript S denotes signal-detector

variables)

Pry, (ks|H;) = tr(Tlyg 551, (24)

given i = 0,1 for either of the conditional states, where
I Ny.ks 18 the POVM of the detector of quantum efficiency
ns, given by Eq. (5). The above expression is true for all
numbers of idler clicks & so we omit this variable here
unless specifically required. From this probability expres-
sion, explicitly shown as a conditional probability, we
can calculate the posterior probability of a state, given a
multiclick outcome, via Bayes’ law

Pr(H;)Pry (ks|H;)
Pry, (ks) ’

Pryg (Hilks) = (25)

where i = 0, 1. The normalization Pry, (ks) is the weighted
sum of all conditional probabilities under click outcome

HNs,kS

1

Pryg (ks) = Y _ Pr(H;)Pryg (ks|H;), (26)
i=0

where Pr(H;) is the prior probability the estimation of
which is a nontrivial problem. In Sec. VI we describe
a method for estimation of this value in a sequential
measurement process.

The multiclick probabilities at a signal-receiving detec-
tor are found from the two hypothesis states,

N 1
Pry, (ks|Ho) = ( S)

kS 1+ 1713
k, _
v G
= 1 - 1% (1 —ns(1 = Is/Ns))
27)

N. k ks
Pryg (ks|Hy) = NN,k(;;) Z Z

=0 Ig=0
Ky (k) (= 1)kths—i=ts (_Ltmva
() (52) (= st ()

ki j+n ’
D= (Pt ) (1 = ns(1 = Is/Ns))
(28)

which are the expectation values of the multiclick POVM
with states py and p; (v 1), respectively. The latter equation
is implicitly a coincidence probability Pry n,(k, ks|H)),
however we choose to define the above probabilities in
terms of one detector variable at a time as Pry, (ks|H)),
therefore the idler detection variables are encoded in the
density matrix p; vk instead. For low-reflectivity targets,
a very small fraction of the probe photons will reach the
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detector and the return state predominantly contains ther-
mal background photons for which additional multiclick
events given state 0 (v ) Wwill be rare, but not quite as rare
as if only single click heralding had been used on the idler
beam. Therefore, it will be sufficient to analyze click prob-
abilities of a single receiving detector, which can be easily
found from Egs. (27) and (28) by setting Ny = 1. If the tar-
get is absent the state Oy reaching the detector is merely the
thermal background: the probability of no click is

Pr,(0|Hy) = (29)

1 + nsnp ’
and in this situation therefore, the single click (sometimes
called false-alarm) probability is

nsig

HKUMD=1+nﬁ-
shp

(30)

Neither is a function of target reflectivity, only of receiver
quantum efficiency. Hence they hold for all single-mode
probe states. The no-click probability for p; with multiplex
click-heralded state at a single receiving click detector is

Pri(0|H)) = Ny
k—1 1+my
L =D <1+qu,+ﬁB>

X
kmy j+ng
=0 1 — (m) (1 —mng)

., BD

obtained via Eq. (28); the signal-detector click probability
is again Pr;(1|H;) = 1 — Pr;(0|Hp).

The probability of obtaining a single click, given target
object presence, as a function of signal mean photon num-
ber is shown in Fig. 6. For a lossy scenario of low reflec-
tivity of ¥k = 0.1 and background mean photon number
ng = 10, we witness click-probability enhancement due to
the multiclick-heralded states exceeding that produced by
a coherent state signal. A successive number of simultane-
ous clicks further enhance signal-detector click probability,
as increases to the mean photon number in the probe state
are produced; maximum enhancement is found when all
detectors in the heralding multiplex click (N = k). Further-
more, it is evident that for low 7, using multiclick-heralded
states for quantum illumination is more beneficial as the
relative increase in the mean number of signal photons is
greater, as shown by Fig. 2.

The advantage of quantum illumination compared with
coherent state illumination eventually diminishes as #
increases, up to a point where the coherent state outper-
forms multiclick-heralded states. In the bottom plots of
Figs. 6 and 7, there are crossover points between coher-
ent state versus all quantum states, indicating that for mean
photon numbers in excess of these crossover points using
a coherent state for illumination is more likely to cause a
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0.900 &
0.98

0.96 ¢
0.94 |
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FIG. 6. Click probability of a single receiving signal detector
measuring returning state 5 v with detector efficiencies ns =
n = 0.9, against mean photon number of the unconditioned state
n and background noise 7z = 10. Black dotted line is the perfor-
mance of coherent state. In both plots we show click probabilities
given object presence Pr (1|H)), for the following heralded sig-
nal states: black solid line for p; (1,0), red dash-dot for p; (2.1), red
solid line (gray) for 1 (1.1), blue solid line (dark gray) for 51 22),
and green solid line (light gray) for p; 4.4).

