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Measuring the Gradient of Sound Pressure Directly Via Flexoelectricity
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In this work, we propose the design of a flexoelectric sensor, which can measure sound-pressure gra-
dient directly. It is found that the sensitivity of sound-pressure gradient of the flexoelectric sensor has a
wide band for low working frequencies. Our theoretical and experimental results indicate that the position
of sound sources can be predicted based on the measured sound-pressure gradients of three flexoelectric
sensors, which are perpendicular to each other. Moreover, different from the previous design for a piezo-
electric sensor array, only three flexoelectric sensors are needed to determine the orientation of sound
sources. The flexoelectric sensor proposed here may provide an alternative way for the pressure-gradient
measurement.
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I. INTRODUCTION

In the deep ocean, due to physical constrictions to
waves’ propagation (large dissipation for high-frequency
waves), optical, electric, and magnetic systems are only
utilized for short-distance (< 100 m) communication [1,2].
Therefore, low-frequency sound waves are thought to be
the only reliable long-distance signal carriers, which can
propagate over thousands of kilometers in the deep sound
channel [3]. However, the acoustic characters for vari-
ous underwater targets are complex [4,5]. To accurately
detect the targets, it is necessary to fully understand the
feature of sound waves at the measuring point. Thus, not
only the amplitude, but also the propagation direction of
sound waves need to be measured [6–8]. Actually, how to
accurately detect sound waves’ propagation direction and
design sensors with high quality are two of the most urgent
tasks for underwater detection.

In the underwater environment, acoustic signals gener-
ated by targets can be simplified as plane waves propagat-
ing from far field. Assuming that the propagation of these
plane waves is continuous, then the corresponding sound
pressure p can be treated as a continuous function of space
(x1, x2, x3) and time t, i.e., p(x1, x2, x3, t). In practice, we
always want to accurately measure the pressure field using
measuring points as small as possible. If we only have
one measuring point N0 whose position is (X0, Y0, Z0), by
Taylor-series expansion, p(x1, x2, x3, t) can be expressed by
the sound pressure and sound-pressure gradient measured

*tonydqian@hust.edu.cn
†sshen@mail.xjtu.edu.cn

at the point N0 [9] as
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In the close vicinity of N0, higher-order gradients of the
sound pressure is very small and can be simply ignored.
Thus, the completed sound-field information at N0 con-
tains the sound pressure p(N0) and three linear indepen-
dent sound-pressure gradients ∂p(N0)/∂x1, ∂p(N0)/∂x2,
∂p(N0)/∂x3. With these measurements, the propagation
direction and distance can be directly estimated.

Although the theoretical mechanism for sound-field esti-
mation is straightforward, in practice, measuring pressure
gradients is not trivial. In previous studies [10], sound-
pressure gradients are calculated indirectly from the sound
pressure measured at different points. For instance, with
the sound pressure p(N1), p(N2) measured at points N1
and N2, the sound-pressure gradient along N1N2 direction
may be estimated by the equation p(N2) − p(N1)/|N2N1|,
where |N2N1| is the distance between points N2 and N1.
To obtain more accurate measurement for sound-pressure
gradient, sensors need to be arranged in arrays as shown in
Fig. 1. In pace with the increase of the number of sensors,
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FIG. 1. The sound pressure sensor arrange multiple piezo-
electric sensor together. Through measurements of those sound
pressures, sound pressure gradients can be calculated.

the accuracy increases, while the size of array is inevitably
enlarged. So that it is necessary to find out alternative
kinds of sensors, which can measure the sound-pressure
gradients directly.

In this paper, we propose a sound-pressure gradient sen-
sor based on the flexoelectric effect. The governing equa-
tions of piezoelectric and flexoelectric sensors are solved,
and the advantages of a flexoelectric sensor in directly
measuring sound-pressure gradient are shown, both the-
oretically and experimentally. This paper is organized as
follows: in Sec. II, we theoretically analyze the piezoelec-
tric and flexoelectric sensors, and compare their perfor-
mance in measuring sound-pressure gradients. In Sec. III,
through simulations and experiments, we verify the perfor-
mance of both a single flexoelectric sensor and a system
of three flexoelectric sensors. Conclusions are drawn in
Sec. IV.

II. MATHEMATICAL FORMULATION OF THE
PIEZOELECTRIC SENSOR AND THE

FLEXOELECTRIC SENSOR

A. The piezoelectric sensor

Piezoelectric materials have been widely used to mea-
sure the sound pressure due to their ability of generat-
ing electrical polarization in response to a uniform strain
[11–14]. The piezoelectric effect can be expressed as

Pi = eijkSjk, (2)

where Pi, eijk, Sjk are the electric polarization, piezoelectric
stress coefficient, and strain, respectively.

To illustrate the working mechanism of piezoelec-
tric sensors, a traditional sound-pressure sensor model is

FIG. 2. This is a traditional piezoelectric sound-pressure sen-
sor. The upper and lower surfaces of the model are coated with
electrodes and connected in series with a resistor. When the
excitation sound wave p(0, 0, x3, t) propagates to the sensor, the
voltage v(t) is output across the external resistor R.

schematically drawn in Fig. 2. As shown in the figure, the
sensor contains a piezoelectric block fixed on a substrate.
Both upper and lower surfaces of the piezoelectric block
are coated by electrodes and connected with a resistor R.
For simplicity, in the following analysis, only the defor-
mation and polarization along x3 direction are considered.
Sound waves are supposed to be plane waves propagat-
ing along x3 direction to the sensor. The sound pressure
p(x1, x2, x3, t) can be expressed as follows [15–17]:

p(0, 0, x3, t) = PS
0ej (ωt−(ω/c0)x3), (3)

where PS
0 is the amplitude of p(0, 0, x3, t), ω is the angu-

lar frequency, c0 is the wave velocity in the medium, j is
an imaginary unit. The response of the piezoelectric sen-
sor can be measured as voltages v(t) whose amplitude V is
proportional to the amplitudes of the sound wave accord-
ing to the following expressions (detailed calculations are
given in appendix A):

B =
[
(−ω2M p + Kp)

(
j ωCp

f + 1
R

)
+ j ω(�p)2

]−1

×
(

j ωCp
f + 1

R

)
PS

0 l2

V = j ω
(

j ωCp
f + 1

R

)−1

�pB, (4)

where V, B are amplitudes of output voltage and deflection
of the block, R and l are the resistance and the length of the
block, M p , Kp , �p , and Cp

f are parameters, which are also
obtained in Eq. (A19).

