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Geometric quantum computation offers a practical strategy toward robust quantum computation due
to its inherent error tolerance. However, the rigorous geometric conditions lead to complex and/or error-
disturbed quantum controls, especially for logical qubits that involve more physical qubits, whose error
tolerance is effective in principle, but their experimental demonstration is still demanding. Thus, how to
best simplify the needed control and manifest its full advantage has become the key to widespread appli-
cations of geometric quantum computation. Here we propose a fast and robust geometric scheme, with
decoherence-free subspace encoding, and present its physical implementation on superconducting quan-
tum circuits, where we only utilize the experimentally demonstrated parametrically tunable coupling to
achieve high-fidelity geometric control over logical qubits. Numerical simulation verifies that it can effi-
ciently combine the error tolerance from both the geometric phase and logical-qubit encoding, displaying
our gate-performance superiority over the conventional dynamical one without encoding, in terms of both
gate fidelity and robustness. Therefore, our scheme can consolidate both error suppression methods for
logical-qubit control, which sheds light on the future large-scale quantum computation.
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I. INTRODUCTION

The superiority of quantum computation over classical
computation essentially lies in the superposition and entan-
glement of quantum systems [1]. But an inescapable truth
is that the influence of environment-induced decoherence
and inaccurate control on a quantum system will greatly
limit the performance of quantum gates, which are the
building blocks for executing quantum computation, thus
revealing the necessity for exploring a method to combat
both decoherence and control errors, especially for future
large-scale quantum circuits. Geometric phases [2–5], due
to their inherent error-tolerant feature, have become criti-
cal elements for realizing high-fidelity and robust quantum
controls. However, for adiabatic geometric quantum com-
putation (GQC) [6–10], due to the long evolution time
needed to satisfy the adiabatic conditions, the resulting
gate fidelities are relatively low, despite indeed being more
robust against control errors.

*zyxue83@163.com
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Recently, GQC [11–17] based on nonadiabatic geomet-
ric phases [4,5] has been proposed to implement robust and
high-fidelity quantum gates, which eliminate the restriction
of slow evolution. Remarkably, experimental demonstra-
tions for elementary geometric quantum gates have also
been achieved on various systems, such as trapped ions
[18,19], NMR [20–23], superconducting quantum circuits
[24–30], nitrogen-vacancy centers [31–36], etc. Mean-
while, to further consolidate the geometric robustness,
many efforts have been made to make GQC more com-
patible with various optimal-control techniques, includ-
ing the composite pulse [37,38], dynamical decoupling
[39,40], time-optimal control [41], path optimization [42],
etc. Nonetheless, the rigorous geometric conditions lead
to complex and error-disturbed quantum controls, so that
existing GQC is favorable merely for a certain kind of con-
trol error. Thus, it is still quite challenging to demonstrate
the full error-tolerant advantages for GQC.

Besides control errors, environmental-induced decoher-
ence is another central obstacle in realizing GQC. Meth-
ods based on decoherence-free subspace (DFS) encoding
[43–46] can utilize the symmetry structure of the
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interaction between the qubit system and its environment
to effectively suppress the effect of collective dephasing,
which is the major source of decoherence in the quan-
tum system. To this end, the proposed geometric schemes
[47–54] under the protection of DFS encoding aim to
achieve the combination of geometric error-tolerant fea-
tures and decoherence resilience of the encoding. How-
ever, due to more involved physical qubits, more error
sources are introduced too, such that the logical-qubit
manipulation becomes complicated and fails to achieve
the desired gate performance under hybrid protection in
subsequent experimental demonstration.

Here we aim to solve the two aforementioned key prob-
lems in GQC: (i) to best simplify the geometric control in
order to manifest GQC to its full advantage; (ii) to make
GQC more compatible with the protection of DFS encod-
ing. To this end, from a general approach to construct a
geometric quantum gate, we propose an improved geo-
metric scheme that can shorten the operation time and
possesses the robustness advantage beyond the conven-
tional dynamical scheme. In addition, with the pursuit of
a minimal number of physical qubits, we merely utilize
parametrically tunable coupling between a transmon and
a microwave resonator to achieve high-fidelity geomet-
ric control for DFS logical qubits on the superconducting
quantum circuit. Our scheme does not require an additional
auxiliary level or qubit, and can thus avoid introducing
more error sources. Numerical simulation verifies that our
scheme can fully consolidate the hybrid-protection capa-
bilities from both the geometric phase and the encoding,
by displaying absolute error-tolerant advantages over the
dynamical gates without encoding, in terms of both the
frequency-drift error and decoherence, which are the main
error sources for superconducting quantum circuits. There-
fore, our scheme shows the prospect of GQC with logical-
qubit encoding that is inevitable in future fault-tolerant
quantum computation.

II. A GENERAL SCHEME FOR GEOMETRIC
GATES

We first consider a general two-level quantum system
that consists of a ground state |0〉 = (1, 0)† and an excited
state |1〉 = (0, 1)†, as shown in Fig. 1(a). Its arbitrary quan-
tum control can be realized by a microwave drive, as
described by the Hamiltonian (assuming that � = 1 here
and hereafter)

H(t) = 1
2 B(t) · σ , (1)

where the control field B(t) has three directions,
which are Bx = �(t) cosφ(t), By = �(t) sinφ(t), and
Bz = −�(t); σ = (σx, σy , σz) are the Pauli matrices;
�(t) and φ(t) are the time-dependent driving ampli-
tude and phase of the microwave field; and �(t)

(a) (b)
Ω1Ò

Ω0Ò

Ω(t)eiφ(t)

Δ(t)

FIG. 1. (a) A simple two-level coupling structure driven by
a microwave field. (b) Illustration of a U-shaped geometric
evolution path A → B → C → D of state |�0(t)〉 on a Bloch
sphere.

