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Multiparameter estimation is necessary for force sensing due to simultaneous and nontrivial small
changes of position and momentum. The design of quantum probes that allow simultaneous estimation of
all parameters is therefore an important task. The optimal methods for estimation of the conjugate changes
of position and momentum of quantum harmonic oscillator employ probes in entangled or quantum non-
Gaussian states. We show that the same results can be obtained in a significantly more feasible fashion
by employing independent sets of differently squeezed Gaussian states classically correlated with posi-
tion or momentum measurements. This result demonstrates an unexplored power of a classical correlation
between the probe states and measurements directly applicable to force sensing.
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I. INTRODUCTION

The main goal of quantum metrology lies in finding
and achieving the ultimate limits on measuring parameters
of known physical processes [1—4]. It can be applied to
estimation of single [1,2,5-8] as well as multiple param-
eters [9-18]. The key principle lies in paying attention
to the quantum state of the employed probes such as
modes of light [19,20], mechanical modes of trapped ions
[21-23], collective modes of spins in a magnetic field
[24-26], mechanical modes of optomechanical oscillators
[27-29], or in principle any other quantum system.

Quantum multiparameter estimation aims to discern a
set of real parameters 0 = (61, . ..,0,,) that characterize a
given channel. This is realized by preparing an ensemble
of probes in a known quantum state, sending them through
the channel, subjecting them to quantum measurement, and
subsequently applying an estimation strategy to produce
a set of unbiased estimators 6 = (4, ...,0y). The qual-
ity of the estimation depends on the difference between
the estimators and the true values and it can be conser-
vatively evaluated by the mean quadratic variances v; :=

(6 — é,)z) [3]. For any particular measurement strategy,
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these variances are bounded by the inverse of the classi-
cal Fisher information (CFI). Their ultimate limit is given
by the Holevo-Cramer-Rao (HCR) bound [3,12] that can
be obtained by minimization over all possible measure-
ment strategies, which can, in many cases, be only done
numerically. Numerical computation can be also used to
obtain the Nagaoka-Hayashi bound for separable single-
copy measurements [30,31]. The variances are also lower
bounded by the inverse of the quantum Fisher information
(QFI) obtained either from symmetric or right-logarithmic
derivatives [3,6,13] but this bound is not always tight for
multiparameter quantum estimation. The optimal probe
state is one that offers the maximal precision for constraints
limiting probe preparation, sampling, and measurement.
Some commonly employed constraints are preparing the
probe states as identical copies of a specific quantum state
[1,12,32] and maximal energy of the probes [23,33-35].
One essential task of quantum sensing is estimation of
parameters of a small mechanical, electrical, magnetic,
or optical force [36—38]. A particular scenario commonly
studied in this context is the simultaneous estimation of
the position and momentum—two parameters of quantum
displacement acting on a state of a harmonic oscillator
[33-35,39]. Beyond the considerable fundamental inter-
est [12,18], this basic measurement is already relevant for
the calibration of continuous-variable quantum key dis-
tribution in optical systems [40], the estimation of weak
electric fields with trapped ion crystals [41], or the estima-
tion of temperature in ultracold lattice gases [42]. On the
elementary level, the displacement is represented by the
unitary evolution operator D(u + iv) = e "X ~I*F where
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X and P are the quadrature operators of the optical field
with commutator [X, P] = i and i and v are the unknown
parameters. This scenario is an example of a Gaussian shift
model [12] and the difficulty lies in simultaneously esti-
mating values of the noncommuting operators X and P
bound together by Heisenberg uncertainty relations.

Two approaches have been suggested to overcome this
issue. The first utilizes a set of identical probes in two-
mode squeezed quantum entangled states, in which both
quadratures can be simultaneously estimated with high
precision due to the dense coding effect [33]. The second
employs a set of identical single-mode probes prepared in
quantum states that are superpositions of differently dis-
placed squeezed states [34,39]. In this case, the possibility
of simultaneous estimation is the consequence of the rich
sub-Planck structure of the nonclassical and highly non-
Gaussian quantum states. A similar technique has also
been suggested for estimation of the amplitude of the dis-
placement operation, which is only a single parameter but
depends on the two noncommuting quantities X and P.
The amplitude is efficiently estimated by employing probes
in Fock states of the harmonic oscillator [23,43], which are
again non-Gaussian states with a rich sub-Planck structure.
These approaches are argued to be optimal in the sense
that the proposed measurement strategies saturate the HCR
bound of the probe states and the probe states have the
minimal energy that allows this HCR [23,33-35].