signal-detector click than multiclick-heralded states. Such
crossover points become more apparent for lower sig-
nal loss scenarios given x = (.8: heralded states gener-
ated by multiple simultaneous heralding clicks will show
crossover points at higher n, which can be explained by
comparing the photon-number distribution of the coher-
ent state to those for multiclick-heralded states. For high
n, the coherent state and its Poissonian photon-number
distribution continues to peak around the mean, whereas
heralding click detection does not change the thermal dis-
tribution of TMSV much, meaning that after the target
interaction process, the returning state p; that contains a
larger fraction of high photon numbers is more likely to
trigger a click at the signal detector. For low 7, there is no
crossover because the coherent state still contains vacuum
probability whereas a k-click heralding detection removes
probabilities from vacuum to k£ — 1 photons, resulting in a
significant change from a thermal photon-number distribu-
tion. This low-photon advantage of quantum illumination
is reflected in the nonclassicality criterion of the Fano
factor: similar crossover points can be seen in Fig. 4
because the photon-number variance increases with mean
photon number.

Figure 7 shows the single detector click probability
along with respective posterior probability of target pres-
ence given click data, as a function of # for both the
coherent state and the multiclick-heralded state. These
probabilities are calculated via Bayes’ law with no prior
knowledge of the presence of the target so that Pr(H;) =
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FIG. 7. Posterior probability Pr;(H;|l1) after a click has
occurred at a single receiving detector, calculated from the
results from Fig. 6, with assumed prior probabilities of Pr(Hy) =
Pr(H;) = 1/2. Black dotted line is the performance of coherent
state. From bottom to top, solid lines above Pr = 0.5 correspond
to N = k heralded signal state: red (gray) for p; (1,1), blue (dark
gray) for py 22), and green (light gray) for p 4.4); they follow a
reverse order below Pr = 0.5. Object present probability is there-
fore correctly inferred because the thermal background state is
less likely to cause a click compared to thermal plus signal.

Pr(Hy) = 1/2—a click at the detector therefore increases
our estimate of the probability that the target is present,
and decreases if it is absent. Again, for low mean photon
number there is a persisting enhancement to estimation,
demonstrating the quantum illumination advantage. Plots
of the probability for target present (absent) follow a sim-
ilar behavior as those for signal-detector click probability
both at low- and high-loss regimes. We use such poste-
rior probabilities in Sec. VI to inform a sequential click-
measurement process to estimate the presence or absence
of the target.

We also briefly show results where a click-detector mul-
tiplex is used as the receiving signal detector. In Fig. 8,
we show examples of double-click probability at the sig-
nal detector as a function of mean photon number of
the unconditioned signal. Overall, single-click probabili-
ties from a single detector are more likely to occur than
double-click probabilities. In order to see the effect of mul-
ticlick heralding and to separate its effect clearly from
that of a coherent state return signal, a slightly higher
target reflectivity is considered. For both sets of curves,
the performance of quantum illumination with multiplexed
heralding exceeds the bounds set by the coherent state
illumination. However, the increase in click probability
between quantum and coherent state illumination is lower
for a single click because the difference in mean photon

0.90 | — |
_ 085
[a
0.75 | s ———/
0.1 05 1 5 10

FIG. 8. Multiclick probabilities for a receiving detector multi-
plex, with detector efficiencies n = ns = 0.9, background noise
ng = 10, and object reflectivity « = 0.3. The upper two curves
are the single detector, single-click probability Pr;(1|H,) for the
black dotted (coherent state), and magenta (gray) for oy (). The
lower four curves are the double-click probability Pr,(2|H,) for
the two-detector multiplex: red dotted (coherent state), red (gray)
for p1,1,1), blue (dark gray) for py 22), and green (light gray) for
01,4,4)-

number between return states produced by a coherent state
versus that produced by the state p; 1, is small.