is the time-dependent detuning. There is a pair of
orthogonal evolution states |�i(t)〉 = eifi(t)|ψi(t)〉 with i =
0, 1, |ψ0(t)〉 = cos(χ(t)/2)|0〉 + sin(χ(t)/2)eiξ(t)|1〉 and
|ψ1(t)〉 = sin (χ(t)/2)e−iξ(t)|0〉 − cos (χ(t)/2)|1〉, where
the phase factor fi(t) is a global phase of |�i(t)〉, and χ(t)
and ξ(t) represent the time-dependent change of polar and
azimuth angles of the state vector on a Bloch sphere, as
shown in Fig. 1(b). Utilizing the Schrödinger equation as
i|�̇i(t)〉 = H(t)|�i(t)〉, we solve for

χ̇(t) = −Bx sin ξ(t)+ By cos ξ(t),

ξ̇ (t) = −�(t)− cotχ(t)[Bx cos ξ(t)+ By sin ξ(t)], (2)

thereby determining the dependence of evolution details
of state |�i(t)〉 and the control parameters of H(t).
Besides, after a time period τ , accumulated global phase
f0(τ ) = −f1(τ ) = γ includes the dynamical part γd =
− ∫ τ

0 〈�i(t)|H(t)|�i(t)〉dt and the geometric part

γg = γ − γd = −1
2

∫ τ

0
ξ̇ (t)[1 − cosχ(t)]dt, (3)

where the geometric nature [4,5] of γg comes from the fact
that it is given by half of the solid angle enclosed by the
noncyclic evolution path and its geodesic connecting the
initial point [χ(0), ξ(0)] and the final point [χ(τ), ξ(τ )].
In this way, we can determine the pure geometric prop-
erty of the evolution process by designing state parameters
ξ̇ (t) sin2χ(t) = −�(t) to meet γd = 0. Thus, substituting
this geometric condition into Eq. (2), we can use the solved
relations

Bx = −ξ̇ (t) sinχ(t) cosχ(t) cos ξ(t)− χ̇ (t) sin ξ(t), (4a)

By = −ξ̇ (t) sinχ(t) cosχ(t) sin ξ(t)+ χ̇(t) cos ξ(t),
(4b)

Bz = −ξ̇ (t) sin2 χ(t) (4c)
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to reversely fix the control parameters of Hamiltonian H(t).
After an evolution period τ , two evolution states undergo a change as |�i(0)〉 → |�i(τ )〉 = e(−1)iiγg |ψi(t)〉, and the

associated evolution operator

U(τ , 0) = eiγ |ψ0(τ )〉〈ψ0(0)| + e−iγ |ψ1(τ )〉〈ψ1(0)|

=
(
(cγ ′cχ− + isγ ′cχ+)e

−iξ− (−cγ ′sχ− + isγ ′sχ+)e
−iξ+

(cγ ′sχ− + isγ ′sχ+)e
iξ+ (cγ ′cχ− − isγ ′cχ+)e

iξ−

)

(5)

can be obtained, where cj = cos j , sj = sin j , p± =
[p(τ )± p(0)]/2, and γ ′ = γg + ξ−. Therefore, arbitrary
geometric gate types are realized by setting the bound-
ary values of parameters χ(t) and ξ(t). More importantly,
time-dependent shapes of parameters χ(t) and ξ(t) can
also be engineered to determine geometric schemes under
different evolution processes. Benefiting from it, we then
work to implement an improved geometric scheme that
can be better compatible with DFS encoding while holding
high fidelity and error-tolerant features.

III. AN IMPROVED CONSTRUCTION OF
GEOMETRIC GATES

Based on the above general geometric framework, we
can set time-dependent shapes of parameters χ(t) and
ξ(t) to realize different geometric evolution processes. We
here design a geometric scheme based on a “U-shaped”
evolution path with state parameters [χ(t), ξ(t)] as

χ(0) = χ1 � χ(τ1) = χ2 →χ(τ2) = χ2 � χ(τ) = χ1,
(6a)

ξ(0) = ξ1 → ξ(τ1) = ξ1 � ξ(τ2) = ξ2 → ξ(τ ) = ξ2,
(6b)

where the arrows “→” and “�” indicate whether the
parameters χ(t) and ξ(t) remain constant or change with
time during the evolution process, respectively. For exam-
ple, in the first time segment t ∈ [0, τ1], χ(t) changes from
χ1 to χ2, while ξ(t) = ξ1 remains constant. The visual-
ized state-evolution details on a Bloch sphere are shown
in Fig. 1(b); that is, start from point A(χ1, ξ1) and evolve
along the longitude line with ξ(t) = ξ1 to point B(χ2,ξ1)

at time τ1; then evolve along the latitude line with χ(t) =
χ2 to point C(χ2, ξ2) at time τ2; finally, evolve to point
D(χ1, ξ2) along the longitude line with ξ(t) = ξ2 at the
final time τ . Therefore, under the above evolution process,
according to the parameter-limited relations in Eqs. (4), we
can determine the Hamiltonian parameters�(t) and φ(t) in
the three segments t ∈ [0, τ1], [τ1, τ2] and [τ2, τ ] as

2
∫ τ1

0
�(t)dt = |χ2 − χ1|, φ(t) = ξ1 + π

2
, (7a)

∫ τ2

τ1

�(t)dt = 1
2
(ξ2 − ξ1) sin(2χ2), φ(t) = ξ(t)+ π ,

(7b)
∫ τ

τ2

�(t)dt = |χ2 − χ1|, φ(t) = ξ2 − π

2
,

(7c)

respectively, with detuning �(t) = 0, −�(t) tanχ2, 0,
where ξ(t) = ξ1 + ∫ t

τ1
�(t′)dt′/[2 sin(2χ2)]. This is the case

of χ2 > χ1, and when χ2 < χ1, parameter φ(t) in the time
segments t ∈ [0, τ1] and t ∈ [τ2, τ ] should be changed to
ξ1 − π/2 and ξ2 + π/2, respectively. Note that the pulse
shape here can be arbitrary, providing its pulse area is as
prescribed. The final evolution operator is written as

