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Quantum entanglement is an important resource in quantum information processing tasks, such as quan-
tum cryptography, quantum teleportation, and quantum computation. The main obstacle to faithful and
reliable preparation of entangled states is environment-induced decoherence. Dissipative transition of a
general quantum state to an entangled steady state provides an effective strategy to protect entanglement
from decoherence, where the decoherence converts into an essential resource. In this paper, we put forward
a scheme to prepare generalized Bell states based on trapped ions, in which unitary dynamics and spon-
taneous emission are combined to drive an arbitrary quantum state in the ground-state space to a unique
steady state. The scheme is realized by using the renowned Sørensen-Mølmer setting and is therefore com-
patible with current experimental technology. Moreover, the vibrational degree of freedom is decoupled
from the unitary dynamics so that the scheme does not need to cool the collective vibrational mode to
its ground state and thus it works for thermally excited states. Besides, our scheme is demonstrated to be
insensitive to variations of some parameters with the aid of numerical simulation.
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I. INTRODUCTION

Quantum entanglement is an important resource in
quantum information processing tasks, such as quantum
cryptography [1], quantum teleportation [2], and quantum
computation [3]. The main obstacle to faithful and reliable
preparation of entangled states is the decoherence caused
by the interaction between the quantum system and its
environment. Interestingly, open systems may have steady
states, which remain stable during the evolution and thus
are immune to the environment-induced decoherence. This
motivates researchers to protect entanglement by prepar-
ing the entangled state as the steady state. In the strategy,
the unitary dynamics are combined with the dissipation
to drive a general quantum state to an entangled steady
state and thus the decoherence is no longer undesirable but
converts into an essential resource. Due to this merit, dissi-
pative preparation of entangled steady states has attracted
much attention.

The early scheme for dissipative preparation of a maxi-
mally entangled state is based on cavity quantum electro-
dynamics [4]. It combines unitary dynamics with cavity
decay to drive a quantum state to an entangled steady state
but spontaneous emission from excited states to ground
states is still a destructive noise source. Further research
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has shown that the spontaneous emission can be also
taken as a useful resource of preparing entangled states
and a number of schemes for dissipative preparation of
entanglement have been proposed based on cavity decay
and spontaneous emission [5–13]. Furthermore, dissipative
preparation of entanglement has been generalized to high-
dimensional entanglement [9,10], multipartite entangle-
ment [14–18], and distant entanglement [19]. Besides the
schemes with cavity quantum electrodynamics, schemes
for dissipative preparation of entanglement have been
also put forward based on trapped ions [20–22], super-
conducting [23], nitrogen-vacancy centers in diamond
[24–26], and Rydberg atoms [27–37]. Encouragingly, dis-
sipative preparation of entanglement has been experimen-
tally demonstrated with trapped ions [38], superconducting
[39,40], and nitrogen-vacancy centers in diamond [41].

The trapped ion, owing to its merits of both a long coher-
ence time and the ability to perform high-fidelity quantum
operations, is an appealing physical system for the imple-
mentation of quantum information processing tasks. The
early schemes for trapped-ion-based dissipative prepara-
tion of entanglement have been realized by using cold
ions [20,21,38]. In these schemes, the collective vibra-
tional mode of trapped ions needs to be cooled to its
ground state. Moreover, the vibrational degree of free-
dom is coupled to the internal degree of freedom, making
the preparation sensitive to vibrational quantum numbers.
Subsequently, standing-wave lasers have been utilized to
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prepare entanglement [22]. This scheme needs two vibra-
tional modes to produce standing-wave-based interaction
but the interaction has not been experimentally realized
since its proposal [42]. Additionally, the realized states in
the previous schemes are only the maximally entangled
singlet state (|↑↓〉 − |↓↑〉)/√2, where |↑〉 and |↓〉 are the
qubit states.