Sound-pressure sensitivity level Mfl is usually used to
evaluate the performance of a piezoelectric sensor [18].
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The definition of Mfl is

Mfl = 20 log10
Mf

Mr
= 20 log10

|V/PS
0 |

Mr
, (5)

where Mf = |V/PS
0 | is the sound-pressure sensitivity, Mr is

a predefined reference level for Mf . Mr = 1 V/μPa means
1 μPa sound pressure applied to the reference sensor can
result in an output voltage of 1 V.

A pressure sensor with high quality needs a broad work-
ing band with frequency independent, which means that
Mfl should be a constant value in the working frequency
range. By substituting V obtained from Eq. (4) into Eq. (5),
one may obtain the sound-pressure sensitivity level Mfl . In
most cases, the reference level Mr is much larger than Mf .
Thus, Mfl is usually negative; higher Mfl means a better
performance of the sensor.

Now we theoretically calculate Mfl for piezoelectric
sensors with different sizes and shapes. The sizes of the
three sensors are 50 × 100 × 100 mm3, 500 × 4000 ×
5000 μm3 and 1 × 80 × 100 μm3. Polyvinylidene tetraflu-
oroethylene (PVDF) is selected for the piezoelectric block.
Material parameters for PVDF are given in Table I
[19–21]. The sound-pressure sensitivity levels Mfl for
the three models are plotted in Fig. 3. All three curves
in Fig. 3 show that there are flat regions, representing
frequency-independent domains, before the first-order res-
onant frequency. In practice, the sensor should work in the
frequency-independent domain so that the measured sound
pressure is reliable. Because of the flat regions, piezoelec-
tric sensors are suitable for measuring sound pressure with
the different geometries.

To explain why piezoelectric sensors are not suitable for
measuring sound-pressure gradient, we propose an alter-
native parameter, sound-pressure gradient sensitivity level
Gfl , to examine their performance on this aspect. Similar
to the definition of Mfl in Eq. (5), Gfl may be written as

Gfl = 20 log10
Gf

Gr
= 20 log10

|V/(−j ωPS
0/c0)|

Gr
(6)

where Gr is the reference level, Gf = V/(−j ωPS
0/c0) rep-

resents the sound-pressure gradient sensitivity along x3
direction, which is defined based on Eq. (3).

TABLE I. PVDF parameters [19–21].

Symbols Values Symbols Values

E (GPa) 3.70 g (N ) 5 × 10−7

ρ (kg/m3) 1.78 × 103 a (Nm2/C2) 1.38 × 1010

d33 (N/C) 1.02 × 109 f (Nm/C) −179
PS

0 (N/m2) 0.0001/Aa R (M�) 20

aA is the area of the upper surface.

FIG. 3. Three Mfl curves of traditional sound-pressure sensor
with the different ratios for thickness and length, and huge vari-
ations of geometries. Three curves all have a flat part before
first-order resonant frequency, which means that piezoelectric
sensors with different geometries are suitable for measuring the
sound pressure.

By substituting Eqs. (3) and (4) into Eq. (6) and setting
Gr = 1 Vm/μPa, we obtain the following equation, which
is as same as Eq. (A42),

Gfl = 20 log10

{
|c0

(
j ωCp

f + 1
R

)−1

�p

×
[
(−ω2M p + Kp)

(
j ωCp

f + 1
R

)
+ j ω(�p)2

]−1

×
(

j ωCp
f + 1

R

)
l2|G−1

r

}
. (7)

The meaning of all parameters is given in Appendix A.
Gfl curves for the three models described above are plot-
ted in Fig. 4. In this figure, the sound-pressure gradient Gfl
varies with the frequency without any flat region. The rea-
son for this frequency dependency of Gfl can be found in
Eq. (2). For the piezoelectric effect, the polarization P is
related to the strain S linearly by the piezoelectric stress
coefficient, so V is also related to the amplitude of external
sound-pressure excitation PS

0 linearly. Thus, the quantity
V/PS

0 in Eq. (5) is a constant before the resonant point.
While for Gfl , as shown by Eq. (6), the relation between V
and ∂p/∂x3 = −j ωPS

0/c0 is not linear. Thus, using piezo-
electric effect to measure sound-pressure gradients directly
is not appropriate.

B. The flexoelectric sensor

Finding out a substitute for the piezoelectric sensor
remains a challenging task. Fortunately, there is an alterna-
tive path for directly measuring sound-pressure gradients:
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FIG. 4. Three Gfl curves of traditional sound pressure sen-
sor, three sizes have the different ratios for thickness and length,
and huge variations of geometries. All curves do not have flat
part, which means that this kind of sensors are not suitable for
measuring the sound pressure gradient.

the flexoelectric effect [22–24]. This is an electromechan-
ical coupling between the polarization and strain gradient
in all dielectric materials. Recent studies proposed several
applications based on the flexoelectric effect [25–34]. The
electric polarization, P, induced by the flexoelectric effect
can be described as

Pi = μijkl
∂Sjk

∂xl
, (8)

where μijkl, ∂Sjk/∂xl are the flexoelectric coefficient, strain
gradient. The strain gradient ∂Sjk/∂xl of the sample
changes as the external excitation sound-pressure gradient
changes. Through the flexoelectric effect, we build a bridge
between the pressure gradient and the polarization.

