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The Wiener-Khinchin theorem, the fact that the autocorrelation function of a time process has a
spectral decomposition given by its power-spectrum intensity, can be used in many disciplines. How-
ever, the applications based on a quantum counterpart of the Wiener-Khinchin theorem that provides a
translation between time-energy degrees of freedom of biphoton wave function still remains relatively
unexplored. Here, we use a quantum Wiener-Khinchin theorem (QWKT) to state that two-photon joint
spectral intensity and the cross-correlation of two-photon temporal signal can be connected by making
a Fourier transform. The mathematically defined QWKT is experimentally demonstrated in frequency-
entangled two-photon Hong-Ou-Mandel (HOM) interference with the assistance of spectrally resolved
detection. We apply this method to spectral-domain quantum optical coherence tomography that detects
thickness-induced optical delays in a transparent sample, and show that our method suffices to achieve
great advantages in measurement precision within a wide dynamic range and capturing time over the con-
ventional HOM interferometric schemes. These results may significantly facilitate the use of QWKT for
quantum information processing and quantum interferometric spectroscopy.
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I. INTRODUCTION

Understanding how the strength of a signal is distributed
in the frequency and time domains is essential for a variety
of practical applications, as well as for studying funda-
mental physics. The Wiener-Khinchin theorem (WKT)
relates between the power-spectrum intensity and the auto-
correlation of its time process [1–3], which has been
widely used in many disciplines, including statistics, signal
analysis, applied mathematics, and optics. For example,
based on an optical version of WKT, the interferometric
spectroscopy that can extract the longitudinal structural
information by making a Fourier transform on its spectral-
domain Mach-Zehnder or Michelson interference pattern
has been well established [4,5]. This Fourier-transform
spectroscopy at the infrared wavelength has been com-
mercially used in clinical imaging, polymer testing, and
pharmaceutical analysis [6,7].

In recent years, advances in quantum technologies have
made possible an exciting breadth of applications in fields
such as quantum computation, secure communication, and
high-resolution imaging [8–10]. As a necessary prerequi-
site towards quantum applications, quantum entanglement
involves the correlations between paired photons such
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that the wave function in the time domain refers to two-
photon relative time signal, and in the frequency domain
refers to two-photon joint spectral intensity. This natu-
rally gives rise to several questions: first, while WKT
states the link between time process and spectral distribu-
tion, is it possible to establish a mathematical connection
between two-photon relative time signal and two-photon
joint spectral intensity? Second, how to translate this math-
ematically defined theorem into experimental implemen-
tation? Third, are there any practical applications based
on the connection between two-photon time and spectral
signals?

Thus, a complete quantum counterpart of WKT that
defines the connection between temporal and spectral
distributions of biphoton wave functions has long been
hailed for inspiring more efficient quantum tools, as
required to meet the ever-increasing performance require-
ments of quantum optics experimentation and practical
quantum information processing applications. To tackle
these issues, a well-designed extended Wiener-Khinchin
theorem has been proposed to state that the difference-
frequency distribution of the biphoton wave functions can
be extracted by applying a Fourier transform on the time-
domain HOM interference patterns [11]. However, the
reverse process that extracts the relative temporal dis-
tribution of the biphoton wave functions from spectral-
domain HOM interference patterns still remains relatively
unexplored.
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Here, we express the two-photon joint spectral intensity
in terms of the cross-correlation functions of two-photon
relative time delay by using a Fourier transform. Since
HOM interferometry determines the time-time correla-
tion of entangled photons [12], we exploit it to perform
the Fourier transform on two-photon temporal signals,
and observe the two-photon joint spectral intensity at the
output of HOM interferometer with the assistance of spec-
trally resolved coincidence detection. Thus, an elaborate
design of frequency-entangled two-photon HOM interfer-
ence is sufficient for the experimental demonstration of
QWKT. We apply the QWKT to spectral-domain quan-
tum optical coherence tomography (SD QOCT) [13,14],
wherein the thickness-induced optical delays in a transpar-
ent sample can be extracted from two-photon joint spec-
tral intensity. This method is a crucial requisite towards
the tomography for those photon-sensitive biological and
chemical samples. Building on the measurement and esti-
mation strategy by analyzing its Fisher information [15],
we explore the sensitivity limit as a function of single-
photon bandwidth and target delays. Compared to the con-
ventional HOM interferometry, our SD QOCT promises
enhancements in precision and sensitivity within a wide
dynamic range. Aside from this, this SD QOCT pro-
vides an improvement in shortening the capturing time as
two-photon joint spectral intensity can be obtained from
single measurement and without the strict requirement of
temporal scanning.

