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Continuous-variable (CV) entanglement constitutes a powerful approach to deterministic quantum
information protocols. Improving the scale of entanglement is of vital importance for enhancing the infor-
mation capacity of quantum information protocols. Here we demonstrate the deterministic generation
of CV entanglement of large-scale Hermite-Gaussian (HG) modes from the four-wave mixing (FWM)
process in an atomic vapor. In our experiment, 56 pairs of entangled HG modes are deterministically
and simultaneously generated from the FWM process, which increases the number of entangled spatial
mode pairs in the CV system. Meanwhile, we experimentally verify the existence of CV entanglement
between the evolution process from HG mode to Laguerre-Gaussian mode. Our results shed light on con-
structing high-capacity CV quantum information protocols and provide a promising platform to study CV

entanglement.
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I. INTRODUCTION

Quantum entanglement, which Einstein called “spooky
action at a distance,” is an intriguing property of quan-
tum mechanics [1] and forms the cornerstone of diverse
quantum information protocols that outperform their clas-
sical counterparts [2—7]. Continuous-variable (CV) [8] and
discrete-variable (DV) [9] systems are two main branches
of quantum information systems and possess respective
advantages. Quantum information protocols based on CV
entanglement have experienced extensive development
because CV quantum systems offer the advantage of deter-
ministic generation of entanglement [8,10]. To construct
large-scale quantum information protocols, multiplexing
is an extremely important route. By integrating multiple
channels into one, multiplexing can enhance the number
of entanglements in CV system based on different types of
degrees of freedom (DOFs), such as wavelength [11-14],
time [15—18], and space [19,20]. Recently, orbital-angular-
momentum (OAM) multiplexing has been demonstrated
in CV systems [21,22], showing that the spatial mode is
a promising DOF to multiplex CV entanglement. How-
ever, OAM modes are a subset of Laguerre-Gaussian (LG)
modes and cannot completely describe the entire trans-
verse mode space. To further boost the number of entan-
gled spatial mode pairs in CV systems, it is promising to

*Corresponding author. jtjiing@phy.ecnu.edu.cn

2331-7019/22/18(2)/024057(10)

024057-1

multiplex CV entanglement by making use of a complete
spatial mode set [23].

Hermite-Gaussian (HG) and LG modes are two sets of
natural resonating modes in stable laser resonators [24,25].
They are solutions of the paraxial wave equation in
Cartesian and cylindrical coordinates, respectively. Com-
pared with LG modes, HG modes exhibit more resilience
to atmospheric turbulence [26,27] and show self-healing
property after an obstruction [28], which indicates advan-
tages in free-space communication protocols. Meanwhile,
the unique spatial characteristics of HG modes make them
useful in small-displacement and tilt measurements [29],
particle manipulation [30], and so on. More importantly,
HG modes, which are characterized by two mode indexes
n and m, provide a basis to fully represent the spatial struc-
ture of the transverse field and thus can greatly enhance
the information capacity of communication systems. So
far, HG modes have been employed to demonstrate entan-
glement in both CV [31,32] and DV [33,34] systems.
However, CV entanglement between HG modes is typi-
cally generated from the optical parametric oscillator and
confined to the relatively lower orders [35], which limit
their application in large-scale information encoding. The
four-wave mixing (FWM) process in a hot ¥*Rb atomic
vapor has been shown as a favorable resource for quantum
entanglement, owing to its spatially multimode nature and
strong nonlinearity without an optical cavity [20-22,36].
Therefore, it is promising to exploit higher-order HG
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modes from the FWM process to enhance the information
capacity of CV systems.

In this paper, we utilize the FWM process in a hot
85Rb atomic vapor to generate 56 pairs of HG modes. The
CV entanglement between two HG modes with the same
mode indexes is verified in our experiment. Our results
increase the number of entangled spatial mode pairs in
the CV system. Meanwhile, we experimentally demon-
strate the existence of CV entanglement in the evolution
process from HG mode to LG mode. Our scheme uti-
lizing a complete spatial mode set provides an efficient
way to enhance the information capacity of CV sys-
tems and can be applied to parallel quantum information
processing.

