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This paper presents a theoretical and experimental investigation into the electrostatic coupling mecha-
nism between different nonlinear modes inside a single resonator. Nonlinear intermodal coupling allows
an arbitrary mode to be used as a modulator for the resonance of the coupled mode, presenting an efficient
method to tune the frequency of a specific vibration mode. Here, a capacitive micromechanical resonator
is developed, in which different modes exhibit different nonlinear characteristics. Inside this resonator,
interactions between different nonlinear modes induced by electrostatic fields are observed and accurately
modeled. It demonstrates that resonance modulation control can be achieved by activating the coupled
modes based on the dispersive parametric coupling effect. Meanwhile, the resonance modulation is jointly
determined by coupled modes, providing a theoretical basis and approach for modal manipulation technol-
ogy. The dispersive coupling between intrinsic modes enables the probe resonance to be tuned by nearly
100 times its bandwidth, and its range and polarity can also be controlled by selecting the resonance of
the pump mode. It is proven that resonance modulation control induced by the modal coupling effect
can efficiently tune the resonator’s resonance frequency over a wide range, which presents a promising
voltage-frequency transduction scheme with high sensitivity and low noise for the precision instrument.
Its pull range exhibits a great potential of more than 20% as a voltage-controlled oscillator and can be
customized to satisfy different requirements, paving the way toward advanced mechanics.
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I. INTRODUCTION

With continuous development and wide popularization
of advanced manufacturing processes, micromechanical
resonators have become the core components in various
fields [1,2]. Under the combined influence of the scale
effect and physical fields, micromechanical resonators can
easily step into nonlinear states, making their dynamic
responses more complicated. In this case, resonators
exhibit a wealth of physical characteristics, effectively
expanding their applications in timing, sensing, informa-
tion processes, and quantum sciences [3–8]. Understand-
ing and manipulating these interesting effects has special
significance in further improving the micromechanical
resonators’ performance.

The modal coupling effect is a typical product of nonlin-
ear micromechanical resonators, attracting attention from
many research groups in recent years [9–14]. In this case,
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the independence between eigenmodes is broken, and they
interact mutually to produce energy exchange between
coupled modes. Recent studies have analyzed the inter-
action between coupled modes with the same nonlinear
characteristics in a single device [2], as well as interactions
between different resonators [15,16]. In contrast, the elec-
trostatic parametric coupling mechanism between different
nonlinear modes inside a single resonator deserves further
exploration.

Here, the electrostatic dispersive resonance modulation
is analyzed theoretically and experimentally. A capacitive
micromechanical resonator with oblique beams is spe-
cially designed as the experimental device, the different
modes of which exhibit different nonlinearities. It provides
a platform to first realize the coexistence of the bending-
induced nonlinearity and electrostatic nonlinear parametric
coupling in a single micromechanical resonator. Previous
studies have found that the existence of oblique beams
will bring the resonator into the stiffness-hardening state,
while the capacitive driving method will introduce the
stiffness-softening effect [17,18]. As a result, this resonator
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associating with oblique beams and the electrostatic field
brings the possibility of different modes exhibiting differ-
ent nonlinear characteristics.

II. STRUCTURAL DESCRIPTION

The core structure of the resonator is composed of
oblique beams, masses, anchors, and a stress-released
structure, as shown in Fig. 1(a). The effective length of the
oblique beams is 250 μm. A variety of advanced micro-

and nanomanufacturing processes are applied in its fab-
rication processing, including wet etching, dry etching,
and silicon-silicon bonding. Additionally, the wafer-level
packaging process is used to maintain a vacuum envi-
ronment (0.5 Pa). Different modal vibration properties of
the resonator obtained by the finite-element simulations
are displayed in Fig. 1(b). In this work, two modes with
different vibration characteristics are selected. These two
modes represent two different motions, namely, out-of-
plane torsional motion and in-plane bending motion. The
coexistence of mechanical nonlinearity and electrostatic

(a)

(b)

(c)