These results show that QWKT provides a well-defined
mathematical link between spectral and temporal degrees
of freedom of entangled photons. An experimental demon-
stration of QWKT in frequency-entangled two-photon
HOM interference facilitates its application in SD QOCT
and may also indicate an alternative direction towards fully
harnessing QWKT in quantum information processing and
quantum interferometric spectroscopy.

II. QUANTUM WIENER-KHINCHIN THEOREM

Typically, WKT states that the autocorrelation function
of a wide-sense-stationary random process has a spectral
decomposition given by the power spectrum of that pro-
cess [3]. As shown in Fig. 1(a), let us consider a random
process x(t) that represents a random variable that evolves
in time. Its autocorrelation function can be calculated as

R(T) = 〈x(t)x∗(t + T)〉 =
∫ ∞

−∞
x(t)x∗(t + T)dt, (1)

where the bracket denotes averaging over an ensemble of
realizations of the random variable, ∗ denotes the con-
jugate operator. This theorem indicates that the spectral

power density is the Fourier transform of its autocorrela-
tion function as

P(f ) =
∫ ∞

−∞
dTR(T)e−ifT. (2)

In particular, if x(t) is a discrete time series obtained
from random sampling, its calculated spectral density is
a periodic function in the frequency domain.

By comparison with spectral and temporal process in
classical physics, quantum optics has many unique prop-
erties and intriguing phenomena. In particular, the spec-
tral and temporal properties of quantum entanglement is
determined by the relationship between entangled photons
instead of single independent photons, namely the spec-
tral and temporal processing of biphoton wave function.
Here, we exploit the quantum counterpart of WKT, pro-
viding a mathematical connection between spectral and
temporal domains of biphoton wave function. For a clearer
picture, this theory is demonstrated in frequency-entangled
two-photon HOM interference with the assistance of spec-
trally resolved detection. We consider a generic case that
the paired photons (signal and idler) are generated from
a spontaneous parametric down-conversion (SPDC) pro-
cess pumped by a strong laser [16]. Since the difference
frequency of down-converted photons exceeds that of the
pump laser, frequency entanglement arises quite naturally
as a consequence of energy conservation. The inherent
property of simultaneous conversion makes the initial
relative time delay between paired photons is exactly zero.

Let us first consider the two-photon temporal signal.
When the signal photon arrives at time stamp t and the
idler photon arrives at time stamp t + τ , we can define the
discrete time-bin modes for two photons as

fs(t) = exp(−�2t2/2), (3)

fi(t) = exp(−�2t2/2)+ exp(−�2(t + τ)2/2), (4)

where � is the rms bandwidth in temporal domain, and τ
is the relative time delay between paired photons. The syn-
chronous time signal that corresponds to the signal photon
is also exhibited in the time signal of the idler photon such
that two-photon relative time delay can be demonstrated in
a time process. We note that the synchronous time signal is
necessary such that the two-photon relative temporal sig-
nal agrees well with the experimental results [17,18]. As
shown in Fig. 1(b), we use two-photon temporal signals as
the input processes of QWKT. Instead of an autocorrela-
tion function, we use cross-correlation functions (CCFs) to
demonstrate the temporal correlation between paired pho-
tons. Of note, since the signal and idler photons after the
balanced beam splitter in HOM interferometer are indis-
tinguishable, the resultant two-photon temporal signal is
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(a)

(b) (c) (d)

FIG. 1. (a) Demonstration of a classical WKT. In a QWKT, (b) the input is defined as two-photon relative delay as shown in Eq.
(4). By making a Fourier transform on (c) its cross-correlation function, (d) the two-photon joint spectral intensity manifests itself as
a sinusoidal oscillation within a typically Gaussian envelope.

expressed in the form of [19]

