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The quantum Hall system possesses topologically protected edge states, which have enormous theo-
retical and practical implications in both fermionic and bosonic systems. Harnessing the quantum Hall
effect in optical platforms with lower dimensionality is highly desirable with synthetic dimensions and
has attracted broad interests in the photonics society. Here, we introduce an alternative way to realize the
artificial magnetic field in a frequency dimension, which is achieved in a pump-probe configuration with
cross-phase modulations in a one-dimensional four-waveguide array. The dynamics of the topological chi-
ral edge state has been studied and the influence from the crosstalk of the pump fields has been explored.
Our work shows an all-optical way to simulate the quantum Hall system in a photonic system and holds
potential applications in manipulating light in waveguide systems.
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I. INTRODUCTION

The quantum Hall system, as the well-known topo-
logical system, has attracted great attention since its
discovery at 1980 [1], and stimulates the flourish-
ing field of topological insulators [2,3]. Simulating
the quantum Hall effect in photonics has experi-
enced rapid progress in the past decade, which offers
rich potential applications towards generations of opti-
cal devices [4-8]. The photonic analog of quantum
Hall system has been successfully demonstrated in
such various platforms as photonic crystals [9,10],
coupled resonator optical waveguides [11,12], polaritonic
[13], and optomechanical systems [14]. In particular, the
realization of artificial magnetic field [15—18] provides an
alternative way to simulate topological photonics systems.

However, it is fundamentally challenging to generate
the effective magnetic field in real spaces, and, as alter-
native ways, there are several methods developed in the
synthetic space [19-24]. The concept of synthetic dimen-
sion has been widely studied in different optical sys-
tems [25-27]. Among these, synthetic dimension based
on the frequency axis of light has experienced an increas-
ing amount of investigations [28—34], and turns out to
be one of the most promising candidates for emulat-
ing topological physics. The original theoretical proposal
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in ring resonators utilizes multiple resonant modes con-
nected through dynamic modulation of the refractive index
inside the ring [20,21]. On the other hand, nonlinear all-
optical techniques have been exploited to achieve one-
dimensional frequency dimension either by cross-phase
modulation [35-37] or four-wave mixing procedure [28].
These all-optically pumped systems present a fast and
efficient approach to manipulating physics in a synthetic
dimension. Nevertheless, in realizing the quantum Hall
model in all-optically pumped systems with synthetic
dimensions might be affected by the crosstalk from sep-
arated pump optical fields. Understanding this effect can
thus shed light on exploring topological phases in all-
optically pumped systems.

Here, we propose a viable all-optical model in a one-
dimensional waveguide array to create a photonic quantum
Hall system in a synthetic space including the frequency
axis of light. In particular, we consider the light propa-
gation inside four coupled waveguides, each of which is
driven by a pump laser so a synthetic two-dimensional
lattice is configured through cross-phase modulations
[38,39]. We then find an alternative implementation of the
effective magnetic field based on independently design-
ing the phases of pump laser fields. In this manner, we
create a photonic analog of the quantum Hall model.
Moreover, we identify the parameters for the crosstalk of
pump lasers supporting the chiral edge states and show
phase transitions to parameter regions where the topology
breaks down. Of note, our scheme not only simulates the
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optical counterpart of a nontrivial topological system, but
also shows an all-optical way to control the topological
system, which could be useful in developing laser-based
technologies [40].

II. THEORETICAL MODEL

It has been shown that a probe field propagating inside a
single waveguide under the influence of a co-propagating
pump can construct the synthetic frequency dimension
via cross-phase modulation [35]. We first summarize such
behavior here. The evolution of the probe-field amplitude
u® along the z direction can be described by [35,39]

a 0 ;
(’az + ZAaz + V(t)) uw =0, €))]
where A represents the group-velocity mismatch between
the pump and the probe fields. V(¢) = |u”(¢)|> describes
the time-dependent effective potential for the probe field
propagating through the waveguide. In deriving Eq. (1), a
reference frame where the pump field is at rest has been
chosen, which results in the walk-off mismatching param-
eter A, and the probe field is assumed to be weak enough
to neglect its self-phase modulation.

