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The complex nonlinear dynamics of colliding counterpropagating ultrashort laser pulses circulating in
a vertical external-cavity surface-emitting ring laser cavity are captured by a first-principles quantum-
mechanical microscopic model coupled to an intracavity beam propagator. Our numerical simulations
establish that overall mode locking stability is sensitive to relative phases and delays of the pulses imping-
ing on the semiconductor saturable absorber mirror. Delay offsets of the counterpropagating pulses lead
to asymmetric carrier recovery and instability, often leading in turn to single unidirectional circulating
pulses. Although computationally challenging, we also include transverse effects and show that the influ-
ence of interference patterns from spatial gratings written by the counterpropagating pulses is significant
in stabilizing the modelocked pulses.
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I. INTRODUCTION

Colliding pulse mode locking (CPM) has been studied
extensively as a means of producing ultrafast pulses since
its initial application to dye lasers [1]. The modern vertical
external-cavity surface-emitting laser (VECSEL), some-
times referred to as a semiconductor disc laser, provides
a research test bed for CPM [2,3]. These lasers, described
by Kuznetsov et al. in 1997 [4], are a modern source
for compact high-brightness, high-beam-quality, single-
mode continuous-wave and ultrafast laser pulses. Due to
advanced bandgap engineering technologies, VECSELs
can operate across much of the electromagnetic spectrum
[5,6]. Particular applications include supercontinuum gen-
eration [7], sodium guide star generation [8], ultrafast laser
ablation [9], and single- and dual-frequency comb gen-
eration [10]. For a more thorough review of VECSEL
technologies and applications see Keller et al. [11,12],
Rahimi-Iman [13], or Guina [14].

The shortest uncompressed pules from a VECSEL to
date were obtained using a colliding pulse ring cavity
setup [15]. These setups utilize a surface-emitting multi-
ple quantum well (MQW) based semiconductor gain chip,
ubiquitous in VECSEL operation, a semiconductor sat-
urable absorber mirror (SESAM), and an output coupler

*smclaren@math.arizona.edu

(OC) [16]. These components are arranged to form a
ring, shown schematically in Fig. 1. The angles and arm
lengths are shown symmetrically, though an actual cav-
ity can tune these parameters dependent on desired cavity
lengths, lab space, and the inclusion of additional optical
elements.

VECSEL ring cavities are more complicated than pas-
sively modelocked V-cavities. The more complicated
geometry allows a single pass over the gain chip per round
trip, as opposed to the double pass in a V-cavity. This
minimizes the largest source of dispersion in the cavity.
Additionally, the bidirectional cavities naturally stabilize
to have counterpropagating pulses which collide on the
SESAM, minimizing the amount of pulse energy required
to bleach the SESAM. Because of this, the absorption
can be more readily bleached at lower energy fluences,
minimizing the degradation of the SESAM chip, typically
caused by two-photon absorption [17,18]. The physics
involved in mode locking in such ring cavities is nontriv-
ial, involving a dynamical competition between ultrafast
nonequilibrium carrier kinetic hole burning and filling,
resulting nonlinear gain and loss, spatial gratings written
by counterpropagating pulses impinging on the SESAM,
and external cavity geometry influences. The interplay of
all these intrinsic and cavity-based mechanisms has never
been studied at this microscopic level. In particular, the
influence of higher-order spatial gratings directly relevant
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FIG. 1. Generic ring cavity setup with output coupler (OC),
SESAM, and VECSEL gain chip, shown symmetrically. Four
copropagating fields are present within non-normal inci-
dence–exhibiting components.

in CPM VECSELs [19] on stabilizing pulses has not been
demonstrated in such setups. In this article, we utilize
a first-principles quantum-mechanical coupled VECSEL
model to highlight the rich and varied physics underly-
ing CPM. We highlight broad ring cavity behaviors that
drive these remarkably powerful, and robustly stable, cav-
ities. These results should inform both future experimental
ring cavity setups and numerical studies utilizing simpler
models.

There are many rate- or quasiequilibrium-based numer-
ical laser models employed to study such laser geome-
tries, dating back to the Haus master equations [20].
Tools used range from simple gain saturation models
[21], via delay differential equation models which phe-
nomenologically model individual components within the
laser cavity [22–24], to more complicated models that
incorporate direct material responses and coherent effects
[25,26]. These are often used to predict and guide exper-
imental design but have also been used analytically to
demonstrate macroscopic gain dynamics, including pulse
clustering [27]. These approaches have been important
in both elucidating global behavior and allowing the
rapid development of VECSEL technologies and capa-
bilities. The primary drawback is the need for extensive
experimentally driven parameterization, such as satura-
tion fluences and Fermi-Dirac quasiequilibrium carrier
distributions. Including a spectral response in macroscopic
models adds an additional complexity in the form of
either restrictive assumptions or experimentally derived
gain filters and dispersion functions [28]. The conse-
quence is the loss of robustness, parameter availability,
and predictive capability as experiment-specific parame-
ters need to be recalculated whenever the experimental
setup is changed. Thus, in tandem with simpler macro-
scopic models, it is useful to have a higher-fidelity model

both to inform updates of the macroscopic quantities and
to investigate more fundamental physical behaviors such
as destabilization, pulse molecule formation, and com-
plex inhomogeneous spectral broadening and shifting. A
microscopic- based approach, although more computa-
tionally challenging, provides a direct predictive picture
that utilizes rigorous physics capturing the precise details
of the semiconductor gain and absorbing structure. From
these simulations, dispersion, gain, and saturation can eas-
ily be computed for use in broader low-fidelity model
sweeps [29]. For example, ultrafast carrier-carrier scatter-
ing processes impose a boundary between a pulse expe-
riencing a low effective gain (femtosecond pulses), when
scattering is too slow to refill a burned kinetic hole,
and enhanced effective gain for longer duration pulses
(picosecond) where excess carriers can refill the hole and
enhance the stimulated generation of additional photons.
Here we present such a first- principles microscopic model
in tandem with light propagation macroscopic models to
develop fundamental theories and intuition as a means
to inform simpler models, alongside future experimental
setups.