FIG. 1. Resonator’s basic charac-
teristics. (a) SEM image and
schematic diagram of the res-
onator. (b) Modal simulation
results. (c) Resonator’s frequency
response. (I),(II) Out-of-plane tor-
sion modal frequency responses
under sequential sweeping
and reverse sweeping signals,
respectively. Obviously, the
out-of-plane torsion mode sus-
tains a typical negative Duffing
nonlinearity mainly induced by
electrostatic forces, resulting in a
blueshifting of its resonance (res-
onant frequency migrates to lower
region). (III),(IV) In-plane bend-
ing modal frequency responses
under sequential sweeping and
reverse sweeping signals, respec-
tively. In this case, the in-plane
bending mode exhibits a positive
Duffing nonlinearity mainly
induced by its bending stress,
resulting in a redshifting of its
resonance (resonant frequency
migrates to higher region).
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nonlinearity is caused by the bending stress and electro-
static forces, respectively, and they jointly affect the oper-
ating modal nonlinear characteristics. The final manifesta-
tion of the operating modal nonlinearity is consistent with
its dominant nonlinearity. Probing the out-of-plane torsion
mode in this configuration reveals the fundamental mode
ωt/2π = 5127 Hz with a quality factor of Qt ≈ 7524 and
similarly the in-plane bending mode is ωb/2π = 5965 Hz
with a quality factor of Qb ≈ 14 561. With increasing actua-
tion voltages, resulting in larger motional amplitudes, both
modes develop the well-known Duffing nonlinearity. Due
to the special structural design, two selected modes exhibit
different nonlinear properties: for the out-of-plane torsion
mode, its tension-induced nonlinearity is less than the stiff-
ness softening caused by electrostatic forces, so it presents
an electrostatic nonlinearity, as shown in Figs. 1(c-I) and
1(c-II); on the contrary, for the in-plane bending mode, the
beam’s bending deformation cannot be ignored and dom-
inates in its nonlinear region [19], enabling it to exhibit a
typical mechanical nonlinearity, as shown in Figs. 1(c-III)
and 1(c-IV).

In this resonator, both modes can be independently
probed and detected via the modulated resonant signals
on the front-end circuits, as discussed in the Supplemen-
tal Material [20]. The excitation and detection of these
two modes can be achieved through a reasonable elec-
trode configuration. The schematic diagram of the cir-
cuits is illustrated in Fig. 2. A lock-in amplifier (Zurich
HF2LI) is used to activate and detect the coupled modes
simultaneously, and the resonator is placed in a constant-
temperature chamber [(303.15 ± 0.1) K] to reduce temper-
ature drift.

Due to the existence of the oblique beam, it is con-
venient to generate coupling between the in-plane and
out-of-plane motions of the resonator. Under the impact
of the oblique beam, there is a spindle azimuth angle, θp ,

and it can produce the motions in the in-plane direction
and the out-of-plane direction simultaneously. Therefore,
the in-plane bending mode also generates the correspond-
ing normal vibration components, as depicted in Fig. 3(a).
Considering the symmetry of the topology, the single-side
resonant structure is taken as the object (the other side has
the same result), and the bending center of the support
beam is taken as the origin to establish a spatial coordinate
system. According to the spatial geometry relationship,
when the bending angle of the oblique beam is φb and the
torsional angle is φs, the spatial displacement of the reso-
nant structure at any point (x, y, z) on the selected side can
be expressed as

⎡
⎣
�x
�y
�z

⎤
⎦ =

⎡
⎣

−φb(sin θpy + cos θpz)
φb sin θpx − φsz
φb cos θpx + φsy

⎤
⎦ . (1)

However, due to the existence of machining errors, the
orthogonal coupling error appears in the in-plane bend-
ing mode. Compared with the ideal case, its displace-
ment in the normal direction is not symmetrical along
the central axis of the structure, as shown in Fig. 3(b).
When the orthogonal axis declination is θω, the resonant
structure’s displacement in the normal direction can be
updated as

�z = φb cos θp(sin θωy + cos θωx)+ φsy. (2)

At this time, the displacement of the resonant structure
in the normal direction is no longer asymmetrically dis-
tributed, and the resulting changes in the system’s potential
energy cannot cancel each other out. The electrostatic
modal coupling effect can be derived from the superpo-
sition of modal vibrations and the system’s electrostatic
potential energy. When these two modes are actuated

FIG. 2. Schematic circuit of the
resonator.
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(a) (b)

(c)

(e)

(d)

FIG. 3. Schematic diagram of
electrostatic coupling. (a) Ideal
normal displacements of the in-
plane bending mode. (b) Nor-
mal displacements of the in-plane
bending mode with orthogonal
coupling error. (c),(d) Schematic
transient pattern of the inde-
pendently actuated mode. (e)
Schematic transient pattern of the
electrostatic coupling model.

