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Today’s quantum processors composed of fifty or more qubits have allowed us to enter a computational
era where the output results are not easily simulatable on the world’s biggest supercomputers. What we
have not seen yet, however, is whether or not the complexity achievable with such quantum processors
would ever be useful for any practical applications. In the quantum neural network approach, there has
been an expectation that the Hilbert space can serve as a computational resource by providing a large
feature space; however, it is not understood, nor illustrated in what way the Hilbert space provides that
computational power. In this work we introduce a resource-efficient quantum neural network model with
a focus on the role of the feature space the quantum processors can give. Then we apply it for classifica-
tion tasks, showing a quantum advantage in terms of the physical resources needed to realize the neural
network. To facilitate the Hilbert space as a large feature space, we utilize scale-free networks that can be
generated in a discrete-time crystal model. The virtue of this approach is in both its theoretical simplicity
and its practical applicability: our quantum neural network model is simple enough to identify the role of
the Hilbert space as the feature space, and, furthermore, can be implemented with current technology. Our
model does not require optimization of the quantum processor, and hence once the quantum processor has
been set, it can be used for other different classification problems without any changes in the quantum
processor itself.
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I. INTRODUCTION

The recent realization of quantum processors with fifty
plus qubits is undoubtedly a key milestone for the nascent
quantum technology field [1–3]. The quantum advantage
has been estimated through its complex dynamics these
quantum processors provide, benchmarking it against the
necessary run time for a classical computer to simulate it.
In the field of quantum neural networks (QNNs), it has
been believed that the Hilbert space associated with the
quantum complex dynamics provides a large and rich fea-
ture space for machine intelligence. However, the mecha-
nism to generate complex behaviors alone is not enough
to ensure its quantum computational power, as the infor-
mation we can extract from the quantum processor is
limited by the fundamental principles of measurements in
quantum mechanics. Hence, showing a way to facilitate
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efficient Hilbert space usage for them would be a signifi-
cant step forward to design QNNs applicable to practical
applications.

QNNs have been considered as one of the poten-
tial directions to utilize the current quantum proces-
sors [including noisy intermediate scale quantum (NISQ)
devices]. There have been a number of approaches and
definitions for QNNs [4–7]. In the early days of QNNs,
the core ideas behind perceptron (a model of artificial
neural networks) had been extended to QNNs [8], where
the perceptron activation function was replaced by an oper-
ator. Despite the simple notion of the quantum perceptron
given by Altaisky [8], its implementation remains highly
nontrivial. The main focus of the early works on quan-
tum perceptron was to integrate the nonlinearity present in
the classical model into quantum mechanics [9–12]. More
recently, QNNs have been extensively investigated as a
subclass of variational quantum algorithms (VQAs) [13,
14]. VQAs can be modeled with a feature map and a vari-
ational model with classical feedforward, some of which
have been demonstrated on gate-based quantum computers
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[15,16]. It has been suggested that some quantum neu-
ral networks may offer an advantage over classical neural
networks [13]; however, the optimization of a parameter-
ized quantum circuit with a classical feedback loop would
be difficult to scale [17]. Quantum reservoir computation
(QRC) can also be considered as a type of QNN, which
was introduced to mainly analyze temporal and sequential
data processing with both qubits [18,19] and continuous
variables [20]. In those works quantum neural networks are
considered in the Hilbert space, whereas another approach
uses a network of physical qubits [21], which has been
used to construct a universal quantum reservoir computer
[22].

