PHYSICAL REVIEW APPLIED 18, 014044 (2022)

Exploring the Bounds on the Young’s Modulus and Gravimetric Young’s Modulus

Enlai Gao®,"* Xiaoang Yuan,' Steven O. Nielsen® 2" and Ray H. Baughman

2,3,%

1Department of Engineering Mechanics, School of Civil Engineering, Wuhan University, Wuhan,
, Hubei 430072, China
Department of Chemistry and Biochemistry, The University of Texas at Dallas, Richardson, Texas 75080, USA

*Alan G. MacDiarmid NanoTech Institute, The University of Texas at Dallas, Richardson, Texas 75080, USA

® (Received 16 September 2021; revised 13 November 2021; accepted 24 May 2022; published 19 July 2022)

The continuous discovery of ultrahigh-modulus materials has increased the record for the Young’s mod-
ulus and the gravimetric Young’s modulus. However, the theoretical bounds on these moduli are still
unknown. The upper bounds depend on the limits of the stiffness, alignment, and density of chemical
bonds. From these limits, we here develop theoretical expressions for predicting the Young’s modulus,
Yinax = [ﬁz/(mgaé)]pe, and the gravimetric Young’s modulus, Y, max = [hz/(mempaé)](Ne/A), for ideal
extreme-modulus solids, where %, m,, m,, ag, p., and N./A are the reduced Planck constant, electron
mass, proton mass, Bohr radius, mass density of valence electrons, and the ratio of valence-electron
number to atomic mass. By substituting the values of the nonconstant parameters (o, and N,./A) for all
elements into these expressions, the upper bounds on the Young’s modulus and gravimetric Young’s mod-
ulus are predicted to be 3074 GPa and 1036 GPag~' cm®. These predictions are supported by the fact
that the Young’s modulus and gravimetric Young’s modulus from a large set of experiments and first-
principles calculations fall within these bounds. Moreover, by applying lateral pressure to linear carbyne
crystals, the first-principles-calculated maximum Young’s modulus and gravimetric Young’s modulus are
2973 GPa and 968 GPa g~! cm?, respectively, which are near the predicted bounds. These carbyne crystals

are predicted to have space group R-3m.
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The Young’s modulus (Y=o/¢) is a fundamental
measure that quantifies the relationship between uniaxial
stress (o) and strain (¢). The closely related gravimetric
Young’s modulus (Y,), defined as the ratio of the Young’s
modulus to the mass density (p), is also a fundamen-
tal metric, especially since lightweight materials with a
high modulus are needed for numerous applications. We
here predict the upper limits for the Young’s modulus and
gravimetric Young’s modulus, and compare them with the
moduli of materials observed or calculated in the highest-
modulus direction. Since considerable work is required
to identify, synthesize, and characterize extreme-modulus
materials, we hope these results will guide such efforts
towards theoretically realistic goals.

Diamond, having a Young’s modulus of 1200 GPa,
has long been known as the highest-modulus material,
mainly because of its short stiff chemical bonds [1—
3]. Considerable effort has been devoted to searching
for ultrahigh-modulus materials (Fig. 1). In 1955 and
1957, diamond and cubic boron nitride (¥~ 1000 GPa)
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were synthesized by the General Electric Company [4,5].
In 1966, osmium (¥ ~ 560 GPa) and iridium (Y ~ 538 GPa)
were found to exhibit the highest Young’s moduli in the
group of platinum metals [6]. In 2008, Lee et al. [7] mea-
sured a Young’s modulus of approximately 1000 GPa for
a graphene monolayer.

Using first-principles calculations and data-driven tech-
niques, an increasing number of ultrahigh-modulus crys-
tals have been computationally discovered. In 2011,
Li et al. [8] predicted that lonsdaleite (¥ = 1325 GPa) was
stiffer than diamond. More recently, the modulus limits
were predicted for a fiber comprising nanotube-wrapped
carbynes (NTWCs). The carbyne chains serve as reinforc-
ing structures, and the carbon-nanotube sheath protects
the multiple carbyne chains against reaction. The highest
calculated Young’s modulus and the gravimetric Young’s
modulus of NTWCs are determined to be 1505 GPa and
977 GPag~! cm? [9]. In 2021, two ultrahigh-modulus crys-
tals (CN, and OsNj;), with maximum Young’s moduli
of 1555 and 1383 GPa, respectively, were discovered by
data-mining first-principles calculations for 13 122 crys-
tals [10].