II. EXPERIMENTAL RESULTS

The FWM process is based on the double-A energy
level configuration in the D1 line of ¥Rb. Two pump
photons are converted into a probe and a conjugate pho-
ton in the hot #*Rb atomic vapor. Phase-matching condi-
tions ensure that the generated probe and conjugate modes
are identical in the mode indexes of HG modes. Then
the interaction Hamiltonian of the FWM process can be
described as

H =" ihy,wa},bh,, + He., (1)

nm

where &Z,m and i)lm are the creation operators of probe

and conjugate modes, respectively, ;, , is the correspond-
ing interaction strength of a pair of HG modes, and H.c.
denotes the Hermitian conjugate. After applying the time-
evolution operator to vacuum state, a number of inde-
pendent two-mode squeezed vacuum states [v),, are
generated. The output field of the FWM process can be
written as

W ou = [ [ 1¥)nm- )

These two-mode squeezed vacuum states are multiple
pairs of simultaneously generated HG modes, i.e., CV
entanglement is multiplexed in a series of orthogonal HG
modes.

Figure 1(a) shows the experimental setup, where two
identical FWM processes happen in the same atomic cell.
The pump and probe beams of the FWM processes are pro-
duced by a Ti:sapphire laser whose frequency is stabilized
at 377.1102 THz. The bright probe beam is redshifted by
about 3.04 GHz via an acousto-optic modulator (AOM)
and transformed into HG modes via a spatial light modula-
tor (SLM). Then the probe beam is crossed with the strong
pump beam at about 7 mrad, leading to the generation of
a bright conjugate beam. Similarly, parts of the probe and

Rb

FIG. 1. Experimental scheme for deterministic generation of
CV entanglement of large-scale HG modes. (a) The detailed
experimental setup. (b) The energy level diagram of the double-
A configuration in the D1 line of #Rb.

pump beam are split out to serve another FWM process.
The images of FWM output fields captured by a charge-
coupled device (CCD) for varying HG modes are shown
in Fig. 2(a). In each image, the beam profiles from right
to left are amplified probe beam, pump beam, and newly
generated conjugate beam, respectively. With an increase
of either mode index of HG mode, the beam size becomes
larger, resulting in less overlap with the pump beam in
the FWM process. As a result, weaker interaction strength
induced by less overlap leads to smaller intensity gain,
which is shown in Fig. 2(b).

The positivity under partial transposition (PPT) criterion
[37] is widely employed in CV systems to verify entangle-
ment. One can characterize the entanglement properties by
constructing the covariance matrix (CM) from the ampli-
tude and phase quadratures and calculating the smallest
symplectic eigenvalue v of the partially transposed CM.
An entangled state is verified if and only if v is smaller
than 1 for the bipartite case. In our system, the CM for
HG,,, modes can be expressed as o0,,, = (§7&), where
&= (0 T K, V). X0 (17,) and X0 (90
are the amplitude (phase) quadratures of the probe and
conjugate fields, respectively. Two balanced homodyne
detections (BHDs) are used to project the output field of
the FWM process onto the same HG mode using two local
oscillators (LOs) and to measure the elements of the CM.
One BHD is used for detecting the probe fields and the
other for the conjugate field. We block the probe beam of
one FWM process, making it an unseeded FWM process.
Such an unseeded FWM process is used for the gener-
ation of entangled HG modes as represented in Eq. (2),
while the seeded FWM process is used for generating
the LOs of the two BHDs. The desired field quadrature
can be measured by employing two scanned piezoelectric
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Images and intensity gain of entangled HG modes. (a) CCD-captured images of HG modes with varying indexes generated

from the FWM process. Labeled columns represent the index m of the probe beam, while labeled rows represent the index # of the
probe beam. The beam profiles from right to left in each image are amplified probe beam, pump beam, and newly generated conjugate
beam, respectively. (b) Intensity gain as a function of the two indexes n and m.

transducers (PZTs) to change the phases of the two BHDs.
Then we can obtain the variance of the single-field quadra-
ture according to the photocurrent from each BHD, and
the covariance of the two-field quadrature is given by the
photocurrent from two BHDs and their subtraction or addi-
tion. These photocurrents are recorded by two spectrum
analyzers (SAs), which are set to 1.5-MHz center