Motivated by the design for flexoelectric energy harvest-
ing [27,29,35,36], we propose a flexoelectric beam-vector
sensor shown by Fig. 5. Electrodes are coated on the upper
and lower surfaces of the dielectric cantilever beam. This
sensor would output a voltage v(t) when there is a plane
sound wave propagating perpendicular to the upper sur-
face of the sensor. The vector sensor is fixed to receive
the sound-pressure gradient along x3 direction. The cor-
responding amplitude V of v(t) in Eq. (A39) is shown as
follows:

V = j ω
(

j ωCf
f + 1

R

)−1 (−�f )

×
[
−ω2M f + j ω(μM f + γ Kf ) + Kf

+ j ω
(

j ωCf
f + 1

R

)−1

(�f )2

]−1

PS
0 l2

FIG. 5. Vector sensor model: the upper and lower surfaces of
the model are coated with electrodes and connected in series
with a resistor R. The output v(t) is related to the sound-pressure
gradient along x3 direction.

B = [−ω2M f + j ω(μM f + γ Kf ) + Kf ]−1

× (PS
0 l2 + �f V), (9)

where V is the amplitude of output voltage, B is the gen-
eralized deflection amplitude of the beam, l is the length
of the beam, M f , Kf , �f , and Cf

f are parameters obtained
by the calculation in Eq. (A34), μ and γ are parameters
related to resonant frequencies of the sensor in Eq. (A36).

Then, by substituting Eqs. (9) and (3) into Eq. (6), one
may obtain the sound-pressure gradient sensitivity level
Gfl , which is calculated in Eq. (A43)

Gfl = 20 log10

⎧⎨
⎩|c0

(
j ωCf

f + 1
R

)−1 (−�f )

×
[
−ω2M f + j ω(μM f + γ Kf ) + Kf

+ j ω
(

j ωCf
f + 1

R

)−1

(�f )2

]−1

l2|G−1
r

⎫⎬
⎭ . (10)

As for the flexoelectric sensors, after obtaining Gfl in
Eq. (10), we choose three models with different dimensions
to plot both Gfl and Mfl curves. The sizes of the three sen-
sors are 50 × 100 × 100 mm3, 500 × 4000 × 5000 μm3,
and 1 × 80 × 100 μm3, which are the same as the piezo-
electric models. Material parameters for PVDF are the
same as the piezoelectric models in Table I.

Gfl curves for the three models are plotted in Fig. 6(a).
All curves in the figure show flat regions before the
first-order resonant frequency, which means that the flex-
oelectric vector sensor proposed by Fig. 5 is suitable for
measuring sound-pressure gradient. Three curves of the
sound-pressure sensitivity level Mfl for models with dif-
ferent sizes are plotted in Fig. 6(b). All three curves in
Fig. 6(a) change with the frequency. The Mfl values are not
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(a) (b)

FIG. 6. (a) Three Gfl curves of vector sensors. (b) Three Mfl curves of vector sensors. Compared with the piezoelectric sensor, the
vector sensor is suitable for measuring the sound pressure gradient.

constants, the sound pressure and the output do not fit the
linear relationship further. Thus, using flexoelectric effect
to measure sound pressure is not appropriate.

III. EXPERIMENTS AND SIMULATIONS

The flexoelectric sensor shows the advantages of mea-
suring sound-pressure gradients in the previous section,
which can be confirmed by relevant experiments. We select
BST (Ba0.67Sr0.33TiO3, the well-known best flexoelectric
material in ferroelectrics, corresponding flexoelectric coef-
ficient reach to 100 μC/m under its Curie point 20 ◦C
[37], which operates stably at average surface temperature
16.1 ◦C of the oceans [38]. And the BST sample we use is
nonpolarized and not affected by Curie point) as the exper-
imental material, and the thickness, width and length for
the beam are 2.5, 6, and 15 mm, respectively. The exper-
imental process and the inner structure of the sensor are
shown in Fig. 7.

The experimental process is as follows. Firstly, the
transmitting transducer is placed in water. Through the sig-
nal generator and power amplifier, sinusoidal signals are
transmitted with specific frequencies by the transducer in
water. Then, the assembled single flexoelectric sensor and
the piezoelectric sensor (B&K 8104) are placed at the same
1-m distance from the transducer. The same distance could
ensure that the two sensors receive the sound wave with
equal intensity. Finally, the electrical outputs of the two
sensors are obtained through the oscilloscope.

From 1 to 10 kHz, the frequency spacing as 500 Hz,
we select 19 measuring points and the amplitude of sound
pressure at each measuring point is set as 2180 Pa. The
Gfl points of various frequencies of the two sensors are
scattered in Fig. 8.

B&K 8104 is a traditional piezoelectric sensor, and the
measuring points of B&K have the consistent variation
trend with the curves in Fig. 4. The result shows the same

conclusion as theory calculation that piezoelectricity is not
suitable for measuring sound-pressure gradient.

For the flexoelectric sensor, the measuring points are
close to the horizontal line Gfl = −182 dB, but there are
some deviations of measuring points. The deviation is
mainly derived from the environment (the electromagnetic
interference, ambient noise) and the manufacturing (hand-
made sample, signal processing device unused) errors.
And the deviations would not influence the trends of Gfl ,
with sophisticated manufacturing and signal processing
can reduce these errors. On the whole, our flexoelectric
vector sensor is actually still in prototype phase, and the
trend of the Gfl curve is consistent with the theoretical

FIG. 7. Experiment for measuring the sound-pressure gradi-
ent sensitivity level Gfl of the flexoelectric sensor and the inner
structure of the sensor.
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FIG. 8. Measuring Gfl points of the piezoelectric sensor and
the flexoelectric sensor (Gr = 1/2π Vm/μPa).

prediction. The advantages of measuring sound-pressure
gradient with flexoelectricity are apparent with frequency
independence.

