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Acoustic camouflage, which is realized by controlling wave propagation, has attracted great attention
in recent years. Aided by a reflecting surface, the acoustic carpet cloak has become one of the most
practically feasible invisibility devices and captured much experimental research enthusiasm. However,
owing to the difficulty in the realization of ideal material parameters, the implemented underwater carpet
cloaks could only work for a small incident angle. Here we design an underwater carpet cloak using a three-
component metafluid composed of syntactic foam, steel, and water. The proposed syntactic foam, which
is synthesized from epoxy resin and hollow glass microspheres, exhibits lower mass density and higher
sound velocity relative to water. By periodically embedding the syntactic foam and steel rods in water,
a carpet cloak is constructed and experimentally demonstrated in an anechoic water tank. Experimental
results indicate that the designed carpet cloak works well under both normal and oblique incidences for
broadband frequencies. The implementation of the designed underwater carpet cloak paves the way for
future applications. Moreover, the introduction of syntactic foam in the design of the carpet cloak provides
an extra degree of freedom for the acoustic parameter regulation of the metafluid in underwater acoustic
devices.
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I. INTRODUCTION

Acoustic metamaterials have aroused great research
enthusiasm because of their extraordinary ability to manip-
ulate acoustic wave propagation at will. In recent years,
a series of interesting acoustic phenomena have been
realized with acoustic metamaterials, including negative
refraction [1–3], and super-resolution focusing and imag-
ing [4–6]. One of the most intriguing examples is acoustic
invisibility technology [7–26], which can make a tar-
get acoustically undetectable. An acoustic carpet cloak
[12,16–21,24], which conceals the target by mimicking
the reflecting plane, has been recognized as one of the
most practically feasible acoustic invisibility devices so
far. There are two coordinate transformation methods to
design the acoustic carpet cloak: quasiconformal trans-
formation [24] and linear transformation [16–21]. The
quasiconformal transformation results in a huge volume
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and inhomogeneous parameters that are difficult to real-
ize. By comparison, the linear transformation is favored
more for the homogeneous parameters, simple design,
and facile fabrication, which allow for huge application
potential.

An ideal carpet cloak based on linear transforma-
tion requires anisotropic sound velocities and matched
impedance. It is still challenging to exactly realize these
parameters in experiment, especially in the underwater
environment [11,19,20,23]. Previous works show that the
sound velocities and impedance can be tailored by using
a metafluid [8,10,12,16–24,27–29] consisting of discrete
inclusions embedded in fluid. Brass and steel are usually
chosen as solid inclusions embedded in water to form a
two-component anisotropic metafluid [19,20]. However,
this two-component metafluid achieves neither a sound
velocity component higher than that of water nor the
impedance matching with water, resulting in poor perfor-
mance under a large-angle incoming wave and consider-
able additional scattering. Therefore, a component with
lower mass density and higher sound velocity relative to
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water is needed in the design of an underwater carpet
cloak [16].

Here we synthesize a kind of syntactic foam and utilize
it to design and fabricate an underwater acoustic car-
pet cloak, which can realize almost impedance-matched,
broadband, wide-angle acoustic camouflage. The proposed
syntactic foam, which is made of epoxy resin and hollow
glass microspheres (HGMs), exhibits lower mass density
and higher sound velocity relative to water. A three-
component metafluid made of syntactic foam, steel, and
water is designed to realize the anisotropic sound veloci-
ties and waterlike impedance. Then an underwater acoustic
carpet cloak is designed based on the three-component
metafluid. The measured acoustic pressure distributions
under both normal and oblique incidences with differ-
ent frequencies verify the excellent performance of the
designed underwater carpet cloak.