The discovery of ultrahigh-modulus materials has sig-
nificantly increased the records for the Young’s modulus
and the gravimetric Young’s modulus (Fig. 1). However,
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FIG. 1.
direction.

the theoretical upper bounds on these moduli are still
unknown. The Young’s modulus of known bulk mate-
rials never reaches several terapascal, which is mainly
due to the upper limits of the stiffness, alignment, and
density of chemical bonds. Bounds on and insights into
such values would provide guidelines for finding ultrahigh-
modulus materials. Hence, the present goal is to estab-
lish the bounds on the Young’s modulus and gravimetric
Young’s modulus.

Since the Young’s modulus is direction dependent, it
is reasonable to imagine that the best candidate struc-
ture for obtaining an extreme modulus has the follow-
ing features: all chemical bonds are stiff, aligned in
the tensile direction, and densely packed. As the bond
polarity of materials increases, the chemical bonds can
vary from covalent to ionic bonds. Compared with ionic
bonds, covalent bonds formed between atoms with similar
electronegativity are generally shorter and stiffer. Hence,
the known stiffest chemical bonds are covalent and the
known highest-modulus solids are covalent solids. Our
previous findings of the highest-modulus materials and
the modulus-structure correlation support this expectation
[9,10]. Herein, we assume that an ideal extreme-modulus
solid consists of linear covalent bonds (Fig. 2). Under these
conditions, the relationship between the Young’s modulus,
Y, and the bond-force constant, &, is

ke ki?

y="=" 1
ST (1)

where s and r are the cross-section area per chain and the
bond length, respectively, and V, =sr is the atomic vol-
ume (volume per atom). It is found that the force constant
is inversely proportional to the square of the equilib-
rium internuclear distance for the known stiffest chemical

@@@@

Brief history of the Young’s modulus (red bars) and gravimetric Young’s modulus (blue bars) in the highest-modulus

bonds [11], that is, kr* = fEg, where f is a prefactor and Ey
is the Rydberg energy constant. With the reduced Planck
constant, the electron mass, and the Bohr radius, denoted
by %, m,, and ag, respectively, the Rydberg energy constant
can be expressed as Ex = 1?/(2m.az®). The known stiffest
chemical bonds are within diatomic molecules consisting
of the elements in Group IVA (C,, Sip) and Group VA
(N, etc.), in which k? are about 8E; and 10Ey, respec-
tively [11]. These data indicate that f is approximately
2N,, where N, is the number of valence electrons of the ele-
ment, and thus, kr? = 2N, E}y, for these known stiffest bonds.
Hence, the Young’s modulus for ideal extreme-modulus
solids consisting of these bonds can be written as

( h >2Neme
Yimax = . 2)

m.ap Va

Furthermore, the mass density of the valence electrons
(pe) can be defined as
Neme
Ve

Pe = (3)

FIG. 2. [Illustration of ideal extreme-high-modulus solids, in
which all chemical bonds are stiff, aligned in the tensile direction,
and densely packed.
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Thus, Y. and p, are related as

h 2
Yiax = ( > Pe- (4)
meqap

The Young’s modulus of any realistic material should be
lower than this ideal case, that is, ¥ < Y.

Meanwhile, the gravimetric Young’s modulus for ideal
extreme-modulus solids can be derived as

hoO\? 0
Yp,max = ( > _E’ (5)
meap 1Y
where p is the mass density of the solid that can be written
as
Amy,
= , 6
p= (6)

where A is the unitless atomic mass (i.c., the atomic mass
divided by the proton mass) and m, is the proton mass.
Therefore, Y, max can be derived as

hz
ﬁ(Ne/A)- (7)

Y p,max emp az
Equations (4) and (7) indicate that Yy.x depends only
on p, and Y, max solely depends on N,/A, since all other
parameters in these expressions are fundamental physical
constants. Hence, the upper bounds on the Young’s mod-
ulus and gravimetric Young’s modulus can be obtained
by searching for the maximum values of p. and N,/A4,
respectively. To this end, we examine p, and N,/A4 for the
elements. For each element, p, is calculated from N, and
V., and N,/A is calculated from N, and 4. Notably, V, for
each element is from the known densest phase of this ele-
ment [12]. Figure 3 shows that the highest value of p, is
obtained for carbon, while the highest value of N./4 is
obtained for neon. Substituting these highest values into
Egs. (4) and (7), the upper bounds on the Young’s modulus
and gravimetric Young’s modulus are obtained as