II. MODEL

The transverse Maxwell semiconductor Bloch equa-
tions (TMSBE) model couples together a pseudospec-
tral beam propagation method (BPM) and a trans-
fer matrix method to a first- principles quantum-
mechanical description of the semiconductor quantum
wells. The one-dimensional model has been used exten-
sively to design gain chips and further understand-
ing of the fundamental physics [30,31]. The transverse
model expands on this and has been used to study
transverse field instabilities as well as mode locking
behaviors in V-cavity VECSELs [32,33]. This article
utilizes this model to characterize the driving physics
and demonstrate optimization criteria for CPM opera-
tion within ring cavity VECSELs. Mode locking is cap-
tured from spontaneous emission by discretizing the var-
ious material layers and air regions and iterating the
propagation and nonlinear interactions in a split-step
manner.

The pseudospectral BPM allows the propagation of the
field within the various components of the model as shown
in the following equation:

E(r, z) = FFT−1 (
eF(kx ,z) · E(r, 0)

)
. (1)

The particular propagator used, F(k, z), is derived as a
Fourier transform of Green’s function for the scalar wave
equation,

F(k, z) = iz
(√

k2
0 − k2 − k0

)
, (2)
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for a central and distributed wavenumbers k0, k, respec-
tively. Boundary conditions for Maxwell’s equations lead
to a normal incidence transfer matrix that relates the
incoming and outgoing electric fields based on Fres-
nel reflection and transmission coefficients [34]. Each
material layer within the model is treated as homoge-
neous and isotropic, numerically instantiated from the
OC, through the various materials and layers of the setup
in a linear fashion, with periodic boundary conditions
used at the final OC interaction so that the field recir-
culates. The OC is modeled as a 1% loss in intensity
at each encounter. Material layers are labeled in increas-
ing order. For the interface between layers j and j +
1 with forward (backward) moving fields expressed by
+(−) respectively and frequency-independent refractive
indices nj and nj +1, the electric field transfer matrix
becomes

(nj + nj +1)

[
E+

j +1
E−

j

]
=

[
2nj nj +1 − nj

nj − nj +1 2nj +1

] [
E+

j
E−

j +1

]

− μ0c0
∂

∂t
P(z, t) (3)

for the vacuum permeability, μ0. The macroscopic polar-
ization density, P(z, t), is only nonzero when the field
crosses over a quantum well [35]. This is general-
ized in the non-normal incidence case to accommo-
date oblique transmission and reflection as well as
incoming and outgoing fields along distinct paths [33].
The non-normal incidence is captured using a hybrid
approach, the field is propagated to the average dis-
tance of the tilted plane, and then the appropriate addi-
tional path length is added as a delay along the trans-
verse dimension. The astigmatism induced by the non-
normal incidence, as well as the transversally dependent
diffraction, are neglected as they have minimal influ-
ence on the particular setups studied. A boundary guard
is used to minimize backreflection from any outgoing
fields.

Within rate-based models, the macroscopic polariza-
tion density is frequently adiabatically eliminated, and
expressed in terms of the electric field. In the TMSBE,
it is numerically integrated from the microscopic polar-
ization densities, obtained by numerically coupling the
semiconductor Bloch equations (SBE). The general two-
parabolic-band SBE are

∂

∂t
pk = −iωkpk − i�k(ne

k + nh
k − 1) + ∂

∂t
pk|scatt,

∂

∂t
ne(h)

k = i
[
�kp∗

k −�∗
kpk

] + ∂

∂t
ne(h)

k |scatt, (4)

where the generalized single particle energies, �ωk, and
Rabi frequencies, �k, are defined as

�ωk = �2k2

2mr
−

∑

q�=k

V|k−q|(ne
k + nh

k),

�k = 1
�

⎛

⎝dcvE(t) +
∑

q�=k

V|k−q|pq

⎞

⎠ . (5)

Here, mr is the reduced mass of the electron hole pair, V is
the screened Coulomb potential, and dcv is the dipole tran-
sition matrix element for the transition between conduction
and valence bands. Within the classical optical Bloch equa-
tions, which describe a two-level oscillator excited by an
incident field, the single particle energy characterizes the
natural frequency of the driven system, whereas the Rabi
frequency describes the oscillations driven by the inci-
dent field. The SBE generalize these concepts through
the Coulomb potential, coupling together the oscillators
associated with any transition from one band to the next.
Although a continuum in reality, these transitions are
discretized to 100 points for these results.