alone, as shown in Figs. 3(c) and 3(d), the resonant struc-
ture with a dc bias voltage, VB, and electrodes with an
ac excitation voltage, VA, form a capacitor, which is a
typical single degree of freedom (1-DOF) system. In this
1-DOF system, due to VB � VA, the electrostatic potential
can be expressed as Ui = −AiεrV2

B/2(d0 + Xi). Here, Xi
represents the normal displacement of mode i. When these
modes are actuated simultaneously, their displacements
are superposed together, making the normal displacement
of the resonator structure become d0 + Xt + Xb. The sys-
tem’s total electrostatic energy can be expressed as U =
− ∑

AiεrV2
B/2(d0 + Xt + Xb). As a result, the nonlinear

electrostatic parametric coupling can be represented by a
two-mechanical-oscillator coupling model [2], as shown
in Fig. 3(d). In this model, two coupled mechanical oscilla-
tors share a common capacitor with a constant bias voltage,
perfectly matching the situation that two individual nor-
mal modes share the same resonant structure. The vibration
of one mode will change the gap of the shared capaci-
tor and affect the system’s potential energy. Meanwhile,
the vibration information will be transmitted to the other
mode through the shared structure, thereby changing the
vibration characteristics of the other mode. Hence, the

superposition of coupled modal vibration information can
be represented by the modulation of the shared capacitor
gap.

III. ELECTROSTATIC COUPLING THEORY

The effective mass, stiffness, and oscillation displace-
ment of each mode are represented by mi, ki, and Xi,
respectively, where i = b or t indicates the mode label. d0 is
the initial capacitance gap at its equilibrium position with-
out modal interactions, and VB is the bias voltage on the
shared resonant structure. The electrostatic parametric cou-
pling is achieved by the energy flow inside the coupled
capacitor. The electrostatic potential energy determined
by the vibrational displacement of two coupled mechani-
cal modes can be expressed as Ue = −AεrV2

B/2(d0 + Xb +
Xt). A is the total effective area of the coupled capaci-
tor, and εr is the dielectric constant. In addition, when
the in-plane bending mode operates in the large-amplitude
resonance state, its resonant structure will undergo a
geometric nonlinear deformation, introducing a nonlinear
elastic restoring potential into the coupled system [17].
The oblique beam is the main location where bending
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deformation occurs, and its size satisfies the characteristics
of the Euler Bernoulli beam [21], so its nonlinear elas-
tic recovery potential is given by Ur = 3ESL0X 4

b /256.
Here, E is silicon’s Young’s modulus; S and L0 are the
cross-section area and initial length of the oblique beam,
respectively. Therefore, the energy equation of the coupled
system can be expressed as

U = ktX 2
t

2
+ kbX 2

b

2
− AεrV2

B

2(d0 + Xt + Xb)
+ 3ESL0

256
X 4

b ,

T = mtẊ 2
t

2
+ mbẊ 2

b

2
. (3)

Substituting Eq. (3) into the Lagrange equation, the
dynamic equations of the coupled system are obtained:

mtẌt + ktXt + AεrV2
B

2(d0 + Xt + Xb)
2 = 0,

mbẌb + kbXb + AεrV2
B

2(d0 + Xt + Xb)
2 + 3ESL0

64
X 3

b = 0.

(4)

After introducing damping terms and performing a Taylor
expansion of nonlinear restoring forces in new equilibrium
displacements xt and xb, which are discussed in the Supple-
mental Material [22], the forced motion of the normalized
system is given by

ẍt + γtẋt + ω2
t xt + αtxb + βt(xt + xb)

2 + νt(xt + xb)
3

= Ft

mt
cos(ωdtt),

ẍb + γbẋb + ω2
bxb + αbxt + βb(xt + xb)

2 + νb(xt + xb)
3

+ ψbx2
b + ξbx3

b = Fb

mb
cos(ωdbt). (5)

Here, γ i and ωi indicate the damping rate and angu-
lar resonant frequency of mode i (i = t or b), consider-
ing the electrostatic-negative-stiffness effect. At the new
equilibrium position, the equivalent capacitance gap is
adapted to d1, as discussed in the Supplemental Mate-
rial [23]. In this case, the expressions of the electrostatic
parametric coupling parameters induced by the coupled
capacitor are αi = −AεrV2