FIG. 3. The smallest symplectic eigenvalue v of the par-
tially transposed CM as a function of the two indexes n and
m. The colored pillars represent entangled modes. All these
results are uncorrected for the detection efficiency. The uncer-
tainties are statistical, one standard deviation of multiple repeated
measurements.

frequency. After constructing the CMs for different HG
modes, the corresponding v is shown in Fig. 3. With an
increase of either mode index n or m, v increases, indi-
cating the reduction of the degree of CV entanglement.
For higher-order HG modes, CV entanglement disappears
when v is not smaller than 1, due to weak nonlinear
interaction strength. The entangled modes are colored in
Fig. 3 [they are also marked inside the blue frame in
Fig. 2(a)]. Such results show consistency with Fig. 2(b)
because in our system v is a function of intensity gain (see
Appendix B), and v increases with the decrease of intensity
gain. In theory, HG modes always stay entangled when the
corresponding intensity gain is greater than 1. However,
there are inevitable losses in experimental implementation,
which give rise to excess noise. Under our experimen-
tal conditions, we achieve a maximal range of n and m
from 0 to 9 for entanglement generation. With an increase
of either index, the range of the other index possessing
entanglement gets smaller, for the reason that the beam
waist of the HG mode is proportional to «/n+ m + 1.
Altogether, 56 pairs of entangled HG modes are determin-
istically generated from the FWM process, indicating the
large information capacity of the system.

Further, it is interesting to investigate CV entanglement
between a more generalized mode set [38,39]

N
Unm(,3,2) = Y ¥, m, ouyS ,(x,,2),  (3)
k=0
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where

[(1 = 0"+ )"]=o,
“

(N — KN\ 21 gk
2N plm! k! dt*

b(n,m,k) = <

nm(x y,z) is the complex amplitude of HG modes, N =
n+ m is defined as the order of the modes, and C is a
constant. These series of modes can be seen as the super-
position of HG modes with the same order N. When C =
/2, Eq. (3) represents the widely used LG mode; when
C =0, it represents a diagonal HG mode whose coordi-
nate axes make an angle of 45° in the (x, y) plane with the
Cartesian coordinates (diagonal HG mode is used in entan-
glement generation and verification experiment mentioned
above because it has the same characteristic as HG mode);
when C is in the range from 0 to v /2, it represents the evo-
lution process from HG mode to LG mode. For any fixed
C, Eq. (3) constitutes a mode set meeting both orthogonal-
ity and completeness. To investigate the CV entanglement
property in the gradual evolution process from HG mode
to LG mode, we focus on several particular cases with C
varying from 0 to 7/2 when n = 1 and m = 3. In such a
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FIG. 4. Entanglement evolution from HG mode to LG mode.
(a) CCD-captured images from the FWM process for differ-
ent values of constant C. (b) Intensity gain (blue square) and
the smallest symplectic eigenvalue v of the partially transposed
CM (red circle) as a function of the constant C. All these
results are uncorrected for the detection efficiency. The uncer-
tainties are statistical, one standard deviation of multiple repeated
measurements.

process, diagonal HG; 3 mode is gradually evolved into
LG, mode (for LG, ; mode, p is the radial index and £
is the topological charge which corresponds to the OAM
of the optical field). The output images of the FWM pro-
cess for different C are shown in Fig. 4(a), which displays
the mode evolution in both probe and conjugate beams.
Note that the topological charges of the probe and conju-
gate beams are opposite due to OAM conservation in the
FWM process. In a similar way to HG modes, the intensity
gain (blue square) and the smallest symplectic eigenvalue
v of the partially transposed CM (red circle) as a func-
tion of C are measured and shown in Fig. 4(b). For C
from 0 to /2, v is always smaller than 1, indicating the
existence of entanglement in the evolution process. These
modes are of the same order with the same beam waist,
resulting in similar nonlinear interaction strength, which
explains that the intensity gain and v for these modes are
almost the same. Therefore, any orthogonal spatial mode
set, which is not limited to conventional HG or LG mode,
can be used to exploit multiplexing in CV systems as
long as these sets are orthogonal. One can choose any set
according to whether it is convenient for implementation
in practical applications. For example, compared with the
robustness of HG modes in free-space information trans-
mission [26—28], LG modes are widely used in fiber-based
communication systems such as OAM mode division mul-
tiplexing in fibers [40] and propagation stability of radial
modes in graded-index fibers [41].