Note the population inversion, ne
k + nh

k − 1. This quan-
tity most readily indicates the growth of cavity pulses
through the burning of kinetic holes about particular
momentum states [35] and has a direct relation to the
macroscopic population inversion. When the population
inversion is positive (negative) the system will exhibit gain
(absorption) for that particular state. However, the sys-
tem as a whole may still exhibit a net energy loss. As the
carriers are fully depleted in a certain kinetic region, pop-
ulation inversion bleaching occurs. The region no longer
exhibits gain (absorption) until the carriers recover. Cap-
turing the full particle scattering is not possible. A common
and successful approximation of the full scattering for
this system is done at the second Born level which goes
beyond Hartree-Fock and captures carrier-carrier scatter-
ing (electron-electron, hole-hole, phonon) [29]. Inclusion
of this scattering is extremely computationally demand-
ing, requiring multidimensional matrix sums at each step.
An earlier study including second Born scattering shows
that the scattering rates are strongly nonuniform in carrier
momentum. However, it has been verified that replacement
of this scattering time by an average (constant value of 100
fs) can capture the qualitative evolving dynamical struc-
ture of the pulse as it builds up from noise or a seed to
a stable (unstable) modelocked state. So in this paper we
will approximate this scattering using multiple effective
recovery rates,

∂

∂t
pk = −iωkpk − i�k(ne

k + nh
k − 1) + �deph + �

p
spont,

∂

∂t
ne(h)

k = i
[
�kp∗

k −�∗
kpk

] + �scatt + �n
spont + �fill. (6)
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The polarization dephasing is modeled using a single phe-
nomenological decay rate derived from simulations using
scattering approximations on the second Borne-Markov
level [29],

�deph = − 1
τdeph

pk, (7)

where τdeph = 47 fs is the characteristic material polariza-
tion dephasing time. Within the charge carrier equations,
the scattering terms are approximated using dual recovery
rates: a slow recovery to a background distribution,

�scatt = − 1
τscatt

(
ne(h)

k − f e(h)

k

)
, (8)

and a rapid recovery to an instantaneous computed distri-
bution,

�fill = − 1
τfill

(
ne(h)

k − Fe(h)

k

)
. (9)

Here, f e(h)

k is a background Fermi distribution and Fe(h)

k are
dynamically computed based on the current total density
and temperature of the system [29]. The slow scattering
times are taken as τscatt = 20 ps, 1 ps for gain chip and
SESAM quantum wells (QWs), respectively. The scatter-
ing times here are scaled down for smaller cavities used
herein to mimic recovery effects within larger cavities. The
slow timescale can readily be modeled using quasiequilib-
rium macroscopic rate approaches where individual gain
exponentially recovers. However, the rapid recovery, set to
τfill = 100 fs, is not captured in these models. By allowing
carriers to be driven far from Fermi distributions, dynami-
cally evolving inhomogeneous gain is accurately captured
along the duration of the pulse. Thus the generation of tem-
poral and transverse substructures and instabilities can be
accurately modeled with high fidelity. Previous work has
shown how this model can be used to generate spectrally
broad and inhomogeneous gain profiles for use in simpler
models [36].

These three components, intramaterial propagation,
material boundary transfer matrices, and highly localized
nonlinear gain/absorption, are iteratively coupled together
to form the TMSBE and capture the transient and asymp-
totic nonequilibrium carrier and pulse dynamics within
modelocked VECSELs [32]. Previous work has introduced
the capability of modeling non-normal incidence structures
through an appropriate reference frame transform [33].
Part of this transform includes expanding the SBE into
Fourier modes to capture appropriately directed stimulated
emission as well as to properly exclude light walkoff which
results from interacting pulses and four-wave mixing. The
field, microscopic polarizations, and occupation numbers

are expanded as

EQW =
4∑

j =1

Ej eiQj·r, (10)

ne(h)

k =
∞∑

m=−∞
nk,meimq·r, (11)

pk =
∞∑

m=−∞
pk,+,meiQ·r+imq·r (12)

+
∞∑

m=−∞
pk,−,me−iQ·r+imq·r, (13)

Q1(2) = Q ∓ q, Q3(4) = −Q ∓ q, (14)

where, Q is normal to the semiconductor interface and
q captures the angle of incidence relative to this normal.
The four fields correspond to the incoming and outgoing
field along the left and right arms of a non-normal inci-
dence interface. These are numerically tracked throughout
any structure that has non-normally incident fields. The
forward and backward field- induced material polarization
waves are labeled as + and −, respectively.

From here, we introduce these expansions into the SBE.
Collecting only terms which contribute to the particular
directions leads to the expanded SBE. The general forms
of the polarization equations are symmetric in the forward
and backward directions. For the forward equation,

∂

∂t
pk,+,m = �

p
spont − 1

τdeph
pk,+,m

− i

⎡

⎣εr

�
pk,+,m − 1

�

∑

q,j

V|k−q|(ne
q,j + nh

q,j )pk,+,m−j

⎤

⎦

− i
[

dcv

�

[
E1(t)(ne

k,m−1 + nh
k,m−1 − δm,1)

+ E2(t)(ne
k,m+1 + nh

k,m+1 − δm,−1)

]

+ 1
�

∑

q,j

V|k−q|pq,+,j

(
ne

k,m−j + nh
k,m−j − δj ,m

) ]
. (15)

Note that although all terms are coupled through the
renormalizations and higher-order occupation numbers,
the forward equations only explicitly contain the two
forward-moving fields, E1,2(t). This holds likewise for the
backward polarizations. The general form for the expanded
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electron (hole) occupation numbers is

∂

∂t
ne(h)

k,m = �n
spont

− 1
τscatt

(
ne(h)

k,m − Fe(h)

k,m

)
− 1

τfill

(
ne(h)

k,m − f e(h)

k,m

)

+ i
[

dcv

�

(
E1(t)p∗

k,+,−m+1+E2(t)p∗
k,+,−m−1

+ E3(t)p∗
k,−,−m−1+E4(t)p∗

k,−,−m+1

)

+ 1
�

∑

q,j

V|k−q|
(

pq,+,j p∗
q,+,−m+j +pq,−,j p∗

q,−,−m+j

) ]

− i
[(dcv

�
E1(t)∗pk,+,m+1 + E2(t)∗pk,+,m−1

+ E3(t)∗pk,−,m−1 + E4(t)∗pk,−,m+1
)

+ 1
�

∑

q,j

V|k−q|
(

p∗
q,+,j pq,+,m+j + p∗

q,−,j pq,−,m+j

) ]
.