II. RESULTS

A. Synthesis and characterization of syntactic foam

A bulk sample of syntactic foam made of epoxy resin
and HGMs is shown in Fig. 1(a). By means of vacuum
defoaming and molding technology, the syntactic foam can
be made into arbitrary shapes according to different needs.
The schematic diagram of the detailed synthesis process
is shown in the Supplemental Material Fig. S2 [30]. A
scanning electron microscope (SEM) image of the syntac-
tic foam sample is shown in Fig. 1(b). The SEM image
reveals that the HGMs are distributed evenly in epoxy resin
and their diameters mostly fluctuate within a small range.
These features ensure the homogenous mechanical proper-
ties of the syntactic foam. An enlarged view of the HGM is
displayed in Fig. 1(c). The HGM exhibits a good spherical
pattern and bonds perfectly with the epoxy resin, thus mak-
ing it resistant against external stress. The inset in Fig. 1(c)
shows a partial cross-section morphology of the HGM,
which has a hollow structure and homogeneous wall thick-
ness. Homogeneous and thin walls can effectively reduce
the mass density of HGMs as well as guaranteeing a cer-
tain stress resistance. Generally, the acoustic properties of
a material depend on its mass density and moduli. For the
proposed syntactic foam, we can control its acoustic prop-
erties by adjusting the average geometric parameters and
volume fraction of the HGMs.

To predict the acoustic parameters of syntactic foam, we
employ the four-phase model [31–33] to calculate its mass
density and bulk and shear moduli. As shown in the left
panel of Fig. 1(d), the syntactic foam is modeled as four
different phases, i.e., a three-layered spherical inclusion
and a surrounding infinite medium with unknown effec-
tive properties (ρe, Ke, Ge). The three-layered composite
sphere is comprised of an epoxy resin matrix shell, glass
wall, and air core. The radii of the above three phases are
indicated with a, b and c in Fig. 1(d). The radii of the

internal two-layered hollow sphere depend on the aver-
age wall thickness and average diameter of the HGMs.
The matrix shell thickness is determined by the volume
fraction of the HGMs. Each phase is homogeneous, lin-
early elastic, and isotropic. The composite sphere can be
characterized by the same effective parameters as the sur-
rounding infinite medium. Thus, the syntactic foam can be
treated as a macroscopically homogeneous and isotropic
medium as shown in the right panel of Fig. 1(d). The mass
density, bulk modulus, and shear modulus of each phase
in the composite sphere are known and denoted by ρ i,
Ki, Gi, where the superscript i is m for the matrix shell
and w for the wall of the HGM. The air is ignored in the
calculation because of its extremely small mass density.
When the hydrostatic pressure and simple shear condition
are applied at infinity, the average strain of the compos-
ite sphere should be the same as the strain of the effective
medium. Combined with the boundary continuity condi-
tion at r = a, r = b, and r = c, we can calculate the strain
of each phase, then the average strain of the composite
sphere can be obtained. Thus, the effective bulk modulus
(Ke) and shear modulus (Ge) of the syntactic foam can be
expressed as follows:

Ke = Kwf (1 − (a/b)3)ε̄w
ii + Km(1 − f )ε̄m

ii

ε̄CS
ii

, (1)

Ge = Gwf (1 − (a/b)3)ε̄w
ij + Gm(1 − f )ε̄m

ij

ε̄CS
ij

, (2)

where ε̄w
ii , ε̄m

ii , and ε̄CS
ii (ε̄w

ij , ε̄m
ij , and ε̄CS

ij ) are the compres-
sive (shear) strain of the glass wall, epoxy resin matrix
shell, and composite sphere, respectively. The subscripts
i, j take the values 1, 2. More calculation details are shown
in Appendix A. Additionally, the mass density of the syn-
tactic foam is obtained through averaging the mass density
of the components by volume

ρe =
(

1 −
(

b
c

)3
)

ρm +
((

b
c

)3

−
(a

c

)3
)