B/mid3
1, βi = 3AεrV2

B/2mid4
1,

and υi = −2AεrV2
B/mid5

1. Ft = 2εrAVBVt/d2
0 and Fb =

2εrAVBVb/d2
0 are the amplitudes of the electrostatic exci-

tation forces, where Vi is the corresponding ac excita-
tion voltage. The dispersive parametric coupling between
selected modes is captured by its electrostatic coupling
parameters, αi, β i, and ν i, when the electromechani-
cally coupled system is harmonically pumped and probed
with force Fi simultaneously. As for the in-plane bending
mode, its positive Duffing stiffness coefficients induced by
the nonlinear elastic restoring force are defined as ψb =

9ESL0Xb0/64mb and ξb = 3ESL0/64mb. The coupled non-
linear equations can be numerically solved by using the
multiscale method [24], as shown in the Supplemental
Material [25]:

(
�t|xt|3

4
+ �t|xt||xb|2

4
+ 2ωtγt|xt|σt

)2

= F2
t

m2
t

−ω2
t γ

2
t |xt|2,

(
�b|xb|3

4
+ �b|xt|2|xb|

4
+ 2ωbγb|xb|σb

)2

= F2
b

m2
b

− ω2
bγ

2
b |xb|2. (6)

Here, σ i =ωdi −ωi/γ t is the normalized frequency-
detuning coefficient, when the excitation-signal frequency
is ωdi. The nonlinear coupling coefficients are

�t ≈ −3υt

γ 2
t

,�t ≈ −6υt

γ 2
t

,

�b ≈ −3υb

γ 2
t

− 3ξb

γ 2
t

,�b ≈ −6υb

γ 2
t

.
(7)

When these modes operate simultaneously in resonance,
indicating that their vibration amplitudes reach a maxi-
mum, the maximum frequency shift, σ t, of the torsion
mode caused by the resonance of the bending mode and
σ b of the bending mode caused by the resonance of the
torsion mode are given by

σt = − γ 3
t

8ωt

[
�tm2

t

ω2
t

+ �tm2
bγ

2
t

ω2
bγ

2
b

]
,

σb = − γ 3
t

8ωb

[
�bm2

bγ
2
t

ω2
bγ

2
b

+ �bm2
t

ω2
t

]
.

(8)

Obviously, the response of one mode will modulate the res-
onant frequency of the other mode, when these modes are
activated at the same time. Since these two coupled modes
share the same resonant structure, one mode’s response
will change the dynamic equilibrium position of the cou-
pled capacitor, which changes the dynamic stiffness of the
other mode, in turn. Through activating a coupled pump
mode, the resonance of the probe mode can be manipulated
consequently. The schematic diagram of the resonance
modulation based on the modal coupling effect is shown
in Figs. 4(a) and 5(a).

IV. SIMULATIONS AND EXPERIMENTS

To ensure the electrostatic coupling strength [2], a sta-
ble 9 V dc bias voltage (VB) is applied on the resonant
structure. According to Eq. (8), the resonance modulation
range can be adjusted by changing the amplitude of pump
signals. Different pump signals generated by the lock-in
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(a)

(b) (c) (d)

(e) (f) (g)

(h) (i) (j)

Sequential Pump

High Branch

Reverse Pump

Low Branch

FIG. 4. Resonance modulation of the out-of-plane torsion mode. (a) Schematic diagram. (b)–(d) Dispersive frequency responses
when both modes are linearly actuated (Vt = 5 mV, Vb = 5 mV), where (b) indicates the numerical simulation results, and (c) corre-
sponds to the sequential pump (pump frequency changes from low to high) experiments, while (d) corresponds to the reverse pump
(pump frequency changes from high to low). (e)–(g) Dispersive frequency responses when the in-plane bending mode is weakly
nonlinearly actuated (Vt = 5 mV, Vb = 50 mV). (h)–(j) Dispersive frequency responses when the in-plane bending mode is strongly
nonlinearly actuated (Vt = 5 mV, Vb = 500 mV).

amplifier are applied on corresponding electrodes to verify
the effectiveness of the theorical analysis. The comparison
of the simulation results and experimental observations for
different probed modes are displayed in Figs. 4 and 5.