(16)

To ensure that the expanded occupation numbers are real,
the condition ne(h)

k,m =
(

ne(h)

k,−m

)∗
is enforced. These terms

couple in alternating parity such that only even occupation
number modes and odd polarization modes are significant.

The directed macroscopic polarization densities are
found using the appropriate density of states to integrate

P+(−),m(r, t) =
∑

k

dcvpk,+(−),m. (17)

III. SINGLE-PASS RESULTS

Simulations of mode locking typically involve tens of
thousands of passes within the cavity before the pulse
reaches a dynamical asymptotic state. To hasten simula-
tion convergence, we can introduce a weak seed pulse to
initiate the simulation. It is helpful therefore to get a pic-
ture of how significant macroscopic effects such as relative
phase or delay of the pulses colliding on the SESAM can
influence the final state of the system in full simulations. If
a single pulse were to strike the SESAM it would be suffi-
cient to consider just the lowest (zero) order spatial grating
terms, ne(h)

k,0 , pk,±,±1. However, for colliding counterpropa-
gating pulse operation, the fields mix and the higher-order
spatial grating terms become relevant. Fortunately, it is
sufficient to include just the next-order contributions to
the populations and polarizations as their relative strength
drops off rapidly with increasing order. To demonstrate
this, we consider two 100 fs pulses with amplitudes of
5 × 106 V/m, colliding at non-normal incidence, θ = 2◦,
on a single unpumped QW, n0 = 5.0 × 1014 m−2, shown
in Fig. 2. This carrier density (or equivalently, in this case

pulse intensity) is just at the level needed to reach inver-
sion in the SESAM QW under continuous wave excitation.
Therein, the columns from left to right are the popula-
tion inversion, zeroth-order electron occupation number
and second-order (grating) electron occupation number,
respectively. The population inversions are shown in units
of inverse lattice constants, a0. The relative phases of the
incident pulses are such that the first row depicts results
for which incident colliding pulses are in phase, while the
second row depicts results when the two colliding pulses
are 180◦ out of phase. Figures 2(a) and 2(d) show the
population inversion for these simulations. As the pulses
are incident on the QW, they excite carriers through the
absorption of photons. This creates peaks in the population
inversions and drives the carriers far from Fermi distri-
butions. As the pulses leave, the carriers rapidly recover
toward instantaneous hot Fermi distributions and slowly
recover toward background Fermi distributions at the lat-
tice temperature. Notice that the peak in Fig. 2(a) for
in-phase colliding pulses drives the momentum resolved
inversion closer to the transparency point whereas the
out-of-phase case in Fig. 2(d) results in significantly less
bleaching. Interestingly, the zeroth-order electron occupa-
tion numbers, shown for the left-arm forward direction,
for the two cases, Figs. 2(b) and 2(e), are nearly identical.
Thus, the stimulated emission along the primary directions
is independent of the relative phases of the incident collid-
ing pulses. However, the total carrier population is highly
sensitive to this phase. The second-order grating electron
occupation numbers, again shown for the left-arm forward
direction, are shown in Figs. 2(c) and 2(f). Note that they
are near perfect reflections about the horizontal momen-
tum axis. These are not physical quantities in themselves
but do have physical implications, with the in-phase con-
tribution adding to the inversion while the out-of-phase
term further decreases the dynamic inversion. This simple
single-pass colliding pulse example demonstrates that the
relative phase of colliding pulses has a dramatic influence
on the total carrier depletion, or growth.

It is clear that the relative phases of the pulses have a
dramatic influence on carrier dynamics, but less clear what
relative phase is likely to be observed during a mode lock-
ing experiment. Figure 3 shows a similar study using the
transverse model. Two 100 fs pulses with amplitudes of
1 × 107 V/m are propagated into a SESAM at a θ = 1◦
angle. These pulses were either initialized with an equal
phase or 180◦ out of phase. The resulting intensity pro-
files for the in-phase and out-of-phase pulses within the
QW are shown in Figs. 3(a) and 3(b), respectively. Both
the interference pattern and phase relationship are clearly
evidenced by the oscillating peaks. Note that the strength
of the peaks is not affected by the phase relationship. The
phase merely results in a translation of the peaks. Fig-
ures 3(c) and 3(d) show the resulting integrated electron
density within the SESAM QW near the pulse peaks at
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(a) (b) (c)

(d) (e) (f)

FIG. 2. Low-density, 5.0 × 1014 m−2, carrier population dynamics for in-phase (a)–(c) and out-of-phase (d)–(f) simulations with two
incident 100 fs, 5.0 × 106 V/m colliding pulses, with peaks at 1 ps. The total population inversions (a),(d) highlighting the significant
difference in inversion that results from in-phase versus out-of-phase pulses, respectively. The lowest-order electron occupation number
which directly contributes to the fields (b),(e) and real component of the second-order electron occupation number (c),(f) and shows
that this difference comes almost entirely from the higher-order grating terms.