In this paper, we propose a QNN model based on
extreme machine learning (EML) [23,24], where the ran-
dom classical network with a Gaussian distribution is
replaced by a quantum reservoir. There are many choices
to design the quantum reservoir; however, we employ a
discrete-time crystal model (shown in Fig. 1). A recent
study has shown that this model can generate nontrivial
complex networks on the Hilbert space [25], and in partic-
ular, for a certain parameter region, it generates scale-free
networks indicated in Fig. 1(a). While network science
tells us that most of the interesting network properties
arise from directed networks [26], it is known that the
quantum network does not require direction in its flow
[27]; hence, it is enough to set the connections between
states to characterize the quantum network. We use these
nontrivial networks as a quantum layer of our QNN [indi-
cated in light blue in Fig. 1(d)]. There are two important
motivations in this choice: the discrete-time crystal model
has been realized and requires only established technology
[28]. Its implementation is much simpler than the aver-
age quantum gate sequence on NISQ processors and hence
it is likely to complete the computation well within the
quantum processors coherence time. The quantum equiv-
alence of a random network with a Gaussian distribution
is costly. The scale-free networks tend to appear more fre-
quently in Hamiltonian quantum dynamics and the analysis
of the network properties in the QNN scenario would give
us important insights about what nature of the quantum
dynamics on the Hilbert space provides a useful feature
space for QNNs.

Our QNN model presents several advantages. First and
foremost, the network on the Hilbert space grows expo-
nentially with the number of qubits N ; 50 qubits could
generate a network as large as the neural network in a
human brain. Second, despite this rapid growth in com-
plexity, as our quantum computation is run by the quantum
reservoir, it does not need to be programmed. The param-
eter setting for the quantum reservoir remains simple,
and once it has set to exhibit the scale-free nature, we
do not touch the quantum reservoir. Hence, the model is
capable of being applied to different computational tasks
without any changes to the quantum reservoir. Third, by

eliminating the costly parameter optimization over the
variational model in VQAs, we can expect a high feasibil-
ity of our model and a significant speed up in the training
process. This advantage of the learning speed comes from
the nature of the extreme learning machine [23,24].

We start with a detailed description of our model in the
next section.

II. THE MODEL

Our quantum extreme reservoir computation (QERC)
model consists of two classical layers and one quantum
reservoir, as illustrated in Fig. 1(c). The model can be inter-
preted as a QNN, as illustrated in Fig. 1(d). To start the
computation, we first preprocess the classical data I (k)ij for
the kth image in order to efficiently encode it to the quan-
tum reservoir [indicated in a green box labeled principle
component analysis (PCA) map in Fig. 1(c)]. For the pat-
tern recognition problem in this paper, we employ PCA to
extract the most influential elements in each image; how-
ever, it should be tailored to the task at hand. The selected
set of classical data is then encoded on the initial state
of the quantum reservoir. The quantum reservoir converts
the initial state for the kth image |ψ(k)

0 〉 to the output state
|ψ(k)

f 〉. The output state is measured on the computational
basis at the M layer, and then the measurement date is pro-
cessed in the one-layer classical neural network (ONN).
The training is performed only on the ONN.

The quantum reservoir is given as a discrete-time crystal
model, and its Hamiltonian Hε(t) is given by [28,29]

Ĥε(t) =

⎧
⎪⎪⎨

⎪⎪⎩

Ĥ1 ≡ �g(1 − ε)
∑

l

σ x
l , 0 ≤ t < T1,

Ĥ2 ≡ �

∑

lm

J z
lmσ

z
l σ

z
m, T1 ≤ t < T,

(1)

where {σ x
l , σ y

l , σ z
l } are the Pauli operators on the lth qubit,

while J z
lm ≡ J0/|l − m|α represents the long-range interac-

tion between the lth and mth qubits that takes the form
of an approximate power-law decay with a constant expo-
nent α. The layout of the qubits to determine the distance,
|l − m|, between qubits is a one-dimensional line indicated
in Fig. 1(b). Next the parameter g satisfies the condi-
tion 2gT1 = π such that Û1 = exp (−iĤ1T1/�) realizes a
global π pulse around the x axis. We assume that T1 = T/2
for convenience. The parameter ε is our rotation error [25].
Because this is a periodic system, the Floquet operator is
given by

F̂ε = Ûε(T) = exp
(

− i
�

Ĥ2T2

)

exp
(

− i
�

Ĥ1T1

)

. (2)

The network representation can be obtained from the
effective Hamiltonian of the Floquet operator Ĥ eff