II1I. CONCLUSION AND DISCUSSION

In conclusion, we make full use of the spatial DOFs by
multiplexing CV entanglement in HG modes. In our exper-
iment, 56 pairs of entangled HG modes are deterministi-
cally and simultaneously generated from the FWM process
in a hot Rb atomic vapor. In addition, we demonstrate
the entanglement between the evolution process from HG
modes to LG modes. Compared with previous works on
spatial mode multiplexing in CV systems, our demonstra-
tion increases the number of entangled spatial mode pairs
and provides an efficient way to enhance the informa-
tion capacity of CV systems. Utilizing HG mode sorting
[42—44], these HG modes can be efficiently spatially sep-
arated, which may find applications in building distant
quantum communication networks. For high-speed manip-
ulation of spatial modes in future quantum computing
applications, several approaches [45—48] can be adopted.
Note that our results feature CV hyperentanglement [49,
50] because the two mode indexes of HG modes provide
two independent spatial DOFs. Our current implementa-
tion is only limited to spatial DOFs. It is promising to
combine spatial mode multiplexing with other multiplex-
ing technologies [11-18] to further develop larger-scale
CV entanglement and give full play to the advantages of
each DOF to address diverse requirements in quantum
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information processing. Applying classical data postpro-
cessing [51] to our multimode quantum resource may
realize the generation of genuine multipartite entanglement
analogy with the demonstration using frequency DOF [52].
Our results shed light on developing high-capacity CV
quantum information protocols and provide a promising
platform to study CV entanglement.
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APPENDIX A: THE FUNDAMENTAL
CHARACTERISTICS OF HG MODE

The electric field representation of HG mode is given by

2 p—(ntm)/2 x? 4 32
HG —
(X 2) = wnlm! w cxp < w? )
X ex —lk(x2 +77)
P 2R

1

—i(n+m l)arctani:| . (A
ZR

X exp
with
l 2
Zn = ko 0), (A2)
2 2
RG) = 7k, (A3)
zZ
1 2 2
Lkt o) = =R (A4)
2 ZR

where H,(x) is the Hermite polynomial of order n and
k is the wave number. HG modes have the following
orthogonality:

f / W (e, )5 (r,y)dxdy
(AS)

= Sy myOmy my -

The two indexes n and m are independent in mode orthog-
onality, which indicates that they can provide two indepen-
dent spatial DOFs.

APPENDIX B: THE THEORETICAL MODEL
Labeling the creation operators of HG’™ and HGS°Y

n,m n,m
modes as az » and bn .m» respectively, and denoting the
strength of the interaction with each pair of HG modes as
the real parameter y,,,, the interaction Hamiltonian of the
FWM process can be written as

H =" ily,ma} b}, +He., (B1)

in which H.c. denotes the Hermitian conjugate. Then the
corresponding time-evolution operator can be expressed as

a 2 ot
U(t) — e_lHt/h — eZn,m )’n,m(an,mbn,m_ﬂn,mbn,m)t' (B2)

Using the commutation relations

8”17"2 6m1,m2’

N ~
[bnl Sy bn2 n12]

[&"hml’&zz,mz] = [bnl,mlebzz’mz] =

[anl m]a&nz m2] = [&Zl ml’&ZZ m2] =

= [ ni ml’bzz mz] [anl oW ”2 mz] [&Zl mp? n2 m2]
= [an,ny» B} ] = oy, 5 ] =0 (B3)
and the Baker-Hasudoff theorem
B = AcB B2, (B4)

the time-evolution operator can be further written as

f](t) — eZn,m Vn,m(&jr,m[;jr,m*&n,ml;n,m)t

— 1_[ e}’n,m (&jr,mgl,m *&n,m i’n,m)t

n,m

(B3)

Then by applying the time-evolution operator to the vac-
uum state, the state of the FWM output field can be
written as

19 )our = U(2)[vac)