t0 for the in-phase and out-of-phase simulations, respec-
tively. The pulses enter the QW and begin exciting carriers,
with peak carrier densities 10 fs after the peak of the col-
liding pulses. The generation of excited carriers along the
transverse axis directly corresponds with the total incident
field intensity, with clearly evidenced interference fringes
along with additional side bands. Five hundred femtosec-
onds after the pulse peak, the interference fringes have
almost entirely disappeared from the carrier density, which
then slowly recovers back to its background value. From
this we see that the higher-order interference fringes dissi-
pate rapidly relative to the lowest-order terms. Note that
both the magnitude of the density peaks and the result-
ing recovered carrier density at t0 + 500 fs are relatively
independent of the phase relationship. Figures 3(c) and
3(d) both support a lower required saturation fluence dur-
ing CPM relative to single-pulse mode locking. Integrated
quantities like these can be used to compare peak and resid-
ual carrier densities and for generating gain profiles within
simpler models [22,23]. In addition, they demonstrate that
the transverse location of peak absorption is highly depen-
dent on the phase relationship between the pulses. Because
the cavity geometry strongly dictates the transverse width
of the pulse, out-of-phase pulses, where the pulses expe-
rience weak absorption at their peaks, first saturate the
SESAM at much higher fluences than do in-phase pulses.
For strong pumping conditions this would be a much less

stable setup, whereas for weak pumping conditions this
would be more stable. Thus, the phase relationship is not
necessarily static and is related to strength of the pump-
ing with decreased correlation for higher angles, and lower
foci on the SESAM. This implies increased pulse stability
at lower angles and tighter foci as the phase relationship is
less susceptible to perturbations.

(a) (b)

(c) (d)

FIG. 3. In-phase (left column) and out-of-phase (right col-
umn) colliding pulse operation. Pulse intensities at the SESAM
QW (a),(b) and resulting electron densities within the QW taken
before, during, and after the incident pulse (c),(d).
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FIG. 4. Non-normal incidence induced transverse optical path
length delay.

Another important consideration within CPM setups is
the temporal delay between counterpropagating pulses.
Colliding pulse mode locking relies on the minimization of
absorption induced when the pulses are coincident on the
SESAM. Understanding the dynamics for varying relative
pulse delays is critical to understanding why pulses tend
dynamically toward a maximum temporal overlap. Further,
pulses with nonzero transverse widths which collide at an
angle, as is the case in non-normal incidence CPM setups,
will be temporally offset, due to varying optical path length
across the beam as depicted in Fig. 4 [33]. The length Ti is
determined by the following geometric relationship:

Ti = Xitan(θi). (18)

Note that for small angles, this path length difference grows
linearly across the transverse beam from center to wings
and can lead to temporal delays that are much longer
than the pulse length. Thus, Gaussian pulses colliding at
an angle will see diminishing overlap extending outward
along their transverse profiles. It is not clear a priori what
effect this increasing delay might have on reshaping the
transverse profile of the beam. Figure 5 shows the macro-
scopic polarization for colliding pulse setups when a delay
is introduced between the pulses, within a one-dimensional
single pass setup. Two 100 fs pulses, with peak ampli-
tudes of either 2.0 × 105 V/m [Figs. 5(a) and 5(b)] or
1.0 × 107 V/m [Figs. 5(c) and 5(d)] were incident on an
unpumped QW, n0 = 5.0 × 1014 m−2, one from each arm,
with a variable delay between them. The first-order polar-
ization for weak pulses [Fig. 5(a)] is unaffected by the
delay between the pulses, whereas the third-order polariza-
tion [Fig. 5(b)] grows monotonically stronger as the delay
decreases. However, the third-order polarization remains
fundamentally Gaussian in form, indicating little to no
saturation of the SESAM. Notice the three orders of mag-
nitude difference in scale, indicating very little contribution
from this term. Thus, the delay has only minimal effect
as the pulses are building, and the setup is primarily lin-
ear until it begins to saturate. Under saturation conditions,

(a) (b)

(c) (d)

FIG. 5. First (a) and third (b) spatial order macroscopic polar-
izations for variable delays for colliding 100 fs, 2.0 × 105 V/m
pulses indicating no saturation and Gaussian shape of grating
terms that grows with increasing overlap. First (c) and third (d)
spatial order macroscopic polarizations for variable delays for
colliding 100 fs, 1 × 107 V/m pulses indicating strong saturation
with increasing overlap accompanied by multipeaked grating
terms.

the first-order polarization [Fig. 5(c)] shows a noticeable
monotonic decrease in amplitude with decreasing delay.
The third-order polarization [Fig. 5(d)] again shows a
monotonic growth with decreasing delay, but also exhibits
a changing profile and variable number of peaks. The
scales of Figs. 5(c) and 5(d) differ by only a single order of
magnitude, indicating a much stronger nonlinear relation-
ship, with significant absorber saturation. This saturation
happens most quickly for pulses that collide perfectly, for
example in a CPM setup at the center of the beam, driv-
ing ring cavities toward CPM. Additionally, the saturation
occurs more slowly, moving outwards along the trans-
verse dimension. Thus, operating with larger angles, and
larger beam profiles, will naturally lead to higher variations
in saturable absorption along the transverse dimension.
Experimentally, this implies that the shortest, most uniform
pulses are obtainable for near-normal angles of incidence
with tight foci.

As demonstrated, the carrier dynamics with a SESAM
under colliding pulse conditions are highly nonlinear and
strongly depend on the relative phase and timing of the
incident pulses. This is a strong justification for resolving
the transverse nonequilibrium carrier dynamics within the
system as the interference fringes contribute dramatically
to the gain/loss in the system and are only present on the
timescale of the pulse duration.