Although the shape of the pump field as the writing laser
beam can take any form, of most interest to us is the period-
ical cosine-shape form as V(¢) = Py (cos(2f) + 1), with Py
being the peak power of the periodic field and €2 being the
modulation frequency, which can be utilized to construct a
synthetic lattice structure in the frequency dimension [35].
Therefore, Eq. (1) describes the dynamics of the probe field
in a dimension along the frequency axis of light. This fact
can be seen if one Fourier transforms Eq. (1) with respect
to time as F(w) = f dt® (H)exp(iwt) /2, which yields

(ii + wA + 2yP0> U (w)
0z
+yPy[U(w— Q)+ UF(w+2)] =0, 2)

where y denotes the nonlinear coefficient of cross-phase
modulation. Furthermore, by the introduction of discrete
spectral amplitudes a, = U°(wy + n€2, z)exp[—i(wo A +
2k)z], we obtain [35]

0
(18— -+ nAQ) an +« (ay—1 + aps1) =0, (3)
zZ

where the modulation strength « = yPy. Equation (3)
reveals that the spectral component of the probe field at
a frequency w, = wy + n<2, where wy is a reference fre-
quency and 7 is an integer, couples to two nearby spectral
components at wy + (n £ 1)2. As such, a synthetic fre-
quency dimension for the probe propagating along z is

constructed utilizing the sideband generation induced by
the cross-phase modulation from the pump field.

Based on the all-optical construction of a frequency
dimension, we now show that a photonic Hall lattice in
a pumped waveguide array can be realized. Light propaga-
tion in the synthetic dimensions is illustrated schematically
in Fig. 1(a). Our system consists of four waveguides,
which form a one-dimensional array. A probe field prop-
agates along the waveguide array under the influence of a
co-propagating pump in each waveguide via cross-phase
modulations. Under a tight-binding description, the probe
field hops between nearest-neighbor waveguides. In such a
nonlinear optical system, the evolution of the probe field is
described by

0 a , ‘ ,
(ig + iAa_t + Vl(t)> u+g (u‘}_l + u‘}+1) =0, 4

where g is the coupling coefficient of the probe field when
it is propagating in the pumped waveguide array, and / =
1,2,3,4. Again, applying the same procedure as discussed
above, we find that the dynamics of the probe field is given
by

0z
+ g (ani—1 + ani1) = 0. ()

0
(i— + nAQ) an + K (an—l,l + an+1,1)

In fact, Eq. (5) describes the dynamics of the probe field
in synthetic two-dimensional space, which consists of a
spatial dimension and a frequency dimension. Hence the
equivalence of a two-dimensional lattice shows up.

The strategy to obtain an all-optical equivalent of quan-
tum Hall system in the synthetic dimension is to intro-
duce phase modulation for the individual pump fields.
Specifically, for a scheme of (0,7 /4,7/2,3m/4) assigned
to the phase of the pump fields in waveguides 14
accordingly, we are led to introduce the phase struc-
ture of (0,7 /2,7,37/2) sensed by the probe according
to the cross-phase modulations. In Eq. (4), explicitly,
we thus have V;(f) = Py (cos(Q2t+ ¢;) +1) with ¢; =
(0,7/2, 7,37 /2). Therefore, in a pumped four-waveguide
system, the /2 phase difference between the neighboring
waveguides implements the Landau gauge, and gives rise
to a magnetic flux equal to 1/4 per plaquette [41]. In this
way, the equation of motion of the probe field becomes

0z
+ g (ani—1 + ani1) = 0, (6)

0 . )
<i— + nASZ) ay; + K (Cl,,,uelqbl + an+1,16_l¢[)

which corresponds to a charged particle on a square lat-
tice subjected to a magnetic field and an electric field. This
is analogous to the Schrodinger equation where the roles
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FIG. 1. (a) Schematic of probes propagating in the

one-dimensional pumped waveguide array. (b) Synthetic
two-dimensional lattice consisting of spatial and frequency
dimensions, corresponding to the waveguide array in (a). WG
denotes waveguide.