= 1_[ elnm (&I,nﬂgl,m_&”’ml;n’m)t|VaC>.

nm

(B6)

Supposing that the mixing interaction occurs over
a timescale 7, the time-evolution operator can be
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described as

(A](-[) — l_[ eVn,m(ar‘t,m[;r‘t,m*an,mi’n,m)f
n,m

- l_[ Un,m(f)-

nm

(B7)

Then we set

S*(rn’m) = Un,m (1) = ern,m(al,mbl,m_an,mbn,m), (BS)
which is the so-called two-mode squeezing operator
squeezing the modes a,, and l;n,m together, and 7, =
YamT 1S the squeezing parameter quantifying the degree of
mixing. Then the final state of the FWM output field can
be further written as

hzf)out == l_[S(rn,m)lvac)n,m = l_[ hh)n,ms (B9)
|
(K Xr) (R )
(PP ) (YA
I = R Comgery (o g
(X Py (o Fer )
According to
ST(”n,m) = Sil(rn,m) = S(rn,m) (BIZ)
and
N 1 .
_ Lo
B = Z 14,81, (B13)

the unitary transformation properties of two-mode squeez-
ing operator can be obtained:

ST (rn,m)j?nliyrns(rn,m) = an;rnCOSh(rn,m) + Xf,ﬁnj Sinh(rn,m):

ST ) XSS () = XM e0sh(ry ) + X0 sinh(r, ),

2Gum — 1 0
2Gum — 1
Onm =
’ Gn,m(Gn,m - 1) 0
0 _2 Gn,m(Gn,m - 1)

where S’(r,,,m) are a series of two-mode squeezing oper-
ators corresponding to independent two-mode squeezing
vacuum states [v),,. As can be seen, these two-mode
squeezed vacuum states are independent HG modes, which
means that CV entanglement multiplexed in HG modes
can be generated from the FWM process.

Each pair of generated HG modes can be described
quantum mechanically by corresponding amplitude and
phase quadratures. In our system, they can be written as

A At A At
)"(Pr _ nm + anm ’)\,pr _ lpm — Anm
nm — ﬁ > nm — ﬁ >
1
~ X ~ X
{-Conj bn,m + bn,m i/(jonj bn,m — Onm
X' = ——F—— o, = . (B10)

V2o V2i

Then we can construct the corresponding CM o, to
characterize the quantum property of each pair of HG
modes:

K2ty (&)
(e Ry (g
Dara) GRA) IO b )
(Feom &Sy (o T

(B11)

ST (rn,m) 3\]5,rm:5\1(rn,m) = i\/,I;’rm(-‘*()Sh(l"n,n't) + i/,i(:nnj Sinh(rn,m)a
ST ) VSIS (1) = ¥$Mc0sh(rn) + V2, sinh(7i ).
(B14)
Then the element of the CM can be calculated:

(X XPy = (X X 1)

n,n " n,m n.m“ - nm
= (vac|S" () X\ 5 SCam)ST ) X,

X SUrpm)|vac) = 2G,m — 1, (B15)
where G, = cosh? (rnm) 1s the intensity gain of the corre-
sponding HG mode. Similarly all the elements of the CM
can be calculated:

Gn,m(Gn,m - 1) 0
0 _2\/ Gnm(Gnm - 1)
e . (B16)
2Gn,m - 1 0
0 2Gn,m -1
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In our system, the smallest symplectic eigenvalue v, , of the partially transposed CM can be written as

V,m = min[Eigenvalue(iSM o, ,M)] = \/1 +8Gum(Guw — 1) — 4\/G,,,m(G,,,m —DQ2Gym — 1)?,

where
0 1 0 0 100 0
10 0 0 010 0
S=1lo 0o o 1> M=o 01 o
0 0 —1 0 00 0 —I
(B18)

It can be seen that v, ,, is smaller than 1 when correspond-
ing G, is greater than 1, which indicates the existence of
CV entanglement according to the PPT criterion.

APPENDIX C: BHD FOR HG MODE

In order to experimentally test the entanglement
between HG modes, we have to extract the desired HG
mode from the whole optical field and measure the corre-
sponding CM.