ρw, (3)

where ρm and ρw refer to the mass density of the epoxy
resin matrix shell and the glass wall, respectively. There-
fore, the sound velocities of the syntactic foam, which
can reflect the acoustic properties more directly, can be
expressed as follows:

cL =
√

3Ke + 4Ge

ρe , (4)

cT =
√

Ge

ρe , (5)

where cL and cT are the sound velocities for longitudinal
wave and transverse wave, respectively.
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FIG. 1. Characterization of the syntactic foam. (a) Photo of a bulk sample. (b) SEM image of the syntactic foam showing the
distribution of HGMs in epoxy resin matrix. (c) The morphology of the HGM and a partial enlarged view of cross-section morphology
of the HGM shown in inset. (d) Left panel: the four-phase model is made of an infinite effective medium (light blue area), epoxy
resin shell (yellow area), glass wall (light green area), and air (white area). The red arrows indicate the applied external force. The
right panel: the macroscopically homogeneous effective medium. (e)–(g) The mass density (blue line) and sound velocity (red line
for longitudinal wave, magenta line for transverse wave) of syntactic foam varying with the volume fraction of HGMs (e), average
thickness of glass wall (f), and the average diameters of HGMs (g). The symbols mark the corresponding measurement values of the
samples.

Through Eqs. (3)–(5), the acoustic parameters of syn-
tactic foam with varying volume fraction and average
geometric parameters of HGMs can be calculated conve-
niently. Figure 1(e) shows the mass density (blue curve)
and sound velocities (red curve for longitudinal wave,
magenta curve for transverse wave) for different volume
fractions of HGMs. When the volume fraction is 0, the
mass density is 1062 kg/m3, the sound velocities are
2045 m/s for longitudinal waves and 1031 m/s for trans-
verse waves, which are exactly the acoustic parameters of
the epoxy resin matrix. As the volume fraction increases,
the syntactic foam can achieve lower mass density and
higher sound velocities over a wide range. When the vol-
ume fraction is fixed, the average geometric dimensions
of HGMs can also greatly affect the acoustic parameters
of syntactic foam. It can be seen from the calculation
results in Figs. 1(f) and 1(g) that thinner wall thickness
and larger average diameter lead to lower mass density and

lower sound velocities. Accordingly, we fabricate three
samples with different parameters. The three samples are
denoted number I, II, and III. More information about the
raw materials and acoustic parameters of the three samples
is presented in the Supplemental Material Tables S1–S6
[30]. The corresponding acoustic parameters of the three
samples are measured and labeled with symbols in Figs.
1(e)–1(g) for comparison. The results show that the mea-
sured values are in good agreement with the theoretical
prediction. The measurement method for sound velocities
is shown in the Supplemental Material Fig. S3 [30].

It can be observed from these results that the pro-
posed syntactic foam presents lower mass density and
higher sound velocities relative to water, and these
acoustic parameters can be tuned in a wide range
by adjusting the volume fraction and the geometric
dimensions of the HGMs. The acoustic parameters of
syntactic foam can exactly meet the demand for an
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impedance-matched metafluid in the design of an under-
water carpet cloak.

B. Design of the underwater acoustic carpet cloak

Here we use the syntactic foam and steel to form the
metafluid and design an underwater acoustic carpet cloak.
The proposed cloak is schematically shown in Fig. 2(a).
The white triangle area on the reflecting surface is hid-
den space, whose half width is n = 70.5 cm, and height
is m = 10.1 cm. The blue area indicating the carpet cloak,
whose height is h = 50 cm, can conceal the hidden space
by mimicking the reflection acoustic field of a reflect-
ing plane. The required material parameters of the car-
pet cloak are calculated by transformation acoustics. The
obtained mass density and bulk modulus are expressed
as ρ = det(A)(A−1)T(A−1)ρ0, K = det(A)K0, where ρ0 =
1000 kg/m3 and K0 = 2.19 GPa are the parameters of
water, and A is the Jacobian matrix of transformation
between physical space and transformed space. It can be
noted that the transformed mass density is indicated by a
tensor, which means it is anisotropic. This anisotropic mass
density can be diagonalized by rotating the coordinate axes
anticlockwise with angle α and simply represented by the

components in the principal axes ρ11, ρ22. In Fig. 2(a), the
rotated coordinate axes are marked by x11 and x22, which
are also the principal axes of the material. To exhibit the
acoustic properties more intuitively, sound velocities in
the principal axes required by the carpet cloak are calcu-
lated by vii = √

K/ρii. Finally, the calculated results are
v11 = 1.026v0 and v22 = 0.778v0, where v0 = 1480 m/s is
the sound velocity of water. The required sound velocities
are plotted in Fig. 2(b) with solid curves. The calculation
details can be found in Appendix B.