In Fig. 8, we also find that in the measured frequency
band, under the same excitation, the output voltage of the
flexoelectric sensor is always much higher than that of
the piezoelectric sensor. Such high output is all due to
the larger deformation of the cantilever structure under
the same excitation than that of the block structure. The
experimental results prove that the flexoelectric sensor has
a lower excitation threshold, that is, it can detect weaker
sound waves.

To determine the direction of underwater objects, three-
vector flexoelectric sensors are placed along three per-
pendicular directions as shown in Fig. 9. Using such a
system, the propagation directions of specific waves can be
determined. We use the following example to demonstrate

FIG. 9. Total sound pressure at the (0, 0, 0) point is superim-
posed by five plane waves shown by different colors. Three flex-
oelectric vector sensors are utilized to measure sound-pressure
gradients ∂p/∂x1, ∂p/∂x2, ∂p/∂x3 from three directions.

this point. Assume there are five plane waves with dif-
ferent frequencies transmitting from different directions to
the measuring point. Due to the difference in frequencies,
there should be no interference between them. Their prop-
agation directions are (1, 0, 0), (1, 1, 1), (1, 2, 1), (0, 1, 1),
and (0, 0, 1). The total sound pressure can be expressed as
follows:

p = PS
Aej (ω1t−(ω1/c0)x1) + pS

Bej (ω2t−(ω2/c0)(x1+x2+x3))

+ PS
Cej (ω3t−(ω3/c0)(x1+2x2+x3))

+ PS
Dej (ω4t−(ω4/c0)(x2+x3)) + PS

Eej (ω5t−(ω5/c0)x3), (11)

where PS
A, PS

B, PS
C, PS

D, PS
E are five sound-pressure

amplitudes along five directions, ω1 = 2π f1 = 100 rad/s,
ω2 = 2π f2 = 200 rad/s, ω3 = 2π f3 = 300 rad/s, ω4 = 2π

f4 = 400 rad/s, ω5 = 2π f5 = 500 rad/s are the corre-
sponding angular frequencies. Assume that the rela-
tionship between five acoustic pressure amplitudes is
PS

A = PS
B = PS

C = PS
D = PS

E = 2 Pa. The total excitation is

(a) (b) (c)

FIG. 10. Fast Fourier transform (FFT) for the three-sensor output voltage signals. (a) The FFT curve for measuring ∂p/∂x1, which
contains three main peaks with different frequencies: 15.8, 31.8, 47.8 Hz. (b) The FFT curve for measuring ∂p/∂x2, which contains
three main peaks with different frequencies: 31.8, 47.8, 63.6 Hz. (c) The FFT curve for measuring ∂p/∂x3, which contains four main
peaks with different frequencies: 31.8, 47.8, 63.6, 79.6 Hz.
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TABLE II. Main peaks of FFT curves and estimated propagation directions.

Items f1(15.8 Hz) f2(31.8 Hz) f3(47.8 Hz) f4(63.6 Hz) f5(79.6 Hz)

∂p/x1 1.139 1.341 1.431 / /
∂p/x2 / 1.336 2.854 3.295 /
∂p/x3 / 1.329 1.387 3.303 5.896
Estimated direction (1, 0, 0) (1, 0.99, 0.99) (1, 1.99, 0.97) (0, 1, 1) (0, 0, 1)

Actual direction (1, 0, 0) (1, 1, 1) (1, 2, 1) (0, 1, 1) (0, 0, 1)

the superposition of these five plane waves, so that output
signals also contain different frequencies of these waves.
After taking the fast Fourier transform [39] (FFT), fre-
quency domain signals on separate frequencies are shown
in Fig. 10.

In Fig. 10(a), the FFT curve shows the amplitude spec-
trum of ∂p/∂x1 in frequency domain, and the curve has
three main peaks, which correspond to the frequencies of
f1, f2, and f3. Since the sound-pressure gradient ∂p/∂x1 of
f4 and f5 is zero, there are no peaks with these two fre-
quencies in the curve. The FFT curve in Fig. 10(b) shows
the amplitude spectrum of ∂p/∂x2 in frequency domain

with no contribution of gradients values of f1 and f5, the
curve also has three main peaks, which correspond to f2,
f3, and f4. Similarly, the FFT curve in Fig. 10(c) shows
the amplitude spectrum of ∂p/∂x3, with no contribution of
gradient values of f1, the curve has four main peaks, which
correspond to f2, f3, f4, and f5.

All amplitudes of the peaks in Fig. 10 are listed in
Table II. As depicted in the third column of Table II, ampli-
tudes are 1.341, 1.336, and 1.329, which correspond to the
proportions of sound-pressure gradients of the plane wave
with the frequency of f2. Through normalizing the three
values, the source direction of the wave with the frequency

(a) (b)

(c) (d)

FIG. 11. (a) Three cantilever beams are assembled in a hollow rubber sphere which is full of castor oil and output the charge of
upper and lower surfaces. (b) Two direction vectors N1 and N2 are marked in green and red, respectively. When knocking along N1
and N2 directions, the generated sound waves would transmit to the system. Plane-K x1 + x2 + x3 = 1 mm is selected to display the
results of estimated directions. (c) The normalized output associated with the knocking stimulation in N1 direction. (d) The normalized
output associated with the knocking stimulation in N2 direction.
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TABLE III. Output charge of the system and the intersections of plane K and the ratio of outputs.