of time, ¢, are replaced by the propagation direction, z. If
the effect resulting from the electric field is negligible, i.e.,
nAQ « k, we can focus only on the magnetic field, which
gives rise to the corresponding Hamiltonian

e X[ i)
+ g (ay',,zan,l+l + al,l+1an,1):| 5 (7)

where al’,(an,,) is the bosonic creation (annihilation) oper-
ator. This Hamiltonian informs that the frequency space
contributes to one of the dimensions (labeled by the n),
as shown in Fig. 1(b). The resulting Hamiltonian is rem-
iniscent of the well-known Hamiltonian of the Harper-
Hofstadter model [41,42]. The Harper-Hofstadter model
provides the scheme to realize the quantum Hall effect
on a lattice in a rational magnetic field ¢ = p/q with
mutually prime integers p and ¢, with one exception:
p/q =1/2 [43,44]. Hence, in our model, we propose
to realize the Harper-Hofstadter model on a square lat-
tice with ¢ = 1/4, which means that four waveguides
can construct the magnetic unit cell. For infinite system
or system with periodic boundary condition, the nontriv-
ial topological property of the Harper-Hofstadter model
is characterized by the first Chern number (a nontrivial
Thouless-Kohmoto-Nightingale-den Nijs (TKNN) invari-
ant) of each band [45]. For a finite system, the topological
signature manifests itself in the chiral edge state implied

by the bulk-boundary correspondence [46,47]. Here we
consider such a kind of finite system consisting of four
waveguides as a minimalist approach, which not only can
be used to illustrate the all-optical control of the pho-
tonic Hall lattice, but also holds potential feasibility in
applications.

We emphasize that, under the all-optical configuration,
the crosstalk from separated pump optical fields in nearby
waveguides come into play and have a role in the dynam-
ics of the edge states, which therefore requires careful
examinations. Following the coupled-mode theory [48—
50], we can write the evolution of pump fields along each
waveguide with nearest-neighbor couplings

9
i g () + ) = ®)

where g’ represents the coupling coefficient for the
pump fields. Consequently, we obtain position-dependent
pump power P;(z) = [u} (z)|?, and thus have a position-
dependent modulation strength «;(z) = yPi(z), together
with the phases ¢;(z) changing accordingly for the probe
field propagating in the /th waveguide. Therefore, the
working Hamiltonian depending on propagation distance
z becomes

H() = Z[KKZ)( gt g, 1+ €O ]anl)

n,l

+ g( Ay, 19n,l+1 +a, [+1an1)] )

Hamiltonians (7) and (9) are the working equations of
our paper, that we use to simulate the quantum Hall-like
Hamiltonian (Harper-Hofstadter Hamiltonian) in a syn-
thetic dimension with taking into account the intrinsic
pump crosstalk. In view of the inevitable crosstalk of pump
fields, we point out that understanding the role of the
influence of pump fields in such an all-optical system not
only is necessary, but also could provide a flexible way to
manipulate light in such photonic Hall lattice.

II1. RESULTS AND DISCUSSION

A. Simulation of quantum Hall effects in the
synthetic space

As the first demonstration, we begin our numerical
analysis by considering the four-waveguide system with
independent pump beams. In other words, we ignore the
crosstalk between pump fields for the moment so each
pump beam affects only the probe field in each waveguide,
i.e., k;(z) = k;(0) = . In this case, the system is exactly
described by Hamiltonian (7). The topological property
of this synthetic system manifests itself in the existence
of topologically chiral edge states crossing the band gap.
By assuming infinite modes along the frequency axis, we
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calculate the projected band structure with a Hamiltonian
versus ky, which is reciprocal to the frequency dimension
[34]:

H/?/' = Z |:2Ka};f Jak/. i COS(kf Qf - ¢1)
!