In this paper, we propose a scheme for dissipative prepa-
ration of generalized Bell states with trapped ions. The
four Bell states, including the previously realized maxi-
mally entangled singlet state, are the specific case of our
generalized Bell states. Our scheme is performed by using
bichromatic lasers with the renowned Sørensen-Mølmer
setting [43,44], where only a single vibrational mode is
utilized. Different from the previous schemes with cold
trapped ions, the vibrational degrees of freedom in our
scheme are decoupled from the unitary dynamics so that
the vibrational mode does not need to be cooled to its
ground state and thus the preparation works for ther-
mally excited states. This allows our scheme to avoid
some of the shortcomings of the schemes based on cold
ions, such as the infidelity of quantum operations due
to the heating and dephasing of the ion motion cased
by voltage fluctuations in the electrodes [45–47]. More
importantly, our scheme is compatible with the current
experimental technology, since the Sørensen-Mølmer set-
ting has been demonstrated in many experiments [47–51].
Besides, our scheme is demonstrated to be insensitive to
variations of some parameters with the aid of numerical
simulation.

II. THE SCHEME

Consider two four-level ions trapped in a linear trap. The
four levels correspond to two ground states, |0〉 and |1〉,
and two excited states, |e0〉 and |e1〉, as shown in Fig. 1(a).
The generalized Bell states that we aim to prepare are

|�〉= 1√
2
(|00〉+ eiφ|11〉), |�〉= 1√

2
(|01〉+ e−iφ|10〉),

(1)

where φ is a time-independent arbitrary phase. The four
Bell states

|�±〉 = 1√
2
(|00〉 ± |11〉), |�±〉 = 1√

2
(|01〉 ± |10〉),

(2)

are the specific case of the above generalized Bell states.
To prepare the generalized Bell states in Eq. (1), we

use resonant microwave pulses to drive the transitions
between ground states and use bichromatic lasers to drive
the transitions between ground states and excited states.

To start with, we describe the unitary dynamics induced
by the ion-microwave interaction. We use two resonant
microwave pulses with Rabi frequencies � exp(iπ) and
� exp(iφ) to drive the transitions |0〉 ↔ |1〉 of ions 1
and 2, respectively. In the rotating frame and with the
rotating-wave approximation, the Hamiltonian describing

(a) (b)

FIG. 1. The schematic setup for dissipative preparation of |�〉. (a) The configuration of two four-level ions. The transitions |0〉 ↔ |1〉
of the two ions are driven by resonant microwave pulses. The transitions |0〉 ↔ |e0〉 and |1〉 ↔ |e1〉 of ion 1 are, respectively, driven by
blue and red sideband lasers with detunings −(ν + δ) and ν − δ and the transitions |0〉 ↔ |e0〉 and |1〉 ↔ |e1〉 of ion 2 are, respectively,
driven by blue and red sideband lasers with detunings −(ν − δ) and ν + δ. All the lasers share a common Rabi frequency �̃. The
spontaneous emission rate from the excited states |e0〉 and |e1〉 to the ground states |0〉 and |1〉 is γ /2. (b) The dynamical process
combining unitary dynamics with dissipation. An arbitrary state in the ground-state space is directly or indirectly pumped to the
excited-state subspace and then decays to the ground-state space. The state that decays to the ground-state space is to be repumped and
will redecay until it turns into the unique steady state |�〉.
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ion-microwave interaction reads

Hm = �eiπ |1〉11〈0| + �eiφ|1〉22〈0| + H.c., (3)

where H.c. represents the Hermitian conjugate terms and
|k〉j represents the state |k〉 of the j th ion. By using
the double-ion-state representation, the above Hamiltonian
can be rewritten as

Hm =
√

2�|01〉〈�B| −
√

2�eiφ|�B〉〈10| + H.c. (4)

in the basis {|�B〉, |01〉, |10〉, |�〉}, or

Hm =
√

2�|00〉〈�B| −
√

2�e−iφ|�B〉〈11| + H.c. (5)

in the basis {|00〉, |�B〉, |�〉, |11〉}. Here, |�B〉 = [exp(−iφ)

|00〉 − |11〉]/√2 and |�B〉 = [exp(iφ)|01〉 − |10〉]/√2 are
orthogonal to |�〉 and |�〉. One can see that the microwave
pulses facilitate the transitions |01〉 ↔ |�B〉 ↔ |10〉 and
|00〉 ↔ |�B〉 ↔ |11〉 within the ground-state space while
leaving the states |�〉 and |�〉 as two dark states.