In this paper, we show that the optimal estimation of
the two parameters of displacement can, on average and in
the limit of large number of probes, also be achieved by
measuring the two parameters independently by using two
sets of factorized quantum states, squeezed in position or
momentum, and measurement of the respective variable.
This approach, inspired by some techniques of quantum
process tomography [44—46], leads to the same mean
quadratic error as the methods based on entangled two-
mode squeezed states [33] or quantum non-Gaussian states
[34,39] with the same energy of the individual probes.
This performance is obtained even though the sequence of
squeezed states is generally more feasible to implement.

II. METHODS

The standard estimation scheme with a single set of
identical probes represented by quantum state p®V and a
single measurement strategy given by positive-operator-
valued measure (POVM) I1 is illustrated in Fig. 1(a). Each
probe independently interacts with the channel and is sub-
sequently measured. Note that each individual probe can
be in an entangled state of several subsystems, only some
of which interact with the channel. The protocol that we
propose is illustrated in Fig. 1(b) and it employs several
sets of different probes, each one prepared in one of the
different states p,. Their collective state can therefore be

represented by &), p&V", where the numbers of probes

(a) channel single
9detection

strategy

different
detection
1/ strategies

D

(c) classically
correlated detection

FIG. 1. (a) The standard scenario of quantum parameter esti-
mation with a set of N identical probes p that interact with the
channel, undergo transformation given by parameters 6, . . ., 0y,
and are measured by measurements given by POVM II. (b)
Quantum parameter estimation by N different separate probes
P1, P2, ... that individually interact with the channel and are
individually measured by fixed measurements with POVMs
I1;,I,,. .. classically correlated with the respective probes. (c)
Quantum parameter estimation by N different separate probes,
such as those in Fig. 1(b), effectively represented by estimation
with a set of identical classically correlated states given in Eq. (1)
of probes p;, p;--- and their respective orthonormal markers,
denoted by n = 1,2, .. .. The classically correlated measurement
in Eq. (2) consists of detection of the marker state |n) followed
by feed-forward setting of the particular detector to the one with
POVM I1,,.

satisfy ), N, = N. Each probe interacts with the channel
that transforms its state into p,(8) and is measured by a
measurement I, tailored to the respective set. Each such
measurement is represented by POVM elements {I1,,(0,)}
with the corresponding measurement results {o,}. We do
not assume specific dimensionality of the measurement:
the measurement results o, are vectors of real values.
The estimators @ can now be obtained from the classical
probability distributions P(0,,).

For the sake of straightforward comparison, we can also
express the protocol with sets of different probes in an
effective form that utilizes a single set of identical clas-
sically correlated probes [see Fig. 1(c)]. Note that this is
only for the sake of comparison and clarity: in practical
application, it is not necessary. In this approach, each indi-
vidual probe state can be expressed as a single classically
correlated quantum state

PT = anm) (I’ll & Lns (1)

n

where w, = N,,/N are the relative probe weights and |n)
are arbitrary orthonormal states. Their role is to serve
as classical markers for the detectors, differentiating the
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individual probe states in the mixture. The probe is then
subjected to a trace-preserving quantum channel that trans-
forms the state into p = Y, waln)(n| ® p,(6), leaving
the marker states |n) as well as the weights w,, unchanged.

The probe state p; now needs to be measured to extract
the information imparted by the channel. In this effective
model, we consider this measurement to be composed of
two parts. First, we measure the marker states. Since they
are orthogonal and not affected by the channel, the mea-
surement always returns the correct marker, which is used
to set the desired measurement for the probe. Formally,
the global POVM of the measurement is such that the
measured values are vectors of real values [n, 0,], each of
which corresponds to the POVM element

|n){n| @ I1,(0n). 2)

The joint probability distribution obtained by this measure-
ment is then represented by the probability distribution

f(n,0,) = Tr[pzln) (n| ® M,(0,)] A3)

and is essentially a finite sequence of probability distribu-
tions f(0,) for each individual combination of the probe
state and its respective measurement. The joint probability
distribution can be used to evaluate elements of the CFI
matrix Cr for any pair of channel parameters 6;, 6;:

(3, (n,0,)30f (1, 0,))
CTUJ)ZZ/dOn Y f(no""; . @
=1 s Un

where the integration is always over the full support of
variable vector o, and the sum is over all the marker
states in Eq. (1). Since f'(n, 0,) = wyf,(0,), where f,(0,) =
Tr[p,I1(0,)] is the probability distribution for the specific
combination of probe and measurement, we can see that
the CFI matrix obtained in this way is equal to the weighted
sum of CFI matrices of the individual probe-measurement
pairs with weights w,,, Cr = ) w,C,. It is not as straight-
forward to obtain the tight HCR bound and this usually
needs to be performed numerically [47]. On the other
hand, the nontight Cramer-Rao bound based on the QFI
matrix can easily be obtained from Qr = ), w,Q,,, which
follows from the additivity property. Note that in the fol-
lowing, we are interested in the comparison of a specific
estimation scenario, for which the CFI will be sufficient.

III. RESULTS

Let us now turn to the specific case of estimating the two
parameters of the displacement operation D(u + iv) =
e ™X=iP The entanglement-based protocol [33,35,39]
for simultaneous estimation of w and v is illustrated in
Fig. 2(a). Each probe is an entangled two-mode squeezed
state that can be prepared by interference of two orthog-
onally squeezed states on a balanced beam splitter. The

(a) channel

BS
reference

N entangled probes

(b) channel

N1 X-squeezed probes

f channel E B

N5 P-squeezed probes

FIG. 2. The estimation of two parameters of the displacement
operation D(u + iv) = e ¥~ (a) An entanglement-based
scenario in which each of the N probes is prepared in an entan-
gled state by interfering two orthogonally squeezed states on a
balanced beam splitter (BS). One of the modes passes through
the estimated channel, while the second serves as a reference.
The modes are recombined on another balanced beam splitter
and quadratures X and P are measured by homodyne detec-
tors. (b) Estimation by two sets of different probes of which
N is squeezed in X and N, is squeezed in P, Ny + N, = N.
Each probe passes through the channel and the corresponding
quadratures are measured by homodyne detection.

state of the probe can be explicitly written in the X
representation as

) = i / dx dy e~ G o[4S Ly (5
2

This is an entangled quantum state defined by the nonclas-
sical correlations ((X; — X2)?) = ((P; + P»)?) = e of
the quadrature operators of the respective two modes. The
optimal measurement is composed of another balanced
beam splitter followed by homodyne detectors measuring
quadratures X and P of the two output ports, [35], which
produce the joint probability distribution

[ x— /2?2 (p— v/ﬁ)z}
exp | — — .

fx,p) =

7-[672r 672}’ 672r

(6)

From here, we can arrive at a diagonal CFI matrix with
elements Cg(1,1) = Cg(2,2) = ¢* that saturate the HCR
bound [33] for the case when the two displacements are
given equal importance. When this is not the case, the pro-
tocol can be adjusted by changing the symmetry of the
probe as well as that of the final measurement. The HCR
can be reached in all cases [39].

The particular application of method depicted in
Fig. 1(b) is illustrated in Fig. 2(b). It is based on two sets
of vacuum states squeezed either in the X or the P quadra-
ture, which are measured by homodyne detection of the

014060-3



PARK, OH, FILIP, and MAREK

PHYS. REV. APPLIED 18, 014060 (2022)

respective squeezed quadrature. We can formally write the
effective mixed state given in Eq. (1) as

or = wil$)(p| ® S10)(01ST 4+ walph ) (9| @ ST10)(0]S,
(7

where |¢) and |¢1) are the orthonormal marker states, |0)
is the vacuum state of quantum harmonic oscillator, and
S is a squeezing operator such that S|0) is a squeezed
vacuum state with variance varX = (1/2)e . Note that
the squeezing is chosen in such a way that the probe
states are the same as those used to compose the entangled
state given in Eq. (5) in the entanglement-based protocol.
As a consequence, the same energy passes through the
channel during each run of the protocol and they are there-
fore directly comparable. The homodyne measurements
aligned with the squeezed quadrature of the probe states
are represented by POVM elements