+g (a,tf,lakf,lﬂ + aZfJHa/V,z)] . (10)

The projected band structure is shown in Fig. 2(a). Since
we have four waveguides that support a synthetic lattice
with four rows [see Fig. 1(b)], four separate bands can
be seen in Fig. 2(a). One can see that there is a small
gap near the energy € at approximately 1.7¢g and —1.7g.
This is the result from the large edge-to-bulk ratio given
that only four rows are included in the synthetic lattice.
Yet, the chiral edge states still exist, of which the field
intensity of the states decay exponentially into the bulk
[Fig. 2(b)]. One notes that, for an infinite lattice described
by Eq. (7) with ¢; = (I — 1)z /2, the resulting four bands
have Chern numbers as 1, —1, —1, 1, respectively, where
the middle two bands touch each other at the degenerate
points [51,52].

To better study the characteristic of the edge states, we
simulate the transport of the wave function of light in
a 4 x 20 synthetic lattice, i.e., only 20 frequency modes
are considered in simulations. Artificial boundaries at the
frequency dimension are considered. Such a boundary in
frequency space can be constructed by engineering the
dispersion of the waveguide to create a natural vague
boundary [20,29,53]. If the dispersion around considered
modes is linear, meaning that the group-velocity disper-
sion or the higher-order dispersion in the frequency regime
of interest can be neglected, the pump-induced coupling is
effective and as a result nearby spectral components can
be connected without restriction. Nevertheless, if near a
particular spectral mode, the dispersion relation becomes
largely nonlinear, the coupling between this particular
spectral mode and another nearby mode become ineffi-
cient, failing to connect two synthetic sites. Following this
sense, this particular mode gives an artificial boundary
in the frequency axis [20]. Another possibility is to use
the atom at a transition frequency resonant with a target
spectral mode in waveguides, so the frequency near such
a mode experiences large dispersion due to the resonant
energy splitting [54].

We write the wave function of light as [34]

V@) = vua),l0), (11)
n,l

in which v,; is the probability amplitude of the pho-
ton state at site (n,/). By substituting Eq. (11) into the
Schrodinger-like equation id|WV(z))/dz = H|WV (z)), we

find the governing working equation is

d . :
. —1 1
Uy = =ik (Vng106” " + V167

dz
—ig (Vg1 + Ung—t1) + 58,1181, (12)

Note that to excite the system, a source excitation s =
e "2k has been adopted, which is applied to excite the 11th
frequency mode in the first waveguide. Here, Ak is the
wavevector mismatching with respect to that of the consid-
ered mode [54], and such an excitation can be achieved by
using the traveling excitation field propagating inside an
additional waveguide weakly coupled to the first waveg-
uide of the system [55]. In Fig. 2(c), we show the cal-
culated distribution of the intensity |v,|? in the synthetic
lattice at the propagation distance z = 40g~!. One can see
a one-way propagation of the edge state in the synthetic
space, i.e., the edge state propagates unidirectionally along
the boundaries of the synthetic lattice. It is instructive to
investigate the average intensity spectra, /,,; = f |V, [)?dz.
The values of |v,,,1|2 are related to the number of photons at
each lattice site (n, /), and therefore [,; gives the average
intensity spectra for the probe field propagating through
each entire waveguide, which is plotted in Fig. 2(d). Our
results here show that the energy of the probe is confined
on the boundary of the synthetic lattice and cannot dif-
fuse into the bulk in the pumped waveguide system. It
turns out that by all-optically controlling the phase pat-
tern of the pump fields, we can manipulate the photonic
lattice, enabling a transition from trivial to topological
regime (see Parts S1 and S2 within the Supplemental
Material [56]).

B. Coupled-mode analysis on the crosstalk of pump
fields

To explore the role of the crosstalk between pumps, we
now perform the analysis based on the coupled-mode
theory [48-50] to study the interactions of pump fields in
different waveguides. In particular, we numerically solve
Eq. (8) with initial conditions [i4 (0), 1/5 (0), 1£; (0), 1, (0)] =
uo[1, exp(in /4), exp(ir /2), exp(3ir /4)]. This initial con-
dition for pumps indicates that four waveguides are
pumped by optical fields at the same intensity but differ-
ent phases, which is exactly what we use in the previous
subsection. However, here, we consider changes of pumps
propagating through waveguides due to the crosstalk. We
take two examples under different coupling coefficients for
the pumps: g’/g = 0.001 and g'/g = 0.01. In Fig. 3, we
plot the simulation results of powers P;(z) and the resulting
phases ¢;(z) = 2Arg[i/] (z)] of pumps in each waveguide
versus the propagating distance z.