Based on the above ion-microwave interaction, we
then introduce bichromatic lasers to facilitate transitions
between ground states and excited states. The combined
unitary dynamics determined by the microwave pulses and
bichromatic lasers will turn one of the two dark states into
a bright state while leaving another dark state as a unique
dark state. By further combining the unitary dynamics
with spontaneous emission, an arbitrary quantum state
in ground-state space can finally be driven into one of
the generalized Bell states. This is the basic idea of our
scheme.

We first demonstrate the preparation of |�〉. To this end,
we introduce bichromatic lasers to drive the transitions
between ground states and excited states, which turn the
state |�〉 into a bright state and leave the state |�〉 as a
unique dark state. The schematic setup is shown in Fig. 1.
Specifically, we use a pair of blue and red sideband lasers
with detunings −(ν + δ) and ν − δ, respectively, to drive
the transitions |0〉 ↔ |e0〉 and |1〉 ↔ |e1〉 of ion 1, where
ν is the vibrational mode frequency and δ is an additional
detuning satisfying δ � ν. Meanwhile, we use another pair
of blue and red sideband lasers with detunings −(ν − δ)

and ν + δ, respectively, to drive the transitions |0〉 ↔ |e0〉
and |1〉 ↔ |e1〉 of ion 2. All the lasers share a common
Rabi frequency �̃. In the rotating frame and with the
rotating-wave approximation, the Hamiltonian describing
ion-laser interaction in the Lamb-Dicke regime reads

Hl = iη�̃
(
a†e−iδt|e0〉11〈0| + aeiδt|e1〉22〈1|)

+ iη�̃
(
ae−iδt|e1〉11〈1| + a†eiδt|e0〉22〈0|) + H.c.,

(6)

where a and a† are the annihilation and creation operators
of the vibrational mode and η is the Lamb-Dicke parame-
ter that satisfies η2(n + 1) � 1, with n being the quantum
number of the vibrational mode.

If the large-detuning condition δ 	 η�̃ is satisfied,
the single-ion transitions |0〉 ↔ |e0〉 and |1〉 ↔ |e1〉 can
be strongly suppressed while the double-ion transitions
|01〉 ↔ |e0e1〉 and |10〉 ↔ |e1e0〉 are allowed by exchang-
ing vibrational energy between two ions. By using the
approach in Ref. [52], the Hamiltonian in Eq. (6) can be
reduced to

Hl = �
[
aa†(|e1〉22〈e1| − |e1〉11〈e1|) + a†a(|e0〉22〈e0|

− |e0〉11〈e0|) + aa†(|0〉11〈0| − |0〉22〈0|)
+ a†a(|1〉11〈1| − |1〉22〈1|)] + (�01|e0e1〉〈01|
+ �10|e1e0〉〈10| + H.c.) , (7)

where � = −�01 = �10 = η2|�̃|2/δ. The first and second
lines of the above equation are Stark shifts of excited states
and ground states, respectively. The last line is the double-
ion couplings between ground states and excited states.
In the double-ion-state representation, the Stark shifts of
the excited states can be rewritten as �(|e0e1〉〈e0e1| −
|e1e0〉〈e1e0|) and the Stark shifts of the ground states can
be rewritten as �(|01〉〈01| − |10〉〈10|), where we neglect
the other double-ion-state Stark shifts because they nei-
ther belong to the ground-state space nor couple with
the ground-state space. To make this point clear, we give
a simple derivation for the Stark shifts in the first line
as �[(|e0〉〈e0| + |e1〉〈e1|) ⊗ (a†a|e0〉〈e0| + aa†|e1〉〈e1|) −
(a†a|e0〉〈e0| + aa†|e1〉〈e1|) ⊗ (|e0〉〈e0| + |e1〉〈e1|)] = �

[(aa† − a†a)|e0e1〉〈e0e1| − (aa† − a†a)|e1e0〉〈e1e0|] = �

(|e0e1〉〈e0e1| − |e1e0〉〈e1e0|) and for the Stark shifts in
the second line as �[(aa†|0〉〈0| + a†a|1〉〈1|) ⊗ (|0〉〈0| +
|1〉〈1|) − (|0〉〈0| + |1〉〈1|) ⊗ (aa†|0〉〈0| + a†a|1〉〈1|)] =
�[(aa† − a†a)|01〉〈01| − (aa† − a†a)|10〉〈10|] = �(|01〉
〈01| − |10〉〈10|). Accordingly, Eq. (7) can be rewritten as

Hl = �(|e0e1〉〈e0e1| + |01〉〈01|)
− �(|e1e0〉〈e1e0| + |10〉〈10|)
+ (�01|e0e1〉〈01| + �10|e1e0〉〈10| + H.c.) . (8)

From the above equation, we can readily see that under the
large-detuning condition δ 	 η�̃, the vibrational degree
of freedom is completely decoupled from the internal
degree of freedom for both two-ion coupling terms and
Stark-shift terms. Therefore, the unitary dynamics for the
internal degree of freedom of trapped ions is indepen-
dent of the vibrational quantum numbers. This implies
that the collective vibrational mode does not need to be
cooled to its ground state and thus the preparation works
for thermally excited states.
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Combining Eqs. (4) with (8), one can see that the unitary
dynamics facilitate the transitions |01〉 ↔ |�B〉 ↔ |10〉
within the ground-state space and the transitions |01〉 ↔
|e0e1〉 as well as |10〉 ↔ |e1e0〉 between the ground-state
space and the excited-state space and leave the state |�〉
as a unique dark state. By considering the spontaneous
emission from excited states {|e0〉, |e1〉} to ground states
{|0〉, |1〉}, we can further see that a state initially prepared
in |�〉 remains in |�〉, while a state initially prepared in
the other states of the ground-state space is directly or
indirectly pumped to the excited-state subspace spanned
by {|e0e1〉, |e1e0〉} via unitary dynamics and then decays to
the ground-state space via spontaneous emission. The state
that decays to the ground-state space is to be repumped
and to redecay until it turns into the unique steady state
|�〉, as shown in Fig. 1(b). Consequently, the generalized
Bell state |�〉 is prepared by combining unitary dynamics
with spontaneous emission.

By using a process similar to the preparation of |�〉, we
can prepare |�〉 in Eq. (1). In fact, |�〉 can be obtained
from |�〉 by swapping the states |0〉 (|1〉) for |1〉 (|0〉) of
the second qubit and changing the phase φ to −φ.

III. NUMERICAL SIMULATIONS

We have shown how to prepare the generalized Bell
states by combining unitary dynamics with spontaneous
emission. We now demonstrate the performance of our
scheme with the aid of numerical simulations. To this end,
we consider the instance |�〉 with φ = 0.

First, we demonstrate the performance of our scheme
under the large-detuning approximation. The unitary
dynamics of our scheme are based on the Hamiltonians in
Eqs. (4) and (8), where Eq. (8) is derived from the Hamilto-
nian in Eq. (6) under the large-detuning condition δ 	 η�̃.
Therefore, the large-detuning approximation may affect the
performance of our scheme. For our purpose, we use the
fidelity

F = 〈�|ρ(τ)|�〉 (9)

to characterize the performance of our scheme. This
describes the closeness between |�〉 and ρ(τ). The state
|�〉 is the target state defined in Eq. (1) and ρ(τ) is the
output state, which is obtained from the state �(τ) by trac-
ing out the vibrational degrees of freedom. Here, �(τ) is
calculated by solving the Lindblad equation [53,54]

�̇(t) = −i[Hm + Hl, �(t)]

+
∑

k=1,2

[
Lk�(t)L†

k − 1
2

{
L†

kLk, �(t)
} ]