R(T) = (〈fs(t)fi(t + T)〉 + 〈fi(t)fs(t + T)〉)/2

=
(∫ ∞

−∞
fs(t)f ∗

i (t + T)dt +
∫ ∞

−∞
fi(t)f ∗

s (t + T)dt
)
/2,

(5)

where the sum of commutative cross-correlation functions
that denotes the indistinguishability can ensure the symme-
try of R(T). By substituting the specific temporal functions
(3) and (4) into calculation, the resultant temporal signal
reads

R(T) ∝ exp(−�2T2)+ exp[−�2(T + τ)2]
2

+ exp[−�2(T − τ)2]
2

. (6)

The corresponding theoretical simulation for various two-
photon time delays are demonstrated in Fig. 1(c). Since
the cross-correlation describes the periodicity of two time
processes, our calculated CCFs manifest themselves as a
main peak that accompanied by two bilateral symmetrical
side peaks. Undoubtedly, the CCFs depend only on the dif-
ference of two-photons’ arriving time τ but independent of
start time, which determines the distance between the main
peak to the side peak. The single-photon coherence time�
still determines the distribution width [see Fig. 1(c)].

Next let us consider the two-photon joint spectral inten-
sity. The paired photons are prepared with central fre-
quency ωs (signal) and ωi (idler) from a SPDC process.

The two-photon state of interest can be expressed as

|ψ〉 =
∫ ∞

0

∫ ∞

0
dωsdωif (ωs,ωi)â†

s (ωs)â
†
i (ωi)|0〉, (7)

where f (ωs,ωi) is the Gaussian spectral amplitude func-
tion that fulfills the normalized condition as

∫ ∫
dωsdωi|f

(ωs,ωi)|2 = 1. These paired photons are incident on the
two arms of a HOM interferometer, where a time delay
of interest is introduced that is caused by an imbalance
between the two arms of the interferometer. As a common
case in HOM interferometry, the nonlocal interference pat-
tern is observed by scanning the time of arrival of one of
the paired photons incident on the beam splitter. The HOM
interferometer transforms the incident two-photon state to
a superposition of bunched and antibunched state as

|ψ(τ)〉 → |ψA(τ )〉 + |ψB(τ )〉, (8)

where |ψA(τ )〉 and |ψB(τ )〉 correspond to the events that
two photons antibunch into opposite and bunch into iden-
tical outports, respectively. Followed by detecting paired
photons at opposite spatial modes, the normalized coin-
cidence detection probability Pc(τ ) = |〈ψ(τ)|ψA(τ )〉|2 is
obtained as (see Appendix for more details)

Pc(τ ) = 1
4

∫ ∞

0

∫ ∞

0
dω1dω2[|f (ω1,ω2)|2 + |f (ω2,ω1)|2

− 2f (ω1,ω2)f (ω2,ω1) cos(ω1 − ω2)τ ]. (9)

Since the desired frequency-entangled state is prepared
with broadband nondegenerate frequencies that are more
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than the spectral bandwidth of the pump laser, f (ω1,ω2) =
f (ω2,ω1) with the energy conservation as ω1 + ω2 = ωp ,
henceforth the normalized spectral distribution of two-
photon state in opposite ports can be simplified from
Eq. (9) as

F(ω) = exp(−ω2/8σ 2)

2
√

2π(2σ)2
[1 − cos(ωτ + φ)], (10)

where ω denotes the difference frequency ω = ωs − ωi, σ
is the rms bandwidth of the initial down-converted photons
in spectral domain that is inversely proportional to tem-
poral bandwidth �, the term exp(−ω2/8σ 2)/

√
2π(2σ)2

denotes the Gaussian spectral amplitude function, and φ
is a phase factor. At the center wavelength (ω = ωs −
ωi = 0), this wavelength indistinguishability decreases the
HOM interference to zero, which agrees well with the fact
that two identical photons impinge on a balanced beam
splitter would leave through the same output port, i.e.,
the well-known HOM dip. The two-photon spectral sig-
nal as expressed in Eq. (10) reveals that the antibunched
photons in opposite spatial modes manifest themselves as
sinusoidal oscillation of the interference fringe with deter-
mined spectral separation that depends on the time delay
τ , where the single-photon spectral bandwidth σ deter-
mines the base-to-base envelope width [see Fig. 1(d)].
Backed by these calculations, it is also revealed that if
the input of QWKT is a discrete time process embedded
with two well-separated time-bin modes, its joint spectral
intensity manifests as a periodic oscillation with respect to
single-photon frequencies.

