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The developing frequency-comb spectral technologies have potential applications and prospects in
the wide fields of cosmology, meteorology, and microwave measurement. Here, we demonstrate a Ryd-
berg microwave-frequency-comb spectrometer via multiple-microwave field dressing, providing precise
microwave measurement. The Rydberg microwave-frequency-comb spectrum provides a real-time and
absolute-frequency measurement with a range of 125 MHz and gives the relative phase of a single-
frequency microwave signal. The reported experiment helps real-time sensing of an unknown microwave
signal over a wide range using Rydberg atoms, which are vital for Rydberg-atom-based microwave

metrology.
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I. INTRODUCTION

A frequency comb consists of phase-stabilized narrow
frequency lines with equidistant mode spacing (repeti-
tion frequency) [1]. Frequency-comb spectroscopy has
found various applications in frequency, time, and dis-
tance measurement over the past decade and in preci-
sion spectroscopy [2] such as optical-frequency synthesis
and frequency reference in optical atomic clocks [3,4].
There is much experimental progress on the excitation
of frequency-comb spectroscopy in a variety of systems
based on different physical mechanisms, such as a second-
order Kerr optical-frequency comb in a microresonator
[5,6], a broadband microwave- (MW) frequency comb
via the nonlinear pumped cavity in a superconductor res-
onator [7] and a MW-frequency comb generated in a circuit
QED device [8]. Other MW-frequency-comb-generation
methods include semiconductor lasers with harmonic fre-
quency locking [9,10] and optomechanical effects[11].
Frequency-comb spectroscopy with various systems and
different bands such as the optical-frequency band and the
MW-frequency band have distinct applications. For exam-
ple, a MW-band frequency-comb spectrum could provide
a method of directly measuring MW electric fields [2],
detecting free radicals [12], and monitoring the interme-
diate products of a chemical reaction [13].

The exploration of state-of-the-art MW-frequency-comb
(MFC) spectroscopy is important for such fields as timing,
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metrology, communications, and radio astronomy. MFC
spectroscopy, with its wide range, low noise, and high
stability, plays a crucial role in MW applications [2].
Compared with an optical-frequency comb, a MFC can
have small mode spaces across its bandwidth owing to
the lower carrier frequency. Because of the large tran-
sition dipole moment [14], the coupling between Ryd-
berg atoms and the external MW electric fields is strong
[15,16]. The development of a new type of Rydberg MFC
spectrometer would have a distinct significance because
Rydberg atoms, as a metrological resource, have potential
advantages in amplitude [17—19], phase [20,21] sensing,
channel capacity [22], and subwavelength imaging [23]
and have a wide working bandwidth [24], and the Ryd-
berg atomic sensor can be combined with deep-learning
technology [25].

In this work, we theoretically and experimentally
demonstrate a MW sensing protocol via a Rydberg MFC
method in thermal cesium (Cs) atomic gas. Via multiple
local MW fields, the excited Rydberg atoms are dressed
and display comblike rf transitions. We show the proof-
of-principle effectiveness of this spectral detection of the
MW fields. A signal MW field with a maximum fre-
quency range of £3.5 MHz is measured with a resolution
of approximately 0.1 kHz: the amplitude and phase of the
signal field are both retrieved and a measurement range
of 125 MHz is demonstrated. The Rydberg MFC method
does work for a MW signal with a certain spectral width.
The demonstrated Rydberg MFC spectrometer may be
a first step toward precise MW measurement using the
atom-based MFC method.

© 2022 American Physical Society
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II. METHOD AND EXPERIMENT SETUP

The energy level is depicted in Fig. 1(a), and consists of
a ground state |g) and two Rydberg states, |7;) and |r;).
A laser resonantly couples the ground state |g) and the
Rydberg state |r;) with Rabi frequency 2. A MFC field
Ewmrc and a signal field E;, with Rabi frequencies ) ; Qo
and €, drive the Rydberg rf transitions |r) <> |r;). Then,
these two MW fields are mixed via Rydberg atoms [19,20]
through the interaction between the MW fields and Ryd-
berg atoms, resulting in several beat notes between the
signal and MFC comb lines, which are read from the trans-
mission spectrum. This can be regarded as the beat effect
of the transition probability [26]. As the frequency of the
MW field is much higher compared with the difference-
frequency component of the beat note, the sum-frequency
component of the beat note is ignored, and the difference-
frequency component is reserved. The strongest beat is
the one between the signal and its nearest-neighbor MFC
line. In addition, at least two MFCs with different mode
spaces are used to obtain the absolute frequency of the
signal, since the frequency of the beat note between one
MEFC field and the signal field only contains information
on the relative frequency of the signal compared to its
nearest-neighbor MFC comb line [27].