Figure 3(a) clearly shows that powers P; become posi-
tion dependent for g’/g = 0.001. The pump powers in
waveguides 1 and 2 decrease from their initial values
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FIG. 2. (a) Projected band structure
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(@) (b)
20 2.0 :

s —WG1—WG3 7(3[ —0,

= WG2—WG 4 ‘

& by —0,

T 15 glg=0.001 s

=

g 10 , T

3 1.001 ¢ S

;t—;@ 0.5 1.000 ———m8 —— 0.5

S 0.999

“ ) 50 | 0.0 e
0.0 0.0

20 40

8z

60 0

2

Waveguide index /

3
Waveguide index /

versus k; for the four-waveguide sys-
tem. (b) Field intensity distributions of
the two edge states indicated by red and
blue dots in (a), which are localized on
the two boundaries and decay exponen-
tially into the bulk. (¢) Distribution of
[v,1? in simulation in a 4 x 20 lattice,
with the initial excitation source being
s = e 2% with Ak = —2g applied in
the 11th mode of waveguide 1 denoted
by the arrow, to excite the exact edge
state with a red dot in (a). The uni-
directionally propagating chiral edge
state is indicated by dashed purple
arrows. Depicted is the field profile at
z =40g~!. (d) The average intensity
spectra [,; for the probe field at each
waveguide.

3 4

4 Frequency mode n

coupling coefficient increases, such as g’/g = 0.01, the
impact of the crosstalk gets larger, which is illustrated in
Fig. 3(c).

The crosstalk of the pump fields not only affects
the power redistributions, but more is more, it brings
disorder into the phase distribution of the pump field
inside each waveguide, as plotted in Figs. 3(b) and 3(d).
Comparing the results with different amplitudes of g’ in
Figs. 3(b) and 3(d), one can see that for the weak cou-
pling case g’/g = 0.001, the phases for pump fields in
each waveguide experience a small linear change in the
propagation range of gz = 60. Moreover, phases in waveg-
uides 1 and 4 change more slowly than those in waveg-
uides 2 and 3. As the coupling coefficient of the pump
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FIG. 3. Simulation results of powers P;(z) and the resulting phases ¢;(z) = 2Arg[u§’ (2)] of pumps in each waveguide (WG). (a),(b)

g'/g =0.001; (c),(d) g’/g = 0.01.
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fields increases, all phases have been changed dramati-
cally within the same propagation distance. Therefore, the
coupled-mode analysis explicitly shows that the evolution
of the powers and phases of the pump fields depends on
both the coupling coefficient g’ and the propagation dis-
tance z, which shall affect the dynamics of edge states for
the probe field.

C. All-optical control of edge states

We are now in a position to take the coupled-mode
results for the pump fields into account and explore its
effect on the probe propagation. The fundamental differ-
ence between the Hamiltonian with the coupled pump
fields in Eq. (9) and Hamiltonian (7) that we study in Sec.
IIT A is that hopping coefficients for the probe field «;(z)
and phases ¢;(z) in the /th waveguide is no longer uniform
and identical, which are dependent on the pump field i/ (2)
in the array.

Firstly, we study the small coupling case, i.e., g'/g =
0.001. We perform simulations with Hamiltonian (9) using
the same parameters as those for Figs. 2(c) and 2(d), and
plot results in Figs. 4(a)-4(c). Figure 4(a) plots the dis-
tribution of the intensity |v,1,1|2 in the synthetic lattice at
the propagation distance z = 40g~!. Due to the crosstalk
between the pump fields in different waveguides, it shows
small deviation from the results in Fig. 2(c) where the
crosstalk is ignored. This small difference in two cases
can also be seen from the average intensity spectra /,;
plotted in Fig. 4(b), which shows that the most part of
the energy of the probe field is confined to the bound-
ary of the synthetic lattice. To better explore the energy
distribution, the boundary region and the bulk region of
the synthetic lattice structure are separated, and the aver-
age intensity distributed in the boundary and the bulk
sites are defined by Ipoundary and Tpuik, respectively. Specifi-
cally, the boundary region corresponds to all the frequency
modes in waveguides 1 and 4, as well as the highest and
lowest frequency modes in waveguides 2 and 3, while
the rest modes in waveguides 2 and 3 contribute to the
bulk region. Hence, following this specific separation rule