ε =
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FIG. 1. A schematic illustration of the structure of the quantum reservoir computer. Panel (a) shows an example of a scale-free
network represented in Hilbert space. Each dot indicates a computational basis state, while each edge is weighted with the hopping
strength between the two states. When the hopping strength is smaller than a threshold given by the percolation rule, there is no edge
between the states. Panel (b) indicates a quantum system used to implement the quantum reservoir. Here the model of a discrete-time
crystal is used. Panel (c) illustrates the total scheme of our model. The green color indicates classical data processing, whereas light
blue is for quantum information processing. Panel (d) explains the model described in (c) as a quantum neural network. There are four
network layers: the input layer, the quantum hidden layer, the M layer, and the output layer. The input layer encodes the input data on
to the quantum hidden layer (given by the quantum reservoir), while the M layer is to measure the quantum system in the computation
basis, converting the quantum data (state) to the classical data. The one-layer neural network (ONN) is responsible for the training.
Panel (e) describes the ONN with dropout. Dropout is used when the training accuracy is saturated to unity.

i�/T log[F̂ε] and the percolation rule [30]. The Hamilto-
nian of an N -qubit system in the computational basis {|i〉},
where i is a binary digit from 0 to 2N − 1, may be rep-
resented as H = ∑

i Ei|i〉〈i| + ∑
i,j (i�=j )Wij |i〉〈j |, where Ei

and Wij correspond to the energy of the computational
basis |i〉 and the transition energy between |i〉 and |j 〉,
respectively. The network has an edge between the ith node
(state) and j th node (state) with weight Wij when the per-
colation condition |Ej − Ei| < |Wij | is satisfied [30]. The
percolation rule is to eliminate the off-resonant transitions
from the network. When ε = 0, a period-2 discrete-time
crystal (2T DTC) appears, and the corresponding network
is a locally connected network (a set of dimers). As ε gets
larger, the network starts to grow following a preferential

attachment mechanism and typically forms a scale-free
network, and when ε reaches a critical region (ε ∼ 0.03),
the network goes through the transition from scale-free
to random [25]. In our model, we set ε to 0.03, and we
evaluate this ansatz of the near optimality by numerically
calculating the ε dependency in the performance.

We note that it is also possible to implement a Hamilto-
nian H of a given weighted graph of a scale-free network
to design our quantum reservoir. Then the necessary quan-
tum dynamics can be given by U = e−iHτ/�. The only
possible problem to this approach is that such Hamilto-
nians generally involve many-body interactions that are
harder to implement. It is equally possible to implement
the unitary map U as a gate sequence. Such an approach
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would be more easily adaptable to NISQ processors; how-
ever, the cost of the gate decomposition of the unitary map
and its optimization could remain. Even though it is only
necessary to set the quantum reservoir, the depth of the cir-
cuit could be problematic for NISQ devices. By contrast,
the discrete-time crystal has been experimentally demon-
strated [28,31,32], and the computational time we need for
the quantum reservoir is less than one half of the typical
coherence time of an ion-trap experiment with ten qubits
[28]. Hence, our model is a convenient platform to investi-
gate the capabilities and mechanism of the feature space in
QNNs. The discrete-time crystal can also be implemented
on a gate-based quantum processor by a gate decomposi-
tion of the Floquet operator or the entire unitary map for
the quantum dynamics [32].

III. PATTERN RECOGNITION WITH QRC

Here we illustrate how our quantum extreme reservoir
computer performs pattern recognition. We use the MNIST
handwritten digit data set publicly available [33] to bench-
mark the performance. The data set contains 70 000 (28 ×
28 pixel) images of handwritten digits between 0 and 9.
The classical data for each image are first processed by the
PCA, as shown in Fig. 2, which allows us to select ele-
ments from the largest contribution. With the PCA, the kth
image data are represented as a vector �I (k) = ∑784

j =1 c̃j �vj ,
where the j th element is the j th contribution among the
784 elements. Although it is possible to encode all 784
values to the quantum input state, it may require a com-
plicated quantum circuit; instead, we select the 2N largest
contribution elements to encode to the quantum input state.
These 2N values are encoded to each qubit by single-qubit
rotations only; for the lth qubit, the mapping is c̃l → θl and
c̃N+l → φl and the quantum input state for the lth qubit is

|ψl〉 = cos
θl

2
|0〉 + eiφl sin

θl

2
|1〉. (3)