It is obvious that the cross-correlation of two-photon
temporal signal and two-photon joint spectral intensity can
be connected by making a Fourier transform as

F(ω) = F [R(T)] = 1
2π

∫ ∞

−∞
R(T)eiωTdT,

R(T) = F−1[F(ω)] =
∫ ∞

−∞
F(ω)e−iωTdω.

(11)

As a result, it indicates the statement of QWKT that the
cross-correlation function of two-photon temporal signal
and the two-photon joint spectral density are linked by
a Fourier transform, which is in analogy to the classical
WKT.

For a more generic task where the light beam transmits
through a material with nonuniform thickness in the trans-
verse direction [20], this material would introduce multiple
time delays that is a superposition state as

fi(t) = exp(−�2t2/2)+
n∑

i=1

Ai exp(−�2(t + τi)
2/2),

(12)

where τi represents the ith two-photon relative time delay,
Ai denotes the corresponding probability amplitude that
fulfills the normalized condition as 	n

i=1Ai = 1 [see Fig.
2(a)]. Their CCFs are calculated as shown in Fig. 2(b),
where the temporal signal also exhibits as a main peak
but is accompanied by multiple pairs of bilateral sym-
metrical side peaks, and the time delay τn determines the
distance between the main peak to the nth side peak, an
determines the normalized intensity of each side peak.
Likewise, by performing a Fourier transform on the CCFs,
two-photon joint spectral intensities can be obtained as
shown in Fig. 2(c). Since the resultant spectral pattern
results from the superposition of multiple two-photon time
delays, inversely, they can be decomposed into a superpo-
sition of multiple spectral patterns that are obtained from
single two-photon relative time delay as shown in Fig. 3. In
particular, we note that the weight of an individual spectral
pattern is directly determined by its corresponding prob-
ability amplitude of time-bin superposition states. For an
instructive means of understanding, this approach can be
considered as a quantum version of “spectrum analysis,”
which decomposes the complex periodic vibration into a
series of simple harmonic motion.

Since this QWKT establishes the connection between
the time-energy domains of biphoton wave function, it is
allowed to extract temporal information from the spec-
tral pattern (i.e., quantum optical coherence tomography

(a) (b) (c)

FIG. 2. Quantum Wiener-Khinchin theorem for single photons that are superimposed in two temporal modes as shown in Eq. (12).
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(a) (b) (c) (d)

FIG. 3. Spectral analysis can decompose the spectral distributions in Fig. 2(c) into a series of spectral intensities obtained from
Fig. 1(d). The relative heights of individual peaks in the time domain directly yield information about their relative weights of the
superposition states.

[14,21]), or extract spectral information from temporal pat-
tern (i.e., quantum interferometric spectroscopy [22]). Fur-
thermore, three-dimensional quantum tomography is also
achievable with the assistance of spatiotemporal quantum
interference [20].

III. EXPERIMENTAL DEMONSTRATION OF
QWKT THROUGH HOM INTERFERENCE

We experimentally confirm that the mathematically
defined QWKT can be implemented by using HOM inter-
ference [17,23,24]. Since our method has the requirements
of pairs of identical photons that are separated into two
distinct spatial modes with broad spectral distribution,
time-reversed HOM interference is used to prepare these
entangled photons [25]. Thereinto, polarization entangle-
ment is used as an auxiliary degree of freedom for the
spatial separation of indistinguishable photons. As shown
in Fig. 4, frequency-entangled photons are generated by

SPDC process pumped with a continuous-wave grating-
stabilized laser diode. A pair of crosssed PPKTP crystals
are placed in sequence, whereby the optical axis of the
second crystal is rotated by 90◦ with respect to the first
crystal. Both of these two nonlinear optical crystals are
designed for collinear type-0 phase matching such that
the frequency bandwidth of down-converted photons are
sufficiently broad for measuring the spectral pattern. A
half-wave plate in the pump beam is used to set a diago-
nal polarization state such that two mutually orthogonally
oriented crystals are pumped equally. Balanced pumping
enables equal probability amplitudes for SPDC emission
|H 〉 → |HH 〉 in the first crystal, and |V〉 → |VV〉 in the
second crystal, where |H 〉 and |V〉 represent horizontal
and vertical polarizations. By rotating the polarization
of down-converted photons to diagonal and antidiagonal
direction and setting the relative phase φ = π , the resultant
state reads as