U(τ ) = U(τ , τ2)U(τ2, τ1)U(τ1, 0)

=
(
(cγ ′ + isγ ′cχ1)e

−iξ− isγ ′sχ1e−iξ+

isγ ′sχ1eiξ+ (cγ ′ − isγ ′cχ1)e
iξ−

)

,

(8)

where γ ′ = γg + ξ− with the accumulated geometric
phase in this evolution process being γg = −(ξ2 − ξ1)(1 −
cosχ2)/2. We find that the geometric Hadamard gate Ug

H ,
phase gate Ug

S , and π/8 gate Ug
T, corresponding to the

matrices

Ug
H = 1√

2

(
1 1
1 −1

)

, Ug
S =

(
1 0
0 eiπ/2

)

,

Ug
T =

(
1 0
0 eiπ/4

)

, (9)

can all be realized by setting {γ ′ = π/4, ξ2 − ξ1 =
3π ,χ1 = π/2}, {γ ′ = π , ξ2 − ξ1 = 5π/2}, and {γ ′ = π ,
ξ2 − ξ1 = 9π/4}, respectively, which constitute a univer-
sal set for single-qubit gates [1].

IV. THE PERFORMANCE SUPERIORITY OF
GEOMETRIC GATES

Next, we continue to verify the advantages of our geo-
metric scheme over the conventional dynamical one (for
details, see Appendix A), in terms of gate performance.
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Firstly, the needed gate-operation time is an important fac-
tor for gate performance and determines the impact from
environment-induced decoherence. From the comparison
results listed in Fig. 2(a), we find that the time we con-
sume to construct a geometric gate is less than that of the
dynamical counterpart, where �(t) = � is set to be con-
stant for simplicity. Secondly, we also consider the driving
amplitude and detuning errors induced by the imperfect
control, in the form of (1 + ε)� and �(t)+ η�. We use
the formula Fε,η = Tr(U†Uε,η)/Tr(U†U) to evaluate gate
robustness in the presence of control errors, in which
U and Uε,η are respectively the gate without and with
errors. The results of a numerical simulation are shown in
Figs. 2(b)–2(g), which exhibit the advantage of our scheme
in terms of both the gate fidelity and robustness. Finally, it
needs to be emphasized that the time-dependent pulse can
also be applicable to our geometric scheme and exhibits
the same effect as above. So far, our simulation starts with
a general two-level structure that can be easily addressed in
realistic quantum systems, such as trapped ions, the super-
conducting quantum circuit, the nitrogen-vacancy center,
etc.; thus, it can be expected that our geometric scheme

Hadamard Gate Phase Gate /8 Gate

Geometric Gates 0. /Ω 1. /Ω 0. /Ω

Dynamical Gates 1. /Ω 1. /Ω 1. /Ω

(a)

(b)

(c)

(d)

(e)

(f)

(g)

FIG. 2. Comparison of our geometric gates and the conven-
tional dynamical counterparts in terms of (a) the gate time and
(b)–(g) robustness.

can also exhibit error-tolerant features. In the following,
we verify this in a scalable superconducting system.

V. IMPLEMENTATION WITH ENCODING

For the superconducting transmon qubit, a common
method used to achieve precise control of a single qubit
is to apply the derivative removal by adiabatic gate
(DRAG) correction technology [55,56] to suppress the
computational basis leakage caused by the transmon’s
anharmonicity. However, it is necessary to set the drive
to be time dependent there, resulting in a longer gate
time than the square pulse, so the decoherence effect and
loss of gate robustness will also increase significantly.
Therefore, here we propose implementing our universal
geometric gates under the protection of DFS encoding
on a two-dimensional (2D) transmon-resonator lattice as
shown in Fig. 3(a), which can combine the error-tolerant
features of our geometric scheme and the decoherence
resilience of DFS encoding. With the pursuit of a mini-
mal number of physical qubits and without any additional
auxiliary, here we only use a capacitively coupled trans-
mon Q1 and microwave resonator Ra to encode a DFS
logical qubit; thus, there will exist a two-dimensional
DFS S1 = {|10〉, |01〉}, where the encoded computational
bases are denoted as |0〉L = |10〉 and |1〉L = |01〉 with
|mn〉 = |m〉1 ⊗ |n〉a. For the parametrically tunable cou-
pling [57,58] between a transmon Q1 and a fixed-frequency
microwave resonator Ra, it is obtained by introducing an
additional qubit-frequency driving for transmon Q1, in the
form ωq1(t) = ωq1 + ε1 sin(ν1t + ϕ1), which can be exper-
imentally achieved by biasing the transmon with an ac
magnetic flux. The energy level transition structure of
the above interaction Hamiltonian is shown in Fig. 3(b);

(b)

(a)

encode

Ω00Ò

Ω10Ò
Ω01Ò

Ω02Ò

RbRa

Rb¢ Q2¢

Q1 Q2

Ω1ÒL

Ω0ÒL

Ω11Ò
Ω20Ò

ΔL

ΩLe
iφL

FIG. 3. (a) A scalable 2D superconducting transmon-resonator
lattice. (b) Energy level diagram of the capacitive coupling of
a single transmon and a microwave resonator, where the single-
excitation subspace {|10〉, |01〉} as an effective two-level structure
can encode a single-logical-qubit DFS.
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there is naturally no leakage from DFS S1 to the multiex-
citation subspaces, and thus no additional correction for
the computational basis leakage is required. Furthermore,
in the DFS representation {|0〉L, |1〉L}, the obtained effec-
tive Hamiltonian is of the same form as Eq. (1) (for the
derivation details, see Appendix B); thus, arbitrary single-
logical-qubit geometric gates, as in Eq. (8), can be realized
under the geometric parameter constraints in Eqs. (7).