To realize the required acoustic parameters, we design
the unit cell of the metafluid and show it in the red dashed
frame in Fig. 2(a). It is a 10.5-mm by 30-mm rectangu-
lar lattice, in which the size of steel strip is 2 mm by
29 mm and the size of syntactic foam square is 4 mm
by 4 mm. The number I syntactic foam is used here and
the steel is characterized by mass density of 7850 kg/m3,
Young’s modulus of 205 GPa, and Poisson’s ratio of 0.28.
The background fluid is water. Sound velocities of the
designed metafluid in the principal axis are calculated by
using the retrieval method [34]. The results are presented
in Fig. 2(b) with symbols for comparison. It can be seen
that the sound velocities in both principal axes match well
with the required parameters in a broadband range. The

(a)

(b) (c)

FIG. 2. The design of the underwater acoustic carpet cloak. (a) Schematics of the designed underwater carpet cloak mimicking the
reflecting plane. x and y are the coordination axes of the physical space. x11 and x22 are the material principal axes of the required
anisotropic parameters. α = 19.95◦ is the rotation angle. The red dotted box displays the unit cell of the metafluid used to implement
the carpet cloak. (b) The required and simulated sound velocities in the principal axes of the designed metafluid. (c) The simulated
pressure transmission coefficient in the principal axes of the designed metafluid.
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fluctuation near 11 kHz in the x22 direction stems from the
narrow-band localized resonance of the steel strips. This
fluctuation weakens rapidly with the direction change of
the incident wave and has little effect on the broadband
and wide-angle performance of the metafluid.

During the design process, we introduce a scale factor
of w−1 = 1.48 in the transformation acoustics [30]. The
introduced factor is so small that the designed metafluid
can achieve almost perfect impedance matching with the
background. We calculate the pressure transmission coef-
ficients in the principal axes by placing five unit cells in a
waveguide filled with water in the simulation. The calcu-
lated transmission coefficients in the two principal axes are
labeled T11 and T22 and shown in Fig. 2(c). Although the
transmission coefficients fluctuate in the broadband range
because of Fabry-Perot resonance, the values in both prin-
cipal axes are larger than 0.9 except near the localized
resonant frequency of the steel strips. The high transmis-
sions demonstrate the good impedance match between the
metafluid and water.

C. Experimental demonstration of the underwater
acoustic carpet cloak

We fabricate the sample using steel and syntactic foam
rods. The shape of the cross section and the relative posi-
tions of rods are the same as the simulated ones. All these
rods are inserted in two identical perforated plates to form
a quasi-two-dimensional carpet cloak sample. The syntac-
tic foam and steel rods arranged periodically are shown in
the red dashed frame of Fig. 3(a). An air-filled triangular
object sealed by thin steel plates is used as the target to
be hidden. The photos of the entire sample equipment are
shown in the Supplemental Material Fig. S4 [30].

The experiments are carried out in an anechoic water
tank with a size of 50 ×15 ×10 m. The schematic diagram
of the experimental setup in water is shown in Fig. 3(a).
The carpet cloak is upside down and placed with the bot-
tom boundary level with the water surface. The sound
source is mounted below the sample. The rectangular area
marked with a blue dotted line is the measurement area,
which is 1300 mm wide and 600 mm high. The detailed
relative positions of the carpet cloak, sound source, and
measurement area are marked on the right. In the measure-
ment, an omnidirectional cylindrical transducer (C-MARK
GA500) is set as the sound source to emit short Gaussian
pulses modulated by different sinusoidal signals (5–15 kHz
with 1 kHz step). Two hydrophones (Type 8103, B&K)
are used to measure the pressure field distribution of the
measurement area: one is fixed near the sound source for
time-domain alignment, the other moves in the measure-
ment area for scanning. In the measurement, the distance
between adjacent measuring points is 2 cm to guaran-
tee that each wavelength contains at least five measuring
points. The pressure field distributions in three cases are

measured: the reflecting plane (the water-air interface), the
target, and the cloaked target.