, (10)

where Lk = √
γ /2|0〉k〈e0| + √

γ /2|1〉k〈e0| + √
γ /2|0〉k

〈e1| + √
γ /2|1〉k〈e1| is the Lindblad operator, with γ /2
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FIG. 2. The population of the basis vectors in the ground-state
space. Here, we take the initial state as |10〉, the vibrational
state as |0〉, and the parameters as η = 0.1, �/2π = 0.075 kHz,
�̃/2π = 25 kHz, δ/2π = 50 kHz, and γ /2π = 0.05 kHz.

being the spontaneous emission rate. Therefore, the fidelity
is obtained from �(τ) by first tracing out the vibrational
state and then taking the overlap with the state |�〉 in
Eq. (1). To complete our demonstration, we take the
initial state as |10〉, the vibrational state (i.e., the eigen-
state |n〉 of the number operator a†a, a†a|n〉 = n|n〉) as
|0〉, and the parameters as η = 0.1, �/2π = 0.075 kHz,
�̃/2π = 25 kHz, δ/2π = 50 kHz, and γ /2π = 0.05 kHz.
It is worth noting here that we choose δ = 20η�̃ to sat-
isfy the large-detuning condition δ 	 η�̃. In Fig. 2, we
plot the population P(t) = 〈�|ρ(t)|�〉 as a function of the
time t. The result shows the fidelity F = P(τ ) = 97.98%,
with τ being the final time. Here, we use the popula-
tion to describe the percentage of the target state in the
intermediate state and we use the fidelity to describe the
percentage of the target state in the output state. Thus,
the fidelity is equal to the population at the final time. To
visualize the dynamical process, we further plot the popu-
lation P(t) = 〈φ|ρ(t)|φ〉 of the other basis vectors |φ〉 ∈
{|�B〉, |01〉, |10〉} in the ground-state space. The result
shows that there exists a superposition of the basis vectors
at the intermediate time but there is no population of these
basis vectors except for the steady state at the final time.
This implies that the cooperation between unitary dynam-
ics and spontaneous emission drives the quantum system
into whole space and finally into the steady state |�〉.

Second, we demonstrate the performance of our scheme
without considering the large-detuning approximation.
Above, we have obtained the fidelity of the steady state
as 97.98% under the large-detuning approximation. Then,
a naturally arising question is whether the limitation of the
fidelity is mainly caused by the large-detuning approxima-
tion. To answer this question, we calculate the population
P(t) of |�〉 by replacing the Hamiltonian Hl in Eq. (10)
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FIG. 3. The population of |�〉 without considering the large-
detuning approximation. Here, we take the initial state as |10〉,
the vibrational state as |0〉, and the parameters as η = 0.1,
�/2π = 0.075 kHz, �̃/2π = 25 kHz, δ/2π = 50 kHz, and
γ /2π = 0.05 kHz.

with the effective Hamiltonians Hl in Eq. (7), which means
that we do not consider the effect of the large-detuning
approximation. The result is shown in Fig. 3. Here, we also
take the initial state as |10〉, the vibrational state as |0〉, and
the parameters as η = 0.1, �/2π = 0.075 kHz, �̃/2π =
25 kHz, δ/2π = 50 kHz, and γ /2π = 0.05 kHz. From this
result, we can obtain the fidelity as F = P(τ ) = 99.99%.
This means that the final state is almost the target state |�〉
and thus the limitation of the fidelity is mainly caused by
the large-detuning approximation. This result in turn indi-
cates that the spontaneous emission does not reduce the
fidelity for the chosen parameters and therefore our scheme
protects entanglement from spontaneous emission.
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FIG. 4. The population P(t, �) = 〈�|ρ(t, �)|�〉 as a function
of t and �. Here, we take the initial state as |10〉, the vibrational
state as |0〉, and the parameters as η = 0.1, �̃/2π = 25 kHz,
δ/2π = 50 kHz, and γ /2π = 0.05 kHz.
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FIG. 5. The population P(t, �̃) = 〈�|ρ(t, �̃)|�〉 as a function
of t and �̃. Here, we take the initial state as |10〉, the vibrational
state as |0〉, and the parameters as η = 0.1, �/2π = 0.075 kHz,
δ/2π = 50 kHz, and γ /2π = 0.05 kHz.