__ JWGI1 WG2 WG3
we can define Iboundary - Iboundary + [boundary + Iboundary +
[WG4

bomdarys ANd Toute = IVE2 4 W93 where the distribution
of the average intensity inside each part is depicted in
Fig. 4(c). One can see that the boundary part Ipoundary
contributes about 88% of the total energy in which the
frequency modes in waveguide 1 (I,;ffﬁlldary) account for
more than half of the energy of the edge state, whereas
the bulk part I, occupies approximately 12% of the
total energy. We thus find that the probe field exhibits its
edge state under the influence of a small crosstalk effect
(g’/g = 0.001) from the pump fields.

Secondly, we consider the case with the significant cou-
pling coefficient for the pump fields, e.g., g’/g = 0.01.
Figure 4(d) shows the intensity |v,|*> of the probe field

at the propagation distance z = 40g~!. One finds that,
at this distance, the probe field propagates into the bulk
region dramatically. More specifically, the energy distribu-
tion in the synthetic lattice tends to confine to all frequency
modes in waveguide 1 and waveguide 2. Figure 4(e) plots
the average intensity spectra /,;, which confirms this ten-
dency. In Fig. 4(f), we show the distribution of average
intensity inside each part we define in the previous para-
graph, where we find that the coupling coefficient for the
pump fields clearly redistributes energy in the boundary
region and the bulk region. By comparing the case with
g'/g = 0.001, we find that more energy is diverted from
boundary parts to bulk parts, resulting approximately 25%
in the bulk region. The result in the case with g’/g = 0.01,
as shown in Fig. 4(e), however, is that the probe field
gets the unidirectional frequency conversion and obtains
the peak power in the vicinity of the frequency mode
n = 15 in waveguide 1, while the energy of the probe pen-
etrates into the bulk near the 15th mode in waveguide 2.
Such a phenomenon comes from the competition between
the topological effect and the disorder in the modulation
strengths and the phases for the probe due to the crosstalk
from the pump fields.

To illustrate the influence of the crosstalk from the pump
fields in this all-optical configuration in more details, we
present the results of the numerically calculated ratio of
the average intensity of the frequency modes in the bulk
region to those in the boundary region, i.e., Jpuik /Iooundary>
as a function of the propagation distance and the coupling
coefficient for the pump fields, g/, as shown in Fig. 4(g). It
serves as a quantitative indicator to investigate the edge-
mode dynamics. More specifically, when the value of
Tvuik/Iboundary 18 smaller (larger) than 1, it represents that
the boundary (bulk) modes dominates at the parameter
space (z,g’). This phase diagram in Fig. 4(g) shows that
there exhibits edge state for small g’ or short propagation
distance. In such a parameter space, /youndary Changes con-
tinuously. However, in the region that lyyi/fooundary > 1,
this ratio undergoes oscillations in the parameter space
with large g’ and long propagation distance. We exam-
ine such behavior of the ratio /yuik/fooundary With different
choices of g’ in Fig. 4(h). One can see that, for g’ =0,
the propagating modes of the probe field on the bound-
ary of the synthetic lattice overwhelmingly dominates. In
the case with g’/g = 0.001, similar behavior can be seen
with small deviation. As the value of g’/g increases, more
energy is transferred from the boundary region to the bulk
region during the probe propagates. While it is still the
edge-mode dominates for the case with g’/g = 0.01 in the
propagation range gz = 60, in the case with g’/g = 0.03
the ratio Ipyk/Iooundary transit quickly to the bulk-mode
dominated region and oscillates with z from the reflec-
tion at boundaries in the synthetic lattice. In this case, due
to the relatively large crosstalk between the pump fields
in different waveguides during the propagation, the chiral
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FIG. 4. Simulation results in two cases with g’/g = 0.001 (a)—(c), and with g’/g = 0.01 (d)—(f), under the same excitation as dis-
cussed in Fig. 2. (a),(d) Distributions of |v,,|* for the probe field at z = 40g~". (b),(e) Average intensity spectra 7, for the probe field
at each waveguide. (c), (f) Distributions of the energy in different bulk and boundary parts. (g) Phase diagram of Iy /Ipoundary 3S @
function of the propagation distance and the coupling coefficient for the pump fields. Red dashed line denotes Ipyik /Thoundary ~ 1. (h)
Plots of Jyuik /fooundary as a function of the propagation distance for cases with g’/g = 0,0.001,0.01,0.03.