We take the Hadamard gate Ug
HL

, phase gate Ug
SL

, and
π/8 gate Ug

TL
as typical examples to numerically show the

performance of these universal single-logical-qubit geo-
metric gates by using the quantum master equation, where
the simulation details are given in Appendix E. According
to state-of-the-art technology in the experiments [59–61],
here we set a conservative parameter region (for details,
see Appendix F), in which the transmon energy-relaxation
time and its pure dephasing time are T1 = Tφ = Ttran =
40 μs, and the resonator energy-relaxation time is Tres =
150 μs. The coupling strength between transmon Q1 and
resonator Ra is g1a = 2π × 20 MHz with the anharmonic-
ity of Q1 α1 = 2π × 240 MHz. At a frequency difference
between Q1 and Ra of �1 = 2π × 180 MHz, the gate
fidelities of the geometric Hadamard gate, phase gate, and
π/8 gate can be as high as 99.95%, 99.92%, and 99.94%
by adjusting β1 = ε1/ν1 ≈ 2.1, respectively. Besides, the
flux noise [62–64] will inevitably be introduced during flux
modulation for realizing parametrically tunable coupling.
Thus, the frequency drift (ωq1 → ωq1 + δ1) of a working
transmon induced by the flux noise can be up to a few
of megahertz, which together with decoherence (including
qubit energy relaxation and pure dephasing) is regarded
as the main source of gate error in superconducting sys-
tems. In Figs. 4(a) and 4(b), we plot the gate fidelity as
a function of shorter coherence time Ttran and frequency-
drift quantity δ1, respectively, where the shorter coherence
time Ttran characterizes more decoherence effects. These
results demonstrate that, although more physical resources
are involved, our geometric encoding scheme still has a
stronger error robustness than the conventional dynamical
gates, which are realized by applying DRAG correction on
a single transmon (Q1) under the same parameter settings.
In addition, our geometric encoding scheme can be insen-
sitive to the influence of decoherence due to the shorter
gate-operation time and the coherence protection from
encoding. Remarkably, we further consider the joint influ-
ence of qubit-frequency drift and decoherence, with the
results shown in Figs. 4(c) and 4(d) powerfully verifying
the error-tolerant features of our scheme.

Furthermore, for the previous geometric scheme [16]
based on a “single-looped” geometric evolution process
that can also be engineered by applying our general
geometric framework in Sec. II, due to the require-
ment of a longer gate-operation time, the gate fideli-
ties will suffer more losses from decoherence in the
superconducting transmon-resonator system. Thus, unlike

(a) (b)

(c) (d)

1

tran
/ ( − 1) 1 / (MHz)

1

tran
/ ( −1) 1

tran
/ ( − 1)

FIG. 4. Performance comparisons for our geometric gates
under the protection of DFS encoding and the dynamical gates
realized on a single transmon under the effects of (a) decoher-
ence and (b) qubit-frequency drift, which are regarded as the
main sources of gate errors in superconducting quantum circuits,
where the decoherence effect is characterized by coherence time
Ttran. Comparison of comprehensive effects for the (c) Hadamard
gate and (d) π/8 gate. Note that the performance of the phase
gate is similar to that of the π/8 gate and thus not mentioned
here and hereafter.

our current U-shaped geometric scheme, the combination
of the single-looped geometric scheme and DFS encoding
fails to thoroughly exploit the desired hybrid protection, as
discussed in detail in Appendix C.

Next, we extend our geometric approach to the situ-
ation of two logical qubits, as shown in Fig. 3(a), and
prove the overall gate-performance advantages compared
to the “two-physical-qubit dynamical gate” realized by
tunable coupling between only two transmons. We con-
tinue to utilize a transmon Q2 and a microwave res-
onator Rb on the same chain as the first logical qubit to
encode the second logical qubit; thus, there exists a four-
dimensional DFS S2 = {|1010〉,|1001〉,|0110〉,|0101〉}=
{|00〉L, |01〉L, |10〉L, |11〉L} for two-logical qubits. In the
same way (see Appendix D for the derivation details),
we can efficiently obtain the two-logical-qubit controlled-
phase gate

Ug
CP(ζ ) = diag{1, 1, eiζ , 1} (10)

with ζ being a geometric phase. In the following, we
evaluate the performance of Ug

CP(π/2) by utilizing the
master equation, where the influence of high-order oscil-
lating terms and decoherence of transmons (Q1, Q2) and

014062-5



CHEN, XUE, and WANG PHYS. REV. APPLIED 18, 014062 (2022)

(a) (b)

2 / (MHz)1

tran
/ 2 ( − 1)

FIG. 5. Performance comparisons for a two-logical-qubit
controlled-phase geometric gate and a two-physical-qubit
dynamical counterpart under the effects of (a) shorter coher-
ence time and (b) qubit-frequency drifts (ωq1 → ωq1 + δ1 and
ωq2 → ωq2 + δ2) of two transmons Q1 and Q2.

microwave resonators (Ra, Rb) are all taken into consid-
eration. Here, we set the coupling strength ga2 = 2π ×
8 MHz, and anharmonicity of the other transmon Q2
as α2 = 2π × 220 MHz. When the frequency difference
between Q2 and Ra is �2 = 2π × 500 MHz and the driv-
ing parameter β2 = ε2/ν2 ≈ 1.2, we can simulate that the
fidelity of a two-logical-qubit controlled-phase geometric
gate up to 99.76% under the coherence time T1 = Tφ =
Ttran = 40 μs and Tres = 150 μs; this result is compara-
ble to the fidelity with 99.68% of a two-physical-qubit
dynamical gate Ud

CP(π/2) realized only on transmons Q1
and Q2 under the same parameter settings. Furthermore,
in Figs. 5(a) and 5(b), the numerical results indicate that,
under the influence of a shorter coherence time and qubit-
frequency drifts, our controlled-phase geometric gate with
encoding shows a stronger error-tolerant feature over the
two-physical-qubit dynamical gate.