Third, we investigate the parameter ranges of microwave
pulses and bichromatic lasers and the spontaneous emis-
sion rate at which we can achieve satisfactory perfor-
mance. The above discussion shows that the steady state
|�〉 can be obtained with a fidelity of 97.98% when
η = 0.1, �/2π = 0.075 kHz, �̃/2π = 25 kHz, δ/2π =
50 kHz, and γ /2π = 0.05 kHz. We may wonder whether
satisfactory performance can be also achieved when �, �̃

and γ are taken as other values. To address this, we calcu-
late the population P(t, �) = 〈�|ρ(t, �)|�〉 as a function
of t and �, P(t, �̃) = 〈�|ρ(t, �̃)|�〉 as a function of t,
and �̃, and P(t, γ ) = 〈�|ρ(t, γ )|�〉 as a function of t
and γ . Here, the initial state, the vibrational state, and
the two parameters η and δ are taken to be the same
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FIG. 6. The population P(t, γ ) = 〈�|ρ(t, γ )|�〉 as a function
of t and γ . Here, we take the initial state as |10〉, the vibrational
state as |0〉, and the parameters as η = 0.1, �/2π = 0.075 kHz,
�̃/2π = 25 kHz, and δ/2π = 50 kHz.
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TABLE I. Some of the numerical data for the array
[t,�,P(t, �)].

�/2π (kHz) 0.005 0.01 0.045 0.065 0.07

t = 2000 ms 93.14% 97.10% 97.91% 97.97% 97.98%
�/2π (kHz) 0.075 0.08 0.095 0.15 0.19
t = 2000 ms 97.98% 97.97% 97.91% 97.05% 95.21%

as the previous ones, while the other three parameters,
�, �̃, and γ , are varied one at a time. That is, we take
�̃/2π = 25 kHz and γ /2π = 0.05 kHz when calculat-
ing P(t, �), �/2π = 0.075 kHz and γ /2π = 0.05 kHz
when calculating P(t, �̃), and �/2π = 0.075 kHz and
�̃/2π = 25 kHz when calculating P(t, γ ). The results
are shown in Figs. 4, 5, and 6. To clearly evaluate the
performance, we present some of the numerical data for
the arrays [t,�,P(t, �)], [t,�̃,P(t, �̃)], and [t,γ ,P(t, γ )] in
Tables I, II, and III, respectively. From these results, we
make the following observations. (i) A wide range of inter-
vals is allowed to achieve the steady state |�〉 with a high
fidelity. For example, if �/2π ∈ [0.01 kHz, 0.19 kHz],
the fidelity F = P(τ , �) can always be in excess of
95%; if �̃/2π ∈ [22.5 kHz, 39.5 kHz], the fidelity F =
P(τ , �̃) can always be in excess of 95%; and if γ /2π ∈
[0.045 kHz, 0.295 kHz], the fidelity F = P(τ , γ ) can
always be in excess of 95%. (ii) Our scheme is insen-
sitive to fluctuations of �, �̃, and γ . Indeed, if �/2π

ranges from 0.01 kHz to 0.15 kHz, the fidelity only varies
from 97.98% to 97.05%; if �̃/2π ranges from 22.5 kHz to
30.5 kHz, the fidelity only varies from 98.27% to 97.04%;
and if γ /2π ranges from 0.045 kHz to 0.17 kHz, the
fidelity only varies from 97.99% to 97.02%.

Fourth, we investigate how to match up the parameters
� and γ with a given �̃ in order to achieve an opti-
mized fidelity. For this, the initial state, the vibrational
state, the parameters η and δ, and the final time are taken
to be the same as in the above discussions. We consider
three values of �̃/2π as 20 kHz, 25 kHz, and 40 kHz
in succession, which correspond to the large-detuning
conditions δ = 25η�̃, 20η�̃, and 12.5η�̃, respectively.
With these settings, we calculate the fidelity F(�, γ ) =
〈�|ρ(�, γ )|�〉 as a function of � and γ . The results
are shown in Figs. 7, 8, and 9. Our calculations indi-
cate that the optimized fidelities corresponding to the
three given values of �̃/2π are 98.50%, 97.99%, and

TABLE II. Some of the numerical data for the array
[t,�̃,P(t, �)].