We first place the sound source directly below the sam-
ple for normal incidence and set the center frequency of
the emitting Gaussian pulse as 5 kHz. The simultaneous
reflected pressure fields of these three cases are measured
and displayed in Fig. 3(b). Three rows from top to bot-
tom correspond to the reflecting plane, the target, and
the cloaked target. It can be observed that the waveform
reflected from the reflecting plane is uniform and continu-
ous. When the triangular target is placed under the water
surface, the reflected waveform presents a discontinuous
distribution. The existence of the slope makes most of the
acoustic waves scatter to the side areas, thereby resulting
in a shadow area in the middle region. After the target is
covered with the carpet cloak, the shadow area is repaired
and the scattered pressure field becomes as continuous and
uniform as that of the reflecting plane.

Owing to the good match of sound velocities and
impedance, the proposed carpet cloak can still maintain a
good stealth performance when impinged upon by an inci-
dent wave at a large angle. In the experiment, we shift the
sound source 3000 mm to the left and make the incident
acoustic wave hit the sample at 45°. The instantaneous
reflected pressure fields of the three cases at 5 kHz are dis-
played in Fig. 3(c). The protrusion and sharp edges of the
target make its reflected pressure field discontinuous and
locally concentrated. After the target is covered with the
carpet cloak, the reflected pressure distribution character-
istics of the target are completely eliminated. The phase
and amplitude of the reflected wave from the cloaked tar-
get are extremely close to those of the reflecting plane,
which indicates that the carpet cloak works well at a large
incident angle. To show the broadband effectiveness of the
carpet cloak, we also conduct the measurements at differ-
ent frequencies. The measured pressure fields at 10 kHz
and 12 kHz and the corresponding numerical simulations
are shown in the Supplemental Material Figs. S5–S8 [30].
The dynamic videos of measured pressure field distribu-
tions under 45° incidence at 5 and 10 kHz are shown in
the Supplemental Material Movies S1–S6 [30]. It is worth
noting that the inherent loss in the syntactic foam hardly
affects the cloaking performance of the carpet cloak for the
small viscosity of the matrix in the syntactic foam and the
low operating frequencies. See the detailed analysis and
simulation in Note 1 [30].

To quantitatively show the performance of the carpet
cloak, we extract the time-domain reflected signals at three
special positions. These three positions are labeled A (0,
1900), B (60, 1900), C (90,1900) in Fig. 3(a), correspond-
ing to different characteristics of the reflected pressure field
for the target under 45° incidence. The reflected signals at
10 kHz from the reflecting plane (black line), the target
(blue line), and the cloaked target (red line) are plotted
in Fig. 4(a). Compared with the reflected signals from
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(a)

(b) (c)

FIG. 3. Experimental demonstra-
tion of the underwater acoustic
carpet cloak. (a) Schematics of
the experimental setup. The photo
of partial sample is shown in
the red dashed frame. The rela-
tive positions of sound source (the
middle one for normal incidence,
the left one for oblique inci-
dence), measurement area (blue
dotted frame), and the carpet
cloak are marked on the right.
A, B, and C are three particular
points to extract the time domain
signals. (b), (c) The reflected
pressure fields of the reflecting
plane, target, and cloaked target
for normal incidence (b) and 45°
incidence (c) at 5 kHz.

the reflecting plane, there are always phase advances and
amplitude fluctuations in the reflected signals from the
target. The maximum phase advance occurring at point
C is 180° while the amplitude ratio varies from 1.45 at
point B to 0.25 at point C. It is obvious that the car-
pet cloak repairs the differences in both the amplitude
and the phase between reflected signals from the tar-
get and the reflecting plane (phase difference within 30°,
amplitude ratio above 0.74). The reflected signals from
the reflecting plane and the cloaked target match well
and their amplitudes hardly change with the positions,
which proves that the impedance of the carpet cloak is
close to that of water. The time-domain signal comparison
results are consistent with the characteristics of the field
distribution.