4h?
Y = —— — 3074 GPa, (8)
mqag=Vearbon
and
8h?
Ypmax = —————— = 1036 GPag™' ecm®, (9
P mempaBzAneon g ( )

where Veaon and Aneon are the atomic volume of carbon
(5.68 A3) and the unitless atomic mass of neon (20.18),
respectively. These bounds should be treated as estimates,
since their accuracies are determined by atomic values and
model assumptions. Interestingly, even if neon is omitted,
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FIG. 3. (a)Mass density of valence electrons (p.), and (b) ratio

of the number of valence electrons to the atomic mass (N,/A4) for
different elemental solids.

which is unlikely to form linear-chain covalent solids with
any elements, Y, max is only lowered by 7%, 5%, 10%, and
16%, when the parameters for fluorine, oxygen, nitrogen,
or carbon, respectively, are used [Fig. 3(b)]. It should be
noted that the atomic volume is one of the most impor-
tant parameters, so we confirm the reliability of these data
by comparison with two more recent databases (see the
Supplemental Material for details [13,14]). In compari-
son with prior studies, the magnitudes of the bulk and
shear moduli for isotropic solids can be quickly estimated
through dimensional analysis [15]. However, this estima-
tion is rough: for example, the estimated bulk modulus for
Na is about 3 times the experimental value [15]. Hence,
such dimensional analysis cannot be used for determining
the upper bound for either the bulk modulus or the Young’s
modulus.

To provide support for the predicted bounds on the
Young’s modulus and the gravimetric Young’s modulus,
we compare these predictions with previously reported
results. The moduli of high-modulus materials from a
literature survey are summarized in Table S1 within
the Supplemental Material [1,8—10,13,16-21]. Consider-
ing controversies in the cross-section area and the Young’s
modulus for low-dimensional materials [9,22], only the
noncontroversial gravimetric Young’s modulus for such
materials is discussed. The highest Young’s modulus
and gravimetric Young’s modulus are found for CN,
(1555 GPa) and NTWC (977 GPag~! cm?®), respectively.
These extreme values fall within the predicted upper
bounds on the Young’s modulus (3074 GPa) and gravi-
metric Young’s modulus (1036 GPag~' cm?), respectively
(Fig. 4).

Furthermore, we compare these predictions with
database results for a large set of materials. Figure 4 shows
the distribution of the maximum Young’s modulus and
maximum gravimetric Young’s modulus obtained from
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FIG. 4. Predicted bounds on the Young’s modulus and gravi-
metric Young’s modulus (dotted red lines), compared with the
Young’s modulus and gravimetric Young’s modulus calculated
from the MPDB [23], the database of experimental elastic tensors
[24], data in Table S1 within the Supplemental Material [1,8—
10,13,16-21], and our calculated data for compressed carbyne
chains.

DFT-calculated elastic tensors for 11401 materials and
experimental elastic tensors for 136 materials. These ten-
sors are from the materials project database (MPDB [23])
of elastic tensors from first-principles calculations [23] and
the database of experimental elastic tensors [24]. These
results show that the Young’s modulus and the gravimetric
Young’s modulus from both calculations and experiments
fall within their predicted bounds.

Figure 4 shows that the highest gravimetric Young’s
modulus (NTWC, 977 GPag~! cm?) approaches the pre-
dicted upper bound (1036 GPag~' cm?), while the high-
est Young’s modulus (CN,, 1555 GPa) is only about
half of the predicted upper bound (3074 GPa). These
results suggest that there is plenty of room for increasing
the Young’s modulus to the predicted bound. Consider-
ing that the proposed extreme-modulus materials have an
extreme structure (all bonds are stiff, aligned in the tensile
direction, and densely packed), we calculate the Young’s
modulus for compressed carbyne chains, which are cur-
rently the leading candidate structure for obtaining the
highest Young’s modulus. As detailed below, this choice
provides a predicted Young’s modulus of 2973 GPa,
which is very close to the upper bound of 3074 GPa
(Fig. 4).