This model of the discrete-time crystal with parameters
J0T = 0.06, α = 1.51 shows a scale-free nature around the
value ε ∼ 0.03, as shown by the degree distribution of each
network in Fig. 3(b), and as the number of qubits increases,
the power-law distribution becomes more prominent [25].
The coupling strength corresponds to the weak coupling
regime.

Now in the M layer, we measure the output state |ψ(k)
f 〉

in the computational basis (the single-qubit Z basis) and
extract the classical data associated with it. The classical
data we obtain here are the population density of the wave
function of the final state, and in a real experiment we can
statistically obtain such data by repeating the procedure a
number of times. In our numerical analysis we calculate
the final state numerically using the Floquet operator (2)
instead of applying a sampling method. We note that there

is no feedforward in these repeating processes. The dis-
tribution of the population density is then renormalized to
have an average 0 and variance 1 for the convenience of
the classical data analysis on ONN to stabilize the classi-
cal optimization. The renormalized distribution �x(k) is the
output of the M layer.

The output �x(k) is then weighted with the weight matrix
W of the ONN. We follow a method widely used in pattern
recognition (see the appendices for details) to obtain the
output of the computation �y(k).

IV. PERFORMANCE AND PROPERTIES

We begin by first training our ONN with 60 000 samples
using gradient decent, back propagation, and the minibatch
method, where we evaluate the accuracy rate for the test
samples. To evaluate the optimal value of ε, we calculate
the ε dependency of the performance for both training and
testing.

Firstly, we evaluate how the accuracy rate for testing
changes with the number of epochs for each value of ε.
The black line in Fig. 3(a) shows the accuracy rate with-
out the quantum reservoir with the full classical input data
(784 PCA elements). We use this case with no quantum
reservoir to benchmark the performance that the QERC at
least needs to achieve. Otherwise, the quantum reservoir
would not give any benefits to the computation.

The gray line is for ε = 0, and interestingly we observe
that the reduction of the classical information at the input
layer does not significantly affect the accuracy rate. This
indicates that the nonlinear map between the classical data

0 0

PCA map

MNIST image Input layer

1 N2

x

y

zPCA

FIG. 2. Schematic diagram detailing how the 2N parameters
are extracted from a sample image and encoded onto N qubits.
The left top box shows that the kth image from the MNIST image
set requires 784 parameters to represent the data in full. In the
PCA map (the bottom box), the PCA is used to select the 2N
most influential parameters, and a pair of parameters (cl, cl+N ) is
encoded on one qubit by single-qubit rotations. Panel (c) shows
the input state of the quantum reservoir.

064044-4



QUANTUM EXTREME RESERVOIR COMPUTATION. . . PHYS. REV. APPLIED 17, 064044 (2022)

0 20 80 100
Epoch

1.00

0.96

A
cc

ur
ac

y 
ra

te
 (

te
st

in
g)

(a)

(b) 0.3

0.2

0.1

0.0
1 10010 0.00 0.02 0.06 0.080.04

k

0.88

0.92

P
(k

)
(c)

ONN
0.00

0.05
0.07 0.09

0.030.01

Best 
Average 
ONN

Best 
Average 
ONN

Training

1.00

0.90

0.92

0.94

0.96

0.98

A
cc

ur
ac

y 
ra

te
 

0.05
0.07
0.09

0.03
0.01

40 60 Testing

0.10

FIG. 3. Performance of the QRC. Plot (a) shows the accuracy
rate versus the number of epochs for each value of ε. The number
of periods for the time evolution of the quantum reservoir n is 50,
and the coupling strength J0T = 0.06. The degree distribution of
the network for the efficient Hamiltonian for each ε is plotted
in (b), where k is the degree (the number of links) at each node
and P(k) is the number of nodes for the degree of k. To optimize
the ONN, we employ stochastic gradient decent with minibath
size 100. Plot (c) shows the average with the associated standard
deviation and best accuracy rates for both training and testing.
The average and the standard deviation are taken for 90 to 100
epochs. The number of qubits is N = 11.

and the quantum state as well as the application of PCA
helps to push up the accuracy rate.