Finally, we use the cosine similarity index (CSI) to com-
prehensively assess the performance of the carpet cloak.

The CSI is defined as

CSI = Pr · P0

|Pr||P0| =
∑

Pr
i P

0
i√∑

(Pr
i )

2
√∑

(P0
i )

2
, (6)

where Pr represents the reference amplitude and denotes
the reflected pressure amplitude matrix of the reflecting
plane here, P0 represents the reflected pressure amplitude
matrices of the three measured cases, that is, the reflect-
ing plane, the target, and the cloaked target, respectively.
In Eq. (6), the closer the value of CSI is to 1, the better the
camouflage effect of the carpet cloak is. Figure 4(b) shows
the CSI in the three cases in the range of 5 to 15 kHz under
45° incidence. The CSI between the cloaked target and the
reflecting plane are above 0.85 while the CSI between the
target and the reflecting plane are below 0.6, which further
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(a) (b)

FIG. 4. Comprehensive experimental evaluation. (a) Extracted time-domain reflected signals at 10 kHz under 45° incidence. The
locations of A, B, and C are marked in Fig. 3(a). Each panel contains the time-domain reflected signals of the reflecting plane (black
curve), the target (blue curve), and the cloaked target (red curve). (b) The CSI of the reflected pressure in the measurement area between
the reflecting plane and the reflecting plane (black circles), the target (blue squares), and the cloaked target (red triangles) from 5 to
15 kHz.

verifies the effectiveness of the underwater acoustic carpet
cloak within a broad frequency range. The slight deviation
between the measured CSI of the cloaked target and that
of the reflecting plane originates from the fabrication error
in sample size and additional scattering from the sample
holder.

III. CONCLUSION

In conclusion, a broadband and wide-angle underwa-
ter acoustic carpet cloak is realized by utilizing syntactic
foam and steel. The syntactic foam is synthesized from
epoxy resin and HGMs. We use the four-phase model
to accurately design and fabricate the syntactic foam
with the required acoustic parameters. By organizing the
syntactic foam and steel, we design a three-component
metafluid that can achieve anisotropic sound velocities
and impedance matching with water. Then the acoustic
carpet cloak made of the proposed metafluid is designed
and experimentally demonstrated. The measured reflected
pressure fields under normal and oblique incidence ver-
ify that the designed carpet cloak can realize the acous-
tic camouflage for the wide-angle incoming wave. The
impedance-matched effect is demonstrated via the consis-
tency of phases and amplitudes of the reflected waves from
the reflecting plane and the cloaked target. The subwave-
length unit cell of the metafluid ensures the broadband
effectiveness of the carpet cloak. In our work, the demon-
stration of an underwater acoustic carpet cloak based on
the designed metafluid paves the way for practical engi-
neering applications in underwater devices. Moreover,
the realization of the impedance-matched underwater car-
pet cloak demonstrates that the proposed syntactic foam,
as a synthetic material with adjustable components, can

provide a wide range of acoustic parameters and has great
potential in the design of underwater acoustic devices.
Nevertheless, more comprehensive and accurate underwa-
ter experiment is still a challenge in carpet cloak research.
To further improve cloaking performance and promote its
application, a more sophisticated fabrication method, such
as three-dimensional printing, as well as more intelligent
regulation and experimental design with the help of elec-
tromagnetism and machinery, may be helpful in future
work.
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APPENDIX A: ESTIMATES OF BULK AND SHEAR
MODULI OF SYNTACTIC FOAM

For the four-phase model in Fig. 1, there are the fol-
lowing boundary conditions: the tractions vanishing at
the boundary r = a, the tractions and displacements being
continuous at the boundaries r = b and r = c, and the
strain field applied at infinity.