VI. CONCLUSION

In summary, we propose a fast and robust geometric
scheme based on a simple two-level structure. And we
merely utilize tunable coupling between a transmon and
a microwave resonator to achieve high-fidelity geomet-
ric logical control in superconducting quantum circuits.
Furthermore, from the numerical results, we can obvi-
ously find that, under hybrid protection of the geometric
phase and DFS encoding, our single- and two-logical-qubit
geometric gates can all show higher fidelity and greater
robustness than the dynamical ones without DFS encod-
ing. Therefore, all of these sufficiently demonstrate that our
scheme paves the way for achieving robust GQC.
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APPENDIX A: DYNAMICAL QUANTUM GATES

A conventional dynamical quantum gate [59,65], men-
tioned in the main text, can be realized by a res-
onant two-level drive. The corresponding Hamiltonian
is as given in Eq. (1) with �(t) = 0, in which the
driving phase φ(t) = φd is a constant to ensure that
there is no accumulation of geometric phase. In this
way, the dynamical Hadamard gate Ud

H , phase gate
Ud

S, and 8/π gate Ud
T are respectively obtained by the

operations of Rx(π)Ry(π/2), Ry(−π/2)Rx(π/2)Ry(π/2),
and Ry(−π/2)Rx(π/4)Ry(π/2), where the corresponding
operation elements Rx(θ) and Ry(θ) are the dynamical
X - and Y-axis rotation operations for arbitrary angle θ =∫ τ

0 �(t)dt, which can be done by determining φd = 0 and
π/2, respectively.

In addition, in the superconducting physical implemen-
tation of single-qubit dynamical gates, the correspond-
ing control field needs to be corrected to BC(t) = B(t)+
BD(t), in which B(t) and BD(t) = (−Ḃy + BzBx, Ḃx +
BzBy , 0)/(2α1) are the original and additional DRAG-
correcting microwave fields, respectively, where α1 is
the anharmonicity of the working transmon Q1. Consider
the constraint of experimental control and DRAG correc-
tion on a single transmon, it is necessary to set a time-
dependent pulse shape and ensure that �(0) = �(τ) =
0. In the comparison in the main text, we set �(t) =
�m sin(π t/τ) as an example for simplicity.

APPENDIX B: TUNABLE
TRANSMON-RESONATOR COUPLING

To achieve effective control for the single-logical-qubit
states |0〉L (|10〉) and |1〉L (|01〉), we can utilize the
parametrically tunable coupling between a transmon Q1
and a fixed-frequency microwave resonator Ra, which
is obtained by introducing an additional qubit-frequency
driving for transmon Q1. Moving into the interaction
picture, the system Hamiltonian can be written as

H1
I (t) = g1a{|10〉〈01|ei�1te−iβ1 cos(ν1t+ϕ1)

+
√

2|20〉〈11|ei(�1−α1)te−iβ1 cos(ν1t+ϕ1)

+
√

2|11〉〈02|ei�1te−iβ1 cos(ν1t+ϕ1)} + H.c.,
(B1)

where β1 = ε1/ν1; g1a and �1 are the coupling strength
and the difference in the transition frequency between
transmon Q1 and microwave resonator Ra; αn is the intrin-
sic anharmonicity of transmon Qn. The energy level tran-
sition structure corresponding to Hamiltonian H1

I (t) is
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shown in Fig. 3(b); we obviously find that the single-
excitation subspace {|10〉, |01〉} can form an effective two-
level structure. Furthermore, when we encode the compu-
tational basis into DFS S1, there is naturally no leakage
from S1 to the multiexcitation subspaces. Therefore, unlike
the control in a single transmon, our encoding method
is not limited by the transmon’s anharmonicity, and also
does not rely strictly on a time-dependent pulse shape for
correcting the computational basis leakage.

Here we utilize the Jacobi-Anger identity to expand e-
index terms in Eq. (B1), and modulate the qubit-driving
frequency ν1 to satisfy �1 − ν1 = −(�L + μ) with |�L +
μ| 
 {�1, ν1}. Then, by neglecting the high-order oscil-
lating terms, and applying the unitary transformation with
the transformation matrix UR(t) = exp[−i(�L/2)σ L

z t], the
final effective Hamiltonian can be obtained as

HL(t) = 1
2�L[cosφL(t)σ L

x + sinφL(t)σ L
y ] − 1

2�Lσ
L
z ,
(B2)

where σ L
x,y,z are the Pauli operators in the single-logical-

qubit subspace {|0〉L,|1〉L}; the coupling strength �L =
2J1(β1)g1a with J1(β1) a Bessel function of the first kind;
and the relative phase φL(t) = μt + ϕ1 + π/2. The above
Hamiltonian form is equivalent to H(t) in Eq. (1) under the
DFS representation {|0〉L, |1〉L}.