IV. MODE LOCKING RESULTS

In this section we present mode locking results in
one- and two-dimensional studies which highlight the
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(a) (b)

(c) (d)

FIG. 6. Shifting output coupler to gain chip length simula-
tions shown through (a) output pulse intensity, and (b)converged
pulse spectra indicating a shifting of energy from equal-strength
pulses to unidirectional operation accompanied by a broadening
(narrowing) of the spectrum. Population inversions within the
SESAM QW for the (c) 1.751 mm simulation, highlighting con-
sistent kinetic hole burning and recovery in both directions, and
for the (d) 1.545 mm simulation, demonstrating the converged
effect of different recovery times.

complex pulse behaviors seen in CPM setups as they
are driven by the underlying carrier dynamics in this
nonlinear system. Due to the complex nature of these
simulations, numerous one-dimensional studies are used
to highlight broad behaviors and refine interesting stud-
ies for individual two-dimensional simulations. Utilizing
one-dimensional studies, we justify the placement of the
gain chip near a quarter round trip from the SESAM as
this allows the symmetric recovery of carriers on suc-
cessive pulse passes. We show the complex spectral and
spatial behaviors found in semistable overpumped cavities
which are shown to exhibit both distinct spectral peaks for
the counterpropagating pulses and transient unidirection-
ality. Two-dimensional studies are used to highlight the
strength of the carrier gratings, how they contribute to path
length biases, and that CPM setups operate optimally with
minimal angles of incidence on the SESAM.

A. One-dimensional mode locking studies

It was previously argued that the optimal location for the
gain chip is a quarter round trip from the SESAM as this
allows the most gain recovery per pulse pass [2,3]. In addi-
tion, it was argued that pulses have a natural tendency to
balance each other through gain competition. The nonlin-
ear role that chip position plays in the final modelocked
pulses is shown. Although gain competition is strongly
present, this does not naturally balance pulses in each
direction. Consider a cavity with a constant total cavity
length of 6.7 mm, where the gain chip is translated between
the output coupler and the SESAM. Using a constant angle

of incidence, θ = 2◦, for both chips, and a background den-
sity of 2.5 × 1016 m−2, Fig. 6 shows the converged output
for simulations with variable output coupler to SESAM
lengths. Note that at L = 1.648 mm, the gain chip is a
quarter round trip from the SESAM, the proposed ideal
distance. Figure 6(a) shows the converged output pulse
intensities for these simulations, for both the clockwise
(CW) and counterclockwise (CCW) output beams. When
the gain chip is closest to the OC, 0.824 mm, there is only a
single pulse within the converged simulation, propagating
in the CW direction. As the chip is moved further toward
the SESAM, the CCW pulse grows stronger until it sur-
passes the CW pulse. This trend demonstrates that gain
competition does not readily balance the pulses. Rather,
the relative intensities of the pulses are highly sensitive to
the position of the gain chip within the cavity. The total
output energy is much larger near the symmetry point in
the cavity, confirming the ideal chip placement at approxi-
mately one fourth of a round trip from the SESAM. Figure
6(b) shows the converged pulse spectra, illustrating shift-
ing spectral peaks with changing lengths. For the shortest
length, the single CW spectral peak is dramatically broad-
ened and severely shifted toward lower energies. As the
chip is moved, the CW peak narrows and shifts to higher
energies, and the CCW peak grows and shifts toward lower
frequencies. Passing the symmetry point, the peaks for
each direction are similar in form until they pass each other
and continue their respective trends. To explain this behav-
ior, Figs. 6(c) and 6(d) show the inversion within the gain
chip QW for two of the previous simulations, where the
output coupler to gain chip length was 1.751 mm [Fig.
6(c)] and 1.545 mm [Fig. 6(d)], respectively. Figure 6(c)
shows that for the 1.751 mm arm length simulation, the
inversion before each pulse enters is nearly identical. This
indicates an equal availability of carriers for both pulses.
After the pulses have passed, it is seen that the burned
kinetic holes are again nearly identical. These nearly iden-
tical conditions, stabilized over thousands of round trips,
led to equal pulse amplification on each pass which in
turn led to the near equal pulse intensities observed for
this setup. Figure 6(d) shows population inversions, 100 fs
before and after the incident pulse peaks, when the gain
chip was placed 1.545 mm from the OC. By moving the
gain chip closer to the OC, the delay between when the CW
pulse hits the QW and when the CCW pulse hits is dramati-
cally shortened. Thus, the carriers recover much more fully
for the CW pulse than for the CCW pulse. The presence
of more carriers leads to deeper kinetic holes. This leads
to larger pulses, which in turn burn deeper kinetic holes,
further exacerbating the difference between the two dis-
tributions. Although these kinetic holes are quickly filled,
the distributions cannot fully recover between passes, such
that the two directions effectively see distinct background
distributions. This stabilizes over thousands of round trips
to form two pulses with distinct intensities. If the delay
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difference is large enough, then the weaker direction does
not have enough carriers to provide a net amplification to
the pulse and it cannot grow beyond a certain point. This
highlights that gain competition does contribute to a del-
icate stabilization of the pulses in either direction but it
in no way leads to balanced pulses. Instead, gain dom-
inance in one direction versus the other leads to distinct
pulse intensities. Further, as the CW pulse grows in inten-
sity it depletes greater numbers carriers at lower energies.
This creates more favorable gain at higher energies for the
CCW pulse, leading to a growing and nonuniform offset in
their spectral peaks. This is a behavior that is only resolv-
able with fully microscopic models. Experimentally, this
implies a strong relative pulse intensity tunability, and a
moderate spectral tunability based on gain chip position,
as well as the ability to make a ring cavity unidirectional
by placing the gain chip and SESAM sufficiently close
together. This also implies that colliding pulse mode lock-
ing in MIXSELs is not likely feasible since the gain chip
is integrated with the SESAM.