For the shear boundary conditions, the equation set is as
follows:

2I1 − 8I2 + Cw
1 I3 + Cw

3 I4 = 0

40I2 + Cw
2 I3 + Cw

4 I4 = 0, (A1)
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I1 + a5

b5 I2 + b2

a2 I3 + a3

b3 I4 = M1 + a5

b5 M2 + b2

a2 M3 + a3

b3 M4

−5
a5

b7 I2 + αw
2

1
a2 I3 + (αw

−3 − 5)
a3

c5 I4 = −5
a5

b7 M2 + αm
2

1
a2 M3(α

m
−3 − 5)

a3

b5 M4

Gw
(

2I1 − 8
a5

b5 I2 + Cw
1

b2

a2 I3 + Cw
3

a3

b3 I4

)
=

Gm
(

2M1 − 8
a5

b5 M2 + Cm
1

b2

a2 M3 + Cm
3

a3

b3 M4

)

Gw
(

40
a5

b7 I2 + Cw
2

1
a2 I3 + Cw

4
a3

b5 I4

)
= Gm

(
40

a5

b7 M2 + Cm
2

1
a2 M3 + Cm

4
a3

b5 M4

)
, (A2)

M1 + a5

c5 M2 + c2

a2 M3 + a3

c3 M4 = S1 + a5

c5 S2 + a3

c3 S4

−5
a5

c7 M2 + αm
2

1
a2 M3 + (αm

−3 − 5)
a3

c5 M4 = −5
a5

c7 S2 + (αe
−3 − 5)

a3

c5 S4

Gm
(

2M1 − 8
a5

c5 M2 + Cm
1

c2

a2 M3 + Cm
3

a3

c3 M4

)
= Ge

(
2S1 − 8

a5

C5 S2 + Ce
3

a3

c3 S4

)

Gm
(

40
a5

c7 M2 + Cm
2

1
a2 M3 + Cm

4
a3

c5 M4

)
= Ge

(
40

a5

c
S2 + Ce

4
a3

c5 S4

)
, (A3)

S1 = γ , (A4)

where γ is the homogeneous shear strain field applied to
the boundary of the four-phase model and Gw, Gm, Ge are
the shear moduli of the glass wall, the matrix, and the sur-
rounding medium, respectively. The coefficients αi

2, αi
−3,

Ci
1, Ci

2, Ci
3, and Ci

4 are the parameters associated with Pois-
son’s ratio of each phase. The specific definitions can be
found in Ref. [28]. The coefficients I1,. . . , I4, M1,. . . , M4,
and S1,. . . , S4 are the unknown coefficients. The calcu-
lated shear strain of each phase and the average strain of
the composite sphere are as follows:

ε̄w
ij = I1 +

(
1 + 1

5
αw

2

)
b5 − a5

a2(b3 − a3)
I3

ε̄m
ij = M1 +

(
1 + 1

5
αm

2

)
c5 − b5

a2(c3 − b3)
M3

ε̄CS
ij = M1 +

(
1 + 1

5
αm

2

)
c2

a2 M3 + 1
5
αm

−3
a2

c3 M4. (A5)

Then substituting Eq. (A5) into Eq. (2), the shear mod-
uli Ge can be calculated using the following quadratic

equations:

A
(

Ge

Gm

)2

+ B
(

Ge

Gm

)
+ C = 0, (A6)

where the concrete expressions of coefficients A, B, and C
can be found in Ref. [28].

For the compressive boundary conditions, the equation
set is as follows:

3KwJ1 − 4GwJ2 = 0, (A7)

3KwJ1 − 4GwJ2
a3

b3 = 3KmP1 − 4GmP2
a3

b3

J1b + J2
a3

b2 = P1b + P2
a3

b2 , (A8)

3KmP1 − 4GmP2
a3

c3 = 3KeT1 − 4GeT2
a3

c3

P1b + P2
a3

c2 = T1b + T2
a3

c2 , (A9)
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FIG. 5. A mapping between the virtual space and the physical space.