(1, ) = [¢)(d| ® |X = g){X =4,

8

MQ2,q) = ¢ )@ ® P =q)(P =ql, ®
where [X =g¢g) and |P =gq) represent the X and P
quadrature eigenstates with eigenvalue ¢, respectively.
These measurements produce a pair of probability dis-
tributions fy (x) = w; exp(—(x — w)?/e %) /e~ and
fr(p) = wyexp(—(x — n)?/e ) /~/me=2 that can now
be used to obtain the CFI matrix, which is diagonal,
with matrix elements Cg(1,1) = 2w;e?" and Cs(2,2) =
2w,e~%". For equal importance of the two estimated param-
eters, the weights can be set to w; = wp, = 0.5 and the
matrix is identical to the one from the entanglement-based
protocol. This can also be seen from the equality f (x,p) =
2fx (x+/2)fp(p~/2). The differing importance of the param-
eters can be then taken into account by adjusting the
weights w and wy,. In all cases, the achieved variances are
identical to those obtained in Ref. [39] and therefore also
saturate the HCR bounds of the entanglement-based proto-
col. Since the energies of the probes that pass through the
channel are also identical, the protocol based on separate
probes can be also considered optimal.

At the level of physical intuition, the equivalence
between the schemes can be understood as follows. In the
entanglement-based scheme, the displacement is encoded
simultaneously into both quadratures and entanglement is
used, via the dense-coding effect [48], to measure them
simultaneously. In each run of the experiment, both vari-
ables are measured but there is a cost. The interference
on the beam splitter attenuates the displacement so that
each homodyne detector effectively detects only half of
it. On the other hand, for two sets of squeezed probes,
each individual run detects displacement only in a single
quadrature. However, it can detect it fully, with no loss
of information. Furthermore, from a practical perspective,

the interference in state preparation and detection required
by the entanglement-based protocol adds to the difficulty
of the implementation and causes mode-matching losses.
For a more thorough analysis on how the losses affect the
performance of the protocols, see the Appendix A.

A related problem is the estimation of the amplitude of
the displacement || = /u? + v? [23,43]. This is essen-
tially an estimation of a single parameter that is related
to the two parameters of the displacement. It has been
shown, in Ref. [23], that the optimal estimation strat-
egy with regard to the energy of the probe consists of
utilizing photon-number Fock states and photon-number
measurements. For this protocol, the CFI C, = 4(a'a) + 2
saturates the QFI. Remarkably, even in this case we
can approach this performance with the protocol based
on the two sets of separately squeezed probes given in
Eq. (7), with balanced weights w; = w, = 0.5 measured
by homodyne detection. The CFI matrix for simultaneous
estimation of amplitude |«| and phase ¢ can be found to be

C=2(<a*a>+1+¢<afa>2+<a*a>)<(1) 0 )

o |?
©)

where we use (afa) = (¥ + e —2)/4 to allow effec-
tive comparison with Fock states and their energy. We
can see that in the limit of large energy, the CFI-
matrix element C(1,1), corresponding to estimation of
||, approaches the QFI, and thus the ultimate preci-
sion, of the single-parameter estimation of the Fock-based
scenario. For example, with average energy (aa) =5,
the CFI for the Fock-state approach is C, = 22, while
for the respective squeezed states with 13 dB squeez-
ing, it is Cg = 21.95. At the same time, the approach
with independent squeezed states also provides infor-
mation about the phase of the displacement that is
completely disregarded by the Fock-state approach. The
squeezed states are more vulnerable to the adverse effects
of loss, because the environment-mode vacuum fluctua-
tions always lower bound the achievable variance (see
the Appendix). However, their experimental preparation,
especially in the optical setting [49—53], is—compared to
photon-number states and photon-number-resolving detec-
tors [54—57]—significantly more feasible.

IV. CONCLUSIONS

We shown that the two parameters of coherent displace-
ment can be independently estimated by two sets of probes
prepared in squeezed states and classically correlated posi-
tion and momentum measurements. The achievable errors
are the same as for the optimal methods taking advan-
tage of quantum entanglement of two-mode squeezed
states [33,35,39] or the sub-Planck structure of quantum
non-Gaussian probe states [34]. The equivalence holds
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asymptotically in the limit of large number of probes,
which is a common assumption in quantum estimation sce-
narios. This finding has several interesting ramifications.