(|AA〉 − |DD〉)/
√

2 = (|HV〉 + |VH 〉)/
√

2. (13)

FIG. 4. Experimental demonstration of the quantum Wiener-Khinchin theorem in frequency-entangled two-photon HOM inter-
ference. HWP, half-wave plate; TEC, temperature controller; PPKTP, periodically poled potassium titanyl phosphate crystal; LP,
long-pass filter; PBS, polarizing beam splitter; BS: balanced beam splitter; sample: transparent sample with multilayer structure, SPD,
single-photon detector; grating: reflective diffraction grating. The inset in the entanglement source part illustrates the horizontally and
vertically orientated crystals, which ensures that the incident diagonally polarized photons can pump these two crystals with equal
probability. The inset in the interaction with the sample part illustrates the sample-induced phase shift as a function of frequency
distribution of idler photons, wherein �T determines the oscillation period.
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Subsequently, a polarizing beam splitter (PBS) is used
to deterministically route a pair of frequency-entangled
photons into two distinct spatial modes [25]. In our exper-
imental realization of broadband frequency entanglement
source, two mutually orthogonally oriented 10-mm-long
PPKTP crystals are manufactured to provide collinear
phase matching with pump (p), signal (s) and idler (i)
photons at center wavelengths of λp ≈ 405 nm and λs,i ≈
810 nm. The single-photon bandwidth is approximately
20 nm at a temperature of 21 ◦C. The wavelength-
dependent phase shift is compensated by tilting a half-
wave plate. Without any bandpass filter, we detect a
twofold coincidence rate of Rc = 8 × 103 counts/s. Then
the signal photons pass through a translation stage, which
can be used to scan the arriving time that is incident on a
balanced beam splitter. On the other hand, the idler pho-
tons interact with the test samples, and introduce a relative
time delay to be estimated. These pairs of photons impinge
on a balanced beam splitter from separated input modes,
which constitutes a HOM interferometer [17,26]. Two-
photon joint spectral intensity is identified in the opposite
spatial modes when two photons arrive at the detectors
within a coincidence window of approximately 1 ns.

In our proof-of-concept experiment, we build a home-
made single-photon monochromator to scan the frequency
correlation. The monochromator is constituted by a holo-
graphic grating that spread the spectrum in space and a
planoconvex lens that calibrates the spatial distribution of
the spectrum. Assisted by a detection array, we are able
to obtain the two-photon joint spectral intensity from one
experimental trial. As shown in Figs. 5(a)–5(d), the exper-
imental results exhibit as discrete frequency bins, wherein
the frequency bandwidth of single peaks is determined by
time delay. Aside from the sample with uniform thickness,
we also experimentally verify the viability of our method
by laying two pieces of glass partially on top of each other.
Accordingly, the generated two-photon joint spectral inten-
sity turns out to be the accumulation of multiple individual
spectral distributions as shown in Figs. 6(a) and 6(e).

IV. SPECTRAL-DOMAIN QUANTUM OPTICAL
COHERENCE TOMOGRAPHY

A concise yet essential application of QWKT is
the SD QOCT, where the spectral pattern reveals the
longitudinal structural information of test samples. In
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FIG. 5. Experimental measurement and theoretical simulation of (a)–(d) two-photon joint spectral intensities, where the orange lines
represent the theoretical predictions, and the black points represent the experimental results that are bounded by the standard deviation
estimated by statistical methods assuming a Poisson distribution. (e)–(h) Cross-correlation functions by making an inverse Fourier
transform, and (i)–(l) the predicted two-photon relative delays by setting�T as (a),(e),(i) 0.120 ps, (b),(f),(j) 0.200 ps, (c),(g),(k) 0.267
ps, and (d),(h),(l) 0.364 ps.
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FIG. 6. Experimental measurement and theoretical simulation of (a),(e) two-photon joint spectral intensities, where the orange
lines represent the theoretical predictions, and the black points represent the experimental results that are bounded by the standard
deviation estimated by statistical methods assuming a Poisson distribution. (b),(f) Cross-correlation functions by making an inverse
Fourier transform, (c),(g) the normalized intensity of likelihood estimation by scanning �T1 and �T2 independently, and (d),(h)
the predicted two-photon relative delays by setting as (a)–(d) �T1 = 0.120 ps and �T2 = 0.267 ps, (e)–(h) �T1 = 0.120 ps and
�T2 = 0.200 ps.

comparison with time-domain quantum optical coher-
ence tomography [27,28], SD QOCT has no requirement
of precise temporal scanning such that it is superior
in terms of its capturing speed, signal to noise ratio,
and sensitivity [29–32]. Here we experimentally demon-
strate a spectrally resolved HOM sensor that we use to
detect delays that are introduced by transparent samples,
which can be considered as a time-reversed process of
QWKT.