�̃/2π (kHz) 22.5 23 24 24.5 25

t = 2000 ms 98.27% 98.22% 98.11% 98.04% 97.98%
�̃/2π (kHz) 30.5 31 35 35.5 39.5
t = 2000 ms 97.04% 96.94% 96.10% 95.98% 95.04%

TABLE III. Some of the numerical data for the array
[t,γ ,P(t, γ )].

γ /2π (kHz) 0.045 0.065 0.07 0.085 0.17

t = 2000 ms 97.99% 97.91% 97.88% 97.80% 97.02%
γ /2π (kHz) 0.175 0.24 0.245 0.295 0.3
t = 2000 ms 96.96% 96.05% 95.97% 95.09% 94.99%

95.19% and are achieved at the values [�̃/2π ,
�/2π , γ /2π ] = [20 kHz, 0.05 kHz, 0.065 kHz], [25 kHz,
0.075 kHz, 0.045 kHz], and [40 kHz, 0.18 kHz, 0.04 kHz],
respectively.

Fifth, we show that our scheme works for thermally
excited states. From Eq. (6), we can see that the internal
degree of freedom is coupled to the vibrational degrees of
freedom. Yet, under the large-detuning condition δ 	 η�̃,
Eq. (6) is reduced to Eq. (7), which can be rewritten as
Eq. (8). From Eq. (8), we can see that the vibrational
degrees of freedom are completely decoupled from the
internal degree of freedom for both the two-ion coupling
terms and the Stark-shift terms. The merit of this decou-
pling is that under the large-detuning approximation, the
collective vibrational mode is not necessarily cooled to
its ground state and thus our scheme works for thermally
excited states. Here, we should note that the above mer-
its are valid under the large-detuning approximation. This
is because Eq. (6) can only be reduced to Eq. (8) if the
large-detuning condition δ 	 η�̃ is satisfied. Considering
that the large-detuning approximation promises to hold the
terms in the order of magnitude η2|�̃|2/δ but to ignore
the terms in the higher order of magnitude, the terms in
the higher order of magnitude still strongly depend on
the collective vibrational mode and thus affect the fidelity
of the quantum states. To illustrate the above points, we
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FIG. 7. The fidelity F(�, γ ) = 〈�|ρ(�, γ )|�〉 as a function
of � and γ . Here, we take the initial state as |10〉, the vibra-
tional state as |0〉, the parameters as η = 0.1, �̃/2π = 20 kHz,
and δ/2π = 50 kHz, and the final time as 2000 ms.
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FIG. 8. The fidelity F(�, γ ) = 〈�|ρ(�, γ )|�〉 as a function
of � and γ . Here, we take the initial state as |10〉, the vibra-
tional state as |0〉, the parameters as η = 0.1, �̃/2π = 25 kHz,
and δ/2π = 50 kHz, and the final time as 2000 ms.

plot the population P(t) = 〈�|ρ(t)|�〉 as a function of
t in Fig. 10. Here, we take the initial state as |10〉, the
vibrational state as |n〉 with n = 0, 1, 2, and the param-
eters as η = 0.1, �/2π = 0.075 kHz, �̃/2π = 25 kHz,
δ/2π = 50 kHz, and γ /2π = 0.05 kHz. The result shows
the fidelities F = P(τ ) corresponding to the vibrational
states |0〉, |1〉, and |2〉 as being up to 97.98%, 95.22%, and
92.56%, respectively. This implies that our scheme works
for thermally excited states.