The total field in the atoms is written as [20]

Eatom = v |ELI> + |E,|> + 2|EL||Ey| cos(Awt + Ag)
~ |Ey| + |Es| cos(Awt + Ag). )

Here, the single local-oscillator (LO) field term Ep is
replaced by a MFC field Eyire = )_; Evo, cos(w;t + ¢;), in
which E;o, = Ero corresponds to the strength of the ith
frequency-comb line. Because of the limited bandwidth of
the system [28], we set the MFC repetition rate f. to be
larger than the instantaneous bandwidth of the system. The
field sensed by the Rydberg atoms can be expressed as

1

Eatom ~ A% NLlELO| + \/N_L

|Es| cos(Awgt + Agy),  (2)

where Ny represents the number of MFC comb lines. The
subscript & represents the number of the MFC line nearest
to the signal field. When E; < E| o, the beat term between
MFC comb lines, 2|ELO,-,,-¢/(| |Eg| cos(Aw;t + Ag;), is small
compared with the square of the LO electric field strength
|Erol?. According to Eq. (2), the signal amplitude and
phase are extracted from its beat note with the nearest-
neighbor MFC comb line. As shown in Fig. 1(b), two
MFCs are used (denoted as Evpc, and Eyrc,) to mea-
sure the absolute frequency of the signal field E,. For a
proof-of-principle study, we turn on one of the MFCs at a
different time. We set these two MFCs with the same offset

frequency fomet and with different repetition rates. The dif-
ference between the repetition rates is marked as Jf; and
it satisfies §f, = f, — fv < f;. The exact-fraction method
in Ref. [27] is employed to calculate the frequency of the
signal f;, as follows:

Js = fotiser + Nfr £ /- 3)

The mode-order number of the signal is calculated
according to the sum or difference of the two beat-note fre-
quencies fp, fiy. The mode-order number for the MFC1 and
MFC?2 is marked as N; and N, (start from 0). Also, the
two MFCs both have N. comb lines. Let us assume that
the repetition rates satisfy f,. > f,-. The calculation of the
mode-order number N is divided into two cases:

Case 1. N, — Ny = 1. When f, — (fy + /) < (N. —2)
8f,, the mode-order number of MFC2 is (f, —f, —f3)/
5f-1.

Case 2. N; = N,. If the condition in case 1 is not sat-
isfied, the mode-order number of MFC2 is given by N, =
(s +15)/8fr ot N = (Ify — £’ /8. And if f, + /3" > N,
No = (Ifp = ') /8f;-

The calculation of the mode-order number with part of the
experimental data measured in Fig. 2(b) is given in Table I.
Finally, the signal frequency can be calculated by means of
Eq. (3).

The mode-order number N is often not an integer
because of the finite measurement precision of the beat fre-
quencies f; and f;. To correctly estimate N, the resolution
bandwidth of the data-acquisition device (e.g., the resolu-
tion bandwidth of a spectrum analyzer) should be set larger
than df,. The value &f, satisfies the formula N&f, < f,./2.
This guarantees that the mode-order numbers of the sig-
nal with combs 1 and 2 have a difference less than 1. As
the beat note with the nearest-neighbor comb line is the
strongest one within a range of f./2, we only monitor the
signal in this range. As a proof-of-principle experiment,
we turn on the two MFCs at different times and keep the
amplitude of the signal unchanged to demonstrate the fre-
quency measurement. (In practice, the use of two vapor
cells applied with two different MFCs could be an effective
method for real-time frequency measurement.)