In Fig. 3(a), the accuracy rate for testing quickly goes up
high for ε values 0 to 0.03. The optimality peaks around
ε = 0.03 and gradually reduces when ε gets larger. The
degree distributions of the network for the effective Hamil-
tonian with ε = 0.01 to 0.03 exhibit the scale-free nature,
as shown in Fig. 3(b). The near optimality of the perfor-
mance for both the accuracy rate and the speed of learning
can be obtained in the regime of the effective Hamiltonian
with the scale-free nature. The computational time for the
quantum reservoir in this comparison is set to 50 steps.
Figure 3(c) shows the ε dependency on the accuracy rate
for training and testing. The stability of the performance is
also better in the region of scale-free networks. The system
size of the quantum reservoir is N = 11.

Next, we show the dependence of the accuracy rate on
the computational time of the quantum reservoir. As the
model for the quantum reservoir has a period, we use the
number of periods n for the computational time. Figures
4(a-1) and 4(a-2) show the n dependency of the accu-
racy rate for training (a-1) and testing (a-2). The accuracy
rates nearly saturate around n = 50, and this number of
periods is feasible in comparison to the current ion-trap
technology [28].

The scaling of the performance is another important ele-
ment. Figures 4(b-1) and 4(b-2) show the dependency of
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FIG. 4. Performance of the QRC with time (nT) and size (N ).
The top two figures plot the average with the associated standard
deviation and best accuracy rates for training (a-1) and testing
(a-2) for the different periods with N = 11. The bottom two fig-
ures show the size dependency of the accuracy rate for training
(b-1) and testing (b-2). The parameters are set as J0T = 0.06 and
ε = 0.03. The average and the standard deviation are taken for
90 to 100 epochs.

the accuracy rate on the system size N for the quantum
reservoir. With a larger N , we exponentially increase the
dimension of the feature space and linearly increase the
number of PCA elements to be input. The accuracy rates
for both training and testing go up as the system size N
increases. In fact, only two extra qubits from N = 7 to 9
gives a nearly 4% improvement in the accuracy for testing.

Our model does not have disorder among the qubits;
however, it might be more realistic to have a small disorder
among the qubits in a real system. The scale-free nature
of the effective Hamiltonian is usually evaluated statisti-
cally over the disorder distribution. Our system is limited
in size, and hence this statistical property has fluctuations;
some instances show a power-law distribution clearer than
other instances. In particular, the case of no disorder can be
slightly special. When the system size N is even, the sys-
tem could acquire an additional symmetry and the degree
distribution is less power law than in the case of an odd
number N . Although we can see the slight slowdown in the
accuracy rate increase in Fig. 4(b-2), the numerical calcu-
lations show that the effectiveness of the quantum reservoir
is stable when the disorder is small and is not sensitive
to the degree distribution of each instance as long as the
parameter ε is chosen from the right parameter regime.
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V. OVERFITTING AND DROPOUT

One of the most common problems with machine learn-
ing is overfitting, and our model is no exception. The gap
between the accuracy rates for the training [Fig. 4(a-1)]
and the testing [Fig. 4(a-2)] gets larger as the learning pro-
gresses, and the accuracy rate for training in Fig. 4(b-1)
almost reaches unity at N = 11. This suggests overfit-
ting. To capture this more clearly, we plot the difference
between the accuracy rates for training and testing in
Fig. 5(a). Here we observe that the blue line does not
saturate. To address this, we introduce dropout to the
ONN. Dropout is one of the techniques developed in clas-
sical machine learning to circumvent overfitting by ran-
domly erasing information in neural networks, as shown
in Fig. 1(d). It is not commonly used due to the computa-
tional cost associated with the technique [34]; however, in
our case the cost of dropout is minimal due to the struc-
ture of the classical network (ONN). Figure 5(a) shows
the accuracy gap between the training and testing for
four different degrees of dropout ranging from 0%–15%.
When dropout is introduced, overfitting is significantly
suppressed.