Figure 7 shows the results of utilizing a longer cavity,
33.5 mm, scaled proportionally so that the gain chip is
8.76 mm from the OC and 7.73 mm from the SESAM,
starting from a 2.0 × 105 V/m seed pulse in each direction.
This corresponds to a repetition rate of 8.95 GHz. This is
on the smaller edge of experimentally demonstrated VEC-
SELs [37–39] and well within the range for the SESAM
integrated counterpart, MIXSELs [40]. The pump inten-
sity is increased to show the effect that overpumping has
on such a cavity. Figure 7(a) shows the evolution of the

(a) (b)

(c) (d) 2.7×10–6 m–2, CW
CCW

CCW

CCW

3.1×10–6 m–2, CW

3.5×10–6 m–2, CW

FIG. 7. Increasing pump energy through increasing carrier
density comparison study for 33.5 mm ring cavity. (a) The pri-
mary pulse energy grows more rapidly at increasing densities and
converges to a higher value with only modest changes in rela-
tive intensities in counterpropagating pulses. (b) The final output
intensity log plot over one round trip highlighting the generation
of small secondary pulses. (c) The primary pulse output inten-
sity and (d) spectra highlighting the destabilization and shifting
spectral peaks at increasing carrier densities.

(a) (b)

3.1×10–6 m–2, CW
3.5×10–6 m–2, CW
3.9×10–6 m–2, CW

FIG. 8. A 6.7 mm ring cavity exhibits unstable unidirection-
ality at increasing pump powers. (a) The primary pulse output
intensity profile highlights that unidirectionality exists between
higher and lower pump energy bidirectional setups. (b) The log
plot of output intensity over one round trip demonstrates that uni-
directionality is accompanied by the generation of a secondary
pulse near one-half round trip.

primary pulse output energy which grows for increasing
pump powers. Note the moderate shifting in the asymptotic
behavior of each of these curves. The converged fluences,
ranging from 5 to 7.5 nJ/cm−2, can readily be used for
ultrafast pulse generation within macroscopic rate equa-
tions models [21]. Note that these values are orders of
magnitude lower than saturation fluences for picosecond
pulses. This is an effect of the dynamic burning, and recov-
ery of kinetic holes which drives the populations far from
Fermi distributions. Utilizing a beam waist of 336 μm,
these fluences corresponds to average output powers of
79–127 mW. Previous experimental results indicate that
136 mm ring cavities can exhibit single-pulse operation up
to 150–300 mW of output power, dependent on SESAM
temperature [2]. The lower power limit is thought to be
a byproduct of shorter pulses and higher repetition rates,
as in the 100 mW single-pulse limit demonstrated for
100 fs pulses [41] or the 115 mW single-mode limit
observed for a 50 GHz repetition rate. [37], both in a
V-cavity setup. Figure 7(b) shows that at increasing QW
carrier densities, the formation of small secondary pulses
can be seen at seemingly random positions, with round
trips marked by dashed black lines. Because the cavities
are relatively long compared to the carrier recovery time,
the carriers are almost fully recovered even at a quarter
round trip. Thus, additional pulses can grow at many loca-
tions within a single round trip. However, the saturable
absorber drives these secondary pulses to remain small
relative to the primary pulses. This is analogous to the side-
pulsing and secondary pulse formation demonstrated by
Hausen et al. [27]. Figure 7(c) shows the converged output
intensity profiles, which indicate a weakening of the peak
pulse intensities with increasing pump power. This coun-
terintuitive result is explained by the formation of these
secondary pulses which saps significant carriers from the
primary pulses. This leads to a decrease in available carri-
ers for the primary pulse, leading to weaker pulses in both

024006-9



MCLAREN, KILEN, and MOLONEY PHYS. REV. APPLIED 18, 024006 (2022)

directions. Further increasing the pumping power strength-
ens the secondary pulses and generates a strong secondary
tail within the primary pulse. Interestingly, this effect leads
to broader pulses with still increasing energy. Figure 7(d)
shows the associated pulse spectra, indicating the split-
ting of the spectra so that different directions have distinct
spectral peaks. At low pumping, n0 = 2.7 × 1016 m−2, the
pulses in either direction have nearly identical broad spec-
tra. As the pump intensity is increased, sufficient carriers
are pumped into the system to provide net gain across
a broader spectrum, even incorporating additional cavity
modes. Thus, longer ring cavities naturally give rise to qua-
sistable pulses with distinct spectral peaks and only weak
secondary cavity pulses. The spectral shifting and resul-
tant pulse shapes are truly microscopic results which result
from the nonuniform burning and recovery of kinetic holes
within the carrier populations. Experimentally, this implies
that large peak wavelength shifts between the counterprop-
agating pulses are feasible, tunable by increasing the pump
power.

Turning now to destabilizing shorter cavities, Fig. 8(a)
shows the converged primary pulse intensity profiles in a
6.7 mm cavity for increasing pumping schemes. Notice
that with a background density of 3.5 × 1016 m−2 the cav-
ity operates unidirectionally. To identify where the excess
energy is going, Fig. 8(b) shows the output intensity over
one round trip on a logarithmic scale, with a round trip
marked by dashed black lines. Within the unidirectional
simulation, a strong harmonic pulse is generated 11 ps
from, and moving in the same direction as, the primary
pulse. For the higher density, only a small perturbation
can be seen at this position. As the pump intensity is
increased, the relative influence of the SESAM, which
drives colliding pulse operation, diminishes so that mul-
tiple stable converged pulses are possible. This is an
unstable equilibrium point, with increases in pump inten-
sity reverting the setup to colliding pulse operation. This
implies that unidirectional operation of a VECSEL ring
cavity may be achievable through changes in pump energy
alone.