Output charge of the system Intersections

Unit Q1 (pC) Q2 (pC) Q3 (pC) y1 (mm) y2 (mm)

Knocking in (1,1,1) direction 109 108 108 0.0205 0.0141
82 89 90 −0.0031 −0.0025
91 78 72 −0.0386 −0.0400
107 115 117 0.0176 0.0129
110 108 112 −0.0031 0.0087

Knocking in (1,2,2) direction 82 184 198 0.1424 0.1589
103 226 284 0.1563 0.1145
96 203 207 0.1503 0.0929
89 230 171 0.2038 0.0196
72 188 202 0.1767 0.1275

of f2 is estimated as (1, 0.99, 0.99). The directions of other
waves can also be estimated in the same way, the direction
of the sound source estimated by the system are 15.8 Hz,
(1, 0, 0); 31.8 Hz, (1, 0.99, 0.99); 47.8 Hz, (1, 1.99, 0.97);
63.6 Hz, (0, 1, 1); and 79.6 Hz, (0, 0, 1). And the estimated
directions are close to the assumption, which are 15.8 Hz,
(1, 0, 0); 31.8 Hz, (1, 1, 1); 47.8 Hz, (1, 2, 1); 63.6 Hz,
(1, 2, 1); and 79.6 Hz, (0, 0, 1).

In principle, corresponding experiments would be more
convincing to identify the sound source direction. Herein,
three BST cantilever beams are assembled along three
mutually perpendicular directions as the three-beam sys-
tem shown in Fig. 11(a). The system is fixed inside a
hollow rubber sphere filled with castor oil. The thickness,
width, and length for each BST beam are 2.5, 6, and 15
mm, respectively. All three beams are calibrated, and the
calibration process is described as below: we record the
output of the three beams under 300 Hz 1000 Pa sinusoidal
excitation, and normalize the amplitude of the output, that
is, we ensure the output charges of the three beams are
equal in the same conditions.

Next, as shown in Fig. 11(b), two directions N1 and N2
are marked in green and red. When we knock the spher-
ical shell along green and red directions, the generated
sound waves would be transmitted to the system along
N1 : (x1, x2, x3) = (1, 1, 1) and N2 : (x1, x2, x3) = (1, 2, 2),
respectively. A small steel hammer with weight 20 g is
used in knocking. The distance between the knocking
position and the three beams is 15 cm. The amplitude
of background noise in experiment is 0.5 Pa, and the
flexoelectric sensor is sensitive. As long as the excited
sound-wave intensity is higher than the noise, the wave can
be measured. Meanwhile, we select a plane x1 + x2 + x3 =
1 mm [named as plane K , which is the triangular plane
in Fig. 11(b)] and calculate the intersections of plane K
and N1, N2 vectors. Through these intersections, each vec-
tor in the three-dimensional space can be converted into a
point in the two-dimensional plane, which can be displayed
distinctly. Furthermore, a coordination transformation

[
y1
y2

]
=
[− 1√

2
1√
2

0

− 1√
6

− 1√
6

2√
6

]⎡
⎣

x1
x2
x3

⎤
⎦

of plane K is proposed. Through such transformation, the
vectors N1 and N2 can be converted into points AN1 :
(0 mm, 0 mm) and AN2 : (0.1414 mm, 0.0816 mm).

The curves in Figs. 11(c) and 11(d) represent the elec-
trical outputs of knocking in N1 and N2 after calibration
and the slight fluctuation of the curve is caused by noise.
The main peaks of the curves reflect the knocked strength
along three perpendicular directions. Q1 = 109 pC,
Q2 = 108 pC, and Q3 = 108 pC are the outputs of the sys-
tem through knocking the shell in N1 direction, and the pre-
diction (x1, x2, x3) = (1, 0.99, 0.99) is calculated from the
ratio of Q1, Q2, and Q3. Then, the position of the associated
point in plane K is (y1, y2) = (0.0205 mm, 0.0141 mm).
Likewise, Q1 = 82 pC, Q2 = 184 pC and Q3 = 198 pC
are outputs of the system when knocking in N2 direction.
The prediction is (x1, x2, x3) = (1, 2.24, 2.41), which is the

FIG. 12. Intersections and reference circles are plotted on
plane x1 + x2 + x3 = 1 mm.
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ratio of Q1, Q2, and Q3. The associated intersection points
in plane K is (y1, y2) = (0.1424 mm, 0.1589 mm).

Further, we repeat the knocking of the spherical shell
four more times along N1 and N2, respectively. All the
outputs Q1, Q2, Q3, and corresponding intersections are
recorded in Table III. And the intersections are plotted in
Fig. 12. Meanwhile, two circles, whose central coordinates
are at AN1 and AN2, are plotted as references in Fig. 12. In
general, estimated intersections are close to the reference
circles.

IV. CONCLUSION

In summary, based on the unique electromechanical
coupling mode of the flexoelectric effect, we propose a
flexoelectric sensor, which can measure sound-pressure
gradient directly and show that its sound-pressure gradient
sensitivity has a wide working frequency band. Moreover,
based on the flexoelectric sound-pressure gradient sensor,
we further propose a system to predict the position of
sound sources based on the measured sound-pressure gra-
dients. At last, the experiments are proposed to illustrate
the concept of the flexoelectric sensor system. In general,
our work provides an alternative perspective to underwater
detection and design for flexoelectric vector sensor.
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APPENDIX: FORMULA DERIVATION FOR
PIEZOELECTRIC AND FLEXOELECTRIC

SENSORS

The total energy equation of the piezoelectric sensor
or flexoelectric sensor can be derived from Hamilton’s
principle as

δ

∫ t2

t1
L dt + δW = 0, L = T − H , (A1)

where T is the total kinematic energy, H is the total electric
enthalpy, and W is the work done by the external forces.