APPENDIX C: SINGLE-LOOPED GEOMETRIC
QUANTUM GATES

Based on our general approach to construct geometric
gates in the main text, we can also design the time-
dependent shapes of state parameters χ(t) and ξ(t) as

χ(0) = χ � χ(τ1) = 0 � χ(τ2) = π � χ(τ) = χ ,
(C1a)

ξ(0) = ξ1 � ξ(τ1) = ξ2 → ξ(τ2) = ξ2 � ξ(τ ) = ξ1,
(C1b)

to realize a “single-looped” geometric evolution process
[16], where the arrows “→” and “�” indicate whether
the parameters χ(t) and ξ(t) remain constant or change
with time during the evolution process, respectively; in
addition, for the change of ξ1 in the first time segment
t ∈ [0, τ1], just mutate to ξ2 at moment τ1, and keep ξ1
unchanged at other times in the time segment t ∈ [0, τ1];
likewise, for the change of ξ2 in the third time segment
t ∈ [τ2, τ ], just mutate to ξ1 at moment τ2, and keep ξ1
unchanged for the rest of the time. The details of state evo-
lution on a Bloch sphere are as follows: start from point
(χ , ξ1) and evolve along the longitude line to the north pole
(0, ξ2) at time τ1; then evolve along the longitude line to

the south pole (π , ξ2) at time τ2; finally, back to the initial
point (χ , ξ1) along the longitude line at the final time τ ,
where ξ(t) remains unchanged on the longitude line, only
changing from ξ1 to ξ2 and from ξ2 back to ξ1 at the north
pole and south pole, i.e., the intermediate time points τ1
and τ2, respectively.

In the same way, under the above single-looped evo-
lution process, according to the parameter-limited rela-
tions in Eqs. (4), we can also determine the Hamilto-
nian parameters �(t) and φ(t) in the three segments t ∈
[0, τ1], [τ1, τ2], and [τ2, τ ] as

∫ τ1
0 �(t)dt = χ ,

∫ τ2
τ1
�(t)dt =

π , and
∫ τ
τ2
�(t)dt = π − χ ; and φ(t) = ξ1 − π/2, φ(t) =

ξ1 + γ + π/2, and φ(t) = ξ1 − π/2, respectively, with
γ = ξ2 − ξ1 and constant detuning �(t) ≡ 0. Substituting
Eqs. (C1) into Eq. (5), or directly solving the evolution
operator corresponding to the Hamiltonian parameters,
arbitrary single-looped geometric gates can be obtained.
Thus we applied our general geometric framework in
Sec. II to realize the previous single-looped geometric
scheme [16].

We now turn to implementing the above single-looped
geometric scheme with DFS encoding in the transmon-
resonator system [that is, start from effective Hamiltonian
HL(t) in Eq. (B2)], and compare its gate performance
with our geometric scheme based on a U-shaped evolu-
tion path. Obviously, single-looped geometric operations
under encoding all require 2π/�L gate time, so it can be
expected that their gate fidelities will suffer more losses
from decoherence in realistic quantum systems. In the fol-
lowing numerical simulation, since the performance of the
phase gate is similar to that of the π/8 gate, we take
the single-looped geometric Hadamard gate Ug′

HL
and the

π/8 gate Ug′
TL

as two typical examples to show the result
of hybrid protection from geometric phase and encoding,
and also compare it with our U-shaped geometric encod-
ing scheme and the conventional dynamical one without
encoding.

Unfortunately, since a longer gate time brings more
cumulative influence of decoherence and high-order oscil-
lating terms, under the optimal qubit parameters of �1 =
2π × 280 MHz and β1 = ε1/ν1 ≈ 2.1, the simulated
fidelities of single-looped Ug′

HL
and Ug′

TL
geometric gates

are just 99.86% and 99.88%, respectively, which cannot
reach above 99.90%. Meanwhile, as shown in Figs. 6(a)
and 6(b), when amplifying the decoherence and consid-
ering qubit frequency-drift errors that are regarded as the
main error sources in the superconducting system, we find
that the single-looped geometric gate has better resistance
to frequency drift than the conventional dynamical gate
without encoding, but it is subject to the destructive effect
of decoherence. Therefore, from the joint influence of two
key factors, as shown in Figs. 6(c) and 6(d), our U-shaped
geometric scheme is a better choice for compatible DFS
encoding to obtain high-fidelity and robust quantum gates.
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(a) (b)

(c) (d)

1

tran
/ ( − 1) 1

tran
/ ( − 1)

FIG. 6. Performance comparisons for our U-shaped geomet-
ric gates and single-looped geometric gates under encoding, and
the dynamical gates without encoding, under the effects of (a)
decoherence and (b) qubit-frequency drift. Comparison of com-
prehensive effects for the (c) Hadamard gate and (d) π/8 gate for
different schemes.

APPENDIX D: TWO-LOGICAL-QUBIT
GEOMETRIC GATE

As shown in Fig. 3(a), we continue to utilize another
transmon Q2 and a resonator Rb on the same chain as the
first logical qubit to encode the second logical qubit. With
the general scalability of our encoding scheme, we can
also utilize Q2′ and Rb′ in the column direction of a two-
dimensional superconducting lattice to encode the second
logical qubit. In addition, for arbitrary target control of the
two-logical-qubit states, we can realize it by the paramet-
rically tunable coupling between adjacent microwave res-
onator Ra and transmon Q2, in which transmon Q2 is driven
by an additional qubit-frequency driving in the form of
ωq2(t) = ωq2 + ε2 sin(ν2t + ϕ2). Thus, the corresponding
interaction Hamiltonian can be described as

H2
I (t) = ga2{|01〉a2〈10|ei�2te−iβ2 cos(ν2t+ϕ2)

+
√

2|02〉a2〈11|ei(�2−α2)te−iβ2 cos(ν2t+ϕ2)

+
√

2|11〉a2〈20|ei�2te−iβ2 cos(ν2t+ϕ2)} + H.c.,
(D1)

where β2 = ε2/ν2; ga2 and �2 are the coupling strength
and the difference in the transition frequency between
transmon Q2 and microwave resonator Ra. The energy
level transition structure of the Hamiltonian H2