B. Two-dimensional mode locking studies

The BPM within the two-dimensional cavity is setup
to create a relative intensity full width at half maximum
(FWHM) focus of 5 from gain chip to SESAM, as well
as a total cavity length of 6.7 mm. Both gain chip and
SESAM have a 2◦ angle of incidence upon them. The
gain chip QW has a background density of 2.5 × 1016 m−2

with a beam waist of 336 μm and a pulse to pump spot
size ratio of w0/wp = 0.6. Figure 9(a) shows the evolu-
tion of the peak pulse intensity for two gain chip positions.
Unlike the one-dimensional results, for a gain chip to OC
length of 1.751 mm, the pulses are nowhere near bal-
anced, with the CW pulse being 45% stronger than the

CCW pulse. Instead, the pulses are much more closely
balanced with a length of 1.442 mm which crosses the
symmetry point and results in an OC to gain chip length
which is 14% shorter than the gain chip to SESAM length.
An interesting experimental consequence is that in order
to obtain equal intensity pulses in both directions, one
would likely need to adjust the chip position away from
a quarter of a round trip from the SESAM, to account
for bias within the setup. Figure 9(b) shows the evolu-
tion of the FWHM in time, measured about the pulse
peak, for these two simulations, depicting only modest dif-
ferences between the two simulations. It is worth noting
that in one dimension the stronger pulse was almost uni-
formly the shorter pulse. In the two-dimensional studies,
the pulses do not have a uniform temporal FWHM. To
further examine this claim, Figs. 9(c) and 9(d) shows the
converged pulse intensities for the CW beam at the out-
put, and the total field within the QW, respectively, within
the 1.442 mm OC to gain chip length simulation. The con-
tours and color bars are shown in megawatts per square
centimeter. The CW output pulse [Fig. 9(c)] is transver-
sally symmetric and is nearly identical, up to scaling, to
the CCW beam not shown. Figure 9(d) shows the total
incident pulse intensity, centered on the peak of the col-
liding pulse intensity profile. Note the three distinct peaks,
in agreement with the analytic interference fringes for in-
phase pulses. This confirms that the pulses are in fact
colliding and that they have naturally stabilized to main-
tain an in-phase relationship, as predicted in Fig. 4. The
peak of the strongest interference fringe is off-centered,
a result of a stronger CW pulse, relative to the CCW
pulse. Figures 9(e)–9(h) show the population inversion as
it evolves over the pulse interaction. Figure 9(e) shows the
population inversion 30 fs before the peak of the collid-
ing pulses. Generated carriers are visible as kinetic peaks
at the spatial and spectral centers of the peaks of the
pulse. At the peak of the colliding pulses [Fig. 9(f)] the
kinetic peaks have shifted toward higher energies as the
lower energies are saturated. As shown in Fig. 9(g), 30
fs after the pulse peak, new kinetic peaks have formed
in between the previous ones. This indicates excessive
absorption within the cavity as a result of nonoverlap-
ping regions of the colliding pulses. Figure 9(h) shows
the population inversion 150 fs after the peak of the col-
liding pulses. The multiple kinetic peaks, present only in
the higher-order grating terms, have rapidly smoothed to
a single central peak which slowly recovers to the back-
ground carrier distribution. The excessive absorption that
occurs during this interaction not only reduces the quality
of the beam but also leads to a larger interaction region
on the SESAM and ultimately more rapid SESAM degra-
dation. Thus, for minimal SESAM degradation, and uni-
formly short, strong pulses, ring cavity VECSELs should
be designed with the minimal possible angle of incidence
on the SESAM.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

FIG. 9. (a) Output pulse energy and (b) full width at half maximum convergence for two-dimensional ring cavities with variable
OC to gain chip arm lengths with a constant total length of 6.7 mm. (c) Converged output pulse intensity and (d) intensity within the
SESAM QW within the 1.442 mm simulation. SESAM QW population inversions (e) 30 fs before the peak, (f) at the peak, (g) 30 fs
after the peak, and (h) 150 fs after the peak.
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V. CONCLUSIONS

The relative position of the gain chip has dramatic impli-
cations for the strength of the bidirectional pulses. Gain
competition both allows the stabilization of pulses in either
direction and prohibits their total balance. Slight biases
within the cavity destabilize this equilibrium, making it
likely experimentally inaccessible. Properly designing rel-
ative mode sizes between the gain chip and SESAM is vital
for optimal operation either for improved pulse behav-
iors, or prolonged SESAM degradation with significant
pulse reshaping resulting from varied foci. Longer cavi-
ties recover more readily between pulse passes, allowing
the cavity to stabilize in numerous unpredictable ways
when overpumped. These cavities were shown to desta-
bilize through the amplification of distinct spectral peaks
in either direction. In shorter cavities, where gain recov-
ery time has a much stronger effect, destabilization most
readily occurred at half round trip intervals. Unstable
unidirectional behaviors were demonstrated. These were
destroyed by changes in either chip positions or gain chip
QW densities. The shifting of spectral peaks and unstable
unidirectionality is directly linked to the dynamic burn-
ing and recovery of inhomogeneous kinetic holes. The
macroscopic gain coupling of a particular setup is thus
intimately linked to propagation direction, cavity lengths,
incidence angles, and pump conditions, making predictive
modeling using macroscopic methods highly restrictive.
Carrier dynamics were investigated in two dimensions to
demonstrate the effect of the interfering colliding pulses,
highlighting the complex evolution of kinetic peaks. These
kinetic peaks drive the pulses toward overlapping entirely,
increasing absorption in setups with nonzero angles of
incidence. Thus, minimizing angles of incidence on the
SESAM is vital for producing uniformly short, strong
pulses. Broadly, the careful tuning of geometrical setups
and pumping within a ring cavity can provide a wealth of
rich phenomena and a means of producing high- quality
ultrafast pulses, driven by the underlying nonequilibrium
carrier dynamics.
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