With respect to transparent samples with uniform thick-
ness, their CCFs in QWKT are obtained by applying an
inverse Fourier transform on joint spectral intensity as
shown in Figs. 5(e)–5(h). Since the longitudinal infor-
mation determines the separation distance between two
bilateral side peaks, the extracted two-photon relative time
delays are shown in Figs. 5(i)–5(l). As our experiment
utilizes a continuous-wave laser and the emission of down-
converted photons is uncertain in the time domain, we note
that the start points of time are random.

We also verify that QWKT is appropriate for the
exploitation of SD QOCT in extracting depth information
from the transparent samples with nonuniform thickness.
A direct method to obtain the target depth parameter is to
distinguish the temporal separation of two bilateral side
peaks as discussed before. However, if multiple depth
parameters are close enough, their side peaks may be too
ambiguous to be separated as shown in Figs. 6(b) and 6(f).
To tackle this issue, we use maximum-likelihood estima-
tion to obtain the estimators of target longitudinal param-
eters as shown in Figs. 6(c) and 6(g), and extract their

two-photon relative time delays as shown in Figs. 6(d)
and 6(h). In contrast to direct observation, maximum-
likelihood estimation enables us to search for the optimal
estimator, which may be a more efficient method for the
statistical analysis.

Since the probe state is shown in Eq. (7), a fundamental
limit for the precision of estimation, the so-called quantum
Cramér-Rao bound, is obtained as

δτ ≥ 1
2
√

NQ
, (14)

where

Q =
〈
∂ψ(τ)

∂τ

∣∣∣∣ ∂ψ(τ)∂τ

〉
−

∣∣∣∣
〈
ψ(τ)

∣∣∣∣∂ψ(τ)∂τ

〉∣∣∣∣
2

, (15)

N is the number of experimental trials. It has been proven
that for an entangled state with single-photon bandwidth
of σ , the Quantum Cramér-Rao bound is obtained as
δτ ≥ 1/(2σN 1/2) [15,23]. Now we confirm that our SD
QOCT approach can experimentally saturate Eq. (14). The
two-photon joint spectral intensity at the output of HOM
interferometer is expressed as Eq. (10). In the case of a
real HOM interferometer, that is subject to photon loss
γ and imperfect experimental visibility α, there are three
possible measurement outcomes, i.e., both photons are
detected, one photon is detected, or no photon detected,
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with corresponding probability distributions as

P2(τ ,ω) = (1 − γ )2

2
exp(−ω2/8σ 2)[1 + α cos(ωτ)]√

8πσ 2
,

P1(τ ,ω) = (1 − γ )2

2

[
2(1 + γ )

1 − γ

− exp(−ω2/8σ 2)(1 + α cos(ωτ))√
8πσ 2

]
,

P0(τ ,ω) = γ 2,
(16)

where subscripts 2, 1, and 0 represent the number of detec-
tors that click as direct results of coincidence, bunching
and total loss, respectively. Explicitly, an estimator is a
function of the experimental data that allows us to infer
the value of the unknown time delay using a particular sta-
tistical model for the probability distribution of spectrum.
For any such estimator [15,23], classical estimation theory
states that standard deviation is lower bounded by δτCR =
1/[NGω(τ )]1/2, where the Fisher information Gω(τ ) quan-
tifies the information can be extracted from a particular
measurement as

Gω(τ ) =
∫ ∞

−∞

[∂τP2(τ ,ω)]2

P2(τ ,ω)
+ [∂τP1(τ ,ω)]2

P1(τ ,ω)

+ [∂τP0(τ ,ω)]2

P0(τ ,ω)
dω. (17)