In the above numerical simulations, we assume that all
the decays from excited states {|e0〉, |e1〉} to ground states
{|0〉, |1〉} have the same spontaneous emission rates. We
now discuss the performance of our scheme when different
decays have different spontaneous emission rates. For this,
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FIG. 9. The fidelity F(�, γ ) = 〈�|ρ(�, γ )|�〉 as a function
of � and γ . Here, we take the initial state as |10〉, the vibra-
tional state as |0〉, the parameters as η = 0.1, �̃/2π = 40 kHz,
and δ/2π = 50 kHz, and the final time as 2000 ms.
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FIG. 10. The population as a function of t. Here, we take the
initial state as |10〉, the vibrational state as |n〉 with n = 0, 1, 2,
and the parameters as η = 0.1, �/2π = 0.075 kHz, �̃/2π =
25 kHz, δ/2π = 50 kHz, and γ /2π = 0.05 kHz.

we plot the population P(t) = 〈�|ρ(t)|�〉 as a function of
t in Fig. 11. Here, we take the initial state as |10〉, the vibra-
tional state as |0〉, and the parameters as η = 0.1, �/2π =
0.075 kHz, �̃/2π = 25 kHz, and δ/2π = 50 kHz. Mean-
while, we take the Lindblad operators for different decays
of ion 1 as L1 = √

γ1/2|0〉11〈e0|, L2 = √
γ2/2|1〉11〈e0|,

L3 = √
γ3/2|0〉11〈e1|, and L4 = √

γ4/2|1〉11〈e1|, and the
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FIG. 11. The population as a function of t. Here, we take
the initial state as |10〉, the vibrational state as |0〉, and the
parameters as η = 0.1, �/2π = 0.075 kHz, �̃/2π = 25 kHz,
and δ/2π = ×50 kHz. Meanwhile, we take the Lindblad
operators for different decays as L1 = √

γ1/2|0〉11〈e0|, L2 =√
γ2/2|1〉11〈e0|, L3 = √

γ3/2|0〉11〈e1|, L4 = √
γ4/2|1〉11〈e1|,

L5 = √
γ5/2|0〉22〈e0|, L6 = √

γ6/2|1〉22〈e0|, L7 = √
γ7/2|0〉22

〈e1|, and L8 = √
γ8/2|1〉22〈e1|, with γ1/2π = 0.05 kHz,

γ2/2π = 0.04 kHz, γ3/2π = 0.055 kHz, γ4/2π = 0.045 kHz,
γ5/2π = 0.06 kHz, γ6/2π = 0.03 kHz, γ7/2π = 0.065 kHz,
and γ8/2π = 0.035 kHz.
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Lindblad operators for different decays of ion 2 as L5 =√
γ5/2|0〉22〈e0|, L6 = √

γ6/2|1〉22〈e0|, L7 = √
γ7/2|0〉22

〈e1|, and L8 = √
γ8/2|1〉22〈e1|, with γ1/2π = 0.05 kHz,

γ2/2π = 0.04 kHz, γ3/2π = 0.055 kHz, γ4/2π =
0.045 kHz, γ5/2π = 0.06 kHz, γ6/2π = 0.03 kHz,
γ7/2π = 0.065 kHz, and γ8/2π = 0.035 kHz. The result
shows that the fidelity F = P(τ ) = 98.15%. This is close
to the fidelity 97.98% obtained above when taking the
same spontaneous emission rate for different decays.

IV. CONCLUSIONS

In conclusion, we propose a scheme for dissipative
preparation of generalized Bell states with trapped ions.
By combining unitary dynamics with spontaneous emis-
sion, an arbitrary quantum state in the ground-state space is
driven into a unique generalized Bell state. Different from
the previous schemes with cold trapped ions [20,21,38],
the collective vibrational motion in our scheme is decou-
pled from the unitary dynamics so that the preparation
does not need to cool the collective vibrational mode to its
ground state and thus it works for thermally excited states.
Compared with the scheme using two vibrational modes
[22], our scheme is based on the renowned Sørensen-
Mølmer setting, using only a single vibrational mode, and
is therefore compatible with the current experimental tech-
nology. With the aid of numerical simulation, our scheme
is demonstrated to be insensitive to variations of some
parameters.
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