We use three infrared lasers [29,30] to excite the Cs
atoms from the ground state |g) to the Rydberg state
|71). The laser beams consist of probe, dressing, and cou-
pling lasers. The probe laser is resonant with the transition
6812, F =4 — 6P35, F' = 5(]1) — |2)) and the dressing
laser couples the transition 6Pz, F' =5 — 7815, F" =4
(|2) — 13)) through the two-photon spectrum. The probe
beam is split into two beams and is collected by a bal-
anced photodetector. Both the coupling and the dressing
beams counterpropagate with the probe beam. We use a
differential detection scheme to measure the transmission
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FIG. 1. (a) The energy diagram of a Rydberg MFC spectrum. A laser drives the ground state |g) and the Rydberg state |r;). For
the experiment, three lasers are used to excite the atoms, as shown in the dashed box. A strong MFC field is set as a local oscillator
(LO) field (multicolor) and a signal field (blue) couples the two Rydberg states |r|) and |,). (b) The signal beat (blue) with two MFCs
(red). The beat-note frequencies are determined by the frequencies of the signal field and its nearest-neighbor MFC comb line. From
the sum and difference of the f; £ f;y, we calculate the mode-order number N of the nearest-neighbor MFC comb line. The absolute
frequency of the signal field is obtained from the mode-order number and its offset from its nearest MFC frequency component. (c)
The experimental setup. A 852-nm probe laser, a 1470-nm dressing laser, and a 779-nm coupling laser are used to excite and probe the
Rydberg state. The MFC and signal fields are combined through a resistance power divider (RPD) and transmitted to the vapor cell by

a horn antenna. The beat-note signal is recorded and analyzed via an oscilloscope (OSC) or a spectrum analyzer (SA).

spectrum. The MFC and signal fields interact with the Ryd-
berg atoms simultaneously and the transmission spectrum
displays an interference beating via the mixing process
in the Rydberg atoms. This beat note is extracted from
the transmission spectra via a low-pass filter [Fig. 1(c)].
We use a spectrum analyzer to collect the frequency and
amplitude of this signal.

I1I. PERFORMANCE FOR FREQUENCY
MEASUREMENT

To demonstrate the wide response range of the Rydberg
MEFC spectrometer, we measure the amplitude of the out-
put beat note versus the signal-field frequency f;. By fixing
the power of the signal MW field to approximately —30
dBm, we change the frequency offset of the signal §f° with
respect to the Rydberg 1f transition 55P3/, <— 54Ds),
(with 4.485 GHz) from —18 MHz to 418 MHz. The ampli-
tude of the output beat note is shown in Fig. 2(a). There
are nine peaks, which correspond to the number of applied
MEFC comb lines. Each peak reflects the beat-note response
between the individual comb-line component and the sig-
nal. The peak profile is related to the finite instantaneous
band of the system (the 3-dB instantaneous band §w is 300
kHz for our system), which is determined by the time for
the system to reach the steady state [28]. This finite band
can be described by optical Bloch equations, which should
consider the time-dependent response of the atomic system
(see the further analysis and estimation of the instanta-
neous bandwidth in Appendixes B and C). The black solid
curve in Fig. 2(a) shows the theoretical result, which is
normalized to the maximum amplitude of the signal at
each peak. The instantaneous bandwidth §w is small com-
pared with half of the repetition rate f, of the MFC, e.g.,

2 MHz, and the observed power of the beat note decreases
rapidly when the frequency of the signal gets away from its
nearest-neighbor MFC comb line. Furthermore, the maxi-
mum response appears when the signal is close to the MFC
comb line. With increasing signal frequency offset §f from
the resonance, the beat-note response is reduced. The the-
oretical calculation is the red dashed line. This is modeled
by numerically solving the semisteady state of the mas-
ter equation. The response when applying a MFC with 25
comb lines is illustrated in Fig. 6 of Appendix A to show
the maximum response of the system.