It presents a more feasible scheme for the practical esti-
mation of quantum displacement [40—42], because the use
of sets of differently squeezed states is more feasible and
therefore cheaper [58] than the entangled [33,35,39] or
quantum non-Gaussian states [34]. We expect it can have
a direct impact on sensing of mechanical, electric, mag-
netic, and optical forces [36—38]. It also demonstrates that
even in multiparameter quantum estimation, it is not nec-
essary to simultaneously estimate all the parameters in
each trial and that mixed states, together with classically
correlated measurements, can be optimal. And, finally, it
also means that the estimation of the two displacement
parameters, which is an often-studied scenario in quantum
metrology, is not a challenging multiparameter estimation
problem, because the two parameters can be efficiently
estimated independently. The realization of this and the
ability to recognize such scenarios will improve our gen-
eral understanding of quantum multiparameter estimation
protocols and stimulate further theoretical and experi-
mental research. In the future, we hope to analyze the
general model arbitrary observables and conclusively iden-
tify the scenarios, in which the use of separable probes is
advantageous.
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APPENDIX A: PRACTICAL COMPARISON WITH
LOSSES

Let us now expand the model with separate probes to
incorporate realistic losses. Since losses are a practical
consideration, we consider only the CFI that sets the limit

of practical measurement tools. Losses in the state prepara-
tion manifest by changing the variance matrix of the input
state. The variances of the two quadrature operators for a
squeezed state need to be represented by two independent
values: Vg for the squeezed quadrature and V4 for the anti-
squeezed one. In turn, losses in the channel can be modeled
as virtual beam splitters that couple the respective mode to
a bath in vacuum state. The losses can appear either before
or after the estimated operation. These scenarios only dif-
fer by a constant scaling factor arising from loss of the
displacement. For the sake of comparison between the pro-
tocols, we can therefore consider losses taking place only
before the estimated operation.

For the swapping protocol, the model is simple. The ini-
tial states are squeezed, with variance Vs, and pass through
the lossy channel with intensity transmission coefficient
n1. Since the measurement always resolves the squeezed
quadrature, the measurement statistics will again be a
Gaussian function, now with variances

Vour =mVs + (1 —771)%. (Al)
This leads to a diagonal CFI matrix for the whole mea-
surement that has elements Cs(1,1) = Cs(2,2) = 2/ V.
We can see that losses in the channel are no fundamentally
different from losses in the preparation. In the end, the only
thing that matters is the available squeezing.

The description is more involved in the case of the
entanglement-based protocol. Here, it is best to start from
the variance matrix of the initial pair of states, ¥ =
diag(Vs, V4, V4, Vs), and use it to find variance matrix of
the two modes right before the measurement by subjecting
it to the sequence of operations

Tout = Ofs YOps ZinOfs YOgs + é - %0155 Y’ Ogs, (A2)
where Ogs is the orthogonal matrix describing the action
of the balanced beam splitter, / is a 4 x 4 unit matrix,
and Y = diag(\/n1, /N1, /M2, /12) represents the action
of the two lossy channels. The two homodyne detectors,
which measure quadratures x| and p,, then return data with
a Gaussian distribution, with mean values given by the dis-
placement and variance matrix X,, = diag(V,,, V). This
matrix is obtained by removing second and third rows and
columns from Eq. (A2) and the variances are

1
Vin = Z[(VS +Vi— DO +m)+2mmVs—Vy) +2].
(A3)

Since the matrix is diagonal with identical diagonal ele-
ments, the elements of the diagonal CFI matrix can be
obtained as Cg(1,1) = Cg(2,2) = 2/V,, and the compar-
ison between the swapping and the entanglement-based
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protocols fully depends on the two variances given in
Egs. (A1) and (A3).

The first observation that we can make is that when n; =
12, the two protocols are again identical. This is no longer
the case when the equality does not hold. From the form
of Eq. (A3), we can see that it describes a parabola for
variable y, = ,/m>. This parabola has a minimum for

Vs

Vi = fV+V 1

>V (A4)

which means that for any loss »n; in channel 1 contain-
ing the displacement operation to be estimated, there is a
range of values 1, < n; for loss in channel 2 for which
the protocol has an advantage over the swapping scheme,
which only uses channel 1. The exact range of values of 1,
depends on the properties of the state. In the limit of large
squeezing, in which V4 necessarily approaches infinity, it
is optimal to have 1, = 5. Interestingly, for the fixed mea-
surement this could lead to the counterintuitive scenario in
which it would be beneficial to add artificial losses to the
reference arm to achieve an optimal regime.