The total kinematic energy T and the total electric
enthalpy energy H can be expressed as

T = 1
2

∫
V
ρu̇iu̇i dV,

H =
∫

V

(
Ub − 1

2
ε0φ,iφ,i + φ,iPi

)
dV,

(A2)

where (̇) and (, i) represent partial derivative of time and
partial derivative of coordinate i. V denotes the volume
occupied by the model, ρ is the mass density of the solid.

ui and Pi are components of the displacement and polariza-
tion vectors. ε0 is the permittivity of a vacuum and φ is a
variation of potential due to the virtual work done by mov-
ing charges onto or out of the electrodes. Ub is the internal
energy density.

The work done by the external forces can be
expressed as

δW =
∫ t2

t1

∫
�±

pδuA dA dt, (A3)

where �± represent the upper and lower surface of the
model. p is the external sound pressure. uA is the gener-
alized doing work distance of the sound pressure. A is the
area of upper or lower surface of the sample.

The internal energy density is written as [27,35]

Ub = 1
2

aklPkPl + 1
2

cijklSij Skl + dijkPiSjk + fijklPiSjk,l

+ 1
2

gijklmnSij ,kSlm,n, (A4)

where a, c, d, f, and g are the material property tensors. In
particular, a and c are the second-order reciprocal dielec-
tric susceptibility and fourth-order elastic constant tensors,
respectively. The tensor g represents the purely nonlocal
elastic effects and relates to the strain gradient elastic the-
ories. d and f are the piezoelectric strain coefficient and
flexoelectric coefficient. u and P are the displacement and
the polarization vectors, S is the strain tensor, which is
defined as

Sij = 1
2
(ui,j + uj ,i). (A5)

We assume the polarization P3 is along the thickness
direction, only P3 is nonzero, which can be expressed as

P3 = P(x1, x2, x3, t). (A6)

1. Piezoelectric bulk model

The lower surface with the electrode of the model is
fixed, then assume that the external sound pressure p is
a plane wave propagating along the normal vector direc-
tion (0, 0, 1) of the upper surface. The displacement on the
lower surface �− is zero. The sound pressure transmitted
to the upper surface �+ can be expressed as

p(t) = PS
0ej ωt. (A7)

Since the sound pressure p is uniformly distributed on the
upper surface of the model, we assume that the strain along
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x3 direction is also uniformly distributed. The displace-
ment u3 and S33 are shown as

u3(x3, t) = x3

h
b(t) S33(t) = ∂u3

∂x3
= 1

h
b(t), (A8)

where b(t) is the displacement of upper surface, h is the
height of piezoelectric bulk. x3 is the x3-axis coordinates
of any point inside the piezoelectric bulk. Since the defor-
mation of the piezoelectric is uniform, all components of
the strain gradient tensor Sij ,k are zero, thus the last two
terms in Eq. (A4) do not exist. For a piezoelectric bulk,
substitute Eqs. (A6) and (A8) into Eq. (A4), the internal
energy density is shown as

Ub = 1
2

aP2
3 + 1

2
c33S2

33 − d33P3S33, (A9)

where a is the reciprocal dielectric susceptibility in x3
direction. c33 = c3333, S33, and d33 = d333 are the elastic
property, strain, and the piezoelectric constant in x3 direc-
tion. With Eqs. (A2), (A3), (A7), and (A9), we can rewrite
Eq. (A1) as

∫ t2

t1
dt
∫

V

{
−ρü3δu3 −

(
aP3 + d33S33 + ∂φ

∂x3

)
δP3

− (c33S33 + d33P3)δS33 + ∂D3

∂x3
δφ

}
dV

+
∫ t2

t1
dt
∫

�+
pδuA dA = 0, (A10)

where D3 = −ε0(∂φ/∂x3) + P3 denotes the electric dis-
placement in the bulk.

In Eq. (A10), δP is arbitrary, so we have

aP3 − d33S33 + ∂φ

∂x3
= 0 (A11)

and Maxwell equation

∂D3

∂x3
= 0. (A12)

Substituting Eq. (A11) into Eq. (A12), we further have

∂2φ

∂x2
3

= −∂E3

∂x3
= 0, (A13)

where E3 is the component of electric field E in the x3
direction. For the bulk coated with electrodes on the upper
and lower surface of the sample. E3 is the only nonzero
component of E. Equation (A13) indicates that the elec-
tric field is uniform across the thickness of the bulk, and it
also means that assuming the displacement and strain like

Eq. (A8) is reasonable. So the output voltage can simply be
expressed as E3 = −v(t)/h, where v(t) is the voltage dif-
ference between upper and lower electrodes. Next, the term
associated with δu3 and δS33, Eq. (A10) is rewritten as

∫ t2

t1
dt
∫

V

{
−ρü3δu3

−
[

c33S33 − d33

(
−1

a
V(t)

h
+ d33S33

a

)]
δS33

}
dV

+
∫ t2

t1
dt
∫

�+
pδuA dA = 0. (A14)

The volume integral
∫

V(∗) dV of the piezoelectric bulk
can convert into the triple integral

∫ h
0

∫ l
0

∫ l
0(∗) dx2 dx1 dx3,

where l is the length and width of the piezoelectric bulk.
The surface integral

∫
�+(∗) dA can convert into the double

integral
∫ l

0

∫ l
0(∗) dx2 dx1. Because p is applied to the upper

surface of the model, the generalized doing work distance
is shown as

uA(t) = u3(x3, t)|x3=h = b(t). (A15)

We substitute Eqs. (A8), (A15) into Eq. (A14) and convert
the volume and surface integrals to the triple and double
integrals

∫ t2

t1
dt
∫ h

0

∫ l

0

∫ l

0
−ρx2

3

h2 b̈δb −
(

c33

h2 + d2
33

ah2

)
bδb

+ d33

ah2 Vδb dx2 dx1 dx3 = −
∫ t2

t1
pl2δb dt. (A16)