In Fig. 2(b), we show the retrieved frequency versus the
signal frequency when two MFCs (25 comb lines) cov-
ering a range of approximately 7 MHz are applied. The
repetition rates of these two MFCs, f, and f-, are 280 kHz
and 279 kHz, respectively. The difference in the repeti-
tion rate is 8f, = f, — fr = 1 kHz. We set the resolution
bandwidth of the spectrum analyzer, Aggw, as 30 Hz (less
than df,) to extract the mode-order number N. Thus, the
deviation between the input and the retrieved signal is
determined by the resolution of the measurement device,
as shown in Fig. 2(b). In our experiment, the resolution
bandwidth of the spectrum analyzer, Argw, is set as 10
Hz. This protocol has advantages over the method of scan-
ning the frequency of a single LO field [19], since there is
no extra requirement to adjust the LO frequency to capture
the signal in the limited bandwidth. This realizes real-time
signal detection over a wide range.

IV. RECEIVING A 1-kHz-BANDWIDTH SIGNAL

In practice, the input MW field often has a certain band-
width and different central frequencies, such as the MW
field emitted from free radicals [12]. We demonstrate the
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FIG. 2. (a) The power of the beat note versus the signal-field
frequency offset §f . The experimental data (black circles), the
semi-steady-state theoretical result (red dashed line), and the
time-dependent calculation results (black solid line) are shown.
The beat note is recorded with a frequency separation of 500
kHz. Here, a nine-bin MFC field is used. (b) The retrieved fre-
quency versus the signal-field frequency. Here, two 25-bin MFCs
are used. The inset at the top shows the frequency error of
approximately 100 Hz.

ability of the system to measure the frequency of this
kind of signal. In Fig. 3(a), the signal frequency spectrum
received by different comb bins is shown. The input sig-
nal frequency spectrum and the output beat-note frequency
spectrum are shown in Fig. 3(b), in which the selected
different principal quantum numbers # are used to detect
different frequencies. As a guide for the eye, the powers of
the input signal are all shifted by —10 dBm and the profiles
of the output signal are in good agreement with those of
the input signal. The absolute frequency of the input signal
is calculated through the frequency difference of the beat
note. In this process, the bandwidth of the signal (1 kHz)
is less than the repetition rate of the MFC.

TABLE L.

V. PHASE RECOGNITION

The MFC sensing method allows recognition of the sig-
nal phase. We measure the output phase by changing the
phase of the input signal field. The phase information is
extracted from the sinusoidal fit coefficient in the formula
y = Asin(wt + ¢). We set the MFC field with three comb
lines and a frequency repetition rate of 300 kHz and set
the signal frequency offset f, at 300.05 kHz. The output
phase versus the input signal phase is shown in Fig. 4.
The inset of Fig. 4 corresponds to the transmission signal
with an input phase of 7/6,7 /2,57 /6, which shows that
the transmission signal is phase sensitive to the input sig-
nal. The linear regression coefficient is 0.98 for the input
and output phases. The reduced chi-square for this regres-
sion is 0.63, showing a linear dependency function, in
which the small phase error is due to the fluctuation of the
system.

VI. DISCUSSION

Compared with the heterodyne method [19] of address-
ing a single LO field, the demonstrated MFC method can
measure the absolute frequency of a signal. This could pro-
mote applications in radar and communications because
the heterodyne method can only detect the offset of the
signal frequency |8/ | and has difficultly distinguishing the
sign of the frequency, which reveals the direction of motion
of an object. As limited by the evolution time to reach the
steady state, the instantaneous bandwidth of the Rydberg
MW sensor is typically less than 10 MHz in the tradi-
tional methods [28], while the MFC method can have an
instantaneous working bandwidth of hundreds of mega-
hertz considering the strong off-resonant response of the
Rydberg atoms [24]. In addition, we consider the master
equation as a simple way of describing the results. Since
the MFC fields consist of multiple frequency lines, a more
precise method such as a Floquet calculation would be
more effective.

The MFC spectrometer based on Rydberg atoms has
many potential advantages. For example, (1) there is no
need to change the size of the Rydberg receiver, as the
classical antenna should have its size changed to match
MW electric fields with different frequencies, and (2) Ryd-
berg atoms could be used to achieve high sensitivity via the
mixing method [19]. A series of optimized operations that
could improve the performance of this Rydberg MFC spec-
trometer include locking the lasers to an ultrastable cavity,

The mode-order number calculation.