T1 = θ , (A10)

where θ is the homogeneous volumetric strain field applied
to the boundary of the four-phase model and Kw, Km, and
Ke are the bulk moduli of the glass wall, the matrix, and
the surrounding medium, respectively. J1, J2, P1, P2, T1,
and T2 are the unknown coefficients. The calculated com-
pressive strain of each phase and the average strain of the
composite sphere are as follows:

ε̄w
ii = 3J1

ε̄m
ii = 3P1

ε̄CS
ii = 3

(
P1 + P2

a3

c3

) . (A11)

Then substituting Eq. (A11) into Eq. (1) in the main text,
the bulk modulus Ke can be obtained as follows:

Ke = Km δ(1 + (b3/c3)β) + k(1 − (b3/c3))β

δ(1 − (b3/c3)) + k(β + (b3/c3))
, (A12)

where β = 4Gm/3Km, δ = (4Gw/3Km)(1 − (a3/b3)), k =
(4Gw/3Kw) + (a3/b3).

APPENDIX B: THE DESIGN OF THE CARPET
CLOAK BASED ON TRANSFORMATION

ACOUSTICS

The linear coordinate transformation method is used to
design the carpet cloak. Figure 5 shows the virtual space
(u, v) and the physical space (x, y). A mapping to make the
target in the physical space into a flat plane in the virtual
space is established. The coordination transformation can
be mathematically expressed as follows:

u = x, v = h
h − m

(
−m + m

n
|x| + y

)
,w = wzz, (B1)

where m,n , and h are the geometric parameters in Fig. 5
and wz is the scaling factor introduced to adjust the
impedance mismatch between the background fluid and the
transformation space. According to transformation acous-
tics theory, we can calculate the mass density and bulk

modulus of the cloak as

¯̄ρ = det(A)(A−1)
T
(A−1)ρ0

K = det(A)K0
, (B2)

where ρ0 is the mass density of the background fluid, K0
is the bulk modulus of the background fluid, and A is the
Jacobian of transformation A = [∂(u, v, w)/∂(x, y, z)]−1.

In this work, the geometric dimensions are chosen as
m = 10.1 cm, n = 70.5 cm, and h = 50 cm, and the back-
ground medium is chosen as water. The scaling factor is set
as wz = 1. Then the mass density tensor and bulk modulus
can be calculated as

¯̄ρ =
⎡
⎣0.824 −0.18 0

−0.18 1.253 0
0 0 0.798

⎤
⎦ ρ0

K = 0.798K0.

(B3)

To obtain the required parameters in the material principal
axes, the mass density tensor is diagonalized by rotating
the coordinate axes through α. The rotation angle α can be
calculated by

α = sign(x) arcsin
(

G√
G2 − 1

)
, (B4)

where G = (n/h)
(

1 − ((h − m)/m)
(

F − 1 − √
F2 − 1

))
,

F = 1 + (m2(n2 + h2))/(2n2h(h − m)). Here the rotation
angle α is 19.95°. Then the diagonalized mass density is
calculated as

¯̄ρ =
⎡
⎣0.759 0 0

0 1.318 0
0 0 0.798

⎤
⎦ ρ0

K = 0.798K0. (B5)

To match the parameters of the designed metafluid, a small
scale factor w−1 = 1.48 is introduced. Then the mass den-
sity components in the principal axes and bulk modulus are
calculated as

014050-9
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ρ
pr
ii = w−1ρii, K1 = w−1K . (B6)

Intuitively, the required parameters can be expressed as
sound velocities and impedance.

v
pr
ii =

√
K1/ρ

pr
ii , Zpr

ii =
√

K1ρ
pr
ii , (B7)

It can be seen that the introduction of the scale factor does
not change the distribution of the sound velocities, but
makes the impedance of the carpet cloak w−1 = 1.48 times
the required impedance, which matches well with the ideal
impedance.
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