It indicates that the limit of Fisher information depends on
both a particular quantum state and a specific measurement
strategy. In the case of zero loss and perfect visibility, its

upper bound is achieved as Gω(τ ) = 4σ 2, which indicates
that we can recover the quantum Cramér-Rao bound, thus
confirming that the SD QOCT is an optimal measurement
strategy. While this ultimate limit of Gω(τ ) is indepen-
dent of time delay, the maximal Fisher information that can
be obtained in practical measurements is severely limited
by experimental imperfections, which makes the optimal
sensing position closely relevant to the time delay [see Fig.
7(g)]. Note that the estimation that involves observable
quantities N , γ , α, and σ needs to be separately estimated
before the measurements begin. The theoretical simulation
of Fisher information as functions of single-photon band-
width σ and target delay to be estimated is shown in Fig.
7(a). Since broader bandwidth leads to clearer distinguish-
ment in spectral distribution, Gω(τ ) increases with respect
to single-photon bandwidth.

While HOM interferometry holds great promise for
sensing schemes that require precise knowledge of opti-
cal delays, its dynamic range is limited by single-photon
bandwidth in practical experiment [see Fig. 7(b)]. It is
generally assumed that great precision in the measurement
requires that photons contain a large bandwidth [15]. Nev-
ertheless, this well-known assumption is challenged and
shows that the use of well-separated color entanglement
suffices to achieve great precision [see Fig. 7(c)]. It shows
that the precision with which the delays can be measured
is mainly determined not only by the coherence time of
single photons, but also by the separation distance of the
center frequencies of the frequency-entangled state [23].

As shown in Fig. 7(d), Gω(τ ) obtained in SD QOCT
can reach the ultimate bound in measurement precision
that is allowed by the probe state. With comparison to
the conventional HOM measurement strategy, SD QOCT
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FIG. 7. Theoretical prediction of Fisher information in (a) SD QOCT, HOM interferometry based on (b) indistinguishable photons
(HOM) (difference frequency � = 0 nm), (c) frequency-entangled photons (σ = 0.5 nm), and (d) their comparison in the case of
setting single-photon bandwidth as 10 nm in the case of zero loss and perfect visibility. Theoretical prediction of Fisher information
in SD QOCT with (e) visibility of 0.9, (f) loss of 0.2. (g) Fisher information as a function of time delay (σ = 10 nm), and (h) as a
function of single-photon bandwidth (τ = 0.5 ps) for various imperfect visibilities and channel-loss rates.
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offers an avenue to detect longitudinal structural informa-
tion within a wide dynamic range and with provable advan-
tages in the precision and sensitivity. This enhancement
can be attributed to the exploitation of spectral analysis
that is mainly determined by single-photon spectrometer,
whereas temporal measurement in HOM interferometry
is severely limited by single-photon bandwidth. Addition-
ally, both of the HOM interferometric schemes based on
indistinguishable photons and frequency-entangled pho-
tons require the precise scanning in time domain, our SD
QOCT has a great advantage in shortening the capturing
time that is realized through simultaneous measurement of
spectral distributions by using detection array and without
the strict requirement of temporal scanning.

In the case of nonzero loss [see Fig. 7(e)] and imperfect
visibility [see Fig. 7(f)], SD QOCT is unable to reach the
quantum Cramér-Rao bound, and the specific Fisher infor-
mation depends on both of single-photon bandwidth and
time delay. As shown in Fig. 7(g), the dynamic range of SD
QOCT is still quite wide, but the precision would drop to
zero in the case of τ → 0. However, the ultimate precision
still increases as a function of single-photon bandwidth
as shown in Fig. 7(h). Thus, SD QOCT still can offer
provable advantages in precision and sensitivity in measur-
ing the longitudinal length of transparent samples within
a wide dynamic range even in the practical experimental
applications.

V. DISCUSSION

Backed by a mathematical definition of quantum
Wiener-Khinchin theorem that explains the connection
between two-photon relative temporal signal and two-
photon joint spectral intensity, we report on its experimen-
tal implementation in the frequency-entangled two-photon
interference by using a spectrally resolved HOM inter-
ferometer. In addition, a time-reversed process of QWKT
can be used to implement a resource-efficient SD QOCT,
including but not limited to the precise measurement of
depth information of transparent samples with uniform or
nonuniform thickness.