V. CLICK-PROBABILITY MATCHING

In this section we outline a method of boosting
the detectability of the multiclick-heralded state in the
quantum case without significantly compromising source
discoverability, whilst enhancing click probability. From
Fig. 2 we see that the coherent state produces the highest
click probability for all mean photon numbers at a single
click detector, compared to heralding probabilities for the
TMSV. Consider a use case of the quantum illumination
scheme in a quantum lidar, for which covertness of the sig-
nal is useful, so mean photon numbers should be kept low.
If we match the photon number of the TMSV to that of the
coherent state, in order to compare quantum illumination
with classical “fairly,” the TMSV will be more covert if a
click detector is used by the target (or another party) to try
to detect the use of the lidar. We may use this slight edge
to our advantage by increasing the mean photon number of
the TMSV above that of the coherent state so that the mean
photon numbers are not matched but the click probabilities
are. Then the discoverabilities of the TMSV and the classi-
cal coherent state are matched, at least up to a single click.
The rest of this section outlines the consequences of this.

If one mode of the TMSV is observed independently of
the other, it appears as a thermal state with g = sinh? r.
Let us assume the existence of an eavesdropping third
party, armed only with a single click detector with quantum
efficiency ng that wishes to intercept the signal before it
interacts with the target. The eavesdropping detector click
probability is

ngns

tr(ﬁl,lﬁs) = m,
ENS

(32)
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which follows easily from Eq. (27). This is lower than the
single click probability produced by a coherent state for the
same mean photon number,

tr(T1) py) = 1 — e e, (33)

if we were to set iig = 71, = |or|* as the coherent state mean
photon number. Instead we keep the mean photon numbers
different, but equate the above click probabilities

s =g (™" — 1), (34)

which allows quantum illumination at higher intensity
because the single eavesdropping detector cannot accu-
rately distinguish whether the incoming state is coherent
or thermal with a single click detector. The advantage
obtained by doing this is not quantum, but it does offset
the advantage that the coherent state has for for high mean
signal photon numbers and high reflectivity, shown by both
top and bottom plots of Fig. 9. We show results similar to
Figs. 6 and 8 except with click probability matching. Both
examples show a marked increase in receiver click proba-
bilities, and in the bottom panel of Fig. 9 that for quantum
illumination exceeds that for coherent state illumination
significantly for mean photon numbers greater than one.
Click probabilities for coherent state signals no longer
exceed those for multiclick-heralded signals. For the click
multiplex receiving detector results in Fig. 10, double-click
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FIG. 9. Single-receiving-detector single-click probabilities,
using click-probability matching, against mean photon number
of a coherent state n,. The parameters used to calculate the
results of this figure are similar to that of Fig. 6, however it
is immediately evident that click-probability matching enhances
the performance of the quantum states compared to the coherent
state (black dotted line). For both figures, the solid black line is
the click probability Pr;(1]|Hp); the rest of the solid lines are as
follows: red (gray) for p 1,1y, blue (dark gray) for §; 22), and
green (light gray) for p; 4 4).
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FIG. 10. Multiclick probabilities for a receiving detector mul-
tiplex (similar to Fig. 8) showing click enhancement obtained
by click-probability matching, against mean photon number of a
coherent state n, and object reflectivity « = 0.3. The upper two
curves are the single detector, single-click probability Pr; (1|H))
for the black dotted (coherent state), and magenta (gray) for
the state p01,1,1y. The lower four curves from bottom to top are
the double-click probability for a two-detector multiplex, that
is Prp(2|H,), for the red dotted (coherent state), red (gray) for
P11, blue (dark gray) for p; 22), and green (light gray) for
P1,(4,4)-

probabilities are also enhanced by click-probability match-
ing, such that they exceed single-receiver click probabili-
ties for signal mean photon number beyond two, although
for single and double heralding clicks the double-click
probability (blue curve) approaches single heralding and
single-receiving click probability (magenta curve) at best.
A general remark here is multiplexed receiver detection
surpasses the single-click receiver as long as there are more
heralding clicks than receiver clicks in the high n regime,
as evident from Fig. 10.

The click-probability matching strategy gives quantum
illumination an additional advantage when an eavesdrop-
per is searching for a probe signal with a single-click
detector. If we know that the eavesdropper is doing this we
are not only allowed to increase the energy of the TMSV,
we are forced to do so to maximize our covertness. This
enhances click probabilities at the receiver detector and
gives quantum illumination an advantage over classical for
all values of 7. The increase in energy does not reveal to
the eavesdropper whether we are using classical or quan-
tum illumination because the single-click detector cannot
reliably distinguish the photon statistics of a coherent state
from a thermal state with mean photon number tailored to
match the single-detector click probability of the coherent
state. They will both cause the detector to click with the
same probability. One could argue that the click-matched
state is in principle more distinguishable from the coher-
ent state than the mean photon number matched. A simple
examination of the photon probability distributions would
support this. This extra distinguishability could be revealed
if the eavesdropper has a detection system that is respon-
sive to g@ or a higher-order coherence. However, such
a detection system requires (at least) two simultaneous
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detections to occur reasonably often to reveal the increased
mean photon number. This is highly unlikely in a realistic
physical situation.