The closed circuit indicates that the charge density moving
between the two electrodes is equal to the electric dis-
placement at the surface where the electrode attached to.
That means, the current i(t) flowing through the resistor R
equals the rate of the average electric displacement D3, the
electrical governing equation is shown as

i(t) = v(t)
R

= 1
h

d
dt

∫
V

(
−ε0

v(t)
h

+ P
)

dV

= − l2

h

(
ε0 + 1

a

)
v̇(t) + l2d33S33

a
. (A17)

Equations (A14) and (A17) are the governing equations of
the bulk, then substitute Eq. (A8) into these two equations
to get ordinary differential equations:

M pb̈(t) + Kpb(t) + �pv(t) = −p(t)l2,

Cp
f v̇(t) + v(t)

R
− �p ḃ(t) = 0.

(A18)

M p , Kp , �p , Cp
f are an equivalent mass parameter, stiffness

parameter, piezoelectric coupling coefficients, and velocity
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coupling parameter, which are shown as

M p =
∫ h

0
ρl2

(x3

h

)2
dx3 = ρl2h

3
,

Kp =
∫ h

0
l2
(

c
h2 − d2

33

ah2

)
dx3 = l2

h

(
c − d2

33

a

)
,

�p =
∫ h

0
l2

d33

ah2 dx3 = d33l2

ah
,

Cp
f = l2

h

(
ε0 + 1

a

)
.

(A19)

Since the sound-wave pressure p(t) = PS
0ej ωt is reasonable

to assume as harmonic excitation with frequency ω. Thus,
b(t) and v(t) under steady state can also be expressed as
the harmonic response with frequency ω as follows:

b(t) = Bej ωt, v(t) = Vej ωt. (A20)

Substituting Eqs. (A7) and (A20) into Eq. (A18), the
unknowns amplitude B and V are obtained

B =
[
(−ω2M p + Kp)

(
j ωCp

f + 1
R

)
+ j ω(�p)2

]−1

×
(

j ωCp
f + 1

R

)
PS

0 l2,

V = j ω
(

j ωCp
f + 1

R

)−1

�pB. (A21)

To obtain the output V, the necessary parameters are: bulk
density ρ, x3 direction piezoelectric parameter d33, dielec-
tric susceptibility a, elastic parameter c33, sound-pressure
amplitude pS

0 , and model dimensions (length and width l,
thickness h).

2. Flexoelectric model

For flexoelectric vector sensor, we assume that the exter-
nal sound pressure p is also a plane wave propagating the
normal vector direction (0, 0, 1) of the upper surface. Then
sound pressure on the upper surface +� is considered,
which is shown as

p(t) = PS
0ej ωt. (A22)

The Euler-Bernoulli model is considered as our previ-
ous work [27], only the first-order vibration is consid-
ered, which is similar to the Rayleigh-Ritz method, where
w(x2, t) is the transverse displacement of the neutral sur-
face at point x2 and time t. From this displacement field,

u3, u2, and S22 are nonzero shown as

u3 = w(x2, t) = ξ(x2)b(t),

u2 = −x3
∂w(x2, t)

∂x2
= −x3ξ

′(x2)b(t),

S22 = ∂u2

∂x2
= −x3ξ

′′b(t),

(A23)

where ξ(x2) for the symmetric Euler-Bernoulli cantilever
beam is taken to be the eigenfunction [40], which is

ξ(x2) = cos
λ

l
x2 − cosh

λ

l
x2 + sin λ − sinh λ

cos λ + cosh λ

×
(

sin
λ

l
x2 − sinh

λ

l
x2

)
. (A24)

λ = 1.87 is the first root of the transcendental charac-
teristic equation: 1 + cos λ cosh λ = 0. b(t) is unknown
generalized coordinates. The nonzero strain gradient com-
ponents are

S22,3 = −∂2w
∂x2

2
= −ξ ′′b(t),

S22,2 = −x3
∂3w
∂x3

2
� S22,3,

(A25)

where the value of S22,2 is much less than the value of S22,3
due to the assumption. Therefore the component S22,2 is
ignored.

Given the assumptions, and setting a = a33, c22 = c2222
is the 2 − 2 direction elastic parameter, d32 = d322 is the
piezoelectric constant, f = f3223 and g = g223223. The inter-
nal energy density Eq. (A4) is rewritten as

Ub = 1
2

aP2
3 + 1

2
c22S2

22 − d32PS22 − fPS22,3 + 1
2

gS2
22,3.

(A26)

With Eq. (A26), then we can rewrite Eq. (A1) as

∫ t2

t1
dt
∫

V

{
−ρüδu − aPδP + d32S22δP + fS22,3δP

− c22S22δS22 + d32PδS22 + fPδS22,3 − gS22,3δS22,3

+ ∂D3

∂x3
δφ − ∂φ

∂x3
δP

}
dV +

∫ t2

t1
dt
∫

�±
pδudA = 0,

(A27)

where D3 = −ε0(∂φ/∂x3) + P denotes the electric dis-
placement in the beam.
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In Eq. (A27), δP is arbitrary, so we have

−aP + d32S22 + fS22,3 − ∂φ

∂x3
= 0 (A28)

and Maxwell equation

∂D3

∂x3
= 0. (A29)