This connection in HOM interference may be extended
to other degrees of freedom, such as angle and orbital
angular momentum that are linked by discrete Fourier
series [33] and radial position and radial momentum that
are linked by quantum Mellin transform [34]. We hope
this study spurs further investigation into the translation
between different degrees of freedom of photons, which
can be exploited in quantum metrology for greater perfor-
mance even in the presence of excess noise.

In conclusion, we believe that fully harnessing
QWKT and its experimental demonstration in frequency-
entangled two-photon HOM interference will provide
additional tools, e.g., quantum interferometric spec-
troscopy, ultimately broadening the path towards practical

quantum information processing and quantum metrology.
For example, with respect to quantum information process-
ing, temporal distinguishability in HOM interference can
be harnessed to prepare and characterize high-dimensional
frequency entanglement [17,18,35]. With respect to quan-
tum metrology, entanglement-assisted absorption spec-
troscopy based on quantum interference has been used
to detect the absorptive properties of materials and
molecules, which has the potential to provide quantum
advantages in robustness against noise and loss [11,22,36].
In addition, entanglement-based optical coherence tomog-
raphy have inspired many unique applications such as
quantum sensing with undetected photons, which enables
the manipulation and detection of photons by harnessing
its parter photons with a completely different wavelength,
in particular for commercial near-IR-OCT systems [37].
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APPENDIX: HOM INTERFERENCE WITH
FREQUENCY-ENTANGLED STATES

In the ideal case, the HOM interference measurement is
accomplished by using a lossless and balanced beam split-
ter. The beam-splitter transformation on the input modes
can be expressed by

â†
s (ωs) = 1√

2
[â†

1(ωs)+ â†
2(ωs)],

â†
i (ωs) = 1√

2
[â†

1(ωi)− â†
2(ωi)].

(A1)

As a relative time delay τ is introduced by a transparent
sample, it results in a phase shift exp(−iωiτ1) that trans-
mits the two-photon state as |ψ(τ)〉 → |ψA(τ )〉 + |ψB(τ )〉

|ψ(τ)〉 = 1
2

∫ ∞

0

∫ ∞

0
dωsdωif (ωs,ωi)e−iωiτ1 [iâ†

1(ωs)â
†
1(ωi)

+ iâ†
2(ωs)â

†
2(ωi)+ â†

1(ωi)â
†
2(ωs)

− â†
1(ωs)â

†
2(ωi)]|0〉, (A2)
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where subscript 1/2 represent two output modes of the
beam splitter, and

|ψA(τ )〉 = 1
2

∫ ∞

0

∫ ∞

0
dωsdωi[f (ωs,ωi)e−iωiτ

− f (ωi,ωs)e−iωsτ ]â†
1(ωs)â

†
2(ωi)|0〉,

|ψB(τ )〉 = 1
2

∫ ∞

0

∫ ∞

0
dωsdωi[f (ωs,ωi)e−iωiτ

− f (ωi,ωs)e−iωsτ ]

× (â†
1(ωs)â

†
1(ωi)+ â†

2(ωs)â
†
2(ωi))|0〉.

(A3)

Since the spectrally resolved HOM interference pattern is
identified in opposite spatial modes resulting from anti-
bunching effect, we focus on the calculation of Pc(τ ) =
|〈ψ(τ)|ψA(τ )〉|2. It is obviously that two photons after the
beam splitter are indistinguishable, we substitute ωs and ωi
with ω1 and ω2. By multiplying e−iωiτ to cancel the global
phase, we obtain

|ψA(τ )〉 = 1
2

∫ ∞

0

∫ ∞

0
dω1dω2[f (ω1,ω2)

− f (ω2,ω1)e−i(ω1−ω2)τ ]â†
1(ω1)â

†
2(ω2)|0〉.

(A4)

The detection operators of two detectors in different output
modes are

Ê(+)1 = 1√
2π

∫ ∞

0
dω1â1(ω1)e−iω1t1 ,

Ê(+)2 = 1√
2π

∫ ∞

0
dω2â2(ω2)e−iω2t2 .

(A5)

Thus the normalized coincidence probability P(τ ) as a
function of time delay can be expressed as

P(τ ) = 〈ψA(τ )|Ê(−)1 Ê(−)2 Ê(+)2 Ê(+)1 |ψA(τ )〉, (A6)

and the simplified result is shown in Eq. (9).
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