Now we reevaluate the accuracy rates for the QERC
model. Figures 5(b) and 5(c) show that we can achieve the
best performance for testing with 5% dropout for N = 11,
while Fig. 5(c) shows the accuracy rate for testing sam-
ples with a 5% dropout for different values of ε. The
performance of the QERC model slightly increases with
dropout, with a maximum accuracy rate for testing of
97.1% (average) [97.3% (best)], and hence dropout suc-
cessfully suppresses the accuracy rate for training and
increases it for testing for a larger N where the overfitting
is more severe.

It is interesting to have a comparison between the QERC
performance and its classical counterpart. The best com-
parison would be a test for the approaches that put both on
an equal footing; however, it is rather unpractical to com-
pare on an equal footing all aspects of the computational
models. Here, we present a simple comparison between the
QERC and a classical ELM with the random network as
large as the network on the Hilbert space of the quantum
reservoir, so that their learning times (optimization times)
remain the same. The training and testing accuracies of the
classical ELM are about 100% and 95.9%, respectively.
Here, we optimize it with minibatch 100 and 200 epochs.
This indicates that QERC has a higher performance in the
testing by about 1%. Interestingly, its overfitting is smaller
than that of the classical ELM, and there is an exponential
compression in the physical resources (the number of bits
or qubits), though the computational time for the quantum
reservoir is not discussed here.

It is also useful to provide a brief comparison of the
QERC with quantum classifiers using qubits. There are a
number of approaches for quantum classifiers; however,
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FIG. 5. The effect of dropout on the accuracy of the QERC.
Panel (a) shows the accuracy rate difference between training and
testing for each dropout. The difference for all nonzero dropout
rates saturates as the learning proceeds, which indicates that
overfitting can be suppressed by dropout. Panel (b) shows the
accuracy rates for training (top lines) and testing (bottom lines)
to choose the best rate for dropout, which is D = 0.05 (5%) in
this case. Overfitting can be further suppressed by increasing D;
however, the overall performance starts to drop for large D. Panel
(c) shows the ε dependency on the accuracy rate for testing with
5% dropout. All other parameters are the same as in Fig. 3. We
increase the number of epochs to 200 in order to obtain enough
network realizations with dropout. We evaluate the average and
the best accuracy from 190 to 200 epochs.

for this comparison, we choose the classifier based on ten-
sor networks [35], which classifies the ten handwritten
digits using the MNIST dataset. This approach uses over
700 qubits to achieve testing accuracies of 95.5% and
97.0% [35,36]. This was a reason for the common belief
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that a relatively large number of qubits would be neces-
sary for a quantum classifier for the digits. Our QERC uses
a significantly smaller number of qubits to classify the ten
handwritten digits and is highly compatible with current
NISQ technology.

VI. CONCLUSION

We have shown that our proposed quantum extreme
reservoir computation model presents a quantum advan-
tage for classification tasks. Our model is significantly
simpler by eliminating the necessity of quantum program-
ming and quantum or classical feedforward to the quantum
processor. We have also shown that the quantum reservoir
can be implemented using a DTC, the realization of which
has already been demonstrated experimentally in many
physical systems. The coherence time achievable with the
current ion-trap technology is much longer than the neces-
sary coherence time for this model [28]. The quantum gain
is visible with the quantum reservoir formed by a system as
small as N = 8, which is feasible for a number of different
physical realizations.

Our model is applicable to other classification problems.
In particular, the quantum reservoir remains the same when
running different tasks. Thus, the quantum reservoir can be
used as an all-purpose accelerator or booster for numer-
ous classification problems. To illustrate this capability, we
show that our model with exactly the same quantum reser-
voir with N = 8 can be used to solve a typical nonlinear
classification problem in Appendix E.