Substituting Eq. (A28) into Eq. (A29), we further have

∂2φ

∂x2
3

= −∂E3

∂x3
= 0, (A30)

where E3 is the component of E in the x3 direction. For the
bulk coated with electrodes on the upper and lower sur-
face of the sample. E3 is the only nonzero component of
E. Equation (A30) indicates that the electric field is uni-
form across the thickness of the bulk. So the output voltage
can be simply expressed as E3 = −v(t)/h where v(t) is
the voltage difference between upper and lower electrodes.
Now dealing with the term associated with δu, δS22 and
δS22,3, Eq. (A27) can be further written as
∫ t2

t1
dt
∫

V

{
−ρüδu − c22S22δS22

+ d32

(
−1

a
v(t)

h
+ d32S22

a
+ fS22,3

a

)
δS22

+ f
(

−1
a

v(t)
h

+ d32

S 22
a + fS22,3

a

)
δS22,3

− gS22,3δS22,3

}
dV +

∫ t2

t1
dt
∫

∂�±
pδudA = 0. (A31)

Due to the bending assumption of the small deformation
cantilever beam, the integral of the portion containing the
S22 term in the thickness direction of the cantilever beam is
0, that is, the piezoelectric effect does not contribute to the
polarization of the cantilever beam

∫
V(∗)S22 dV = 0 [41].

The flexoelectric model also has a closed circuit where
the charge density moving between the two electrodes is
equal to the electric displacement at the surface where the
electrode attached to. That means, the current i(t) flowing
through the resistor R equals the rate of the average elec-
tric displacement D3, we also have an electrical governing
equation:

i(t) = v(t)
R

= 1
h

d
dt

∫
V

(
−ε0

v(t)
h

+ P
)

dV

= −bl
h

(
ε0 + 1

a

)
v̇(t) + 1

h

∫ l

0

fbh
a

∂2ẇ
∂x2

3
dx3. (A32)

Equations (A31) and (A32) are the governing equations
of the bulk, then by substituting Eq. (A23) into those

two equations, and adding a damped term Dḃ(t), we can
reduce the governing equations into the system of partial
differential equations of time

M f b̈(t) + Dḃ(t) + Kf b(t) − �f v(t) = −p(t)l2

Cf
f v̇(t) + v(t)

R
+ �f ḃ(t) = 0,

(A33)

where b is the upper-surface deflection amplitude that
needs to be solved, M f , Kf , �f , Cf

f are equivalent
mass parameter, stiffness parameter, flexoelectric coupling
coefficients, and velocity coupling parameter, shown as
follows:

M f = ρbh
∫ l

0
ξ × ξ dx2,

Kf = (EI)∗
∫ l

0
ξ ′′ × ξ ′′ dx2,

�f = fbh
ah

∫ l

0
ξ ′′ dx2,

Cf
f = bl

h

(
ε0 + 1

a

)
,

(A34)

and D is the damping constant, shown as

D = μM + γ K , (A35)

where μ and γ are the constant of proportionality [42],
which can be calculated as follows:

[
γ

μ

]
= 2ω1ω2

ω2
1 − ω2

2

⎡
⎣

1
ω2

− 1
ω1

−ω2 ω1

⎤
⎦
[
ζ1
ζ2

]
. (A36)

ω1 and ω2 are the first two nature frequencies of the beam.
The excitation in the system is provided by the sound pres-
sure accepted by the upper surface of the model, which still
can be written as

p = −PS
0ej ωt. (A37)

b(t) and v(t) can also be expressed as the harmonic
response with frequency ω as follows:

b(t) = Bej ωt, v(t) = Vej ωt. (A38)

064065-12



MEASURING THE GRADIENT... PHYS. REV. APPLIED 17, 064065 (2022)

Substituting Eqs. (A37) and (A38) into Eq. (A33), the
unknown amplitudes B and V are

V = j ω
(

j ωCf
f + 1

R

)−1 (−�f )

×
[
−ω2M f + j ω(μM f + γ Kf ) + Kf

+ j ω
(

j ωCf
f + 1

R

)−1

(�f )2
]−1

PS
0 l2,

B = [−ω2M f + j ω(μM f + γ Kf ) + Kf ]−1

× (PS
0 l2 + �f V). (A39)

3. Sound-pressure gradient sensitivity of two models

In calculations of the output voltage of the two models,
the external force is reduced to an unary function of time.
The function actually refers to the sound pressure value at
(0, 0, 0). A complete plane wave propagating along the x3
direction should be expressed as

p(x3, t) = PS
0ej (ωt−(ω/c0)x1), (A40)

where c0 is the velocity of sound wave. The sound
wave at (0, 0, 0) is the same as in Eqs. (A7) and (A22):
p(x3, t)|x3=0 = PS

0ej ωt. The sound-pressure gradient level
Gfl is defined as

Gfl = 20 log10
|V/(−j ωPS

0/c0)|
Gr

, (A41)

where Gr = 1 Vm/μPa is the reference level, Gf =
V/(−j ωPS

0/c0) represents the sound-pressure gradient sen-
sitivity along x3 direction. and −(j ωPS

0/c0) is the com-
ponent of the sound-pressure gradient in x3 direction. By
substituting Eqs. (A21) and (A40) into Eq. (A41), Gfl of
the piezoelectric model is obtained, which is shown as

Gfl = 20 log10

{∣∣∣∣∣c0

(
j ωCp

f + 1
R

)−1

�p

×
[
(−ω2M p + Kp)

(
j ωCp

f + 1
R

)
+ j ω(�p)2

]−1

×
(

j ωCp
f + 1

R

)
l2
∣∣∣∣G−1

r

}
. (A42)

By substituting Eqs. (A39) and (A40) into Eq. (A41), Gfl
of the flexoelectric model is obtained, which is shown as

Gfl = 20 log10

⎧⎨
⎩

∣∣∣∣∣∣
c0

(
j ωCf

f + 1
R

)−1 (−�f )

×
[
−ω2M f + j ω(μM f + γ Kf ) + Kf

+ j ω
(

j ωCf
f + 1

R

)−1

(�f )2

]−1

l2

∣∣∣∣∣∣
G−1

r

⎫⎬
⎭ .

(A43)
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