I (t) is

similar to Fig. 3(b). But, different from the single-
logical-qubit case manipulated in the single-excitation sub-
space, the manipulation of our two-logical-qubit states
need to be implemented in the two-excitation subspace
{|02〉a2, |11〉a2} to realize a nontrivial controlled-phase
gate. To this end, we here modulate driving frequency ν2
to satisfy �2 − α2 − ν2 = −(�L2 + υ) with |�L2 + υ| 

{�2 − α3, ν2}, and apply the unitary transformation; the
Hamiltonian mapped into the DFS S2 representation then
reads

HL2(t) = −�L2

2
(|a〉L〈a| − |11〉L〈11|)

+ �L2

2
(e−iφL2 (t)|a〉L〈11| + H.c.), (D2)

where the auxiliary state |a〉L = |0020〉, and the effec-
tive coupling strength and relative phase are �L2 =
2
√

2J1(β2)ga2 and φL2(t) = υt + ϕ2 + π/2, respectively.
For a set of orthogonal evolution states,

|�L
0 (t)〉 = eiF0(t)

[

cos
χ L(t)

2
|a〉L + sin

χ L(t)
2

eiξL(t)|11〉L

]

,

|�L
1 (t)〉 = eiF1(t)

[

sin
χ L(t)

2
e−iξL(t)|a〉L − cos

χ L(t)
2

|11〉L

]

,

under the control of HL2(t), similar to the derivation pro-
cess of Eqs. (2)–(7), in addition to meeting the geometric
condition, we also need to determine parameter χL

1 = 0 to
ensure that the evolution state |�L

1 (t)〉 will not leak to the
noncomputational subspace at the final moment t = τ ′, and
accumulate a geometric phase as γg = −ξL

2 (1 − cosχ L
2 )/2

in the two-logical-qubit state |11〉L, where we define ξL
1 =

0 for simplicity. Therefore, by engineering the Hamiltonian
parameters �L2 and φL2(t) in the time segments t ∈ [0, τ ′

1],
[τ ′

1, τ ′
2], and [τ ′

2, τ ′] as

2�L2τ
′
1 = χ L

2 , φL2(t) = π

2
, (D3a)

�L2(τ
′
2 − τ ′

1) = 1
2
ξL

2 sin(2χ L
2 ),

φL2(t) = π + �L2(t − τ ′
1)

2 sin(2χ L
2 )

, (D3b)

�L2(τ
′ − τ ′

2) = χ L
2 , φL2(t) = ξL

2 − π

2
, (D3c)

respectively, with �L2 = 0, −�L2 tanχL
2 , 0; the final evo-

lution operator within the two-logical-qubit DFS S2 is

Ug
CP(ζ ) = diag{1, 1, eiζ , 1}, (D4)

in which ζ = −γg = ξL
2 (1 − cosχ L

2 )/2. Note that, for
the two-logical-qubit controlled-phase geometric gate
Ug

CP(π/2)with target phase ζ = π/2, parameter χ L
2 (or ξ L

2 )
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still has different choices to realize the same gate type at the
final time τ ′ = 2[χ L

2 + ξL
2 sin(2χ L

2 )]/�L2 , so we determine
χ L

2 = 0.56π to gain the least gate-time consumption.

APPENDIX E: QUANTUM MASTER EQUATION
AND CALCULATING FIDELITY

The quantum system is inevitably affected by decoher-
ence due to its coupling with the surrounding environment,
so we need to consider the effects of decoherence and
the neglected high-order oscillating terms simultaneously
in our subsequent numerical simulation. The performance
of our universal logical-qubit gates can be numerically
evaluated by using the quantum master equation [60] as

ρ̇n = −i[Hn
I (t), ρn] +

∑

n=1,2

∑

u=1,φ

1
Tu

L (X n
u )

+
∑

w=a,b

1
Tres

L (Yw), (E1)

where ρn is the density matrix of the quantum sys-
tem under consideration, L (A) = AρnA† − 1

2 (A†Aρn +
ρnA†A) is the Lindblad operator for operator A with X n

1 =∑+∞
j =0

√
j + 1|j 〉n〈j + 1|, X n

φ = ∑+∞
j =0 j |j 〉n〈j | and Yw =

∑+∞
j =0

√
j + 1|j 〉w〈j + 1|; n = 1 and n = 2 correspond to

single- and two-logical-qubit cases, respectively. In addi-
tion, T1 and Tφ represent the transmon energy-relaxation
time and pure dephasing time, respectively; Tres is the res-
onator energy-relaxation time. Since the dephasing time of
the resonator is more than an order of magnitude larger
than its energy-relaxation time, the dephasing effect is
almost negligible and not considered here. According to
state-of-the-art technology in the experiments [59–61], we
choose a conservative parameter setting with T1 = 40 μs,
Tφ = 40 μs, and Tres = 150 μs, and assume that the influ-
ence of the relaxation and dephasing of two transmons is
the same as in the main text for convenience, i.e., T1 =
Tφ = Ttran.

Therefore, by numerically solving the above quantum
master equation, we can obtain the final density matrices
ρf 1 and ρf 2 of single-qubit and two-logical qubits. Note
that in our numerical simulation, (i) we consider the influ-
ence of high-order oscillating terms and decoherence of
all transmons (Q1, Q2) and microwave resonators (Ra, Rb)
in the case of two-logical qubits; (ii) since the geomet-
ric manipulations of single- and two-logical qubits involve
only single- and two-excitation subspaces, and it is also
numerically verified that other multiexcitation states do not
have any influence on gate fidelity, here we consider the
lowest three energy levels of transmons and resonators;
(iii) our numerical calculation is based on the full Hamil-
tonians H1

I (t) and H2
I (t) and does not rely on any further

approximation.