Case 1 (N} — N, =1)

Case 2 (N} = N,)

132.104 kHz
130.019 kHz

Beat-1 frequency, f5
Beat-2 frequency, f;
Mode-order number

N, = (280 —f, —f;/) /1 — 1 = 16.877 ~ 17

62.92 kHz
49.955 kHz
Ny = (f, —f;)/1 = 12.965 ~ 13
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FIG. 3. (a) The received 1-kHz bandwidth signal spectrum near different comb bins. (b) The measured frequency spectrum for a

signal with 1 kHz bandwidth: the amplitude of the frequency spectrum of the output beat notes using MFCs with central frequencies
of 3.40 GHz, 6.09 GHz, and 12.6 GHz. The Rydberg states used are 60P3 2, 50P3,,, and 40P5, respectively.

reducing the system noise by using homodyne detection,
and reducing the coupling loss of the MW electric fields
by a waveguide [24].
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FIG. 4. The output phase versus the input phase. The inset is
the recorded transmission signal. The extra noise in the transmis-
sion signal is mainly from the beat notes between the different
MEFC comb lines. The power of the signal field is —20 dBm.

VII. CONCLUSIONS

In summary, we demonstrate an absolute-frequency
measurement through a Rydberg MFC spectrometer. The
instant detection range can be further increased by improv-
ing the MFC bandwidth, so there is still room for improve-
ment. The high-resolution spectroscopy of the Rydberg
atoms allows precise detection of the electric fields and
the Rydberg state [31,32]. Further study on various MW
dressing protocols may improve the sensitivity, bandwidth,
and precision in Rydberg atomic sensing [19,33,34]. Ryd-
berg atoms also possess high sensitivity in the terahertz
frequency range [35,36]. Thus, the combination of Ryd-
berg atoms with a terahertz frequency comb [37,38] also
permits precise, real-time, and coherent measurement of
terahertz signals in communication and metrology.
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APPENDIX A: MFCS SETUP

As we know, a frequency comb consists of phase-
stabilized narrow frequency lines with equidistant mode
spacing (repetition frequency). Here, we use the multi-
tone modulation of the vector signal generator (1465V
Ceyear) to simulate a MFC signal. The central frequency
of each MFC used in our experiment is set near 4.485
GHz to maximize the beat-note response to the signal field.
The repetition rates of the MFC used in Figs. 2(a) and
2(b) are 4 MHz and 280 kHz, respectively. The frequency
spectrum of the MFC used in our experiment is acquired
through the spectrum analyzer (4024F Ceyear). The MFC
frequency spectra are shown in Fig. 5. In the MFC fre-
quency spectra, the main comb-line components dominate,
so the effects of other comb-line components are weak.
Besides, in Fig. 6(b), we also plot the power of the output
beat note versus the applied signal frequency when a MFC
with a range of 125 MHz is applied. Finally, the maximum
comb span of the MFC is limited by the maximum clock
frequency of the signal generator (about 125 MHz). Other
MFC-generation methods can overcome this limitation to
achieve a wider measurement range.
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FIG. 6. (a) The spectrum of the MFC used to demonstrate the

system maximum response range (125 MHz). (b) The power of

the beat-note response versus the signal frequency when applying

the MFC covering range of 125 MHz. Here, we set the signals
with a constant power of approximately —20 dBm.

APPENDIX B: INSTANTANEOUS BANDWIDTH

The instantaneous bandwidth in this Rydberg atom-
based MW receiving system refers to the first frequency
of the (beat-note power) response reaching 50% (—3 dB)
of its maximum value. We record the system response
power versus the frequency of the beat note to measure this
bandwidth. The frequency response of the MFC scheme is

|
[9%)
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—e— MFC LO
Single LO

3dB

Amplitude (dBm)
s &

|
D
(=]
T

—70 k X X X X
0 400 800 1200 1600 2000
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FIG. 7. The power of the beat note as a function of its fre-
quency. The 3-dB instantaneous bandwidth is about 300 kHz and
is indicated by the dashed line.
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measured within a span of the MFC repetition rate, so the
signal MW field only beats with one of the MFC comb
lines. In Fig. 7, the instantaneous bandwidths are almost
the same for the MFC LO and the single LO scheme,
and the frequency response character (the profile of the
response curve) is similar. This bandwidth is dependent on
the relaxation time for the atoms to reach a steady state.
For our experiment system, it is about 300 kHz. In the
rubidium Rydberg-atom system, the bandwidth is several
megahertz [20], which would be more helpful to achieve a
flat beat-note response.