VI. DETECTION TRAJECTORIES

In this section we simulate a simple quantum or clas-
sical illumination detection process, using the results of
single-shot click detections through a Monte Carlo process
that outputs a detection trajectory generated by sequen-
tially updating an estimated probability of target object
presence (in turn its absence as well). Click results at both
the heralding detector and the receiving detector are used
to update the probabilities Pr(H) and Pr(H;) through cal-
culation of posterior probabilities based on simulated click
results, such that for each subsequent shot, we have the fol-
lowing updated estimation of target presence and absence:

Pr0 (Hy) = Pyl (Hlks) (35a)
PrMHY (Hy) = Priy? (Hylks) , (35b)

where Mth shot estimation is denoted by the superscript
Pr™ | thus Pr’™*1 is the updated estimation. Initially, for
M = 0, calculation of the posterior probability Pr'" begins
by assumption of equal a priori probabilities: Pr¥ (H,) =
Pr%(H,) = 1/2. Such a process may be repeated until
eventual convergence, or past a predefined threshold.

During each shot, probabilistic click results for the
detector, ks, are determined by inverse transform sampling
where

k= C(R), (36)

with R being a pseudorandom number in the interval (0, 1).
The function C(k) is the discrete cumulative distribution of
click probabilities for one detector

k
Clhy =Y tr(Tly ), (37)
=0

for a multiplex of N detectors measuring state p. Rather
than computing C~!(R) directly, the equality (36) can be
achieved numerically by checking which probability inter-
val R falls between, and then assigning the corresponding
kar (see Fig. 11). Different signal states will evidently pro-
vide a different set of click probabilities, hence this will
affect the random click sampling. The multiclick-heralded
states will be generated using this method: setting the click
probability to the heralding probability in Eq. (16) will
allow a potentially different probe state oy x=r,, to be her-
alded for target detection as a more realistic test, because
given TMSYV of a fixed mean photon number, the heralding
probability decreases for a higher number of detectors in

0
k=0 k=1 k=2 k=3 k=4

FIG. 11. Diagram showing the distribution C(k) and how
clicks are selected by using a pseudorandom number R. This
example shows cumulative heralding click probabilities from
a four detector multiplex with # = 1 and n = 0.9. Solid black
edges represent Pry ;. As R = 0.82, it then simulates k), = 2
clicks because it falls within the interval covered by Pry .

the multiplex hence it would be unlikely to generate states
Pn k=n for each shot.

To simulate detection results, the clicks of the signal
detector measuring the background state, denoted as ky,
are determined by sampling from the distribution

k
Cky = ) r(Tly o), (38)
k=0

which is the cumulative click distribution given the back-
ground state py. Hence, the “target absent” probability is
always updated via

Pr*+ D () = Pr](\j,‘;[) (Holks = ko) - (39)

To simulate detection results from illumination, given a
static, present target, the clicks of the signal detector mea-
suring the return state, denoted as k,;, are determined by
sampling

k
Clky =Y tr(fyw ), (40)

K'=0

such that “target present” probability is updated via
PrD(Hy) = Pyl (Hylks = k). (41)