Figure 4 exhibits the dispersive modulation of the out-
of-plane torsion mode under different in-plane bending
modal resonance states. In this case, the out-of-plane tor-
sion mode is steadily probed, while the in-plane bending
mode is harmonically pumped at the same time. The
numerical simulation results derived from the electro-
static coupling model are displayed in Figs. 4(b), 4(e),
and 4(h) with different pump parameters, which is per-
fectly consistent with experimental observations. When
coupled modes both operate in linear response regions
with Vt = Vb = 5 mV, the modal interaction remains silent,

as shown in Figs. 4(b)–4(d). Next, increasing the pump
amplitude to make the in-plane bending mode enter
its weak nonlinear response range, amplitude-frequency
responses of the out-of-plane torsion mode are recorded in
Figs. 4(e)–4(g). In this case, electrostatic coupling induced
by the larger vibration of the in-plane bending mode begins
to appear and causes the dispersive frequency shifting
of the out-of-plane torsion mode. However, within the
weak nonlinear state range, the nonlinear response of the
pump mode is relatively weak, where its response ampli-
tudes under the sequential and reverse sweeping signals are
almost the same. Therefore, almost identical frequency-
modulation capabilities are observed in Figs. 4(f) and 4(g)
with pump signals in different directions. Noticeably, with
further enhancement of the pump amplitude, indicating
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(a)

(b) (c) (d)

(e) (f) (g)

(h) (i) (j)

Sequential Pump

High Branch

Reverse Pump

Low Branch

FIG. 5. Resonance modulation of the in-plane bending mode. (a) Schematic diagram. (b)–(d) Dispersive frequency responses when
both modes are linearly actuated (Vt = 5 mV, Vb = 5 mV), where (b) indicates the numerical simulation results, and (c) corresponds
to the sequential pump experiments, while (d) corresponds to the reverse pump. (e)–(g) Dispersive frequency responses when the
out-of-plane torsion mode is weakly nonlinearly actuated (Vt = 50 mV, Vb = 5 mV). (h)–(j) Dispersive frequency responses when the
out-of-plane torsion mode is strongly nonlinearly actuated (Vt = 500 mV, Vb = 5 mV).

that the pump mode steps into its strong stiffness-hardening
region, the distinct bifurcation of the dispersive frequency
modulation appears, as shown in Figs. 4(h)–4(j). Here, the
resonance state of the pump mode plays a significant role
in dispersive modulation, which can be derived from the
difference between the sequential pump and reverse pump.
Due to the mechanical nonlinearity, the response of the
pump mode (in-plane bending mode) exhibits the high-
branch response and low-branch response, corresponding
to the sequential excitation and reverse excitation signals,
respectively. With the sequential pump, the response of
the pump mode is much larger than that of the reverse
pump, leading to a larger frequency shifting, as shown
in Figs. 4(i) and 4(j). Meanwhile, the hopscotch of reso-
nance modulation appears with the nonlinear bifurcation
of the pump mode in the high-frequency region. With

the sequential pump, the pump mode can reach a larger
amplitude, enhancing the frequency modulation of the
probe mode. On the contrary, the pump mode’s response is
reduced under the reverse pump, weakening the frequency-
shifting effect. As a result, the bifurcation and hopscotch of
the dispersive resonance modulation is determined by the
response of the pump mode.

Similarly, the dispersive modulation of the in-plane
bending mode under different out-of-plane torsion modal
resonance states is depicted in Fig. 5. Compared with Fig.
4, the only difference is that the pump mode (out-of-plane
torsion mode) exhibits typical electrostatic nonlinearity, so
its hopscotch appears in the low-frequency region. Based
on the analysis above, it is proven that the resonance state
of the probe mode can be modulated by the amplitudes and
directions of pump signals. Owing to the better damping
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(a) (b)

(c) (d)

FIG. 6. Influencing factors of the capacitive modal coupling effect. (a) Dispersive frequency shifting under different pump frequen-
cies (Vb = 150 mV). (b) Frequency modulation of the probe mode as a function of the pump frequency with different pump amplitudes.
(c) Maximum dispersive frequency shifting under different pump amplitudes. (d) Relationship between the frequency shifting and
pump amplitude with ωt = 2π × 5120 Hz, γ t = 2π × 2.395, mt = 9.374 μg, and d0 = 2 μm.

rate and linewidth of the out-of-plane torsion mode, its res-
olution of frequency detection is much better than that of
the in-plane bending mode. Thus, this paper focuses on the
condition that the out-of-plane torsion is the probe mode,
while the in-plane bending mode is the pump mode.