Our analysis shows that the complexity on the feature
space is crucial for QNNs, and it suggests that the varia-
tional model is not necessarily important, which to some
extent agrees with the recent observation of the role of
the feature map in VQAs [13]. The results of this paper
provide a route to investigate the properties of quantum
dynamics to gain quantum advantage for computing tasks,
and our scheme has paved the way for a practical quantum
computation platform.
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APPENDIX A: PRINCIPLE COMPONENT
ANALYSIS

In our model, PCA is used to effectively encode the clas-
sical information to the quantum hidden layer, as shown in
Fig. 2. The kth MNIST image is converted to the vector
�I (k). The basis vectors {�vj }j =1,...,784 for this vector repre-
sentation need to be optimized with the sample data. Once
the basis vector set has been optimized with the sample

data, the same set is used to represent the test images. The
conversion c̃l → θl or φl is given by

θl or φl = π(c̃l − min [c̃(train)
l ])

max [c̃(train)
l ] − min [c̃(train)

l ]
, (A1)

where max [c̃(train)
l ] and min [c̃(train)

l ] mean the maximum
and minimum values of c̃l across all the training sam-
ples, respectively. Here, we note that, for the case where
θl or φl goes beyond the range [0,π ] with testing samples,
we truncate the value. Because of the optimization of the
basis vectors, the loss of information by the reduction from
784 elements to the 2N highest contribution elements is
minimized.

APPENDIX B: ONN WITH THE M LAYER AND
THE OUTPUT LAYER

The ONN is a one-layer neural network of the M layer
with m active neurons and the output layer with n active
neurons; the ONN can then be optimized. Thus, the dimen-
sion of its weight matrix is m × n. The number of neurons
in the M layer can in principle be as large as m = 2N

(where N is the number of qubits); however, when we
apply dropout, we randomly eliminate the active neurons
in this layer, as illustrated in Fig. 1(d). Only when we
obtain the black line in Fig. 3(a) for the case without the
quantum reservoir and the measurement in the M layer do
we use the full PCA elements with size m = 784.

At the output layer, the number of neurons is n, which is
the same as the number of classes of task. In the case with
the MNIST dataset, there are ten neurons (n = 10), each
corresponding to a digit to be recognized. At the output
layer the effects of the weight matrix is summarized and a
shift �B is applied as

ul =
m∑

i=1

xi × wi,l + Bl, (B1)

where xi is the ith element of the output of the M layer �x
and bl is the lth element of the shift �B. As our computa-
tional task is pattern recognition, we insert the activation
function f to convert the data �u to �y as �y = f (�u).

For the activation function, we employ the soft-max
function [37,38], which is widely used in classification
problems [37,38]:

yl = f (xl) = exp(xl)
∑

k exp(xk)
. (B2)

We define the lost function Lk for the kth sample by the
cross entropy as

Lk = −
n∑

l

t(k)l log(y(k)l ), (B3)
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to evaluate the learning progress. Here �y(k) is the out-
put vector, while �t(k) is a one-hot vector, that is, a basis
unit vector of the ten-dimensional vector space. The one-
hot vectors represent the correct result and are hence the
reference for the evaluation of the output of the ONN.
Then we apply gradient descent, back propagation, and the
minibatch method to optimize the ONN.

APPENDIX C: GRADIENT DESCENT AND BACK
PROPAGATION

The weight matrix (wij ) and the shift vector (Bi) are
optimized using the gradient descent method, through

w(n+1)
ij = w(n)ij − η

∂Ll

∂wij
, (C1)

b(n+1)
i = b(n)i − η

∂Ll

∂bi
, (C2)

where η is a learning rate. To calculate the derivatives, we
use the back propagation method. Applying the chain rule
with Eqs. (B1)–(B3), we have

∂Ll

∂wij
= xl,i(y

(l)
j − t(l)j ), (C3)

∂Ll

∂bi
= (y(l)j − t(l)j ). (C4)

APPENDIX D: MINIBATCH METHOD

We use the minibatch method to reduce the computa-
tional cost and to avoid local minima. In this method, the
loss function is now the average of the loss function for
each sample and is given by

L = 1
M

M∑

l=1

Ll, (D1)

where M is the batch size and Ll is the cost function for the
lth sample. The hidden layer can be written as the matrix

X =

⎛

⎜
⎝

�x1
T

...
�xM

T

⎞

⎟
⎠ . (D2)

In this method, the derivative for the weight matrix is given
in matrix representation by

∂L
∂wij

= 1
M

X T ·

⎛

⎜
⎝

�y(1) −�t(1)
...