If we model quantum illumination using multiclick-
heralded TMSYV signal, then generating the outcomes that
correspond to p1 = p1,v =k, requires an additional appli-
cation of Eq. (36) prior to detection (using a separate
random number) conditioned by C(k) with heralding click
probabilities in order to simulate an independent “herald-
ing” process. For classical illumination using the coherent
state signal, the return state p; must be calculated using
ps = la)(al.
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This situation is shown in the upper half of Fig. 12,
which gives an average of 6 x 103 trajectories for 3 x 10*
consecutive shots of a quantum illumination experiment in
which the mean photon numbers of the quantum beams are
the same as the mean photon number of the classical beam.
There are several things to note about this figure. Firstly the
target object is present so any good illumination scheme
must show a probability of target presence that tends to
unity with increasing numbers of shots of the experiment.
Secondly, the heralded quantum signals significantly out-
perform the classical in this respect. They reach higher
probabilities of target presence after a significantly lower
number of experimental shots. For example, a single-idler
detector-heralded quantum source reaches a target present
probability of 0.8 after 11 166 shots, whereas the classical
source takes 21 386 shots, more than 90% longer. Thirdly,
the higher the number of detectors in our multiplex the bet-
ter the quantum heralding. The curves in Fig. 13 seem to
show little advantage in multiplexing but this is simply
a perspective issue. The N = 1,2,4 multiplex simulation
curves reach a target present probability of 0.9 at 21 045,
18092, and 15 689 shots, respectively. It takes 34% longer
to detect the target with a single detector than an N = 4
multiplexed idler.
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FIG. 12. Trajectories of estimated object presence Pr(H))
from single receiving detector clicks, averaged over 3 x 103
observation trials. Each trial contains M = 3 x 10* shots in order
to show convergence of trajectories. Parameters: n = 1, k = 0.1
and sz = 3, heralding and receiving detectors have n = ng =
0.9. Performance of coherent state |«) is shown by the dotted
line. Solid lines from bottom to top: heralded state performances
with N detectors are as follows: red (gray) for N = 1, blue (dark
gray) for N =2, and green (light gray) for N = 4 (upper part
of figure); they follow reverse order for the lower part of the
figure. Upper and lower parts of the figure demonstrates object
presence and absence, respectively—quantum illumination cor-
rectly estimates state presence faster compared to coherent state
illumination.
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FIG. 13. Trajectories using click-probability matching aver-

aged over 3 x 10° individual trajectories for a present object,
each trial contains M = 2 x 10* shots. Parameters: n = 1, k =
0.1 and nz = 3, heralding and receiving detectors have n = ng =
ng = 0.9. Performance of coherent state |«) is shown by the
dotted line. From bottom to top, solid lines are performances
of heralded state with N detectors: red (gray) for N = 1, and
green (light gray) for N = 4; dash-dot lines are click-probability-
matched average trajectories meaning that # = 1.62 for matched
states and they follow the same order as the solid lines. Due to
the increase in mean photon number from probability match-
ing, matched multiplex click-heralded TMSV will outperform
the unmatched counterparts as click probability will be enhanced.

For the simulation of target absence, the “target present”
probability is updated via the following:

Pr(M+1)(H1) — Pr%) (H1|k5 = kMO) P (42)

hence the clicks generated from that of the background
state, ky9, are used to calculate the “target present” proba-
bility, because the sent signal has been lost. The sequential
process eventually accrues such a difference as the prob-
ability of target presence should decay with the number
of shots, a situation shown in the averaged trajectory sim-
ulations of the bottom half of Fig. 12. The simulations
also display the advantages of heralded quantum signals
over classical and the increasing advantage of multiplex-
ing, both of which are similar to the advantages displayed
in the top half of the figure. Although there is no require-
ment for symmetry around the 0.5 value (the two plots
relate to detection schemes operating in two different phys-
ical situations) the schemes appear to be equally as good at
detecting a target when one is there as they are at ruling
one out when it is not.

There is one final point to note about the quantum
schemes in Fig. 12. They provide a completely fair com-
parison with the coherent state, in that the heralded state
is used no matter what the outcome of the idler detection.
This is not typically the case in the analysis of heralded
systems. When the idler detector does not fire, the state is
sometimes discarded and another trial is run, typically at
the pulse repetition rate of the pump laser producing the
TMSV. This leads to a comparison between the coherent
state and repeated successful heralding, which is unfair as
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the coherent state is unheralded and provides a successful
pulse every time.

We also show in Fig. 13 the effect of click-probability
matching on our trajectories. We would expect this to
decrease the number of shots taken to detect a present tar-
get (and the number of shots taken to rule out the presence
of a target when one is not there). This is clearly shown in
that the click-matched states reduce the detection times by
about 50%.

VII. CONCLUSIONS

In this report we provide a general framework for object
detection using quantum states of light conditioned on
multiclick heralding of the idler mode of a TMSV. Such
a heralding and detection process is made possible by
multiplexing so that the idler is split equally and falls
onto an array of independent identical single APDs. These
detectors are also fast and more robust against detector
dead-time constraints because there is a higher chance that
other detectors may be active whilst some are “dead” after
photodetection.

Our results show that a small number of idler clicks
from few detectors placed on the idler of TMSV heralds
a nonclassical state, which has suppressed low photon-
number probabilities, a negative Wigner function, and an
increased mean photon number. The maximum possible
increase in mean photon number for a set number of
detectors is achieved when all detectors fire, though such
events are rare compared to smaller numbers of clicks. The
nonclassicality of the multiclick-heralded state becomes
less pronounced for higher values of unconditioned sig-
nal mean photon number, because the state becomes more
thermal-like.