APPENDIX C: THEORETICAL CALCULATION

The dynamics of this system are described using the
Lindblad equation [19,30]
i
h

There are two regimes of beat-note response in Fig. 2(a):
(i) When the beat-note frequency f; (e.g., 50 kHz) is less

p = ~1p, Hl + L(p). (C1)

J

Lepar —31Tepi2
—3Tepa1 —Tepar + Tupss + Trapss
L(p) = _Frdpm —I(Te+To) p32
—5m 04 —5 (e +T1) paz
—3ps1 —3 (Fe + T2) ps52

where 2, Q4, ., and Qumw (?) refer to the Rabi frequen-
cies of the probe, dressing, and coupling lasers and the MW
field, respectively, which are defined as Q; = w;E;/h. w;
and E; are the corresponding dipole moment and the inten-
sity of the electric field. A,, A., Ay, and Avw, respec-
tively, present the zero-velocity atom-field detunings of all
the above fields. I',;, I')2, I'e, and 'y represent the decay
rates of the two Rydberg states and two intermediate states,
respectively.

In our experiment, we use the MFC field as a strong
LO field. The intensity of the MFC field is Eypc =
> Evo,, in which Ey o, is the intensity of the ith frequency-
comb line. We assume that each of the MFC lines
has the same strength |Ero,| = |ELo,| =+ = |ELo,| =
|ELo|. When the beat note of the signal is small com-
pared with the total LO field power |E;| < |ELo|, we
have 2", |ELo,||Es| cos(Awit + Ad;) < Ni|Erol*. The
total field sensed by the Rydberg atoms is expressed as

1 + 2 Zi |Es| cos(Aw;jt+Ad;)

~ ./ NLI|E|
Eqtom & NL|ELO| n Zij COS(A(f)l']' tL+OAI¢,~/-) (C4)
NL

—3Tapis
—1(Te+Ty) p23
—Lgp33 + T'r1pa4
—3 Ty +Th) pas
—3 (Ta+T2) ps3

than the instant bandwidth of the system (approximately
300 kHz), the power of the beat note is calculated through
solving the steady-state Lindblad equation, which corre-
sponds to the maximum signal at the top of each peak
(red) in Fig. 2(a); (i) When f;, > 300 kHz, we model the
beat-note power reduction compared with its maximum
value by a time-dependent optical Bloch equation and the
numerical results are shown using solid lines in Fig. 2(a).
For the case f, < 300 kHz, the system Hamiltonian
under the bare-atom basis |1), |2), |3), |4), and |5) is

0 /2 0 0 0
e A e 0 0
H=| 0 Q2 A Q.2 0
0 0 /2 Aj Qmw(1)/2
0 0 0 Qmw () /2 Ay
(C2)

and the Lindblad term in the above Eq. (C1) is

—3T2p1s
- (Fe + 1_‘r2) P25
—5 Ta+T)pss |,
-2 (Frl + 1—‘r2) P45
—TI'20s5

—%anm
—1 (Fe + Frl) P24
—5 (T +T) p34
—I')1044
_% (rrl + FrZ) Ps4
(C3)

(

Considering the instant bandwidth of the system and set-
ting the MFC repetition rate (e.g., approximately 4 MHz)
larger than the instant bandwidth of the system (approxi-
mately 300 kHz), the response of the system to the high-
frequency interference terms between different MFC lines

Zf.j?éj |ELo;||ELo, | cos(Aw;t + Ady) is negligible and the
high-order nonlinear response is ignored when E| o, is not
strong (less than —10 dBm). Thus, we consider that the kth

MEFC line is the nearest neighbor to the signal field:

1
Eqtom ~ /Nr|ELo| + \/—N_LIESI cos(Awit + Ady). (C5)

Thus, the amplitude and phase of the signal are encoded
in its beat note with the nearest-neighbor MFC comb
line, which is read from the Rydberg nonlinear spectra
transmission signal.