edge state cannot be maintained, making the quantum Hall
phase breakdown.

Our study can be further generalized to a larger system,
e.g., using ten pumped waveguides, where much smaller
edge-to-bulk ratio can be reached (see the Supplemental
Material for details [56]). We further note that our results
show only moderate protection from the pump crosstalk
in our proposed model, which indicates that the crosstalk
between different pumps indeed brings substantial effect on
the synthetic Hall lattice here. However, from a practical
point of view, it is useful to see the influence of the pump
crosstalk, and the resulting phase diagram in Fig. 4(g)
can be helpful for finding the suitable pump parame-
ter and propagation distance for furthering designing the
topological device.

IV. DISCUSSION AND CONCLUSION

Experimentally, the synthetic frequency axis of light via
cross-phase modulation has been observed in an optical
fiber system [36,37]. The demonstration of our theoretical
proposal consisting of a frequency dimension and a spatial
dimension requires an array of coupled waveguides, which
can be fabricated using the optical induction technique
[57,58] or the femtosecond laser direct-writing technique
[59,60]. To ignore the effective electric filed in the syn-
thetic two-dimensional lattice, it needs the condition that
yPy > nAQ, which can be matched by either choosing
materials with large optical nonlinearity or high pump
power, or considering a small walk-off parameter or modu-
lation frequency. On the other hand, in order to control the
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crosstalk from the pump optical fields, one can vary the
wavelength of the pump fields so that the coupling coef-
ficient of the pump fields in the waveguide array changes
accordingly [61—64]. Hence, the desired wavelength win-
dow allows one to tune the ratio of coupling coefficients
g’ /g. Moreover, there are several alternative experimen-
tal approaches, which have been demonstrated to be able
to control the crosstalk in waveguide systems, such as
examples of using transformation optics [65], anisotropic
metamaterials [66], and methods inspired from the atomic
physics [67,68]. Therefore, it is possible to construct the
two-dimensional synthetic lattice in a waveguide array and
control the crosstalk in such a platform under the current
photonic technology, making our proposal feasible to be
experimentally realized.

In summary, we study the light transport in a quantum
Hall system in the synthetic space, consisting of the probe
field propagating in a one-dimensional four-waveguide
array driven by pump fields at the designed phase distribu-
tion. The interaction between the pump and probe field via
cross-phase modulations inside each waveguide induces a
synthetic frequency dimension, and moreover, the phase
distribution of the pump fields provides an alternative
all-optical path towards the realization of artificial gauge
potential and hence effective magnetic field for photons in
the pumped waveguide array. We explore the dynamics of
the topological chiral edge states and also the edge-mode
dynamics affected by the crosstalk of pump lasers, where
the parameter space is investigated to seek potential con-
trollability of the probe flow in the synthetic space. Besides
the four-waveguide system, our study can also be general-
ized to a system with a larger number of waveguides and
to higher-dimensional waveguide arrays. Our work focuses
on the impact of the pump crosstalk on the robustness of
topological properties in a synthetic photonic Hall system,
which could pave the way for designing potential topolog-
ical photonic devices. The all-optically control of chiral
transport of light on the boundary in a synthetic space can
be of great significance in nonlinear frequency generation
and signal multiplexing for communication [40].

Note—Related to and independent of our work, a recent
paper [69] has proposed topological frequency control of
broadband signals in modulated waveguided arrays.
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