To better understand this behavior, we can consider
an entanglement-based protocol that is optimized for the
channel transmission coefficient 1, and n,. The initial
quantum states are the same two orthogonally squeezed
vacuum states with variances ¥, and Vg but the inter-
ferometer is now composed of two beam splitters with
general coefficients ¢, »; and t,, r;. In such a scenario, the
diagonal CFI-matrix elements can be found to be
Ce(1,1) =8/Vi, Cg(2,2) =13/V, with

Vi =2tmtry/mna(Vy—Vs)
n 1- 15771 - V%’?z
2
+mBEVa+ 5 Vs),
Vy =2timtr/mna(Va — Vs)
n 1 — 1577; — 3

+ M3 (B V4 + riVs)

+mr3(BVy+riVs)

+ B0V + 4V5). (AS)
We can see that the two diagonal elements are not nec-
essarily equal. This is a consequence of the asymmetrical
setup and it separates the approach from the swapping
scheme, which is always symmetrical with respect to the
two observable quantities. To jointly describe estimation
of both quantities, we consider the determinant of the CFI
matrix and numerically maximize it with respect to the
interferometer parameters ¢, |, t, and ;. We can then
compare the optimal CFI to that of the swapping protocol
by means of a ratio |Cg|/|Cr|, which is larger than 1 when
the entanglement protocol has the advantage and smaller

1.0 16
14

0.8
1.2
0.6 1.0
= 08
0.4 06

0.2 0.4
0.2
0.0
0.0 O 5
L
FIG. 3. A comparison of the CFI-matrix determinant ratio ‘lgE I

relative to the transmission coefficients n; and 1, of the two chan-
nels. The initial squeezed quantum states are described by Vs =
e~2/2 and V; = €?/2. The parameters of the entanglement-based
scheme are optimized. In the blue area, the entanglement-based
protocol has the advantage; in the red area, swapping of different
probes has the advantage.

than 1 otherwise. An example of the behavior is shown in
Fig. 3.

We can see that the swapping protocol has always the
advantage when n; > n,. However, when n, > 5, the
entanglement-based protocol has an advantage only for
some values of 1, and those values are close to n;—similar
to the case without the optimization, there are situations
in which it is actually disadvantageous to have losses
that are too low. The reason for this is not completely
clear but it can follow from the reduced symmetry of the
scenario. Nevertheless, with optimization of loss and the
interferometer parameters, the entanglement-based proto-
col can always be made to have an advantage For 1, > 7.

50 ‘ : : : l
40 + e
.8
_ ®
L 30 3
5 o
4 @
o200 @
o 0 0O
.o 00
10 @ 5.0 00 ]
«\cf'fg‘ ©
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Energy of the state

FIG. 4. The comparison of the CFI for estimation of the
amplitude of displacement with lossy states: blue crosses, Fock-
state approach with n = 1; green crosses, Fock-state approach
with n = 0.95; red circles, squeezed-state approach with n = 1;
magenta circles, squeezed-state approach with n = 0.95.
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This advantage, however, vanishes in the limit of large
squeezing.

In estimation of the amplitude of the displacement with-
out regard to the phase, we can again use Eq. (Al) and,
under the assumption that the states are pure with variance
Vg = e~?" /2 before the channel, find the relevant classical
Fisher-information-matrix element equal to

Cs(1,1) = (A6)

2 Vout ’

where the initial energy of the state is given by (a'a) =
(e¥ 4+ e~* —2)/4. For the scheme employing the Fock
states, we can evaluate the quantum Fisher information
because it is saturated by the CFI. The quantum FI for Fock
state |n) can now be found to be

Or =22( ' )nk(l —n)" @k + . (A7)
k=0

The comparison of the CFI for the two scenarios and
for n =1 and n = 0.95 is shown in Fig. 4. We can see
that in the ideal scenario with n = 1, the two approaches
are practically identical. However, while the losses only
marginally affect the Fock-state scenario, they significantly
reduce the performance of the squeezed-state protocol.
This is the consequence of the form of Eq. (A1), which is
lower bounded by the losses regardless of the initial energy
of the state.
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