We previously predicted that confining a large array of
carbyne chains within a carbon nanotube would result in
a high-modulus material [9]. In such an arrangement, the
carbyne chains act as stiffening structures, while the nan-
otube sheath acts as a confining and protective host. The
axial Young’s modulus of this material is 1505 GPa, when
restricted to assemblies with a positive binding energy [9].

To increase this value, Eqgs. (2) and (4) indicate that we
should decrease V, or increase p.. More specifically, if
the nanotube sheath is filled with more carbyne chains,
it is possible to increase the Young’s modulus by an
interchain-pressure-induced decrease of V, (or increase
of pe).

To investigate the Young’s modulus for such confined
carbyne chains, we perform density-functional-theory
(DFT) calculations with the Vienna ab initio simulation
package [25], using the Perdew-Burke-Ernzerhof param-
eterization [26] of the generalized gradient approximation
and the projector-augmented wave basis set [27], with an
energy cutoff of 520 eV. A 75-k-point mesh along the chain
is used for Brillouin zone sampling [28]. The conjugate-
gradient algorithm is used for structural relaxation, until
the force on each atom converges to below 0.001 eV/A.
To decrease the computational cost of the DFT calcu-
lations, we omit the nanotube sheath and produce such
interchain pressure by fixing the transverse size of the car-
byne crystal. Unit cells of the energy-minimized carbyne
crystals with different interchain spacings (d) are con-
structed [Fig. 5(a)]. The atomic and electronic structures
of the laterally compressed carbyne chains are shown in
Fig. 5(b). The axial Young’s moduli of these structures are
calculated by applying a tensile strain of 1%. Figure 5(c)
shows that the Young’s modulus first increases and then
decreases with decreasing V, (corresponding to increasing
0e). The Young’s modulus for carbyne crystals increases
from 1271 GPa to a peak value of 2973 GPa, when the
atomic volume per carbon is compressed from its equi-
librium value of 15.2 to 5.4 A3. This highest Young’s
modulus is very close to the upper bound for any mate-
rial of 3074 GPa [Fig. 4]. As the atomic volume further
decreases, the Young’s modulus drops and deviates from
Egs. (2) and (4). The breakdown from the Egs. (2) and (4)
dependence is due to strong interchain repulsion, which
forces the elongation and weakening of the bonds along
the axial direction, from which the Young’s modulus is
calculated [Fig. 5(b)].

Since the crystal and molecular structures of carbyne
remain controversial, we here provide an additional the-
oretical evaluation. Even whether the chain is a polyyne
(=C=C—) or a cumulene (= C = C =) is uncertain,
since the Yakobson group’s single-chain calculations
reveal that the polyyne structure is more stable than the
cumulene structure by only 2 meV per atom [29]. Con-
sidering the small energy difference between cumulene
and polyyne, additional energy-convergence tests are per-
formed and a stringent convergence criterion of the energy
(10~ eV/atom) is adopted to ensure accurate results (Fig.
S3 within the Supplemental Material [13]). Our results for
single chains also predict that the polyyne chain is slightly
more stable than the cumulene chain. An important issue
is whether interchain interactions can reverse this stabil-
ity. Using empirical potentials and molecular-mechanics
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FIG. 5.

(a) Top and side views of the carbyne crystal structure. Computational cell is denoted by the dashed box. (b) Atomic and

electronic structures of compressed carbyne chains. (¢) Young’s modulus (Y) for compressed carbyne crystals as a function of atomic
volume (V). Binding energy is defined as the sum of the energy of noninteracting carbyne chains minus the total energy of compressed
carbyne chains (normalized per atom). (d) Predicted crystal structure that minimizes the total energy for both cumulene and polyyne
chain crystals, in which the primitive cell is denoted by the red box. In this structure, there are three types of carbon chains, which
have axial symmetries of 3 (gray chains), 3; (green chains), and 3, (brown chains), where the 3, and 3, chains are related by mirror
planes. Predicted equilibrium unit-cell parameters are a = b = 6.409 A and ¢ = 1.281 A for the cumulene crystal and a = b = 6.436 A
and ¢ =2.565 A for the polyyne crystal. Atomic fractional coordinates for the primitive cells are (0,0,0) for the cumulene crystal and