The BHD technique, in which the whole optical field is
projected onto a specific mode according to the tailored
LO, is widely used in CV systems for its high detec-
tion efficiency. Regarding HG modes the BHD scheme is
1llustrated in Fig. 5. ALO a aun omy (%, ) and a signal field

nz m, (X, ) are incident into the two ports of a 50:50 beam
sphtter respectively, and then the fields of two output ports
can be written as

R 1
c= —[aun1 g (% e’ + bunHszz(x,y)],

%

n 1
d= 7[aun1 g (X e’ (C1)

HG
— bullS, )],

buliS, (x,y)

0
c;lA my (% y)\

I_

FIG. 5. Schematic of BHD for HG mode. A local oscillator
and a signal field are incident into the two ports of a 50:50 beam
splitter. Then the fields of two output ports are detected by two
photodiodes whose photocurrents are subtracted by a subtractor.

(B17)

(

where 6 is the relative phase difference between LO and
signal field. Then the fields ¢ and d are detected by two
photodiodes, after which the two detected photocurrents
are subtracted by a subtractor. We express a and b as

a=~la| +da,

b~ |B| + 8b, (C2)
and neglect terms without || because the coherence
amplitude of the LO is much larger than that of the sig-
nal field (Je| > |B|). Then the difference photocurrent can
be expressed as

o0 OQAA X
=/ / (d'd — & &)dxdy
0 0

o (@'be ™ + bTae™)
/ / Uy O (6 )ty (x, y)doxy

OC |t 81y 1y Siny mys (C3)
where 8X, = §be " + 8bTe is the amplitude quadrature
of the signal field. It can be seen that the difference pho-
tocurrent is proportional to the quantum fluctuation of a
specific HG mode that has the same indexes as the LO.

In our experiment, the probe and conjugate beams are
detected by two sets of BHDs, respectively. Then the
normalized diagonal terms of the CM can be obtained by

AZ(LPr XPr )

(XPr xPry — — e nm”
nm > n,m
AX(LPr Kae)
2/1P
3 &y A (Lnrmygrm)

r
( nm* nym

AZ(LPr Voae)”

C C
(XCOHJXCOnj) A2(L On]X On])
M N L Re)
AZ (Lc?nj i/c?nj
i = SLELD oy

ALV ae)

where XP (o) and ¥ (Yool are the amplitude

quadrature and phase quadrature of probe (conjugate)

beam, respectively, LPr (L,(,j(,),?j) is the optical power of the

LO, AZ(LPT XPr) [A2 (LCOHJX Coni)] is the noise power of

nm-"n,m
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photocurrent when the signal field is fed into the detec-
tors, and AZ(LE,rm)A(\,aC) [A2(Ly W ¥,40)] is the noise power
of photocurrent when the signal field is blocked. By com-
bining the photocurrents of two BHDs via an adder (sub-
tractor), we can measure the noise power of the sum
(difference) of the two photocurrents, and the minimum
of the measurement result is equal to A2(LP* ¥Pr 4

n,m= n,m
LoomyCony [A2LPr XPr — [LONK M) Then we can

. n,m“ n,m
obtain
& Conj {-Conj
N X)) A AP (L Xum)
{Pr {-C nm*n,m n,m “Xn,m
(K Xm™) =

2/ A2LEE Roae)y) A2 L Rrac)

& Conj {>Conj
_ AZ(LE,ranlj‘:n - Ln,(r)rltlen,rznj) ' (CS)

2/ A2LET, Roae)y A2 Lo Rrac)

In a similar way, all the normalized off-diagonal terms of
the CM can be obtained. Then we can fully construct the
CM for characterizing CV entanglement.

Visibility

Visibility

FIG. 6. Interference visibilities of the BHDs for detecting the
(a) probe and (b) conjugate fields as a function of the two mode
indexes.

The extraction efficiency of the BHD depends on the
interference visibility between the LO and signal field.
We can record the visibilities between the corresponding
LO and probe (conjugate) fields by making the two FWM
interactions identical. The results are illustrated in Fig. 6.
These visibilities are within the range of 0.88 and 0.98
and decrease slightly with an increase of the two indexes,
indicating the high extraction efficiency of HG modes.
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