It is observed that the displacement of the pump mode
will cause a frequency dispersion of the probe mode in
this resonator, which is very similar to the tension-induced
parametric interaction that is well known in clamped-
clamped beam resonators [26]. The difference is that the
frequency of the probe mode will shift to lower values
under the electrostatic nonlinear interaction, while the fre-
quency shifts to higher values for the tension-induced
nonlinear interaction. The origin of the probe mode’s fre-
quency dispersion can be explained in terms of the electro-
static force generated from the pump mode’s motion that
softens its restoring potential in a mechanism analogous
to the Duffing term. The frequency-shifting direction and

range are determined by �i and �i, which are the reflec-
tions of nonlinear elastic coefficients of coupled modes, as
discussed in the Supplemental Material [27]. Additionally,
the location of the modulation hopscotch is related to the
pump mode’s nonlinear response. When the pump mode is
a mechanical nonlinear mode, the hopscotch appears in the
higher-frequency region; when it exhibits an electrostatic
nonlinearity, the hopscotch appears in the lower-frequency
region.

V. RESULTS AND DISCUSSION

Experiments illustrate a 295.6-Hz frequency shifting
under a 500-mV pump signal, presenting great potential
for wide-range frequency modulation, nearly 2 orders its
bandwidth of 3.1 Hz and a 57 656-ppm pull range from
its center frequency. The resonance of the probe mode
can be modulated by the vibration of the pump mode
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(pump amplitude or pump direction). When two modes
retain the resonance conditions |xt| = Ft/mtωtγt and |xb| =
Fb/mbωbγb, the relationship between the probe modal fre-
quency shifting and the pump voltage can be obtained from
Eq. (6), as analyzed in the Supplemental Material [28]:

σt = −�tΓb

8ωtγt
V2

b −�to. (9)

The measurement results shown in Fig. 6 reveal that the
probe mode’s frequency shifting is captured by the pump
mode’s response and is proportional to its pump voltage
squared, as shown in Eq. (9). Additionally, the sensitivity
of this dispersive electrostatic transduction is given by

S = −�tΓb

8ωtγt
= − 3ε3

r A3

πmtωtγt

V4
B

m2
bω

2
bγ

2
b d9

0
. (10)

As for the resonator in this work, it is about 1200 Hz/V2,
revealing that a 1-V pump voltage yields a 1200-Hz fre-
quency shift; in other words, this voltage-induced fre-
quency shift is 3 orders of the pump voltage, presenting
great potential for wide-range precise frequency modu-
lation. Based on the modal coupling effect, it demon-
strates an efficient voltage-frequency transduction scheme
that is different from the traditional electrostatic modula-
tion method widely used in frequency reference devices
[29], such as voltage-controlled oscillators (VCO). In
this case, its pull range is about 23.4% for only 1-V
pump voltage, which is significantly larger than previously
reported results (4%–20.2%) using LC-tank-based VCOs
[30–32]. Compared with these conventional electrostatic
modulation methods, the dispersive frequency modulation
presents a squared output relationship, as shown in Eq. (9),
and allowing it to remarkably increase the pull range while
keeping its small size and low cost by using MEMS res-
onators with low phase noise. Moreover, it is worth noting
that the modulation sensitivity and range can be controlled
and flexibly designed according to different requirements,
effectively expanding its application fields.

VI. CONCLUSION

A capacitive resonator with different nonlinear modes is
specially designed to analyze the electrostatic dispersive
coupling. Two coupled modal oscillations superpose and
their resonance can be modulated by the electrostatic neg-
ative stiffness induced by the other mode’s displacement.
The dispersive coupling between intrinsic modes enables
the probe resonance to be tuned by nearly 100 times its
bandwidth, and its range and polarity can also be con-
trolled by selecting the resonance of the pump mode. It
is demonstrated to be an effective resonance modulation
method and a highly sensitive and wide-range voltage-
frequency transduction scheme, which is totally differ-
ent from its existing counterpart based on electrostatic

modulation. Its sensitivity exhibits a great potential of
nearly 3 orders of its pump voltage and can be cus-
tomized to satisfy different requirements. It expands the
pull range more than 23% with promising potential for
application in VCOs. This simple coupled electromechan-
ical resonator paves the way toward actively engineered
mechanics where nonlinear phenomena can be applied to
high-precision sensing and quantum calculations, which
is meaningful for enhancing the performance of MEMS
resonators.

See the Supplemental Material [33] for detailed descrip-
tions of the resonator’s structure, processing, and experi-
mental sets. The expansion of the electrostatic parametric
coupling system in the multiscale used to generate the
numerical solutions are also analyzed in detail.
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