(0,0, 0.2546) for the polyyne crystal.

calculations, Belenkov and Mavrinsky [30] found that a
cumulene crystal was more stable than a polyyne crys-
tal by 0.2 meV per atom. Since these energy differences
are so small, we reevaluate the energetically-most-stable
crystal phases for both polyyne and cumulene chains. In
both cases, we find that the most stable crystal phase has a
trigonal structure with space group R-3m [Fig. 5(d)]. While
our results also predict that the cumulene crystal has a
lower energy than the polyyne crystal, this space group
(R-3m) has not previously been predicted to minimize the
total energy for either chain type. Nevertheless, Raman
data for both carbyne crystals [31] and carbyne chains [32]
confined within carbon nanotubes indicate the presence of
triple bonds.

Some additional remarks follow. First, the modulus
bounds provide useful estimates for the tensile strength of
defect-free solids. For an ideal solid, Frenkel’s model indi-
cates that the intrinsic strength is about 1/10 of the Young’s
modulus [33]. This is generally consistent with more recent

results, which predict that defect-free crystals would break
at a stress of Y/8—Y/15 [34-36]. Based on this upper limit
and the above-determined upper bounds on the Young’s
modulus and gravimetric Young’s modulus, the upper
bounds on the theoretical strength and gravimetric strength
can be roughly estimated as 384 GPa and 130 GPag™' cm’.
A literature survey shows that the highest calculated
strength and gravimetric strength for any material are
225GPa and 92 GPag~! cm?® for diamond and linear BC
chains, respectively [1,37]. Our calculations on the tensile
strength of laterally confined carbyne chains demonstrate
that the maximum strength and gravimetric strength are
251 GPa and 105 GPag~'cm?. Hence, the known high-
est strength and highest gravimetric strength are below, but
approaching, the presently estimated upper bounds.
Second, the modulus bounds provide useful estimates
for the upper limit of the sound speed. The sound speed for
solids can be written as V'=+/Y(I1 —v)/p(1 +v)(1 —2v),
where v is the Poisson’s ratio. By adopting a typical
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Poisson’s ratio of 0.3, the upper limit of the speed of
sound can be roughly estimated as 37 km/s from the bound
on the gravimetric modulus (¥, max = 1036 GPag~' cm?).
This estimate is very close to the upper limit of the speed
of sound (36 km/s) predicted by Trachenko et al. [38].

Third, we find that the bounds on the moduli are differ-
ent for different crystal structures. Equation (7) is derived
for ideal extreme-modulus materials. By introducing a loss
factor, f, this equation can be generalized for predicting
the gravimetric Young’s modulus for crystal structures in
which the chemical bonds might not be stiff or uniformly
aligned, i.e., Y, =fY, max.- The physical meaning of the
loss factor is the deviation of chemical-bond stiffnesses
and crystal structures from those of ideal extreme-modulus
materials. Based on this equation, f* can be calculated as
0.33, 0.44, and 0.93 for diamond, graphene, and carbyne
structures, respectively, mainly determined by the stiffness
and alignment of bonds along the highest-modulus direc-
tion. The loss-factor ratio of cubic diamond and graphene
to carbyne are 0.36 and 0.47, respectively, and the loss-
factor ratio of cubic BN and /4-BN to linear BN chains are
0.31 and 0.41, respectively. These results suggest that the
moduli are largely determined by bonding dimensionality.

In summary, we derive theoretical expressions for pre-
dicting the Young’s modulus, Yie= [#*/(m.>az*)]pe, and
gravimetric Young’s modulus, Y, max= [A*/(m.m,az?)]
(N./A), for ideal extreme-modulus solids from the limits
of the stiffness, alignment, and density of chemical bonds.
The upper bounds on the Young’s modulus and gravi-
metric Young’s modulus are determined to be 3074 GPa
and 1036 GPag~!cm?, respectively. Our predictions are
supported by the fact that the Young’s modulus and gravi-
metric Young’s modulus from a large set of experiments
and first-principles calculations fall within the predicted
bounds. Finally, we laterally compress carbyne crystals
to above their stability limit and show that the calculated
highest Young’s modulus (2973 GPa) and gravimetric
Young’s modulus (968 GPag~'cm?) approach the pre-
dicted bounds. These carbyne crystals have the predicted
space group R-3m.
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