In the interaction picture, the detunings Ay = A, Ay =
Ap+ Ay A=A, +Ac+ Ay, and Ay=A, +Ac+
A4 — Amw. The probe transmission P is expressed as

P — Poe(fzerIm[X]/Ap), (C6)
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FIG. 8. The measured dynamic range when applying the MFC field with three, five, and seven comb lines. The frequency repetition

rate f. of the MFC is 300 kHz. The frequency offset is set as §f = 50 kHz (green), 350 kHz (red), 650 kHz (orange), and 950 kHz

(blue), respectively.

where Py is the laser power being input in the vapor cell,

x is the susceptibility of the probe laser y = 2Dz 1 L

Eye

is the path of the laser in the cell, Vj is the total Iatoom den-
sity in the vapor cell, w5 is the dipole moment associated
with the ground-state transition, £, denotes the electric
field amplitude of the probe laser, and ¢, is the vacuum
electric permittivity. For maximum measurement sensitiv-
ity, we record the Rydberg MFC spectrum on resonance
with the condition A, = Ay = A, = 0. The instantaneous
steady-state solution of the density-matrix element p,; is
calculated through Eq. (C1).

The frequency response curve shown in Fig. 2(a) is
modeled through the instant-bandwidth model based on
the theory [28,39,40]. We assume that the probe laser is
weak and that all the lasers and the MW fields are resonant
with the atomic transitions A, = Ay = A, = Ayw = 0.
The atoms are initially populated in the ground state.
The reduced optical Bloch equation of the atoms is given
based on the first-order perturbation of the probe light. The
power (strength) of the beat note against its frequency is
calculated through the quasi-steady-state solution of the
following equations:

Ly 1(1“+2) +i(sz+9 )
dt:o21 =5 V)21 5 B dpP31)
d i

P = 2Ty +2y) p31 + 3 (Qap21 + Q2cpa1) 5

d 1 i

—pa1 = —= Qy + ) par + = (Qepst + Quw ) ps1),
It 41 2( 1) 41 2( 31 MW() 51)

P51 = 1(2)/+F ) ps1 + ‘o w(Dp. (C7)
It 51 B 2 51 2 M 41

where the y represent the transit dephasing rate of the
ground state. With y > I',1, ['}», these two decay rates for
the Rydberg states are not considered in the calculation.
This transient pattern (the instant bandwidth) is indepen-
dent of the LO frequency. The experimental frequency
response data show good agreement with our bandwidth-
model calculation (black solid line) in Fig. 2(a). Also, the
curve fits well with an exponential decay function. We use
a scaling factor in our theory curves that only considers the
relative intensity of the beat note, as we set the maximum
signal amplitude as a reference point.

APPENDIX D: DYNAMIC RANGE VARIATION
WITH THE NUMBER OF MFC LINES

The sensitivity of the system is dependent on the num-
ber of MFC comb lines and the power of the MFC field.
We plot the power of the detected beat note versus the E-
field intensity of the applied signal when using a single
LO field in Fig. 8(a) for comparison. Figure 8(b) shows
the beat-note response when using a MFC field with three
comb lines and a repetition rate of f, = 300 kHz. We want
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to emphasize that the dynamic range is affected by the rel-
ative phase of each line of the MFC. There is a difference
for a dynamic range of approximately 8 dB (from 65 dB
to 57 dB) between the MFC with optimized phase and
the one without optimization. The optimized phase of the
frequency lines is set as 0, 0, and w. We only plot input
signals that have frequency offsets §f of 50 kHz, 350 kHz
from the center frequency (fLo= 4.485 GHz). To compare
the response within the range covered by different comb
lines, the beat-note frequencies are all 50 kHz. Figure 8(c)
[Fig. 8(d)] shows the response when the MFC with five
(seven) comb lines is set as LO and the average dynamic
range is 62.8 dB (56 dB). According to Eq. (1), the beat-
note response decreases with an increase in the number of
MEFC lines.
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