We next use the solved density matrix to fully evaluate
our implemented geometric quantum gates based on DFS
encoding. Thus we can define the gate fidelity of the single-
logical qubit as FG

1 = (1/2π)
∫ 2π

0 〈ψf1 |ρf 1 |ψf1〉dθ1, where
|ψf1〉 = U(τ )|ψ1〉 is the ideal final state for the general ini-
tial state of the single-logical qubit |ψ1〉 = cos θ1|0〉L +
sin θ1|1〉L. In the same way, based on the solved density
matrix ρf 2 , two-logical-qubit gate fidelity can be defined

as FG
CP = (1/4π2)

∫ 2π
0

∫ 2π
0 〈ψfCP |ρf 2 |ψfCP〉dϑ1dϑ2, where

|ψfCP〉 = Ug
CP(π/2)|ψ2〉 is the ideal final state for the gen-

eral initial state of two-logical qubits |ψ2〉 = (cosϑ1|0〉L +
sinϑ1|1〉L)⊗ (cosϑ2|0〉L + sinϑ2|1〉L).

APPENDIX F: CONTRIBUTION ANALYSIS OF
GATE INFIDELITY

In this appendix we discuss in detail the main sources of
gate-infidelity contribution, and find the optimal parameter
region for realizing high gate fidelity.

Without considering the error caused by the imper-
fect control, in addition to the decoherence of the quan-
tum system, the high-order oscillating terms of the orig-
inal Hamiltonian also contribute to gate infidelity. For
the single-logical-qubit case, although the computational
bases {|0〉L = |10〉, |1〉L = |01〉} encoded in the DFS do not
have the leakage coupling with multiexcitation states (such
as |11〉, |02〉, |20〉, etc.), the high-order oscillating terms in
the original Hamiltonian H1

I (t),

H1
high(t) =

+∞∑

n=−∞,=1

(−i)nJn(β1)g1a |10〉〈01|ei�1te−in(ν1t+ϕ1)

+ H.c., (F1)

will cause a deviation in the effective Hamiltonian HL(t).
We find that the influence extent of these high-order
oscillating terms depends on their effective coupling
strength Jn(β1)g1a and detuning (�1 − nν1). Furthermore,
the choice of weak coupling strength will reduce the
influence of the high-order oscillating terms, but it also
induces more decoherence effects due to a longer result-
ing gate time. Therefore, we need to optimize parameters
{β1,�1} to find the result with high gate fidelity. As shown
in Figs. 7(a)–7(c), under the fixed coherence time T1 =
40 μs, Tφ = 40 μs, and Tres = 150 μs, we can determine
an optimal parameter region with gate fidelities above
99.90%. The numerical results also verify the competi-
tive contributions between the decoherence and high-order
oscillating terms on gate infidelity. So, under the parame-
ters of β1 ≈ 2.1 and �1 = 2π × 180 MHz considered in
the main text, the infidelities of the geometric Hadamard
gate, phase gate, and π/8 gate induced by the decoherence
and high-order oscillating terms are about (0.03%, 0.02%),
(0.05%, 0.03%), and (0.04%, 0.02%), respectively, with
the corresponding gate durations about 14, 27, and 20 ns.
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(a) (b) (c) (d)

FIG. 7. Gate fidelities of the implemented (a) Hadamard gate, (b) phase gate, (c) π/8 gate, and (d) controlled-phase gate as functions
of tunable parameters.

However, different from the single-logical-qubit case,
the high-order oscillating terms in the two-logical-qubit
manipulation, H2

high(t) = H2,1
high(t)+ H2,1

high(t) with

H2,1
high(t) =

+∞∑

n=−∞
(−i)nJn(β2)ga2 |01〉a2〈10|ei�2te−in(ν2t+ϕ2)

+ H.c., (F2)

H2,2
high(t) =

+∞∑

n=−∞,=1

√
2(−i)nJn(β2)ga2 |02〉a2〈11|ei(�2−α2)t

× e−in(ν2t+ϕ2)

+
+∞∑

m=−∞

√
2(−i)mJm(β2)ga2 |11〉a2〈20|ei�2t

× e−im(ν2t+ϕ2) + H.c., (F3)

include not only the parasitic XY coupling H2,1
high(t)

between |01〉a2 and |10〉a2, but also the various couplings
H2,2

high(t) between high-energy levels |11〉a2 and |02〉a2,
|20〉a2 that produce the parasitic ZZ crosstalk. It is clear that
the influence extent of these high-order oscillating terms
depends on the effective coupling strength Jn,m(β2)ga2 and
effective detuning associated with �2. In the same way,
consider the competitive contributions between the deco-
herence and high-order oscillating terms on gate infidelity;
here we also need to optimize parameters {β2,�2} to find
the result with high gate fidelity. As shown in Fig. 7(d),
we can determine an optimal parameter region with gate
fidelities above 99.70%. Furthermore, by analyzing the
numerical simulation results, at parameters β2 ≈ 1.2 and
�2 = 2π × 500 MHz considered in the main text, the infi-
delities of the two-logical-qubit controlled-phase geomet-
ric gate induced by decoherence and high-order oscillating
terms are about (0.18%, 0.06%) with the corresponding
gate duration about 55 ns. Thus, it can be seen that the
influence of the parasitic XY coupling and ZZ crosstalk on
gate performance can be suppressed to a low level in the

optimal parameter region, contributing to gate infidelities
of about 0.02% and 0.04%, respectively.

Finally, both in our single- and two-logical-qubit manip-
ulations, to suppress unwanted coupling with neighboring
qubits induced by the drive signal in a realistic device,
we need to tune the frequencies of neighboring qubits
to be initially detuned with our physical qubits used for
encoding. We have numerically verified that, when the
qubit-frequency difference between neighboring qubits and
our physical qubits used for encoding is larger than 2π ×
1 GHz, the gate infidelity that results from the unwanted
coupling with neighboring qubits will be less than 0.01%,
and thus can be ignored here.
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