The conditional boost to the signal number is the
main effect exploitable for quantum illumination. The
multiclick-heralded TMSYV proves useful for finding a tar-
get object hidden in high background thermal noise: the
heralding allows use of a signal beam with an uncondi-
tioned mean photon number significantly lower than that
of the background. The target presence is rendered more
probable if the receiving click detector fires for a signal
state with higher mean photon number as proportionately
more signal will reflect from the target to the receiv-
ing detector. The conditional photon-number enhancement
provided by using such quantum states can not be obtained
to the same extent from classical resources. In this work,
we mainly consider multiplexed detection for heralding
and single click detection for receiving the reflected return
signal. The advantages at low mean signal photon number
are evident when the target reflectivity is low, or the ther-
mal background noise is high. Our results demonstrate the
increased advantage of using multiclick-heralding states
for target detection compared to single-click heralding.
The heralding advantage, however, persists only up to

a particular mean photon number, higher than which it
becomes better for target detection to use a coherent state.
At higher signal intensity, the heralded state has close-to-
thermal photon statistics and Poissonian states produces a
more distinguishable signal in this regime. We can counter-
act the coherent state advantage at high photon numbers by
matching the click probability of the average unheralded
signal to that of the coherent state, which boosts the mean
photon number of TMSV.

We also model a sequential multishot hypothesis-testing
procedure based on updating the prior probability of the
target presence based on whether or not the signal and
idler detectors fired. Results of sequential measurement are
obtained using Monte Carlo simulation of detection statis-
tics. Our update strategy not only includes using states
when one or more of the idler detectors fires, but also
when none of them do. This negates the need to wait for an
idler-firing event and allows for a fair comparison between
quantum and classical state updates. The main result is
that including the possibility of multiclick-heralded states
in the Monte Carlo simulation reduces the target detec-
tion time significantly (i.e., number of measurement shots)
compared with both single click heralding and classical
illumination. Our modeling is done for relatively high
object reflectivities, which are unrealistic in some real-
world use cases such as lidars (where the fraction of signal
photons reaching the detector might be 10~°). In such a
scenario, to simulate enough trajectories to form a smooth
average such that there are significant changes in probabil-
ity would require billions of shots rather than thousands,
which is easy to perform experimentally but impractical
to simulate with available computational resources, and is
likely to have similar-looking outcomes to Fig. 12, albeit
on a different scale.

The main challenge in using quantum states for object
detection is that for low reflectivity targets a long dis-
tance from the light source and detectors, the time taken
to detect a useful number of reflected photons is long. The
results shown here describe possible improvements that
could lead to a usable future quantum version of lidar.
However, this is still a significant challenge because the
effective object reflectivity, governed by the inverse square
law, will be tiny (for example, around 10~7 for an object
100 m distant monitored by signal detectors of total effec-
tive area 0.01 m?). In order to change the probability that
a target object is present there must be a some chance that
a reflected photon is detected. Thus we require a number
of shots of the experiment M that satisfies M /(nnk) ~ 1
before we can change this probability in any significant
way (so around 10 million in the example above, rela-
tively quickly reachable at rapid optical pulse rates). This
is true of both classical and quantum optical illumination
schemes. The advantage quantum has is that for low n we
gain significant knowledge from the idler-detection results
about which of these M signal pulses are likely to contain

034021-13



YANG, SAMANTARAY, and JEFFERS

PHYS. REV. APPLIED 18, 034021 (2022)

significant numbers of photons and which are not. We can
use this knowledge to bias our signal-detection statistics to
provide the quantum advantage shown here and detect the
object in fewer pulses than classical or at a lower level of
illumination.

The main result of this paper is that multiclick heralding
increases the conditional intensity of the source, renders
the detected counts more useful and therefore reduces the
detection time. It can also negate some of the detector
dead-time effects at the idler detector so that heralded
signal sources could be run more rapidly and at higher
mean photon numbers. Our results suggest that with these
improvements, at low mean photon numbers per shot,
quantum illumination always outperforms classical coher-
ent state illumination. The photon number per shot is
currently limited technologically to be very low, so idler
clicks are rare. The main problem is the low optical non-
linearity that is used to generate the TMSV states. This,
when combined with a target reflectivity dominated by the
inverse square law, will limit usage to tens of meters ini-
tially. If optical nonlinearity improves however, quantum
lidar will become a possible, perhaps feasible, technique
for detecting objects at a lower illumination level than is
possible classically.
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