�y(M ) −�t(M )

⎞

⎟
⎠ . (D3)

The derivative for the bias vector is then a sum of each
derivative:

∂L
∂bi

= 1
M

M∑

l

∂Ll

∂bi
. (D4)

APPENDIX E: ISOTROPIC GAUSSIAN SAMPLES

Our previous results demonstrated the classification task
of the MNIST dataset using quantum extreme reservoir
computation. We employ the 2T-DTC model as the Flo-
quet quantum system and show that the classification
performance is higher in the parameter regime where the
DTC melts, and therefore the network is in the scale-free
regime.

The fundamental question is whether our quantum
extreme reservoir computation model can be applied to
other classification problems. Since our model has an opti-
mized one-layer classical neural network, it is guaranteed
to solve any linear classification problem. However, it is
not obvious whether it can solve other nonlinear classifica-
tion problems. Given it’s extreme machine learning nature,
it does seem possible—especially given the complexity of
the huge networks provided by quantum systems. To reveal
the relationship between the time evolution of a quantum
system and its classification ability for nonlinear prob-
lems, we use isotropic Gaussian samples with two classes
(red and blue) in a two-dimensional space, as shown in
Fig. 6(a).

In our quantum extreme reservoir computation model
the initial state of the quantum system is determined by
only 2N parameters, where N is the total number of qubits
in the system. In the current two-class Gaussian distri-
bution example, each sample point is determined by two
values and so can be fully encoded. For the kth point �I (k) =
(I (k)1 , I (k)2 )T, we can determine our two angles (θ(k),φ(k)) as

θ(k) or φ(k) = π(I k
1 or 2 − min[I])1 or 2

(max[I]1 or 2 − min[I]1 or 2)
. (E1)

Here, since we are considering supervised learning,
we assume that we have a prior training dataset, I =
(�I (1), . . . , �I (k), . . .), in advance. Thus, min[I]1 or 2 and
max[I]1 or 2 mean minimum and maximum values of each
component (I (k)1 , I (k)2 ) across all training data, respectively.
Thus, one can encode the kth point into the qubit defined
in Eq. (3), where θk and φk depend on that point. Then, the
initial state of N qubits for the point (�I (k)) is given by

|ψ(�I (k))〉i = |ψ〉1 ⊗ |+〉2 ⊗ · · · ⊗ |+〉N . (E2)

with |+〉l = (|0〉 + |1〉)/√2.
We use the 2T-DTC model used in the main text as

a quantum system to classify the sample points of this
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FIG. 6. Isotropic Gaussian samples in two-dimensional space and quantum extreme reservoir computation performance with period
(nT). Panel (a) shows the isotropic Gaussian samples with two labeled classes, red and blue. Panel (b) shows the accuracy rate of the
classification for training samples. The insets show the results of the classification for different periods nT = 0, nT = 10, and nT = 50
with 2T-DTC parameters N = 8, J0T = 0.06, ε = 0.02, and α = 1.51.

distribution. Figure 6(b) shows the classification accuracy
versus period. Similar to the MNIST results, we see that
the quantum system must be sufficiently time evolved
to obtain a neural network with high expressive power.
For example, at nT = 0, the representativeness of the QR
network is poor, and only linear separation is possible. At
nT = 50, our accuracy is raised to near 100%. For the test-
ing accuracy, we instead generate the boundary maps from
the trained network, as shown in the insets of Fig. 6(b).
As the period increases, the results precisely reflect the
Gaussian distribution from the training.
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